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PALEY-LITTLEWOOD DECOMPOSITION FOR SECTORIAL
OPERATORS AND INTERPOLATION SPACES

CHRISTOPH KRIEGLER AND LUTZ WEIS

ABSTRACT. We prove Paley-Littlewood decompositions for the scales of fractional powers of
0-sectorial operators A on a Banach space which correspond to Triebel-Lizorkin spaces and
the scale of Besov spaces if A is the classical Laplace operator on LP(R™). We use the H -
calculus, spectral multiplier theorems and generalized square functions on Banach spaces and
apply our results to Laplace-type operators on manifolds and graphs, Schrédinger operators
and Hermite expansion. We also give variants of these results for bisectorial operators and
for generators of groups with a bounded H*°-calculus on strips.

1. INTRODUCTION

Littlewood-Paley decompositions do not only play an important role in the theory of
the classical Besov and Triebel-Lizorkin spaces but also in the study of scales of function
spaces associated with Laplace-Beltrami operators on manifolds, Laplace-type operators on
graphs and fractals, Schrodinger operators and operators associated with various orthogonal
expansions (Hermite, Laguerre, etc). They are an important tool in the more detailed
analysis of these function spaces (e.g. wavelet and “molecular” decompositions) but also in
the study of partial differential equations (see e.g. [6, 31, 56, 12]).

The most common approach in the literature is to start from a self-adjoint operator on an
L?(U)-space and then use extrapolation techniques (e.g. transference principles, Gaussian
bounds, off-diagonal estimates) and interpolation to obtain Paley-Littlewood decomposi-
tions on the LP(U)-scale. In this paper we offer a more general approach which does not
assume that A is defined on an LP-scale nor that A is self-adjoint in some sense. We consider
0-sectorial operators A on a general Banach space and construct Paley-Littlewood decom-
positions for the scale of fractional domains of A (also of negative order) using as our main
tool the H* functional calculus and spectral multiplier theorems connected with it. Since it
is well-known that the classical operators mentioned above do have a bounded H*-calculus
we offer a unified approach which covers the known results for various classes of operators.

Let us describe a typical result for a 0-sectorial operator A on a Banach space X. We
assume that A has a bounded H*°(3,) calculus on sectors ¥, of angle w around R, for all
w > 0, i.e. there are constants C' < oo, a > 0 such that ||f(A)|| < & sup,cy. |f(V)] for all
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2 CH. KRIEGLER AND L. WEIS

bounded analytic functions f € H>(%,) and w > 0. This corresponds to the boundedness
of spectral multipliers f(A) on X, where f satisfies the Mihlin condition

(1.1) sup [tFfP ()] <00 (k=0,1,...,N).

t>0

Let ¢, be a sequence in C2°(R,) satisfying supp ¢ C [%, 2], on = ©0(27"(+)), Ynez Pn(t) =1
and (€,)nez an independent sequence of Bernoulli random variables (or Rademacher func-
tions). Then for all # € R and z € D(A%)

(1.2) 1A% 2 Bl ) en(w)2"én(A)z]

nez

where ¢,,(A) is defined as a “spectral multiplier”. (See Section 2 for the necessary background
in spectral theory.) If X is an LP(U) space then by Kahane’s inequality, the random sum in
(1.2) reduces to the classical square sum

1A% 21 12" @a(A)al?)? |l ooy

ne’l

Therefore the random sums in (1.2) can be regarded as the natural extension of LP-square
sums in (1.2) to the general Banach space setting (see Subsection 2.4). The random sums are
a useful and necessary tool in the context of Bochner spaces, Sobolev spaces of Banach space
valued functions and mixed norm spaces. For p > 2, this implies by Minkowski’s inequality
the estimate

|A%]| < C <Z H2"9¢n(A)fC|!2>

nezl

which has proven to be very useful in the theory of dissipative evolution equations (see e.g.
[31] and the literature quoted there). In Section 4 we prove as one of our main results
statement (1.2) and a companion result concerning the inhomogeneous Paley-Littlewood
decomposition. Furthermore we give “continuous” versions based on generalized square
functions. For X = LP(U), they read as

([ |t%<tA>x|2%)%

We also consider decomposing functions ¢,, with less regularity than C*°.

These results are proven using a “Mihlin” functional calculus for functions satisfying (1.1).
However, in a sense the Paley-Littlewood decomposition (1.2) is equivalent to the bounded-
ness of a Mihlin functional calculus: Assuming a weaker functional calculus and the Paley-
Littlewood decomposition (1.2), we show the boundedness of a Mihlin functional calculus
(see Proposition 4.11).

Whereas the results in Section 4 are modelled after the Triebel-Lizorkin spaces, we consider
in Section 5 analogues of Besov spaces which are based on the real interpolation method,

1A%|| =

Le(U)
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e.g. B = (X, D(A))s,. We show in Theorems 5.2 and 5.3

|x||Be=<Zz"9q||son asnX) , ||x||332(/ t_0q||¢o(t14)$||q7)
0

nez

These results can be obtained under much weaker assumptions and do not require a bounded
H® calculus for A. In particular we show that a weak functional calculus for A on X suffices
to obtain automatically a Mihlin functional calculus on these Besov type spaces.

In Section 6 we apply our results to various classes of operators obtaining new Paley-
Littlewood decompositions but also recovering many results known in the literature in a
unified way.

In Section 7 we indicate how to extend our results to bisectorial operators.

If the sectorial operator A has bounded imaginary powers then the results of Sections 4
and 5 translate into decompositions for the group U(t) = A" with generator B = log(A). In
Section 8 we sketch the corresponding decompositions for B, under the assumption that B
is a strip-type operator with a bounded H calculus on each strip Str,, around R for w > 0.

2. PRELIMINARIES

2.1. 0-sectorial operators. We briefly recall standard notions on H* calculus. For w €
(0,7) we let ¥, = {z € C\{0} : |argz| < w} the sector around the positive axis of aperture
angle 2w. We further define H>°(3,) to be the space of bounded holomorphic functions on
¥,. This space is a Banach algebra when equipped with the norm || f||sw = supyes, |f(A)]-

A closed operator A : D(A) C X — X is called w-sectorial, if the spectrum o(A) is
contained in ¥,,, R(A) is dense in X and

(2.1) for all @ > w there is a Cy > 0 such that [|A(A — A)7Y|| < Cy for all A € 5"

Here, ¥y° = C\X is the set complement. Note that R(A) = X along with (2.1) implies
that A is injective. In the literature, the condition R(A) = X is sometimes omitted in the
definition of sectoriality. Note that if A satisfies the conditions defining w-sectoriality except
R(A) = X on X = L?(Q), 1 < p < oo (or any reflexive space), then there is a canonical
decomposition

(2.2) X=RA)®NA),z=2,Bxe, and A=A &0,z — Az, 0,

such that A; is w-sectorial on the space R(A) with domain D(A;) = R(A) N D(A).

For 0 € (0,7), we let H3*(3g) = {f € H*(Zg) : 3C, e >0: |[f(N)] < C(1+|logA|)~1 ¢}
Note that in the literature, this space is usually defined slightly differently, imposing the
decay |f(\)] < CIN/|1 + A*. Our space is larger and the reason for the different choice is
of minor technical nature. Then for an w-sectorial operator A and a function f € H{® (%)
for some 0 € (w, ), one defines the operator

(2.3 FA) = 3 [ T 4)7

where I" is the boundary of a sector 3, with o € (w, ), oriented counterclockwise. By the
estimate of f, the integral converges in norm and defines a bounded operator. If moreover
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there is an estimate || f(A)|| < C|| fl|o0,0 With C uniform over all such functions, then A is said
to have a bounded H*(X,) calculus. In this case, there exists a bounded homomorphism
H>(%y) — B(X), f+— f(A) extending the Cauchy integral formula (2.3).

We refer to [15] for details. We call A O-sectorial if A is w-sectorial for all w > 0. For w €
(0, 7), define the algebra of functions Hol(¥X,) ={f : X, = C: dn e N: p"f € H®(X,)},
where p(\) = A\(1 + \) 2. For a proof of the following lemma, we refer to [40, Section 15B]
and [29, p. 91-96].

Lemma 2.1. Let A be a 0-sectorial operator. There exists a linear mapping, called the
extended holomorphic calculus,

(2.4) U Hol(3,) — {closed and densely defined operators on X}, f— f(A)

extending (2.3) such that for any f,¢g € Hol(X,), f(A)g(A)x = (fg)(A)x for z € {y €
D(g(A)) - g(A)y € D(f(A)} € D((fg)(A)) and D(f(A)) = {z € X : (p"f)(A)z €
lD(p(A)_") = D(A™) N R(A™)}, where (p"f)(A) is given by (2.3), i.e. n € N is sufficiently
arge.

2.2. Function spaces on the line and half-line. In this subsection, we introduce several
spaces of differentiable functions on R, = (0, 00) and R. Different partitions of unity play a
key role.

Definition 2.2.
(1) If ¢ € C°(0,00) with supp¢ C [3,2] and >0 ¢(27"¢) =1 for all ¢ > 0, we put
On = ©(27™) and call (¢,,)nez a (homogeneous) dyadic partition of unity on R, .
(2) If (pn)nez is @ homogeneous dyadic partition of unity on R, we put ¢, = ¢, for
n>1and g = S ¢, so that supp e C (0,2]. Then we call (¢,)nen, an

inhomogeneous dyadic partition of unity on R, .

(3) Let ¢o, ¢1 € C°(R) such that supp ¢ C [3,2] and supp ¢ C [—1, 1]. For n > 2, put
bn = ¢1(217™), so that supp ¢, C [2772,2"]. For n < —1, put ¢, = ¢_,(—-). We
assume that ), ¢,(t) = 1 for all £ € R. Then we call (¢,)nez a dyadic partition
of unity on R, which we will exclusively use to the decompose the Fourier image of a

function.

For the existence of such smooth partitions, we refer to the idea in [7, Lemma 6.1.7]. In
the later use of the above definitions (1) and (2) we could relax the condition of the functions
belonging to C2°(R,), to functions that are smooth up to an order > «, where a always
denotes the derivation order of the functional calculus of A. Whenever (¢,), is a partition
of unity as in (1) or (3), we put

k=—1

It will be very often useful to note that
(2.6) 5m<bn = ¢,, for m =n and 5m<;5n =0 for [n —m| > 2.

We recall the following classical function spaces:
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Notation 2.3. Let m € Ny and o > 0.
(1) " ={f:R — C: fm-times differentiable and f, f’,..., f™
uniformly continuous and bounded}.
(2) By, the Besov spaces defined for example in [59, p. 45]: Let (¢,)nez be a dyadic
partition of unity on R. Then

By, ={f €Cy: |Ifllfa, =Y 2™ f % dull§ < 00}
nez
The spaces in (2) are Banach algebras for any o > % (52, p. 222].
Further we also consider the local space

(3) B2 ={f:R=C: fpeB, forall p€ C} for a > 0.

oo,1,loc
This space is closed under pointwise multiplication. Indeed, if ¢ € C° is given, choose

Y € C2° such that ¢ = p. For f,g € BY .., we have (fg)p = (f)(9¢) € B | 10c-

2.3. Fractional powers of sectorial operators. We give a short overview on fractional
powers. Let A be a O-sectorial operator and § € C. Since A — X’ € Hol(%,) for 0 < w < ,
A? is defined by the extended holomorphic calculus from (2.4). (If A has an M¢ calculus
defined below, then A% is also given by the M _ calculus from Proposition 3.12.) To A,
one associates the following two scales of extrapolation spaces ([40, Definition 15.21, Lemma
15.22], see also [32, Section 2] and [22, I1.5])

X = (D(A”), [|A” - || x)” (0 € C),

and Xo = (D(A), [|A” - ||x + || - [1x)” (Ref > 0).
Here, ™ denotes completion with respect to the indicated norm. Clearly, X = Xo = Xo. If
A = —A is the Laplace operator on LP(RY), then X, is the Riesz or homogeneous potential
space, whereas Xy is the Bessel or inhomogeneous potential space. For two different values

of #, the completions can be realized in a common space. More precisely, if m € N, m >
max (||, |61]), then Xy, and Xy, can be viewed as subspaces of

(2.7) (X (A +A4)72)™ - [lx)™

for j = 0,1. Then for 6 > 0, one has Xy = Xy N X with equivalent norms [40, Propositions
15.25 and 15.26]. Thus, {X4,, Xs, } and {Xj,, Xy, } form an interpolation couple. It is known
that if A has bounded imaginary powers, then we have for the complex interpolation method

(28) [Xem X91]7" = X(l*?‘)@(ﬂrr@l
for any 6,0, € R and 7 € (0, 1), see [58] and [32, Proposition 2.2]. The connection between
the complex interpolation scale Xy and the H> calculus has been studied e.g. in [32, 62].

2.4. Generalized Square Functions. A classical theorem of Marcinkiewicz and Zygmund
states that for elements zy,...,x, € LP(U,u) we can express “square sums’ in terms of
random sums

(2.9) (Z |$j(-)|2>

j=1

I

1 1
n q n q
(EH > €j$j||%p(u>> = (EH Z%xﬂﬂp(u))
P =1

Lr(U)
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with constants only depending on p,q € [1,00). Here (¢;); is a sequence of independent
Bernoulli random variables (with P(e; = 1) = P(e; = —1) = 1) and (v;); is a sequence of
independent standard Gaussian random variables. Following [10] it has become standard
by now to replace square functions in the theory of Banach space valued function spaces by
such random sums (see e.g. [40]). Note however that Bernoulli sums and Gaussian sums for
x1,...,2, in a Banach space X are only equivalent if X has finite cotype (see [16, p. 218]

for details).

A Banach space version of continuous square functions || ([, |f(¢)]*dt)? 2 |l ry, I C R for
functions f : I — X was developped in [33]. Assume that 2’/ o f € L*(I,dt) for all e X'
and define an operator uy : L*(I) — X by

(uph, 7') = /l (F(t), 2'Vh(t)dt, h € L2(I).

Denote by || f||,(7,x) the y-radonifying norm of the operator wuy :

lusllvzzay.x) = (EH Z%W(%)I@)
k

where (e) is an orthonormal basis of L?(I). We use Gaussian variables here, so that the
norm |[us|| is independent of the specific choice of the orthonormal basis (ej). Note that for
f:I— LP(U,p) we have

I (/I|f(’5)|2dt)é o) = |l (; \ /If(t)ek(t)dﬁ)é | oy =

= |luglly = [ fllyz,r@y)

2

1
2

B> [ fetar

as intended. The completion of the space of functions f : I — X with || f{lyx) < oo is
the space of radonifying operators y(L?*(I), X). For this fact, the following properties and
further extensions see [16] and [60].

Lemma 2.4. Let (€, 1) be o-finite measure spaces (k = 1, 2).
(1) For f € (21, X) and g € v(, X'), we have

[(F(@), 9@l dt < || Fllv@rx gl xy:

(2) Let g : ®Qg — X be Weakly measurable and assume that for any 2/ € X', we have
o, (fﬂ2 )|d5> dt < 0o. Then [, g(-,s)ds € y(Q, X) and || [, g(-, s)ds|| <

fﬂ2 llg(- ||'y a,,x)ds hold as soon as the rlght most expression is finite.

Let 7 be a subset of B(X). We say that 7 is R-bounded if there exists a C' < oo such that

5|3 ] < 23
k=1 k=1
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forany n € N, T1,...,T, € 7 and xy,...,x, € X. The smallest admissible constant C' is
denoted by R(7). We remark that one always has R(7) > supy¢, ||7']] and equality holds if
X is a Hilbert space.

3. THE MIHLIN FUNCTIONAL CALCULUS
We will use spectral multiplier theorems for the following Mihlin classes of functions for
a > 0.
M ={f:Ry +C: f.€BL,},

equipped with the norm || f[[spe = || fel[se. - Here and later we write
fe:J—=C, z— f(€)

for a function f : I — C such that / C C\(—o0,0] and J ={z € C: |Imz| <, e* € [} and
similarly fo = f(20)). The space M® coincides with the space A% (Ry) in [15, p. 73]. The
name “Mihlin class” is justified by the following facts. The Mihlin condition for a S-times
differentiable function f : R, — C is

(3.1) sup [P FP(1)] < o0
B

(18, (1)]. If f satisfies (3.1), then f € M for a < B [15, p. 73]. Conversely, if f € M?,
then f satisfies (3.1) for a > (. The proof of this can be found in [26, Theorem 3.1], where
also the case § ¢ N is considered.

We have the following elementary properties of Mihlin spaces. Its proof may be found in
[36, Propositions 4.8 and 4.9].

Proposition 3.1.
(1) The space M® is a Banach algebra.
(2) Let m,n € Ny and o, 8 > 0 such that m > 8 > a > n. Then
Ct = B o = BL, — B — Cy.

We will define the M® functional calculus for a O-sectorial operator A in terms of the
holomorphic functional calculus. The following lemma from [36, Lemma 4.15] will be useful.
Lemma 3.2. Let f € M® and (¢, ), a dyadic partition of unity on R.

(1) The series f =" ., (fe* bn) olog converges in M. Note that (f. * ¢,) o log belongs
to
(3.2) (| H*(Z.) N M,
O<w<m

so that (3.2) is dense in M®.
(2) Let ¢ € C(R) such that ¢(¢) = 1 for [t| < 1 and ¢(t) = 0 for || > 2. Further let
tp = ¥(27™). Then (fe * 1,) o log converges to f in M®.

Lemma 3.2 enables to base the M® calculus on the H* calculus.
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Definition 3.3. Let A be a 0-sectorial operator and a > 0. We say that A has a (bounded)
M calculus if there exists a constant C' > 0 such that

I < Clfllme (fFe [) HX(S) N M.
O<w<m
In this case, by density of (,_ ., H>(3,) N M in M, the algebra homomorphism w :
Nocwer HX(Ey) N M* — B(X) given by u(f) = f(A) can be continuously extended in a
unique way to a bounded algebra homomorphism
u: M*— B(X), f—u(f).
We write again f(A) = u(f) for any f € M*.

We recall that (cf. [15]) A has a M calculus if and only if A has a H*(3,,) calculus for
all w > 0 and there is a constant C' such that

IF A < Co™ [ Flla=s.)

for all w > 0. The following convergence property extends the well-known Convergence
Lemma for the H* calculus [15, Lemma 2.1].

Proposition 3.4. Let A be a 0-sectorial operator with bounded M% calculus for some
a > 0. Then the following convergence property holds. Let 5 > « and (f,).en be a sequence
such that f, . belongs to Bfo,oo with

(2) Ut el < 00,
(b) fu(t) = f(t) pointwise on R, for some function f.
Then

(1) fe € B, s
(2) fu(A)z — f(A)x for all z € X.

In particular, if (¢, ),ez is a dyadic partition of unity on R, then for any = € X,
(3.3) xr = Z &n(A)z  (convergence in X).
ne”L

Proof. By [59, Theorem 2.5.12], the norm on Bfovoo is equivalent to the following norm:

(3.4) lgll ey + sup [t 7[AM g(x))]

z,t€R,t#£0
for a fixed M € N such that M > . Here, AM is the iterated difference defined recursively
by AMg(z) = A%(AﬁM_l)g)(x) and Alg(z) = g(x +t) — g(x). More precisely, by [59, Remark
3], a g € L*(R) belongs to Bfovoo if and only if the above expression is finite. We have

tzﬁgﬂﬁ\ﬂﬁi”fe@ﬂ = Suly\tm lim [ A fr e(2)] < Sltlp\t|*5|Ai”fn,e(x)| <sup [ frellgs | < o0

and similarly || f||« < sup,, || fulleo- Therefore, assertion (1) of the proposition follows.
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Let (¢x)rez be a dyadic partition of unity on R. Note that by the boundedness of the M*
calculus and Lemma 3.2, f,,(A) = >, (fae*¢p)olog(A). We first show the stated convergence
for each summand and claim that for any z € X and fixed k € Z,

(3.5) (fre * dx) o log(A)x — (f. % dp) o log(A)x.
Indeed, this follows from the well-known Convergence Lemma of the H* calculus [15, Lemma

2.1]. Fix some angle w > 0. Firstly,
1(fae % Dr) 0108 lloow < || full Loy sUP (606 — )| 1wy < C-

|0]<w

Secondly, for any z € ¥,

foe * O (log 2) = /an,e(s)ggk(logz — 5)ds — /Rf(s)gbvk(logz — 8)ds = f * ¢p(log 2)

by dominated convergence, and (3.5) follows. For n € N and k € Z, put z,, 1, = (fr.e * ¢) ©
log(A)x, where x € X is fixed. For any N € N,

1 falA)z = F(A)zll <3 1(fae * dk) 0 log(A)z = (fo * &) 0 log(A)a]|

keZ
< D Nk = (fox o) olog(A)z] + Y (lanill + 1(fe * dr) o log(A)z]])
k|<N k>N
By (3.5), we only have to show that
(3.6) lim sup >zl = 0.

" k>N

Fix some v € (a, B).

1Zn gl S W e * Bl o] S e * drllsy Nl = Slu§2'””|!fn,e * O % Do
S

= sup 21| f e Gk dilloollzll S 2 fre % drllooll]-

By assumption of the proposition, sup,, || fn.cllgz = sup,.s 21HB)| f0.0 % Dklloe < 00. Therefore,

|Zn il < 2F27FB|| 2|, and (3.6) follows. To show (3.3), set fy = Zﬁ:—k ¢n. Then the
sequence (fx)ren satisfies (a) and (b) with limit f = 1. Indeed, the pointwise convergence is
clear. The uniform boundedness sup;~, || frellzs < 0o can be shown with Lemma 4.2 in
Section 4 below. ’ t

Let (¢,), be a homogeneous dyadic partition of unity on R, and
(3.7) Dy={reX:3INeN: ¢,(A)z=0 (In] > N)}.
Then D4 is a dense subset of X provided that A has a bounded M® calculus. Indeed, for any
r€ X let zy = ij:_N ok(A)z. Then for |n| > N+ 1, o, (A)zy = ZQ’:_N(%W)(A):U =0,
so that zx belongs to D4. On the other hand, by (3.3), zx converges to x for N — oo.
Clearly, D, is independent of the choice of (¢y,),. We call D4 the calculus core of A.

Since a M® calculus does require a bounded H calculus, we would like to consider also
a weaker calculus, which is much easier to check than a M® calculus.
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Definition 3.5. We define
C={f e M fllmg = > If¢nllme < 00},

nez

where (¢,), is a fixed dyadic partition of unity on R,. It is clear that this definition does
not depend on the particular choice of (¢,),, that M C M® and that M$ is a Banach
algebra.

Lemma 3.6. Let o > 0 and w € (0, 7). The space H§°(%,,) is contained in M and is dense
in it.

Proof. We first show that H°(2,) C M¢. Let C, e > 0 such that |f(\)| < C(1+|logA|)~1¢
for A € ¥,. For n € Z fixed, t € [2"71,2""1] and any k € N, we have by the Cauchy integral
formula [t* f®)(t)] < Cpo supyes, rjepn-2.20t2 [f(A)| < Cp o, (1+]1og 27]) 7' 7¢. Thus by (3.1),
| fonllme < (1+|n|)~17¢, the right hand side being clearly summable over n € Z.

Now for the density statement. To this end, let ¢ € C°(R) with suppy C [—2,2] and
P(t) =1 for t € [—1,1]. Further let for n € N, 4, = ¢(27™). Let f € M which shall be
approximated by H{°(X,) functions. Since the span of compactly supported functions is
dense in M¢, we can assume that f has support say in [20071, 20F1] Let f, = (f. 1y, ) olog,
which belongs to H>(%,), since 1, is an entire function. It also belongs to Hg°(%,), since
SUD | <4, Wn( +10)| decreases rapidly and f, has compact support. We claim that f,, — f in
M¢ as n — oo. Indeed, we have

DI = Fddillme S D NF = Fallsge + D 1 f@illae + D I fagrll v,

leZ [1|I<L [l[>L [l[>L

The terms in the first sum converge to 0 according to Lemma 3.2. The second sum vanishes
for L > |lg|+ 1, so it remains to show that the third sum converges to 0 as L. — 0o, uniformly
in n € N. In the following calculation, we use the norm description of the Besov space BY, |,
see [59, p. 110]

1
ol > lallime) + [ Vil sup|adg(a)

where M > o and AMg(x) is the iterated difference as already used in (3.4). Note that it
commutes with convolutions, i.e. AM(gx k)(x) = (AMg) * k(z), and for products, we have

AM(gk) = M (%)AﬁgAhM_mehk;, where 7,k(z) = k(z +y). Then

m=0

n
|h|’

dh

1
Z | fasprl| ma =2 Z [ (fe *Q/;n) : SbheHoo +/1 |h|~ iléng|A£4(fe *1/;” : Qpl,e)(x”m

[l|>L [l|>L

We estimate

Z [ fe % n - Prello S Z | fo * | oo ([log(@) -1 J0s(2) (14 1)])

[l|>L [l|>L

< Z || felloo | ¥n ] L1 (flog(2) (1-+10—2) Jog (2) (1410 +2)))
[l|>L
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Note that 4, = 2”1@(2”) and that 1) is rapidly decreasing. Thus, the above last sum is finite
and converges to 0 as L — oo, uniformly in n. Finally, we estimate

L . - 5 . dh
e sup 18N G-l [ Sup AR ) )] 1Y el
z€R | | = 0|aﬁ log(2)1| <log(2) |h|

[e% m he —m - dh/

= [ up (A ) ()] 1A el

— O\x log(2)l] <log(2) Al

«a m m dh
/ ‘h‘ Z HA fe”Loo(R)”wn”Ll ([log(2)(I4+1p—2),l0g(2) (I4+1o+2)]) ”AM Sole”ooﬂ

m=0
< ||fe||BO‘ ||wn||L1(log (2)(I4+1p—2),log(2) (I4+10+2)]) ||§Ole||3§ola

which is again summable in |I| > L, and converges to 0 as L — oo, uniformly in n € N. [
The following observation will be useful later on.

Lemma 3.7. Let a > 0, f € M$, ¢ € C*(0,00) and assume that [f(\)] > f > 0 for
A € supp(¢). Then ¢ - f~! belongs again to M¢.

Proof. Replacing f by f. = f oexp and using the compact support of ¢, we are reduced to
show that if f € BS ; and ¢ € C°(R) such that |f(z)| > 8 > 0 for 2 € supp(¢), then ¢- f
belongs to BY, ;. We use the norm description from [59, p. 110]

dh

a0k

where M > o and A)M stands for the iterated difference operator, defined by A} g(z) = g(z+
h) — g(z) and recursively, AM T g(z) = A} (A} (). Using the product formula A} (gk) =
M (MY AmgAN 7k, where T,k(z) = k(z +y), we can estimate

m=0

1
gl , = gl ooy + / A1 AK gl )

lo- f e, Slo- f oo + Z/ [A|= O AR || |2 | AR f 1||°°|h|
where v = aiy (m) +az(m) is a decomposition such that a; (m) < m and as(m) < M —m, and
f~tisequal to f~! on supp(¢) and smoothly and boundedly from above and below continued
beyond supp(¢). Since ¢ € C°(R) C BL  we have SUD|4 <1 |n| 1) || AT < o0, SO
that now it suffices to show that
BN et < o,
/ Id

where we moreover assumed that f~1 = f~ and M, «a takes over the role of M — m and
as(m). We now claim that

M+1 Lg,mr
i X Xy

AM =1 ZZCMM flx+h)f(x+2h)-...- f(x+(k—1)h)’

k=2 [=1
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where the X, are of the form X, = A}"" 7, f such that each time Zp'“ 1" m, = M. This claim

can be shown by induction, using the Leibniz’s type rule A} (f1 ...« fn) = AL fi(z) - folz +
B)- oo fla )+ fi(@) AL fola) fola+h) ... fzv(xﬂLh();L +f1(()) Iy (1§ z)Aj fn (@),
1 1 o Te— RS (@) FAL T(h_oyn f @)+ + A f (o
and the fact that Ahf( T e n — T h) k) h-—. This gives
the estimate
1 M+1Lkm Dk,l,M
IR 3b o NIRRT 11 A7 T
-1 k=2 1=1 Y~

Now argue as before: decompose o = (1) + ... + a(prim) Wlth a(p) < m, (which is
possible since Y 7" m, = M > «), and use the fact that BS , < B2) for a(p) < a, so
that supy, [h] ™ () |AY? flloo < 00 for p=1,...,prsar — 1. Use this estimate for all factors

|h| =@ ||AT"™ f||s except the last, for which we use the Ba(p E0M) porm, to deduce finally that

pkl]VI
/ B H ||Amﬂf||oo‘h‘

t

Definition 3.8. Let A be a 0-sectorial operator and o > 0. We say that A has an MY
calculus if there is a constant C' > 0 such that || f(A)[| < C||f[|me for any f € Hg*(X,) and
for some w € (0, 7). In this case, by the density proved in Lemma 3.6 above, we can extend
the definition of f(A) to all f € M and have in particular f(A)g(A) = (fg)(A) for any
fg € MY,

The set M¢ is too small to contain many interesting, in particular singular spectral mul-
tipliers. However the boundedness of an M¢ calculus follows directly from common norm
estimates for sectorial operators without additional information on kernel or square function
estimates. The following proposition gives a sufficient condition in terms of resolvents.

Proposition 3.9. Let A be a 0-sectorial operator and a > 0. If
sup{[|AR(A, A)[| - [arg A = w} S w™
for w € (0,7), then A has a bounded M¢ calculus. If
R(ARNA) : |arg\| =w) Sw™@
for w € (0,), then A has an R-bounded M calculus, i.e. {f(A): f & M¢, [[fllme <1}
is R-bounded.

Proof. Let (¢m)mez be a dyadic partition of unity on R. Then for m > 1, we have ¢, (x +
i27™) = [p1(27™F) exp(27™-)] (x). Since ¢1(2-) exp(-) belongs to C®(R), [¢1(2-) exp(-)] is
a rapidly decreasing function, so that in particular for N > a+1, |[¢1(2-) exp(-)] (£)] < C(1+
€)=V, Thus, |¢n, (z +i27™)] = 27|[¢1(2-) exp(-)] (2™x)| < C2™(1 + [2mz|)~N. Similarly,
for m < —1, one obtains |¢,, (z + 27| < C2I™I(1 4 |2I™z[)~N. Let now f € M with
support in [1,2]. Put pp,e = f. * ¢, . Then

[prm,e(a + 27| < 210%(2)!\f|!oo‘ sup (2)\% (y + 27| < O fllo2™ VI || 7.
Yy—x|xlog
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Moreover, by the Paley-Wiener theorem combined with the fact that p,,. is supported in
[_2\7”\4‘1’ 2|m|+1],

|pme(z + 127N < e sup |p.e(y)]-
yeR

Thus, for ||z| <1,

Il < 3 lom(A < 52

dA
on O INROL )|

mer mez V| arg A|=2~ |m|
: d\
= o Z/ lpmN)] - AR, A) || ’7
™ meZ |arg A|=2—Iml, We[%,Z]

1 / A\
+ o= E o (N[ - [AR(A, A)| ‘—
2m |arg Al=2-1m1, \|g[L 2] A

S D lomellsy 273 [ o )

meZ mez ¥ 1%[=log(2

S v + 1 lloe = 1 1l

where we have used in the penultimate line that N —1 > a and N > 1. If g is a function in
M¢ with support in [3¢,2t], put f(z) = g(tz) so that supp f C [£,2]. Let p,, be as above.
Then

d\
oAl < 3 lon(t A)] < o= 3 on O] IoAR(A )] |

meZ mez V| arg Al=27Im
S e = N9l ame-

For a general f € MY, we have by the above
LN < D IEe) NS D 1 Feullate = [1f s
nez nes

Now the first claim of the proposition follows. For the second claim, let fi,..., fy € Mi{
with supports in an interval of the form [sy,/2, 2,] and || fil[pe < 1. Put pf, o = fre(-—tx)*¢m
with ¢, such that supp fi.(- — tx) C [—log(2),log(2)]. Then
1 dA
_ koot AY — k —t —t
SWACHEES | (e ARG A, A

mez mez ” larg Al=271m!

The claim follows now as the first claim, with the R-bound integral lemma [40, 2.14 Corollary]
in place of norm estimates of AR(A, A). O

Remark 3.10. If the 0-sectorial operator A satisfies the norm estimate

{(‘ f|{e‘z|) : Rez > 0} is bounded
z
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(or R-bounded) then A has a (R-bounded) M?™ calculus. Indeed the assumption of Propo-
sition 3.9 is satisfied with o = 3 + 1 since for z = re™® and s > 0

(e —zA)7! = / exp(—e?st — tzA)dt,
0

2

or es(se®+A)t = [F sexp(—e?st—e Pt A)dt with |le*4|| < C(cos )77, ||s exp(e™s(-))| 1 (ry)
cos 6.

As for the H* calculus, there is an extended M¢ calculus as a counterpart of (2.4).

Definition 3.11. Let A be a 0-sectorial operator having a bounded M calculus and f :
(0,00) — C such that ||f¢n|lae < C2MM holds for n € Z and some C' > 0 and M € N.
Equivalently said, there exists an N € N such that p™f € M¢ for some N € N, where
p(A) = A(1 + A)~2. Call this class of functions M . For example, the functions ¢ ~— tf
belong to M _ for any a > 0 and any ¢ € R. Note that p~™(A) is a closed and densely
defined operator. Then we define the operator f(A) b

D(f(A)) ={z € X : (p"f)(A) € D(p~"(A))}
F(A) = p~M(A)(p" F)(A).
Analogously to the extended H> calculus we have the following properties.

Proposition 3.12. Let A and f be as in the above definition.

(1) f(A) is a well-defined closed operator on X (independent of the choice of V).

(2) If z € D(AN) N R(AYN), then x € D(f(A)) and f(A)z = (pN f)(A)p~N(A)z.

(3) D(AN)N R(AY) is a core for f(A). In particular, f(A) is densely defined.

(4) D(f(A) ={z € X : lim, ,0o(pY f)(A)z exists in X} and for z € D(f(A)), we have
f(A)z = lim,, o () f)(A)z. Here, pp(N) = 715 — 75

(5) If ¢ is a further function in M , then for u,v € C, D(f(A)) N D(g(A)) € D((uf +
vg)(A)) and (uf +vg)(A)z = uf(A)z + vg(A)z for x € D(f(A)) N D(g(A)).

(6) If f, g are as before and g satisfies pN g € MY, then D(A*M)NR(A*N) C D(
D(F9)(4)) 1 D{g(A)) and (fg)(A)z = F(4)[g(A)z] for © € D(f(A)g(A)

(7) If f belongs to Hol(X%,,) for some w € (0, 7), then the above definition of f(A) coincides
with the definition from Lemma 2.1.

(8) If A has in addition a bounded M calculus, then the above definition of f(A)
coincides with the one from Definition 3.3 provided f belongs to M*®.

Proof. (1) - (4) can be proved in the same way as [40, 15.8 Theorem| and (5)-(6) can be proved
as [40, 15.9 Proposition|. For (7), observe that pv f belongs to Hg°(X,,), and the definition
from Lemma 2.1 is the same as the one from Definition 3.11, see [40, 15.7 Definition]. For
(8), let T" be the operator f(A) from Definition 3.11 above and S the operator f(A) from
Definition 3.3. Observe that the definition of (p) f)(A) from Definitions 3.3 and 3.8 are
the same, since p f can be approximated by a sequence (h,), C Hg°(%,) simultaneously
in M¢ and in M. Then by the multiplicativity of the M calculus, for x € D(T), Tz =
limn(pan)(A)x = lim,, pY (A)Sz = Sz, since p(A)x — x for any z € X, N € N and
n — oo. Thus, D(T) =X and T'= S. O
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4. TRIEBEL-LIZORKIN TYPE DECOMPOSITIONS

In this section we establish the main Theorem 4.1 in several variants. Our starting point

is an extension of the classical Paley-Littlewood decomposition
1

2l 2ogeny == H(Zm x\?)a\

nez

Lp(R™)
to O-sectorial operators with a M®-calculus.

Theorem 4.1. Let A be a 0-sectorial operator having a M@ calculus for some o > 0. Let
further (,)nez be a homogeneous dyadic partition of unity on R, and (¢, ),en, an inhomo-
geneous dyadic partition of unity on R,. The norm on X has the equivalent descriptions:

(4.1) ]| = EHZEW,L(A)Q;HX = sup { HZ%%(A):CH  Jan| < 1}

and

(4.2) ||| = EH Z encpn(A)xHX >~ sup { H Z angon(A)xH an| < 1} .

neNp neNg
In particular the series ) _, ¢, (A)x converges unconditionally in X for all z € X.
A key observation for the proof of the above theorem is the following lemma.

Lemma 4.2. Let > 0 and (g, ), be a bounded sequence in B, such that for some a > 0
and N € N, the supports satisfy

card{n : suppg, N[z —a,z+a] # 0} < N for all x € R.
Then > 7 | go(x) has finitely many terms for every = € R, belongs to Bfo,oo and

H;gn B

00,00

SN, SUp ”gnHBé’o -
neN ’

Proof. Recall the description (3.4) of the BS  norm. Note that A} g(x) depends only on

g(x),g(x+1-h),...,g(x+ Mh). Thus, by assumption of the lemma, for |h| < §%, there exist
9ji1s-- 595N such that

‘AM Zgn )| = ‘AM Zgnj )| = ‘ZAh gn; ()] < NSUp HAh |

Hence

sup |hl 5||AMZgn||OO<N sup sup |h| 7 |AM g, |l oo
|h]€(0,6) |hle(0,6) n

Similarly, sup,cg | >, gn(2)] < Nsupn |gnlls, sO that by (3.4),

[ Zgnusgm S 5D [lgnlloc + sup sup DAY gulloe 2 sup [lgall 52
n (0 n
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Proof of Theorem 4.1. Choose some [ > «. The idea of the proof is the following observation.
Assume that g, is a sequence as in Lemma 4.2. Then for any choice of signs a, = +1, we
have

(43) || angaotog(A)a S suplan lgallgy N7l S supllgallgs ol

Let us now give the details of the proof. Let (a,), be a sequence such that |a,| < 1.
Then ¢, = appne € CF C B2 _ satisfies the assumptions of Lemma 4.2 so that Dlan) =

00,00
Y nez OnPn.e € Bfo,oo and

”‘p(an)HBC@om < sup |’CLnSb11,e|’zngC>o < SUP HSbn,e”Bfo’oo = ”@O,e”gfom
n

so that
by Proposition 3.4, EA{_ anpn(A)x converges to Y,y o log(A)r as N, M — oo. Thus,

By the same argument, also the partial sums Zy _ N @n$Pn.e are bounded in B2

00,007

1D ann(A)z] = ¢ © log(A)z]l S llo@nlls, 12l S Igoellsz, Nl
nez

Since |e,(w)| = 1 for any n € Z and w € Qp, the estimate

El| Y " enpn(A)z|x < sup {H Y ann(A)z| : Jan| < 1}

nez nez

is clear. The converse inequality follows by duality, writing [z, 2")| = | D>, (pn(A)x,a)| =

B, enpn(A)a, Yoy (A7) S B X2, enpu(A)z| xEIl S, exdr(A)'||x- and estimating
the dual expression. We have shown (4.1). The equivalence (4.2) can be proved similarly. [

Remark 4.3. If A is not injective or R(A) is not dense on a reflexive space X (e.g. if A
is the Laplace Beltrami operator on L”(M ), where M is a compact Riemannian manifold),
then we use the decomposition (2.2), X = R(A) ® N(A) with Pz = lim) 0 AR(A, A)z the
projection onto N(A) and the part A; of A on R(A) to obtain a modification of (4.1)

D enpu(Ar)z

nez

]| = [| Pz + E

and analogously for (4.2). If A is a Hilbert space and one takes ¢, (A) as defined by the
functional calculus of self-adjoint operators then ¢, (A)|n) = P and (4.2) holds as it stands.

The norm equivalence for || idy(z)|| in (4.1) of Theorem 4.1 can be extended to possibly
unbounded operators g(A), if go does not vary too much on intervals [n — 1,n 4 1]. Recall
that go(t) = g(2"). This is the content of the next proposition and will be a tool to consider
fractional domain spaces of sectorial operators later on in this section.

Proposition 4.4. Let A be a 0-sectorial operator having a M calculus. Assume that
g : R, — Cis invertible and such that g, € B and g, ' also belongs to B2 Assume
that for some 8 > «,

oo,1,loc oo,1,loc”

(4.4) Sup [[(2n9)2llsz, . 1(2ng™ 2l e, ., < o0
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Let (cn)nez be a sequence in C\{0} satisfying |c,| = H@ng>2HB§oo@' Then for any = €
D(g(A)), > ,cz nPn(A)x converges unconditionally in X and

(4.5) |lg(A)z|| = EHZ encngbn(A)xH = sup{HZ ancncpn(A):pHX Can] < 1} )

Proof. Let us show the unconditional convergence of > c,¢n(A)x for x € D(g(A)). By
Proposition 3.12 (6), we have ¢, (A)x = (¢7'¢,)(A)g(A)z. Thus for any choice of scalars

N N
> tncapn(A)z = [ > anealg T en) | (A)g(A)a.
n=—N n=—N
The term in brackets is a sequence of functions indexed by N which clearly converges point-
wise for N — oo. [.. ]y is also uniformly bounded in BY, ., because
(4.6)

N
1D ancalg™ ndellge, . S supleal 197 @n)allgs, S sup l(g@n)allms (g nellgs . < 00
_N n n

by assumption (4.4). Thus, Proposition 3.4 yields the unconditional convergence. Estimate
(4.6) also shows that

1D anca@n(A)all = Y ancalg™ @n)(A)g(A)z]| S sup leal (97 Gn)2ll g, _llg(A)z]
for any choice of scalars |a,| < 1, so that one inequality in (4.5) is shown. For the reverse
inequality, we argue by duality similar to the proof of Theorem 4.1. O
Proposition 4.4 can be used to characterize the domains of fractional powers of A.

Theorem 4.5. Let A be a O-sectorial operator having a bounded M® calculus for some
a > 0. Let further (¢,)n,ez be a dyadic partition of unity on Ry and (¢,)nen, be the
corresponding inhomogeneous partition on R,. Then for § € R,

(4.7) |zllx, = sup E Z €,2" o (A (homogeneous decomposition)
FCZ finite el
and for 6 > 0,
(4.8) |lz|x, = sup EHZ en2”9<pn(A)xH (inhomogeneous decomposition)
FCNp finite cF

Remark 4.6. Recall that for x € D(A?), ||z]lg = ||A%2||x. These norms reduce for A = —A
on LP(R") to the classical Triebel-Lizorkin space norms. Therefore we consider Xj, the
completion of D(A?) in this norm, as generalized Triebel-Lizorkin spaces for the operator A.

Since our assumption implies that A has bounded imaginary powers, we emphasize that

the spaces Xy form a complex interpolation scale. If X does not contain c¢g, then the sum
on the right hand side of (4.8) converges in X (see [33, 60]).
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Proof. The operator ¢,(A) : X — X can be continuously extended to Xy — Xp, and if
6 >0, to Xy — Xp. Indeed, by Proposition 3.12, for z € D(AY),

len(A)zllx, = 14%0n(A)zllx = pa(A) A% x < [@a(A)]x-x]1Alx,

whence [|9n(A4) ] x,x, < [l¢a(A)]| and also |2, (A)[lx,-x, < |2n(A)]. One even has ¢, (A4)(Xy) C
X. Similarly, ¢, (A) maps Xy — X for @ > 0. Then by the density of D(A%) in X, (4.7)
and (4.8) follow from

(4.9) 1A% = EHZ en2"9gbn(A):cHX (x € D(A%)
and for 6 > 0,
(410) A%+ 2] 2 E|| D a2 pn(A)| (z € D(A)),

which we will show now. Let 3 > a and g(t) = 2. Recall the embedding CJ* < Bfovoo — CY
for m € N, m > 8 > 0 from Proposition 3.1. We have for all n € Z

2" < Nlg@nalles S Nlgnallge . S Ng@nalley S 2
and |9 ¢nallgs < g enaller < 27" (Here, equivalence constants may depend on
6.) Consequently, sup,,c; Hg;n,QHB& g™ nallgs < co. By Proposition 4.4, we have with
Cph = 211«97

|4°2) 2 E|| S en2gn(A)e]

ne’l

for # € D(AY), so that (4.9) follows.

By [40, Lemma 15.22] (set A = A% and a = 1 there), the left hand side of (4.10) satisfies

(4.11) 1A%[| + llzll = 11+ A”)z]l (= € D(AY)),
whereas the right hand side of (4.10) is equivalent to
(4.12) E[[ Y en2en(A)a]| + lo(4)a])

n>1

“<” in (4.10): We use the equivalent expressions from (4.11) and (4.12). We set g(t) = 1+2%.
Then one checks similarly to the first part that [|g¢, 5llzs = max(l, 270) for n € Z and

that sup,,cz, HgfgénQHBgo’ooHg’lgbngHBgoyoo < 00. Thus, by Proposition 4.4,

(1 + A%)z|| =2 EHZen max(1,2"9)<pn(A)xH

nez

(4.13) gEHZ ...H+EHZ...H+H@O(A);UH.
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We estimate the three summands. We have ¢,y = ¢, for any n < —1, so that
E| S copn()z] = E[| D entnldo(a)a]| < o)l
n<—1 n<—1

where we use (4.1) in the last step. Since ¢, = ¢, for n > 1, also the second summand is
controlled by (4.12). Finally, we have ¢g = ¢o[po + 1], so that

[o(A)z]| < [lpo(A)z]| + l[2o(A)pr(A)z]| S llpo(A)zll + (|2 (A)]),
and the last term is controlled by the second summand of (4.13). This shows “<” in (4.10).

“27 in (4.10): We use again the expression in (4.12). By the first part of the theorem,
EHZenz%n(A)xH < EHZEHQ%MA)IH < | A%].
n>1 nez

Finally, ||¢o(A)z|| < ||z|| because ¢q belongs to M. O
The next goal is a continuous variant of Theorem 4.5. We have two preparatory lemmas.

Lemma 4.7. Let § > a > 0 and A be a 0-sectorial operator with bounded M calculus.
(1) If g : (0,00) — C is such that g. € B _, then for any x € X, t + g(tA)z is

continuous. 7
(2) If g : (0,00) = C is such that g. € BS'L then for any 2 € X and ¢ > 0
d :
pr [g(tA)x] = Ag'(tA)x.

Proof. (1) Since S > 0, g is a continuous function and thus, for any t € R, g.(t + h) — g.(t)
as h — 0. Also supy, 4 [|ge(- + 1)z = |lgellgz < 00, so that we can appeal to Proposition

3.4 with f, = g(- + h,) and h,, a null sequence.

(2) Fix some 2 € X and t, € R. As BZfl — C} by Proposition 3.1, g, is continuously
differentiable. Hence for any ¢ € R, limy_yo 3 (ge(to+t+h) — ge(to+1)) = (ge)' (to+t). Further,
+(ge(to + - + h) — ge(to + +)) is uniformly bounded in BY, ., [52, Section 2.3, Proposition].

Then the claim follows at once from Proposition 3.4. U

The H° calculus variant of the following lemma is a well-known result of McIntosh (see
[46], [40, Lemma 9.13], [29, Theorem 5.2.6]).

Lemma 4.8. Let A be a 0-sectorial operator having a bounded M® calculus and D4 C X
be its calculus core from (3.7). Let further g : (0,00) — C be a function with compact
support (not containing 0) such that g. € BY,  for some > a. Assume that [~ g(t)% = 1.

t
Then for any x € D4,

(4.14) T = /Ooog(tA)x%.
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Proof. Let x € D4. Then there exists p € C*(R;) such that p(A)z = x. As g has by
assumption compact support, there exist b > a > 0 such that

(4.15) g(tA)p(A) =0 (t € [a,b]).

By Lemma 4.7, t — g(tA)z is continuous, and (4.15) implies that [} g(tA)z% = f:g(tA)x@
Also,

( / bg(t.)%) (A)z = ( / bg<t.>%p) (A = ( [ o p) e e s

In the third equality we have used the assumption fooo g(t)% = 1, which extends by substi-
tution to [ g(ts)% =1 (s> 0). It remains to show

(/ bg(t->%) = | g2,

If g belongs to H*(X,,) for some w, then this is shown in [40, Lemma 9.12]. For a general
g, we appeal to the approximation from Lemma 3.2. U

For the next theorem we recall that a Banach space has cotype ¢ if there is a constant C'
so that for all zq,..., 2, € X

§ €Tk

k

(Z ||$k||q> <CE
k

All closed subspaces of a space LP(U, u) have cotype ¢ = max(2, p).

Theorem 4.9. Let A be a O-sectorial operator having a bounded M® calculus on X. Suppose
that the space X and its dual X’ both have finite cotype. Let # € R and ¢ : (0,00) — C be
a non-zero function such that for some C, € > 0 and M > a + 1, we have

(4.16) sup  [tF M) (1) < Cmin(t6, 1) (t > 0)
—0,..,M
and
(4.17) / \t%(t)\?% < .
0

Then we have

2
dt
(4.18) lzllx, = 1t°%(tA)2], @, 2 x) / gi/J(tA)x?

X

Here (yx)ken is an i.i.d. sequence of standard Gaussian random variables and (hy)xen is an
orthonormal basis of L*(Ry, %). If § > 0, ¢ satisfies (4.16) and also

sup  [tFp™ (#)| < Cmin(tS,t7¢) (¢t > 0),
0,....,M
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then
(4.19) lallx, = 167 + D(tA)] g, 0

If A is not injective, then we refer to Remark 4.3 how to modify (4.18) and (4.19) in this
case.

Remark 4.10. We remark that (4.16) and (4. 17) are satisfied e.g. for

Yexp(t) = texp(—t*)  (a, b >0, 3 25 9)

and
YVres(t) = N —1)"" (A€ C\[0,00), b>0and § <a < b+0).

Proof. By density of D(A?) in X, and in X, it suffices to show (4.18) and (4.19) for z €
D(A%). We first reduce (4.18) to the case § = 0. Set temporarily 1y(t) = t~%(t). Then 1)
satisfies the hypotheses of the proposition for 8 if and only if ¥y does for 0. By Proposition
3.12 (6), for x € D(A?), t %9 (tA)x = 1e(tA)A%z. Thus, if (4.18) holds for § = 0, also
[0 (tA) a2 x) = [Vo(tA)A%||, g, @ ) = 1A% (2 € D(A)).

Assume now 6 = 0. By Lemma 4.7 and the fundamental theorem of calculus, we have for
n €7 and t € [2",2"1)

V(tA)z =P2"A)z + [ xpngg(27s)2"sAY' (2 sA)x—
1

Writing X, = X[on ont1y and (tA)z = Y- -, xn(t)(tA)x, this yields by Lemma 2.4 (2) (that
the assumption there is satisfied follows easily from (4.20) below):

d
(¢ A)all o, .2 ) < Hzxn@wm)x :

'Y(R-Q»,%,X) S

(t)2"sAY' (2"sA)x:

’Y(R-”v%vX)

Since the x,, are orthonormal in L*(Ry, %) and ||, || L2 (R, does not depend on n, we have
HZ X ()W (27 A)z ~ EHZ %w(Q”A)g;H ~ EHZ enth(2"A)x
nez nez

where the last equivalence follows from the fact that X has finite cotype. The last expression
can be estimated by [|z|| according to (3.1) and (4.3), provided that for some C' > 0 and for

any choice of scalars a,, = £1, we have HZnGZ anw(Q"-)H < C. We have for M > « that
Ma

’Y(R‘h%vX)

HZanz/} (2" H <sup sup t*
Mo nez

= >0 k=0,...,M

< sup sup th‘an¢ k>(2"t)‘
te[1,2] k=0,....M et

<Oy 2y

nez
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< 00.

Replacing ¢ by 1 = s(+)1'(s(+)), by the same arguments, we also have with M > «+ 1 that

(4.20) HZ Xn(t)2”sA¢’(2”sA)va(R <Ozl

dt -
7_7X
neZ + %X

Note that ||1)1]|sme is independent of s, and thus also the above constant C' is. We have
shown that Hw(tA)x|],y(R+7%X) < |z

For the reverse inequality, we assume first that = belongs to the calculus core D,4. By
Lemma 4.8,

@
t

e = / TPy

o dt
with ¢ = / |1/1(t)|27 € (0,00). Thus, by Lemma 2.4, for any 2’ € X,
0

L[ _ dt
(2, 2")| = |e 1/0 (Wt A)z, (A2 ) | S 9tz =, 2 0 W (EA) 2 | @, 2 x)-

Now proceed as in the first part, noting that X’ has finite cotype, and deduce ||y (tA)'z’|| <
|2’||. This shows ||z|| < co||t)(tA)z||, for x € D4. For a general x € X, let (x,), C D4 with
r, — x. Then

[ (Al > [[v(tA)zall — [ (EA) (@ — 2a)ll = & 2all — erllz — 2l

and letting n — oo shows (4.18) for all x € X. Finally, (4.19) is a simple consequence of
(4.18). Just note that the right hand side of (4.19) satisfies

11+ =) (tA)a| = [[tA)a + ([t D (EA)]).
Indeed, “<” is the triangle inequality and “2” follows from the two inequalities

I (A)ally < 11+ ) " ool + ") (tA)

and
[0t Az, < 10+ ool(1 4+ ) (tA) 2]l
O

In the above theorems, the Paley-Littlewood decomposition was deduced from a M
calculus of A. The following proposition gives a result in the converse direction. For a
sufficient criterion for the R-bounded M calculus in the proposition see Proposition 3.9.

Proposition 4.11. Let A be a 0-sectorial operator with an R-bounded M calculus, that
is {f(A): feMS, [[fllme <1} is R-bounded, and let A have a Paley-Littlewood decom-
position, i.e. (4.1) holds, in particular, ) _, ¢n(A)x converges unconditionally in X. Then
A has a bounded M calculus.
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Proof. Let f € H§*(X,) for some w € (0, 7). Let further (¢,), be a dyadic partition of unity
on R;. Then f¢, belongs to M for any n € Z and sup,,cy || f@nllme S || fllme. Using the
assumptions we deduce for z € X

£ (A)all = B Y el ) (A)en( A

< R((Fe)(A) : n € Z)E|Y eubu(A)a
< 1 e ]|

Thus the proposition follows from Lemma 3.2 along with the well-known approximation of
arbitrary H*(X,) functions by functions as f above. O

A Banach space has by definition type 2 if there is a constant C' so that for all z,...,x, €
X

2

E

San| <0 (S hnt)
k k

All closed subspaces of a space LP(U, ) with p > 2 have type 2. As an immediate consequence

of Theorems 4.1 and 4.9, we obtain an extension of the results of [31] to our general setting.

Corollary 4.12. Let X be a Banach space of type 2 and A a 0-sectorial operator with a
bounded M® calculus for some a > 0. If (¢,,), (¢,) and 6,1 are as in Theorems 4.1 and 4.9
respectively, then we have the inequalities

N[

o] < C <Z |!%(A)wH2>

nezl

ol < C <Z |!<pn(A)wH2>

el < ([~ Ity )

0

2

If X = LP(U, ), p> 2, then by (2.9) these inequalities follow from Theorems 4.1 and 4.9
simply by Minkowski’s inequality. For general X we refer to [33].

5. BESOV TYPE DECOMPOSITION

We now turn to the description of real interpolation spaces in the scales Xy and Xy. For A =
—A on LP(RY), these interpolation spaces correspond to homogeneous and inhomogeneous
Besov spaces. Abstract Besov spaces have been described in [3, Theorem 3.6.2] in the case
that A generates a Cy-group with polynomial growth, and in [30] in the case that A is a
sectorial operator with a bounded H* calculus. See also [66] for certain operators on LP
self-adjoint on L?, with kernel estimates of ¢, (A).
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Throughout the rest of the section we assume that A is a 0-sectorial operator with bounded
¢ calculus. Let (), and (@,), be a homogeneous and an inhomogeneous partition of
unity on R. We introduce the spaces BY(A) and BY(A) (6 € R, ¢ € [1,00]) to be

BY(A) =z e X_y+Xn ¢ |2l o) = <Z2"9qu¢n<A>:cuq> < o0

nel

and

Bi(A) =Sz e X y+Xy: |lz]lpoa) = <Z 2"0‘1||90n(14)5'3||q> <00,
n€eNp
(standard modification if ¢ = 0o0), where —N < 6 < N. Often we write Bg for Bg(A) and
Bg for Bg(A) if confusion seems unlikely. Note that as remarked at the beginning of the
proof of Theorem 4.5, ¢,,(A) is a bounded operator on Xy provided A has an M$ calculus.
One even has that ¢,(A) maps Xy into X, so that =, = > ¢p(A)z belongs to D4 for
T € Bg. It is easy to check that z,, converges to x in Bg for ¢ < oo, so that D, is a dense

subset in Bg and the definition of Bg is independent, of N. Similarly, Dy = {reX:3INc€
N: ¢, (A)z =0 for n > N} is dense in BY for ¢ < oo and the definition of Bf is independent
of N. Indeed, it only remains to check that ¢y(A) belongs to B(X).

To this end, write po(t) = exp(—t) + (wo(t) — exp(—t)) = exp(—t) + >, cz(@o(t) —
exp(—1t))@n(t). Let gn(t) = (po(t) — exp(—t))pn(t). We estimate the M* norm of g, sepa-
rately forn < =2, —1 < n < land 2 < n. If n < =2, then g,(t) = (1 — exp(—t))pn(t)
and an elementary calculation shows that |g,(t)] < C2" and also |tkg,(1k)(t)| < (C2". Then
by (3.1), [|gnllme < C2" If =1 < n < 1, then ||gn||me < C, whereas if 2 < n, then
gn(t) = —exp(—t)@n(t), so that |tkg,(f) (t)] < C2F+D) exp(—2n1). It follows that || g, |[pe <
C2le+D 0+ oxp(—27~1). Summing up, we obtain

Z 1gnllpme < Z c2" + Z C+ ZCQ(LO‘J“)("H) exp(—2""1) < oo.
ne”L n<—2 n=-—1 n>2
Thus by the M¢ calculus, ||po(A)| < |[exp(=A)|| + > ez [lgn(A)]] < co. Now it is easy to
check that also po(A4) : Xy — X.
If A is not injective, then we refer to Remark 4.3 how to modify ||x||Bg and ||z[| g in this
case.

Proposition 5.1. If A has a bounded M¢ calculus, then the spaces Bg (0 eR, qgell,o0])
form a real interpolation scale, i.e. (B% Bgi)ﬂ,q = Bgﬁ with ¢ € (0,1), 6y = 619 + 6(1 — )

0
and 0y # 61. Also the spaces BY (§ € R, ¢ € [1,00]) form a real interpolation scale, i.e.
(Bgo> Byl )og = By
Proof. We start with the homogeneous Besov type spaces. We proceed in a similar manner
to the classical Besov spaces, see e.g. [59, 2.4.2]. Note that ng, Bgll — Xy + X_y, where

N > max(|6],|01]), so that taking real interpolation spaces is meaningful.
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In a first step, we show that (B%, B%)y, < Bgﬁ. Let (¢n)nez be a homogeneous dyadic
partition of unity on R,. Let z = ¢ + z; with 2y € B% and x; € B%. Then

2| pu(A)zlx < 2%l gi(A)zollx + 25072 g (A | x

< Jlaol 00 + 2500~y | o,

Thus, if ¢ < o0,

D 2% (A)z ||t =) | 20K gd o (A)z |
ke kEeZ
< Z 2—qk19(00—61)Kq(2k(00—91)’ T B&’ Bgfg)
keZ
- 00 10y Gb
< 090791 / e Kq<t7x; Bogv Boé)?
0

~ q
= Jlall gy g,

where K(t,z; B%, B%) stands for the usual K-functional of the real interpolation method,
and the estimate of the sum against the integral follows from the fact that K (¢, z; ng, Bgé) is
positive, increasing and concave, see [7, 3.1.3. Lemmal. If ¢ = oo, then the above calculation
must be modified in an obvious way.

In a second step, we show that if 1 < r < ¢, then Bg” — (BfO,Bfl)qu. We can as-

sume without loss of generality that 6y > 6;. Then also 0y > 6;. We have for = € Bgﬁ
||x|| 50,80, > N eg 27 0TkO0=00) [Ca(2K00=01) BY% B%). For k € Z fixed, we choose the
decomposmon T = xo+x; with g = (Zf:_oo ¢;)(A)z and 1 = (3772, ¢;)(A)z. Note that

(ZfzfOO ¢;)(A) and (377, 1) ¢5)(A) are bounded on X,, for any m € R. Indeed, right before
the statement of the proposition, we have shown that ¢g(A) is bounded on X. Thus, e.g. for

k>0, also (S5 ¢)(A) = po(A) + X4, ¢5(4) is bounded on X, and (552, ¢;)(4) =
idx —(Zf:ﬂo ©;)(A) is bounded on X. Then it is easy to check that they are also bounded
on X,,. Note that by Proposition 3.12, gbl(A)(Zf:_oo $i(A)) = &u(A) D cppjy<1 $i(A). We
have

k+1
120’00 = = 2% (A Z A" <Y 2% (Al
leZ j=—00 l=—0
and
2110 = > 2o (A) Y g Aaln <2 pi(A)x
ez j=k+1 I=k
Thus, if ¢ < oo,

k+1

D2 ) (2000 s B, ) S 32000 | 37 2 Al + 30 2 (A

kEZ kEZ l=—00

S
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Choose now 01 < k1 < 0y < Ky < 0y. Apply two times Holder’s inequality with Z +L=1

(modification below if r = ¢, 0 = 00). This gives, interchanging summation over k and [
after the second estimate,

q
k41 o [ k+1
Z Tﬁqk(eofel)Kq@k(eofel)7x; Bfo, Bfl) § Z qu(eﬂfé)o) [ Z 2lo(90ﬁo)] [ Z 2ll€0qH¢l<A>x”q

kEZ keZ

+ Z 2qk 09—01) Z 2[0(91 K1) [Z 2ll€1qu0 Hq
keZ

!
5 Z 21"‘°q||<pl(A)x||q Z 9ak(09—00) 9ka(6o—ro) + Z 2l“1q||<pl(A)x||q Z 9ak(09—01) 9kq(01—ro)

l=—0 l=—00

leZ k=l—1 leZ k=—00
= ghroagtCo gy (A9 + 3 2 a ) g (A

IeZ leZ
= [z,

If ¢ = oo, then the above calculation has to be adapted in a straightforward way. Now
combining both steps, we have, since Bg(’; — Bgf for k =0,1and ¢o < ¢1, and (Y, Z)y, —
(Y1,Z1)g, for Y — Y| and Z — Z,

BY — (B%, BM)y, — (B, BM)y, — (BY, BY )y, — B,

This shows the statement on the homogeneous Besov spaces. The proof for the spaces Bg is
similar, see also [59, 2.4.2]. O

Theorem 5.2. Let A be a 0-sectorial operator with M¢ calculus. Then we have the following
identifications of the real interpolation of fractional domain spaces:

<X907 X@l)ﬁ,q - Bgﬂ (90 7£ 91, 919 - 91’19 —+ 90(1 - 19))
and
(Xoo, Xo,)o.g = BY (60,01 >0, 0y # 01, Oy = 619 + 0p(1 — V).

Proof. We show that BY € X, C BY . Then by Proposition 5.1 and the Reiteration theorem

[7, Theorem 3.5.3] it follows that (Xg,, Xp,)s.q = (ng,BGl) Bgﬂ for 0y # 0., Oy =

019 + 0p(1 — ) and ¢ € [1, o0]. For & belonging to the dense subspace D4 of BY, we have

A% <D A%Ga(A)all = D [[A%n(A)pn(A)zl < sup 2- NNt Y 2" (Al
nez nez nez

and 27 [N (N) [ me = 2 FIING0(27FN) ge = 272125 0) @0 (W) [t = [N 20(N)llaee <
co. This shows that BY C Xj4. Conversely, let € D(A?). Then

27/ ()] = 27 A, (A)A'x] < sup 2 X060 (V)Lae | A
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and, similarly to the above, 2"|IA"%¢,(A)[|pe = [[A"%@0(A)[m= < oo. This shows that
Xy C BY_. The proof for the inhomogeneous spaces is similar, using the same estimate for
lo(A)|| as before Proposition 5.1. O

The analogous statement of the above theorem for a continuous parameter reads as follows.

Theorem 5.3. Let A have an M calculus, 6y, 6; € R with 6y < 61, s € (0,1), ¢ €
[1,00], and 6 = (1 — s)fy + s#;. Furthermore, let f : (0,00) — C be a function with
S opez 12027 ) [ me27 < oo and f~'¢y € MY, Then, with standard modification for
q = 00, the following hold.

(1) For the real interpolation space Bg = (Xg,, X@1>s,q, we have the norm equivalence

° At [ [® dt\ e
lellag = el = ([ 0taterale )" = ([ ooy )

(2) For the real interpolation space Bg, we have the norm equivalence

e dt\ @
[z 5 = (/0 t eqllwo(tA)xHC’;) + [lpo(A)z||.

Remark 5.4.

(1) If Ais not injective then we refer to Remark 4.3 how to modify [|z[[s4 and ||z e in
1. and 2. of the Theorem in this case.

(2) If @ > 0, we can replace in 2. ||@o(A)z|| by ||z|| and/or replace the integration from

' to foa with a € [1,00]. If we choose a = oo, we can also replace in the integrand

|oo(tA)z|| by ||f(tA)x||, where f satisfies the assumptions of Theorem 5.3.

(3) Common choices for f are functions in H§®(%,), e.g. f(\) = A for a > 0, or
FO) =A41+ N\ with 0 < a— 6 < b < oo. In the latter cases, one obtains square
functions of the form

1
*° dt\ «
([~ aare o)
0 t
< dt\ o
(/ =09t A% (1 +tA)bx|yq7)
0

Proof of Theorem 5.3. (1) To simplify notations, we assume that 6y =0, ¢; = 1. Let n € Z
such that ¢ € [2°,27H1]. Then [[go(tA)al] = | X072, ¢o(25A)go(tA)all. As go(tA)al| <
Cllollmelz]l, one finds [[@o(tA)z|| < C' 32,y <o 20(2"A)z]], and thus

([ t_eqH@o(tA)xHq%); = (Z /

ne’l

Sz S el [ 1F

t
nez |[k—n|<2 2

or

2n+1

27| po(tA)]|*— )

Q=

2n+1

A\
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1
< (522"9qu%<2"A>xuq) 2

nez
On the other hand, one has [|p0(2"A)z || S [| 2, ¢o(t20A)@o(2" )]l for any ¢ € [2, 27+1],
Thus, 279 ¢(2A)z |7 < [ 79952 ||go(t28 A)z]|72, so that

<22 g4 Hq) (/ ‘qu o (t2°A) II"dt>

nez k=—2
P dt\ s
= ([T oty
0 t
Similarly, one obtains the second norm equivalence in 1. for the case ¢ = oo
We now show that for = € Bg, we have

(5.1) / (gt A)a])

under the assumptions on f from the Theorem. For the inequality “5”, we use that A —
ﬁ%(}‘) has finite M norm. Thus,

th th

= [ @)

0

/ T lgo(tal) & = / T ) e f A
< / (o ey

For the reverse inequality “2”, we estimate

{7 e ||th} <S{ [ hneas >||>th}

kez
- Z {/ <t_6||:b;( )F(A)a= tA@k(tA)fH)q dt}
< ;Hf 270 || mg {/0 (0| i (tA) £1)* dt}
- % £ (V027N || e {/OOO( 17097 | 5o (£ A) £])? dt}
_%Hf 2750 | amg2” kO{/OOO (t—9||¢0(t14)f||)q%}%

Using the assumptions on f, we have shown (5.1).
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(2) Assume g < co. Repeating the arguments of part (1), we get

1
2l g < llpo(A)zl| + ( Y 27 go(2" Az Hq>

n=—oo

1
L el dt\ "
Sllantasel + ( [ eatearslot)
0

S llllsg + (Z 2"9‘1||¢n(,4)g;||Q>

n=0
S s

The case ¢ = oo is treated similarly. O

Proof of Remark 5.4. 2. Assume 6 > 0. We have [|po(A)z|| < ||z and [5"¢7%]|@o(tA)z]|74 <
Jo %o (tA)z||9%. On the other hand, since BY < Xj, + Xy, < X, we have ||z|| < || 5o
Also,

o gan - dt o dt
|t enteyalo G = [ et Zw ol
, N
Shoolag [ 15D lu()a
e k=0

S [zl

where we have used that 6 > 0. Finally, the proof of Theorem 5.3 part 1. shows that one
can replace ||¢o(tA)x| by || f(tA)z| in the integral, in the case a = 0.

3. It is an easy matter to check with (3.1) that || A% @0 (2 X S min(28, exp(—c2F)),
so that ), ., [[A%e” @o(2 A me27H < oo for 0 < a. leevvlse the assumptions in Theorem
5.3 are checked for f()\)—)\“(1+)\) bfor 0 <a—60<b. O

Let A be a 0-sectorial operator having a bounded M calculus. Let further # € R and
q € [1,00) and consider the real interpolation space Bg. Let Ry : Dy C Bg — Bg, T —
(A — A)~'z which extends to a bounded operator with ||Ry|| < ||[(A — A) 7Y x_x. It is easy
to check that C\(—o0,0] — B(Bg), A +— R, is a pseudo-resolvent. As R(R)) D Dy, R, has
dense range and consequently, is the resolvent of a closed and densely defined operator [48,
Theorem 9.3] which we denote by A. Furthermore, A is O-sectorial in 39 and by (2.3) and
density arguments, f(A)z = f(A)z for any x € Dy and f € M. Slmﬂarly, for @ > 0, there
is a 0-sectorial operator A on B such that f(A A)z = f(A)z for any 2 € Dy and f € M.

Theorem 5.5. Let A have an M¢ calculus. Then A has a M calculus on Bg for any 6 € R
and ¢ € [1,00).
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Proof. Let f € M® and x € D,4. Then

Q[

1 (A)zll 5 = (Z 2"9q||f(A)¢n(A)xllq>

nez

nez

= (Z 2"9q||<f¢n><A>s5;<A>x||q>q

< sup /20 (Al x <Z gneqn@;(mxuq) ]

nez
S sup || fonllae| ]| 5o
kEZ

S I el 50
Thus the theorem follows. ]

Remark 5.6. Let A have an M calculus, § € R and g € [1,00). The inhomogeneous Besov
space BY(A) of A coincides with the homogeneous Besov space Bf(A +1) of A+ 1. Then
(A+1) has a M calculus on Bg(A + 1) by the above theorem. Since f(A+ 1) = fi(A)

for fi(t) = f(t + 1), we have thus |[f(A)|psay-psay < Cllf|lme for any f € M with
supp f C (1, 00). Furthermore, to consider functional calculus for functions with full support
in (0,00), we make the following observation. With a similar proof of the boundedness of
©0(A) before Proposition 5.1, one can check that for a function f € C*(—e, 1) for some k > «
and € > 0, we have that f(A) = f(0)e ™ + (f(-) — f(0)e™)(A) is a bounded operator on X
and f(A) is a bounded operator on Bi(A).

6. SOME EXAMPLES

The theory developed in Sections 4 and 5 gives a unified approach to various classes of
operators. Firstly, the following lemma gives sufficient conditions for the M“ calculus of
some operator A. We quote some convenient sources for the required M calculus without
striving for the best possible parameter a.

Lemma 6.1. Let (€2, ) be a o-finite measure space and A a self-adjoint positive operator
on L*(92).

(1) Suppose that Q is a homogeneous space of dimension d € N and that the Cy-
semigroup generated by —A has an integral kernel satisfying the upper Gaussian
estimate [19, Assumptions 2.1 and 2.2]. Then, on X = LP(Q) for 1 < p < oo, the
injective part A; of A from the decomposition in Subsection 2.1 is 0-sectorial and has
a M calculus for a > [¢] + 1.

(2) Suppose that on X = LP(Q2) for 1 < p < oo, A is injective, has a bounded H
calculus and the imaginary powers satisfy [|A%[,, < (1 + [t])? for t € R and some
£ > 0. Then A is O-sectorial and has a M® calculus on X for a > + 1.

(3) Suppose that € is a homogeneous space of dimension d € N and that the Cy-
semigroup generated by — A satisfies generalized Gaussian estimates [8, (GGE)]. Then
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A has a M® calculus for a > 4 + 1 on LP(Q) for p € (po,p}) for some py € [1,2).
This has been refined in [36, 61 14]

Note that in the literature of spectral multipliers, M calculus is very often defined by
considering the self-adjoint functional calculus and then extrapolating to LP. This calculus
coincides with Definition 3.3 (restricted to R(A) in (1)).

Proof. To a proof of (1), we refer to [51, Theorem 7.23, (7.69)] and (3.1), whereas (2) can
be found in [39, Theorem 6.1 (a)] or [36, Theorem 4.73 (a)]. The fact that the extrapolated
self-adjoint calculus coincides with the M@ calculus is shown in [36, Illustration 4.87]. O

6.1. Lie Groups. Let GG be a connected Lie group of polynomial volume growth with respect
to its Haar measure. That is, if U is a compact neighborhood of the identity element of
G, then there are constants c¢,d > 0 such that V(U*) < ck? for any k € N. Let further
Xq,..., X, be left-invariant vector fields on G satisfying Hormander’s condition, i.e. they
generate together with their successive Lie brackets, at any point of G the tangent space.
We put A = — 2?21 X ]2 which is the associated sub-laplacian. Then A has a M calculus

for

o> maX(LgJ, Lg

according to [1, Theorem], (3.1) and the last part of Lemma 6.1. Here, d, D € N are given by
the volume growth of balls in G, V(B(z,r)) = r? (r — 0) and V(B(x,R)) ¥ R? (R —
o0). We obtain immediately the following spectral decomposition as a corollary.

Corollary 6.2. [25, Theorem 4.4]

(6.1) ||x||p—H<ZI<Pn f’f|2> H NH(i‘p"(AW)%Hp

(6.2) > H (/ (AL )é

for any 1 < p < oo, where (¢n,)nez and (¢, )nen, are a homogeneous and an inhomogeneous
dyadic partition of unity on R, and 1 satisfies for some C\ e > 0, o as above and any ¢t > 0

(6.3) sup  [tFY® ()] < Cmin(t,t7¢)  and /OO [(t)
k= 1 0

D+

P

Proof. As we remarked above, A has a M® calculus for a > max([%lj, L%J) + 1. Then the
first two equivalences follow from Theorem 4.1 and (2.9). The third equivalence then follows

from Theorem 4.9 and the square function equivalence on LP from Subsection 2.4. U

Under certain additional conditions we can write the expression in (6.2) as a convolution.
Namely, we suppose that G is nilpotent and possesses representations m,, A € R along with
dilations d,, s > 0 satisfying the following properties.

(G1) There exists a Hilbert space H such that 7, : G — B(H) is a unitary representation
for any A € R.
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(G2) The induced mappings L'(G) — B(H), f — f(A = Jo f( g)dg satisty || f(N)]| <
[f]l1 for any A € R.
(G3) We have fi(\) = f(d,\) for any A € R, where for s > 0, f,(g) = s ™ Lf(5 1(9))

S

with suitable n € N (2n + 2 is the homogeneous dimension of G).

(G4) For ¥ € M* and ¢ € L'(G) such that ¥(A)f = fx¢ = [, f(u)p(u"(-))du is a
convolution operator, we have supycg [|¢(A)]| = ¢/ -

(G5) If v, ¢ are as above with ¢(A)f = f * ¢, then for s > 0, we have )(sA)f = f*x¢ps(A).

This is satisfied e.g. if G is the Heisenberg group H” = R” x R" x R, with group law
(z,y,t)- (@, ¢ t) = (@ + 2", y+y, t +t' + 2>1_, 2}yx — zxyy)).- Then, explicitely, we have
the Schrodinger representation on H = L?(R™)
H™ — B(L*(R"))
A h(s) — ez‘()\t-i—sign()\))\%x-s—f—%my)h(s + |)\|%)
for A € R, the dilations 04(x,y,t) = (sz,sy,s*),s > 0, and A = =37 X7+ Y2 =
2 2
—> (Bxk yk%> + (B%k — %xk%) is the sub-laplacian operator on H". For example
if ¢ and ¢ are as in (G4), then ¢(\) = Y aenn V((2|a|+n)|A|) Py, where the P, are projections
on H = L*(R") mutually orthogonal, coming from an orthonormal basis of Hermite functions
on R™ [42].
We obtain the following corollary from Theorem 4.9.

Corollary 6.3. Let G be a Lie group as above satisfying (G1) — (G5). Then for 1 < p < o0,
the following equivalence of g-function type holds

o x| </m 7 + ¢<5S<->>|2%>%

provided that [ [¢(t)]*% < oo and

Lr(G)’

dsk
forl =41 and k=0,..., M + 1, where ¢ and ¢ are given by (G1) — (G5).
Proof. We show that v satisfies the assumptions of Theorem 4.9 with § = 0. We claim that

(6.5 AV(ANf = [ -0(0.0))])

First note that £¢(0s(+))|s=1 = limp 755 [¢(0n(+)) — ¢] holds true with limit in L'(G).
Then with ¢ (z) = x¢/(x), we have for any f € LP(G)

(AN = lim - [p(hA) — (A)] £ = lim ]+ [6(6()) — ],

the first equality according to Lemma 4.7, the second according to (G3). By properties
(G2) and (G4), then sup,., [t'T¢/(t)] < [|A"L¢(5,-)[1 < oo for I = +1. This shows the first
condition of (6.3) for & = 0. The proof for higher orders of « is similar. U

(6.4) A o6l e @)



PALEY-LITTLEWOOD DECOMPOSITION FOR SECTORIAL OPERATORS 33

Remark 6.4. If G = H", then for example for k = 1, (6.4) can be stated as A'[£0,¢ +
Y0,¢+t0,¢] € L'(H™). Note that in [42], even more general conditions on the kernel A=?/1¢ €
L*(H™) and |[Vo(u)| < C(1 + |u])~9717¢, where V denotes the gradient on the Heisenberg
group, are obtained to conclude Corollary 6.3. See also [47] for more results on spectral
multipliers on the Heisenberg group.

6.2. Sublaplacians on Riemannian manifolds. Let us discuss sublaplacians on Rie-
mannian manifolds as an application of Sections 4 and 5. Let M be a Riemannian manifold
and A be the Laplace operator on M. First of all, if M is compact or asymptotically conical,
then Theorem 4.1 holds [9, p. 2]. Note however that Theorem 4.1 may not hold on asymp-
totically hyperbolic manifolds where the volume of geodesic balls grows exponentially with
respect to their radii [9, p. 3].

6.3. Schrodinger Operators. Let us discuss an application of Theorem 4.5. In [49, 66],
abstract Triebel-Lizorkin spaces associated with Schrodinger operators are considered. For
example the Schrodinger operator with Poschl-Teller potential A = —A+V,,, where V,,(x) =
—n(n+ 1)sech®z [49], or with magnetic potential A = — Z?:l(% +ia;)* +V, where n > 3,
aj(z) € L} (R") is real valued, V = V, — V_ with V, € L _(R") and [|[V_||k, < 7 =
72 /T(% — 1), || - |k, standing for the Kato class norm [66].

If A acts on LP(R?) and 1 < p < oo, then by (2.9), ||lzllx, = ||$||F§’2(A) and ||z|x, =
||| F?,(4) With the norms on the right hand side defined in [66, Section 1], which correspond

to our norms (4.7) and (4.8) in this case. Thus we can apply Theorem 4.5 and obtain as a
corollary that the self-adjoint operators A on L?*(R?) considered in [66, Section 2.4], including
Schrodinger operators have fractional domain spaces which are independent of the choice of
the partition of unity and form a complex interpolation scale. Indeed, these operators have
a M calculus as they satisfy the usual upper Gaussian bound for the semigroup [66, (5)],
so Lemma 6.1 (1) applies.

Next we consider real interpolation spaces in the situation of [66, Theorem 1.3]. If A is a
Schrodinger operator on LP(R?) considered in [66, Section 2.4], then our spaces Bg(A) and
BY(A) coincide with the spaces Bg’q(A) and BY4(A) from [66, Section 1] for 1 < p < oo, 1 <
q < oco. This follows from the fact that A has a M calculus by [66, (5)].

We consider also Schrodinger operators A = —A + V on LP(R?) where the potential
V =V, — V_ is such that the positive part V, belongs to Li _(RY) and the negative part
V_ is in the Kato class [50]. Then A + wI satisfies the upper Gaussian bound for w > 0
large enough [50, (5)] so that A 4+ wl has a bounded M® calculus by Lemma 6.1 (1), and
the norm descriptions for the inhomogeneous spaces hold in this case.

Further Schrédinger operators with M calculus such as (small perturbations) of the
harmonic oscillator A = —A + |z|?, a twisted Laplace operator and scattering operators are
considered in [19, Section 7].

In the recent paper [55] there is an extension of the above to weighted LP spaces. Suppose
that A is a self-adjoint operator such that the corresponding heat kernel satisfies

|pt(l‘,y)| < CNt—n/Z (1 + T\/j) + T\/yz)) eXp(—b@)
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forall ¢t > 0, N > 0 and z,y € R”, where the auxiliary function p is subject to a further
condition [55, Lemma 2.1]. Then A has a M calculus on LP(w) where 1 < p < oo and w
belongs to some Muckenhoupt weight class A2 [55, Theorem 4.1]. Note that the heat kernel
condition is satisfied for the above magnetic Schrodinger operator as soon as the potential
V belongs to a reverse Holder class RH,, ;.

6.4. Operators on weighted L” spaces. For several of the above examples on LP(U, dpu)
spaces the operator A has also a M® calculus on the weighted space LP(U,wdu), where w
belongs to a Muckenhoupt class. We refer to [20, Section 6] for details. This holds in partic-
ular for the Laplace operator acting on a homogeneous Lie group, for a general non-negative
self-adjoint elliptic operator on a compact Riemannian manifold, for Laplace operators on
irregular domains with Dirichlet boundary conditions and for Schrédinger operators with
standard or with electromagnetic potential.
Noet that these operators on L? spaces with A, weights are usually not self-adjoint.

6.5. Higher order operators and Schrodinger operators with singular potentials
on RP. In [8] and [61], operators A that have a M calculus on LP(U) for p € (po,p,) are
considered. These include higher order operators with bounded coefficients and Dirichlet
boundary conditions on irregular domains. They are given by a form a : V x V' — C of the

type
a(u,v) / Z 30" udBvdz,
loo|=[B]=k

where V = H*(Q) for some arbitrary (irregular) domain Q € R”. One assumes that a,z =
g € L°(RP) for all a, 8 and Garding’s inequality

a(u,u) > §||V*ul|2 for all u €V,

for some § > 0 and ||V*u||3 := > lal=k |0%u||3. Then a is a closed symmetric form and the

associated operator A falls in our scope with py = max( QED, 1

Schrodinger operators with singular potentials on RP. Here A = —A +V on R? for D > 3
where V =V, — V_ Vo > 0 are locally integrable and V, is bounded for simplicity. We
assume the following form bound:

(Vou, u) < (Va3 + (Viu, w)) + () [ull; for all u € H'(R)

and some v € (0,1). Then the form sum A = (—=A + V) — V_ is defined and the associated
form is closed and symmetric with form domain H'(R”). By standard arguments using
ellipticity and Sobolev inequality, A falls in our scope with py = =2 [8]. We also refer to

D+2
Auscher’s memoir [4] for more on this subject.

) [8]. A further example are

6.6. Laplace operator on graphs. Consider a countable infinite set I" and let o(z,y) be
a weight on I' satisfying o(x,y) = o(y,z) > 0 and o(z,z) > 0, z,y € ['. This weight
induces a graph structure on I'. Assume that I" is connected, where x and y are neighbors if
o(x,y) > 0. We consider the discrete measure p defined by p({z}) = > | sianbor » (2, y) and

the transition kernel p(z,y) = u‘(j(:)”’y Then A =1 — P, where Pf(x)=3_, p(z,y)f(y)u(y)

is the discrete Laplacian on the graph [. According to [41, Subsection 1.3], A has a M*
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calculus on H? for py < p <1 and on LP for 1 < p < oo with pg = and a > D(— -1,

D—-i-ﬁ 2
where D and (3 are constants depending on the graph [41, Section 1], so that our results are

available in this case.

6.7. Laplace operators on fractals. Many interesting examples of spaces and operators
that fit into our context are described in the theory of Brownian Motion on fractals (see for
example [34]). We mention only the Laplace operator A on the Sierpinski Gasket, which has
a M calculus for @ > log3/(logh — log3) [5]. Thus our results from Sections 4 and 5 are
available for this operator.

6.8. Differential operators of Hermite and Laguerre type. These differential opera-
tors are of the form Af = Y A\, (f, hn)hy,, where (h,) is an orthonormal basis in L*(U, p).

In particular,
(1) Hermite h,(z) = (2"nly/m)"2(=1)" L (e=#")e? /2 Af = 3, (2n + d)(f, hn)h, on
L*(R% dx).
(2) Laguerre We define first

iir T(k+a+1) (—z)!

p= E—j+1)I(+a+1) j

and

1
I'(k+1) 2 a2
(63 — T, o LCV
60 = (p ety ) e i)
and then h%(z) = Eg(xQ)(Qx)%. Then the Laguerre operator is defined by Af =
D02k + 1)(f, h)hi on L2(R4).
Since the spectrum of these operators is discrete the Paley-Littlewood decomposition may
take the form

(6.6) 1A% £ =IO 127 P f 122 10

n

or

1/q
[l = (Z 20"q||Pnf||qu> ,
where Pof = >0 o) (f, ha)hn with I, = {X © A\ € 27,2771} [21], provided the required
multiplier theorems are true. However these are shown for the Hermite operator in [57,
p. 91], where also a weight w(z) = |z|7"®/*71) s allowed for the range § < p < 4, and
for the Laguerre operator in [57, p. 159]. For the Hermite operator the Paley-Littlewood
decomposition (6.6) was already shown by Zheng [65] with a different proof. Moreover, in
(23, Theorem 1.2], (6.6) is proved for § = 0 for slightly more general spectral multipliers
Q(27"A) in place of ¢, (A), allowing > > [Q(27"t)| = 1 for ¢t > 0 in place of exactly = 1.
The M! calculus on Xy and more general Triebel-Lizorkin type spaces associated with the
Hermite operator is proved in [24, Theorem 1].
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6.9. Bessel operator. The Bessel operator on LP(R,, du(x)) where du(z) = 2"dz for r > 0

is defined by A = — (% + g%) . By [28], this operator has a M calculus for o > %, SO

that our results are available in this case.

6.10. The Dunkl Transform. The Dunkl transform has been introduced e.g. in [54, 2].

Take the weight w(z) = szl || for some k > —1 and consider the Dunkl transform

isometry F, : L2(RY,w) — L*(R? w) as introduced in [2, p.4]. Furthermore, for a given
k > —% and j =1,...,d, we put

d 2k +1 — Ty =T Tigs .
Ef(l‘) g _837 (ZE)+ + f(x) f(l‘17x27 7'7“‘2] 1, ZL‘],ZL‘]_H’ ’l‘d)
J

Lj

2, p.3] and then define the Dunkl Laplacian by Ay = Z?Zl T?. One has the relation Fj,(A —
A () = N+ |2)?) Fe(f)(x) for f € S(R?) and X > 0. Finally, there is a certain Dunkl
convolution *; with the two properties Fi(f *x g) = Fi(f)Fr(g) and [|f *& gl oraw) <
11| 2o e ) |91l L2 (R w0y 2, -5

Corollary 6.5. The Dunkl Operator —Ay is O-sectorial and has a Mihlin calculus. Further
the following description of the associated real interpolation norm holds for > 0,1 < p,q <
00:

1
q
1f1lg = (Z 27| 5 f||qu(Rd,w)>

J€Ng

(standard modification if ¢ = o0), where ¢(y) = Fi(¢;)(\/¥), (v > 0) and (¢;)jen, is an
inhomogeneous dyadic partition of unity on R, .

Proof. According to Lemma 6.1 (2) and [54, Corollary 1] and the fact that for any m €
M, m(| - [?) and m have equivalent M* norms, 77 has a M calculus for a > k + 1.
The operators Tf are self-adjoint on L?(R,w). Thus, by a multivariate spectral multiplier

theorem [63, Theorem 4.1], the sum —A; = — Z?:1 T? has a M calculus. By the above
properties we have that Fi(¢; *; f) = Fr(¢;)Fr(f), and it is easy to check that this implies

¢j xi f = ¢j(—Ay)f. Then the corollary follows from the real interpolation in Subsection
6.3. 0

Note that the norm of the corollary recovers the Besov-Dunkl norm in [2] and shows that
the according spaces form a real interpolation scale. Our theory also makes Triebel-Lizorkin
type decompositions available in this situation.

6.11. Besov spaces associated with operators satisfying Poisson type estimates.
In this subsection, we compare our Besov type spaces from Section 5 with the recent Besov
spaces associated with operators satisfying Poisson type estimates from [11]. In that article,
the authors assume that X is a quasi-metric measure space such that the measure p is
subpolynomial, p(B(z,r)) < Cr™ for some n > 0 and any r > 0, where B(z,r) = {y € X :
d(y,z) < r} and d is the quasi-metric of X'. A standing assumption is moreover that —A
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generates a holomorphic semigroup on L?(X) and that the integral kernel p;(x,y) of e~

has the following Poisson bounds: There exists C' > 0 such that
t
(t + d(z,y))+!

We emphasize that the authors do not assume the volume doubling property for the measure
p and no H* calculus for A on LP(X'). However, their Besov spaces are based on an analytic
decomposition of unity ¢(¢t) = te™* and not a decomposition with a less regular function
¢ having compact support, or merely a suitable decay of ¢(t) at ¢t — 0 and t — oco. We
will show that under our assumptions, our scale of Besov spaces and the scale in [11] are
the same. The M calculus we need for A on LP(X), 1 < p < oo (or on its injective part

R(A) C LP(X)), is known to exist in the following situations, which also fit (6.7).

(1) Ais a classical, strongly elliptic pseudo-differential operator of order 1 on a compact
Riemannian manifold M = X equipped with the Riemannian metric, such that
v(A) = inf{Re X : XA € 0(A)} > 0. Indeed, in this case, [27, Theorem 3.14] gives the
Poisson estimates (6.7). Moreover, [53] shows a Hormander functional calculus for A
on LP(X'), which contains the weaker M$ calculus for some a > 0.

(2) A satisfies Gaussian estimates in the sense of [51, (7.3)], is self-adjoint on L?*(X) and
11 satisfies the volume doubling property. Indeed, the M¢ calculus for a > d|3 — % |+1
follows from the L? estimate of the complex time semigroup from [51, Theorem 7.4]
and Remark 3.10. Note that as soon as p has the volume doubling property, 2. covers
all the examples (ii),(iii),(iv),(v) from [11, p. 2456], according to [51, p. 194-195] and
also example (i) if the coefficient functions are real valued and smooth enough [51,

p. 195].

(6.7) pe(2,y)| < C©

(t>0,z,ycX).

Proposition 6.6. Let (X, u,d) and A be as in the beginning of this subsection and let
A have a M{ calculus on LP(X) for some 1 < p < oo (or on R(A) C LP(X) if A is not
injective). Let —1 < # < 1 and 1 < ¢ < co. Then the Besov type space Bf:' from [11]

coincides with our Besov type space Bg (or with Bg @& N(A) C R(A) & N(A) if A is not
injective).

Proof. Let (¢n)nez be a dyadic partition of unity. According to Theorem 5.3 and Remark
5.4, we have for f € BY,
q dt

(6.9 | ey’ G = [ @ e an) g

Note that for N € N and # < N, a similar formula as (6.8) holds where tAe~*4 is replaced
by (tA)Ne t4. ‘ ‘

We next show that Bg is contained in Bg;qA. To this end, it suffices by density to show that
Dy C Bg:(;‘ and that Hf”Bf,;‘ < ”fHBg for any f € D4. We show that f € (M;,?f,)’, the
latter space being defined in [11, p. 2465-2466]. Let h € M;,ifv. Then [, |h(z)|P'du(z) <

I Wd,u(x) < 00, so that h belongs to LP' (X). Note that if A has a M¢ calculus

on R(A) C LP(X), then A’ has a M calculus on R(A’) C LP (X). Indeed, we have R(\, A)' =
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R(A\, A, so that ¢(A) = ¢(A’) for any ¢ € H®(3,), w € (0, 7). Then by density of H§°(%,,)
in M¢ by Lemma 3.6, we deduce that A" has a M calculus and ¢(A") 0 = (p(A) B 0) f
any ¢ € Mf.

It now follows that since h € L¥ (X),

] =[S£ 1] < S 1@n(A)@a(A)f, )
= Z‘ Eu(A)f, pu(AR)] < Z H‘Pn ) Fllplln (AR,

where the sum over n € F' is finite, since f is assumed to be in D4. Now ¢,(A)h =

Go(tA) (A" for t belonging to a small interval I around 2", Thus, ¢, (A')h = ¢ J; po(tA) @

and therefore,

. / . / - / dt
I6adhlly S [ Ten( AN IE AL T

{ [enmeanp g}

S Illgoor

U=

This shows f € (M;?éfv)’ , and hence, Dy C M;ﬁfl. We have by (6.8) that the resulting
embedding Dy — Bg:;‘ is continuous. It follows that Bg — Bg:g‘.

We now show the inclusion BGA C BG To this end, we show first that Bg:(;‘ N LP(X)
is dense in BG(‘;‘ and second that B‘g‘4 N Lp (X) C Bg is a continuous injection. Then the
claimed inclusion BGA C BG will follow immediately. So first, let f € Bg:(j‘. For N € N,
write in short ¢y = ZnszN ¢n. We show that 1y (A)f, defined via (LP(X), L¥ (X))-duality
(WN(A)f, h) = (f, YN (A)h), is a well-defined element of Bg:g‘ﬁLp(X). We have for arbitrary
t >0, |<f,@/)N(A') N = [(tAe ™}, =x¥w (N a=ah)| and by [11, (2.4)], [[tAe ™ f]l, S
[sAe™*Af|, for 3t < s < ¢, so that |[tAe ™[], < f [sAe=* A fll, % <, ||f||B9A Thus,

[(f,un(A)R)| < ”fHBg;;‘Ht,\e—tﬂ/fN( Mlata[[h]pr, and therefore Wy (A)f belongs to LP(X).

(AR,

Now by [11, Theorem 3.4 and (35)], |(f, u(A))| S 11 g p (Ao a0 < 15 1l oo

Hence, ¥ (A)f € (M;,,eéfv)’ . Moreover,

[EAe ()l = sup [(tAe™ i (A)f, )| = sup|(f. v (A)tAe )

Il <1
= sup | (f, tA'e™ i (A)h)| = sup |(tAe™ " f, ¥ (A)h))|
< [EA™ A fllp 1w (A s | = 98 (A) lpspllEACT £

It follows easily that Hle(A)fHBg,éa < "QﬂN(A)Hpﬁpr”Bz,;l and hence, ¥ (A)f belongs to
Bg:(j‘. We next show that 1x(A)f approximates f in Bg:(j‘. According to [11, Proposition
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4.4], we have

”’QDN( )f fHBeA = /000 (t*‘9|’t2A2€*tA<w ( ) . 1)f” )q dt

_/6 dt+/i dt+/°° dt
Rl AR AR AT

€

for fixed € € (0,1). The integrand is dominated by (¢~0([tAe ™ 4/2 (¢ (A) — 1)|[,op|[tAe 42 )" .
Note that by an elementary calculation similar to one performed previously in this proof,
Sup~o ven [[EA€T2(1hn (A) — 1)||mg < 00, so that the first and the third integral above be-

come small when e is sufficiently close to 0. Furthermore, if € is fixed, then [[tAe ™2 (1n(\) —
1)|[pme — 0 as N — oo, uniformly in ¢ € [¢, 1]. Thus, also the second integral becomes small

for N sufficiently large. Resuming the above, we have shown that Bg:qA N LP(X) is dense in
Bg:(j‘. At last, the inclusion LP(X) C X, + X, together with (6.8) for functions in LP(X)
gives the desired injection LP(X) N BY: — BY. O
6.12. A non self-adjoint example: Lamé system of elasticity. In this subsection, we
cite an example of an operator A which is 0-sectorial on X = LP(R?; C¥*1) for any 1 < p < oo,
has an M@ calculus on X, but is not self-adjoint on L?*(R%; C4*1). Of course, the results on
Paley-Littlewood decomposition and complex interpolation spaces from Section 4, and real
interpolation spaces from Section 5 apply in full strength for A on X.
Consider the so-called Lamé operator on R%! with d € N, which has the form
Lu=pAu+ A+ p)Vdivu, w= (uy,...,uq1),

where the constants A\, u € R (typically called Lamé moduli) are assumed to satisfy p > 0
and 2p + A > 0. The associated Dirichlet problem

Lu =0in R? x [0, 00)
Ulpaxgoy =f € LP(R% CHY)

has the solution u(z,t) = T}, f(z) given by

dp 1 t
T, - = d
( tf)ﬁ(x) 3[u+)\wd i (|l‘—y|2+t2)d;1 fﬁ(y) Y
d+1
w4 2(d+1) / (r —y,t )q/
+ E =1,...,d+ 1),

where wy is the area of the unit sphere S in R*! and (v —y,t)s = 25 —yg if 8 € {1,...,d}
and (v — y,t)g.1 =t [44, Theorem 5.2]. T} is a semigroup on LP(RY; C4*Y) for 1 < p < oo,
since the operator L has constant coefficients. It is strongly continuous and according to [37,
Corollary 4.2], its negative generator A has a Hormander calculus, which implies the M®
calculus [36, Proposition 4.9], for o > 4 4 1.

Further, for p = 2, the semigroup operators T; are not self-adjoint, and thus, A cannot be
self-adjoint on L*(R?%; C*1). Indeed, if we write (T} f)s(x) = Efl;i e k7 (@ — y) £y (y)dy,
then for a function f with f, = 0 for v > 2, we have for § = d+ 1 : (T} f)as1(x) =
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Jod KTV @ — ) fuly)dy and (T) fai () = [ou ki (y — @) fi(y)dy. However, ki (z — y)

is the negative of k; ’dﬂ(y — z), as one checks easily, so T;f and T} f do not coincide in
general.

7. BISECTORIAL OPERATORS

In this short section we indicate how to extend our results to bisectorial operators. An
operator A with dense domain on a Banach space X is called bisectorial of angle w € [0, )
if it is closed, its spectrum is contained in the closure of S, = {z € C: |arg(+z)| < w}, and
one has the resolvent estimate

||(I+ )\A)_1||B(X) S Cw’a Y A g Sw/, w' > Ww.

If X is reflexive, then for such an operator we have again a decomposition X = N(A)® R(A),
so that we may assume that A is injective. The H>(S,,) calculus is defined as in (2.3), but
now we integrate over the boundary of the double sector S,,. If A has a bounded H>(S,)-
calculus, or more generally, if we have ||Az| = ||(—A2)2z| for € D(A) = D((—A2)z2) (see
e.g. [17]), then the spectral projections P, P, with respect to ¥ = S,NC,, ¥, =5, NC_
give a decomposition X = X;® X, of X into invariant subspaces for resolvents of A such that
the restriction A; of A to X; and —Ay of —A to X, are sectorial operators with o(A4;) C ;.
For f € H$°(S,) we have

(7.1) f(A)z = flo, (A1) Prz + fls, (A2) P

We define the Mihlin class M*(R) on R by f € M*(R) if fxr, € M* and f(—)xr, € M.
Let A be a 0-bisectorial operator, i.e. A is w-bisectorial for all w > 0. Then A has a M*(R)
calculus if there is a constant C' so that [|f(A)]| < C| fllmem) for f € MNycper H(Sw) N
M*(R). Clearly, A has a M*(R) calculus if and only if A; and —A, have a M calculus and
in this case (7.1) holds again. Let ¢, or ¢, be the dyadic partitions of unity from Definition
2.2 and extend them to R by ¢, (t) = @,(|t]) and ¢, (t) = ¢, (|t]) for t € R.

Using the projections P; and P one verifies that

E| Y enpa(A)zl = E| Y enpn(Ar) Pzl + Bl Y enpn(As) Poa].

If ¢ : (0,00) = C is as in Theorem 4.9, put ¢(¢) = ¢(|t|) for ¢ € R and obtain
[t (A2 g2 x) 2= [0 (A Pracll g, e x,) + 16770 (EA2) Pozll g, e xc,)-

Similar statements are true for ¢, and the Besov norms. Now it is clear how our results
from Sections 4 and 5 extend to bisectorial operators.

8. STRIP-TYPE OPERATORS

The spectral decomposition from Theorem 4.1 and Proposition 4.4 can be stated more
naturally in the context of O-strip-type operators. For w > 0 we let Str, = {z € C :
| Im z| < w} the horizontal strip of height 2w. We further define H>°(Str,,) to be the space of
bounded holomorphic functions on Str,,, which is a Banach algebra equipped with the norm
| flloow = SUPesir, [f(A)]. A densely defined operator B is called w-strip-type operator if
o(B) C Str, and for all § > w there is a Cy > 0 such that [|[AA — B)7!|| < Cp for all
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A € Stry". Similarly to the sectorial case, one defines f(B) for f € H>(Stry) satisfying a
decay at | Re A| — oo by a Cauchy integral formula, and says that B has a bounded H*(Stry)
calculus provided that || f(B)|| < C||f||cc,6, in which case f +— f(B) extends to a bounded
homomorphism H*(Strg) — B(X). We refer to [15] and [29, Chapter 4] for details. We call
B 0-strip-type if B is w-strip-type for all w > 0.

There is an analogous statement to Lemma 2.1 which holds for a 0-strip-type operator B
and Str,, in place of A and %, and Hol(Str,) = {f : Str, = C: In € N: (poexp)"f €
H>(Str,,)}, where p(A) = A\(1+ \)~2

In fact, O-strip-type operators and O-sectorial operators with bounded H*(Str,) and
bounded H*(X,) calculus are in one-one correspondence by the following lemma. For a
proof we refer to [29, Proposition 5.3.3., Theorem 4.3.1 and Theorem 4.2.4, Lemma 3.5.1].

Lemma 8.1. Let B be a 0-strip-type operator and assume that there exists a 0-sectorial
operator A such that B = log(A). This is the case if B has a bounded H>(Str,) calculus
for some w < 7. Then for any f € |J,,, ., Hol(Str,,) one has

f(B) = (f olog)(A).
Note that the logarithm belongs to Hol(%,,) for any w € (0, 7). Conversely, if A is a 0-sectorial

operator that has a bounded H>(3%,) calculus for some w € (0,7), then B = log(A) is a
0-strip-type operator.

Let B be a 0-strip-type operator and a > 0. We say that B has a (bounded) B, ; calculus
if there exists a constant C' > 0 such that

IFB) < Cllfllse, (f € () H(Str) N B ).
w>0

In this case, by density of [, H>(Str,) N BS, ; in B
continuously extended to f € B, ,

Let ¢ € C°(R). Assume that supp¢ C [-1,1]and > 02 ¢(t—n) =1 for all t € R. For
n € Z, we put ¥, = ¥(- —n) and call (¢,,)nez an equidistant partition of unity.

Assume that B has a B, ; calculus for some a > 0. Let f € B, We define the operator
f(B) to be the closure of

the definition of f(B) can be

00,1

oo,1,loc”

xr > Y onez(Unf)(B)z,
where Dp={z € X: AN e N: ¢,(B)x=0 (|n| > N)}.

Then there holds a modified version of Proposition 3.12, a proof of which can be found in
[36, Proposition 4.25]. Now the strip-type version of Theorem 4.1 reads as follows.

{DBCX X

Theorem 8.2. Let B be a (-strip-type operator having a B, ; calculus for some o > 0.

Let further (1,,),ez be an equidistant partition of unity and put Q/Jn Y, for n > 1 and
Zkf_oo Y for n = 0. The norm on X has the equivalent descriptions:

ol {3 (D) 2 sup {Hzanwn o+ o] < 1}
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and

loll = E|| > extiu(B)al| = sup |3 anu(B)z : Jaul <1

neNp neNg

The strip-type version of Proposition 4.4 is the following.

Proposition 8.3. Let B be a 0-strip-type operator having a BS, ; calculus. Further let

g € BY, 1 1c such that g is invertible and g~ ! also belongs to B Assume that for some

B> a,

«
00,1,loc*

sup [[¥ngllzs - lng ™ lge < oo
nez ’ )

Let (¢n)nez be a sequence in C\{0} satisfying |c,| = ||zzng||5éao - Then for any x € D(g(B)),
> nez Cn¥n(B)x converges unconditionally in X and

lg(B)z|| = E

encnwn(B):cH 2 sup HZ ancnwn(B)xH s an| <1
nez

For a representation of the Besov type space norm for the operator B we refer to [3,
Section 3.6].

REFERENCES

[1] G. Alexopoulos, Spectral multipliers on Lie groups of polynomial growth, Proc. Am. Math. Soc. 120(3),
973-979 (1994).

[2] C. Abdelkefi, J.-P. Anker, F. Sassi and M. Sifi, Besov-type spaces on R? and integrability for the Dunkl
transform, SIGMA Symmetry Integrability Geom. Methods Appl. 5, Paper 019 pp. 15 (2009).

[3] W. Amrein, A. Boutet de Monvel and V. Georgescu, Cp-groups, commutator methods and spectral
theory of N-body Hamiltonians. Progress in Mathematics 135 (Birkhduser, Basel, 1996), pp. xiv+460.

[4] P. Auscher, On necessary and sufficient conditions for LP-estimates of Riesz transforms associated to
elliptic operators on R™ and related estimates, Mem. Amer. Math. Soc. 186, pp. xviii+75 (2007).

[5] M. T. Barlow, E. A. Perkins, Brownian motion on the Sierpiriski gasket, Probab. Theory Related Fields
79(4), 543-623 (1988).

[6] H. Bahouri, J. Chemin and R. Danchin, Fourier analysis and nonlinear partial differential equations,
Grundlehren der Mathematischen Wissenschaften 343 (Springer, Heidelberg, 2011), pp. xvi+523.

[7] J. Bergh and J. Lofstrom, Interpolation spaces. An introduction, Grundlehren der Mathematischen
Wissenschaften 223 (Springer, Berlin-New York, 1976), pp. x+207.

[8] S. Blunck, A Hérmander-type spectral multiplier theorem for operators without heat kernel, Ann. Sc.
Norm. Sup. Pisa (5) 2(3), 449-459 (2003).

[9] J.-M. Bouclet, Littlewood-Paley Decompositions on manifolds with ends, Bull. Soc. Math. France
138(1), 1-37 (2010).

[10] J. Bourgain, Vector valued singular integrals and the H!—BMO duality, Probability theory and har-
monic analysis (Cleveland, Ohio, 1983) Monogr. Textbooks Pure Appl. Math., Vol. 98, p.1-19 Dekker,
New York, 1986.

[11] H.-Q. Bui, X. T. Duong and L. Yan, Calderén reproducing formulas and new Besov spaces associated
with operators, Adv. Math. 229, 2449-2502 (2012).

[12] N. Burg, P. Gérard and N. Tzvetkov, Strichartz inequalities and the non-linear Schrodinger equation
on compact manifolds, Amer. J. Math. 126, 569-605 (2004).

[13] G. Carron, T. Coulhon and E. M. Ouhabaz, Gaussian estimates and LP-boundedness of Riesz means,
J. Evol. Equ. 2, 299-317 (2002).



[14]
[15]
[16]

[17]

[18]

PALEY-LITTLEWOOD DECOMPOSITION FOR SECTORIAL OPERATORS 43

P. Chen, E.M. Ouhabaz, A. Sikora and L. Yan, Restriction estimates, sharp spectral multipliers and
endpoint estimates for Bochner-Riesz means, Preprint on arXiv:1202.4052v1.

M. Cowling, I. Doust, A. McIntosh and A. Yagi, Banach space operators with a bounded H®° functional
calculus, J. Aust. Math. Soc., Ser. A 60(1), 51-89 (1996).

J. Diestel, H. Jarchow and A. Tonge, Absolutely summing operators. Cambridge Studies in Advanced
Mathematics 43, (Cambridge Univ. Press, Cambridge, 1995) pp. xvi+474.

M. Duelli and L. Weis, Spectral projections, Riesz transforms and H °°-calculus for bisectorial operators,
Nonlinear elliptic and parabolic problems, Progress in Nonlinear Differential Equations Appl. 64, 99—
111, Birkh&user, Basel, (2005).

X. T. Duong, From the L' norms of the complex heat kernels to a Hormander multiplier theorem for
sub-Laplacians on nilpotent Lie groups, Pac. J. Math. 173(2), 413424 (1996).

X. T. Duong, E. M. Ouhabaz and A. Sikora, Plancherel-type estimates and sharp spectral multipliers,
J. Funct. Anal. 196(2), 443-485 (2002).

X. T. Duong, A. Sikora and L. Yan, Weighted norm inequalities, Gaussian bounds and sharp spectral
multipliers, Preprint on arxiv:1003.1831v3

J. Dziubanski, Triebel-Lizorkin spaces associated with Laguerre and Hermite expansions, Proc. Am.
Math. Soc. 125(12), 3547-3554 (1997).

K.-J. Engel and R. Nagel, One-parameter semigroups for linear evolution equations, Graduate Texts
in Mathematics 194, (Springer, Berlin, 2000), pp. xxii+586.

J. Epperson, Triebel-Lizorkin spaces for Hermite expansions, Stud. Math. 114(1), 87-103 (1995).

J. Epperson, Hermite multipliers and pseudo-multipliers, Proc. Am. Math. Soc. 124(7), 2061-2068
(1996).

G. Furioli, C. Melzi and A. Veneruso, Littlewood-Paley decompositions and Besov spaces on Lie groups
of polynomial growth, Math. Nachr. 279(9-10), 1028-1040 (2006).

J. E. Galé and P. J. Miana, H® functional calculus and Mikhlin-type multiplier conditions, Can. J.
Math. 60(5), 1010-1027 (2008).

H. Gimperlein and G. Grubb, Heat kernel estimates for pseudodifferential operators, fractional Lapla-
cians and Dirichlet-to-Neumann operators, J. Evol. Equ. 14(1), 49-83 (2014).

J. Gosselin and K. Stempak, A weak-type estimate for Fourier-Bessel multipliers, Proc. Amer. Math.
Soc. 106(3), 655-662 (1989).

M. Haase, The functional calculus for sectorial operators, Operator Theory: Advances and Applications
169, (Birkh&user, Basel, 2006), pp. xiv+392.

M. Haase, A functional calculus description of real interpolation spaces for sectorial operators, Stud.
Math. 171(2), 177-195 (2005).

O. Ivanovici and F. Planchon, Square function and heat flow estimates on domains, Preprint on
arXiv:0812.2733v2.

N. Kalton, P. Kunstmann and L. Weis, Perturbation and interpolation theorems for the H°°-calculus
with applications to differential operators, Math. Ann. 336(4), 747-801 (2006).

N. Kalton and L. Weis, The H-calculus and square function estimates, preprint.

J. Kigami, Analysis on Fractals, Cambridge Tracts in Mathematics 143, (Cambridge University Press,
Cambridge, 2001), pp. viii+226.

H. Komatsu, Fractional powers of operators. ii: Interpolation spaces, Pac. J. Math. 21, 89-111 (1967).
C. Kriegler, Spectral multipliers, R-bounded homomorphisms, and analytic diffusion semigroups, PhD-
thesis, online at http://digbib.ubka.uni-karlsruhe.de/volltexte/1000015866

C. Kriegler, Héormander functional calculus for Poisson estimates, Int. Equ. Oper. Theory 80(3), 379—
413 (2014).

C. Kriegler and L. Weis. Spectral multiplier theorems and averaged R-boundedness. To appear in
Semigroup Forum. Preprint, online at http://arxiv.org/abs/1407.0194

C. Kriegler and L. Weis, Spectral multiplier theorems via H calculus and norm bounds, in prepara-
tion.



44

[40]

CH. KRIEGLER AND L. WEIS

P. C. Kunstmann and L. Weis, Maximal L,-regularity for parabolic equations, Fourier multiplier
theorems and H°°-functional calculus, Functional analytic methods for evolution equations. Based on
lectures given at the autumn school on evolution equations and semigroups, Levico Terme, Trento,
Ttaly, October 28-November 2, 2001. Lect. Notes Math. 1855, (Springer, Berlin, 2004), pp. 65-311.
I. Kyrezi and M. Marias, HP-bounds for spectral multipliers on graphs, Trans. Amer. Math. Soc.
361(2), 1053-1067 (2009).

H. P. Liu and R. Q. Ma, Littlewood-Paley g-function on the Heisenberg group, Acta Math. Sin., Engl.
Ser. 22(1), 95-100 (2006).

A. Lunardi, Analytic semigroups and optimal regularity in parabolic problems, Progress in Nonlinear
Differential Equations and their Applications 16, (Birkh&user, Basel, 1995), pp. xviii+424.

J. M. Martell, D. Mitrea, I. Mitrea and M. Mitrea. The higher order regularity Dirichlet problem for
elliptic systems in the upper-half space, Harmonic analysis and partial differential equations, Contemp.
Math. 612, 123-141 (2014).

C. Martinez Carracedo and M. Sanz Alix, The theory of fractional powers of operators, North-Holland
Mathematics Studies 187, (Elsevier, Amsterdam, 2001), pp. xii+365.

A. McIntosh, Operators which have an H, functional calculus, Operator theory and partial differential
equations, Miniconf. Ryde/Aust. 1986., Proc. Cent. Math. Anal. Aust. Natl. Univ. 14, 210-231 (1986).
D. Miiller and E. Stein, On spectral multipliers for Heisenberg and related groups, J. Math. Pures
Appl. IX. 73(4), 413-440 (1994).

A. Pazy, Semigroups of linear operators and applications to partial differential equations, Applied
Mathematical Sciences 44, (Springer, New York, 1983), pp. viii+279.

G. Olafsson and S. Zheng, Function spaces associated with Schrédinger operators: the Péschl-Teller
potential, J. Fourier Anal. Appl. 12(6), 653-674 (2006).

E. M. Ouhabaz, Sharp Gaussian bounds and LP-growth of semigroups associated with elliptic and
Schrédinger operators, Proc. Amer. Math. Soc. 134(12), 3567-3575 (2006).

E. M. Ouhabaz, Analysis of heat equations on domains, London Mathematical Society Monographs
31, (Princeton University Press, Princeton, NJ, 2005), pp. xiv4284.

T. Runst and W. Sickel, Sobolev spaces of fractional order, Nemytskij operators and nonlinear partial
differential equations, de Gruyter Series in Nonlinear Analysis and Applications 3, (de Gruyter, Berlin,
1996), pp. x+547.

A. Seeger and C. D. Sogge, On the boundedness of functions of (pseudo-) differential operators on
compact manifolds, Duke Math. J. 59(3), 709-736 (1989).

F. Soltani, Lp-Fourier multipliers for the Dunkl operator on the real line, J. Funct. Anal. 209(1),
16-35 (2004).

L. Tang, Weighted norm inequalities, spectral multipliers and Littlewood-Paley operators in the
Schrodinger settings, Preprint on arxiv:1203.0375v1.

T. Tao, Nonlinear dispersive equations: local and global analysis, CBMS Regional Conference Series
in Mathematics 106, (American Mathematical Society, Providence, RI, 2006), pp. xvi+373.

S. Thangavelu, Lectures on Hermite and Laguerre expansions, Mathematical notes 42, (Princeton
university Press, Princeton, NJ, 1993), pp. xviii+195.

H. Triebel, Interpolation theory. Function spaces. Differential operators, (Deutscher Verlag der Wis-
senschaften, Berlin, 1978), pp. 528.

H. Triebel, Theory of function spaces, Monographs in Mathematics 78, (Birkh&user, Basel, 1983), pp.
284.

J. van Neerven, v-radonifying operators: a survey, Proc. Centre Math. Appl. Austral. Nat. Univ. 44,
1-61 (2010).

M. Uhl, Spectral multiplier theorems of Hormander type via generalized Gaussian estimates, PhD-
thesis, online at http://digbib.ubka.uni-karlsruhe.de/volltexte/1000025107

L. Weis, The H* Holomorphic Functional Calculus for Sectorial Operators — a Survey, Partial dif-
ferential equations and functional analysis. The Philippe Clément Festschrift, Birkh&user. Operator
Theory: Advances and Applications 168, 263-294 (2006).



PALEY-LITTLEWOOD DECOMPOSITION FOR SECTORIAL OPERATORS 45

[63] B. Wrébel, Multivariate Spectral Multipliers for Tensor Product Orthogonal Expansions, Monatshefte
fiir Mathematik 168(1), 125-149, 2012.

[64] Q. Xu, H* functional calculus and maximal inequalities for semigroups of contractions on vector-
valued L,-spaces, Preprint available on arXiv:1402.2344v1.

[65] S. Zheng, Littlewood-Paley Theorem for Schrédinger operators, Anal. in Theory and Appl 22(4),
353-361 (2006).

[66] S. Zheng, Interpolation theorems for self-adjoint operators, Anal. Theory Appl. 25(1), 79-85 (2009).

CHRISTOPH KRIEGLER, LABORATOIRE DE MATHEMATIQUES (CNRS UMR 6620), UNIVERSITE BLAISE-
PAscAL (CLERMONT-FERRAND 2), CAMPUS DES CEZEAUX, 3, PLACE VASARELY, TSA 60026, CS 60026,
63 178 AUBIERE CEDEX, FRANCE

E-mail address: christoph.kriegler@math.univ-bpclermont.fr

LuTtz WEIS, KARLSRUHER INSTITUT FUR TECHNOLOGIE, FAKULTAT FUR MATHEMATIK, INSTITUT FUR
ANALYSIS, ENGLERSTRASSE 2, 76131 KARLSRUHE, GERMANY
E-mail address: lutz.weis@kit.edu



