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“a little bit small compared to Paris”



Data complexity is increasing
Modern data are complex

I text everywhere (comments, messages, status, etc.)
I images everywhere
I relations (friends/contact, like/plus, ad hoc discussion, etc.)
I mixed data (buyers/items, listeners/songs, etc.)
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Data complexity is increasing
Modern data are complex

I text everywhere (comments, messages, status, etc.)
I images everywhere
I relations (friends/contact, like/plus, ad hoc discussion, etc.)
I mixed data (buyers/items, listeners/songs, etc.)

The vector model...
I in which all objects (xi)1≤i≤N live in a fixed vector space Rp

I ...is less and less relevant

Solutions
1. specific solutions (e.g., probabilistic models for relational data)
2. generic solutions via a comparison measure



Dissimilarity/Kernel Data

Data model
I a data space X (might be implicit)
I N observations (xi)1≤i≤N from X (possibly with no attached

description)

Dissimilarity
I a symmetric dissimilarity d function from X 2 to R+

I or a symmetric matrix D = (d(xi , xj))1≤i≤N,1≤j≤N

Kernel
I a kernel function k from X 2 to R, symmetric and positive definite
I or a symmetric positive definite matrix K = (k(xi , xj))1≤i≤N,1≤j≤N



SOM

Low dimensional prior structure

I a regular lattice of K
units/neurons in R2: (rk )1≤k≤K

I a time dependent neighborhood
function hkl(t), e.g.
hkl(t) = exp

(
−‖rk−rl‖2

2σ2(t)

)

Mapping
I each neuron rk is associated to a prototype/model mk in the data

space
I each mk /rk is responsible of a cluster of data points, the Ck :

quantization/clustering aspect
I if rk and rl are close according to hkl then mk and ml should be

close: topology preservation aspect



Training Algorithms

Stochastic/Online SOM
1. select a random data point x
2. find its best matching unit

c = arg min
k∈{1,...,K}

‖x −mk (t)‖2

3. update all prototypes

mk (t + 1) = mk (t) + ε(t)hkc(t)(x −mk (t))

4. loop to 1 until convergence



Training Algorithms

Batch SOM
1. compute the best matching unit for all data points

ci(t) = arg min
k∈{1,...,K}

‖xi −mk (t)‖2

2. update all prototypes

mk (t + 1) =
∑N

i=1 hkci (t)(t)xi∑N
i=1 hkci (t)(t)

3. loop to 1 until convergence
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A simple 2D dataset The original grid
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space



Why does the SOM shine?
The SOM is a visualization framework

I glyph based visualization
I component planes
I hit map (data histograms)
I U matrix
I you name it...
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Why does the SOM shine?
The SOM is a visualization framework

I glyph based visualization
I component planes
I hit map (data histograms)
I U matrix
I you name it...
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I glyph based visualization
I component planes
I hit map (data histograms)
I U matrix
I you name it...

0.0

0.2

0.4

0.6

0.8

1.0



Mystery Dataset



Mystery Dataset



Mystery Dataset



Mystery Dataset

0.4

0.6

0.8

1.0

1.2

1.4



Mystery Dataset



Mystery Dataset



Adapting to non vector data

Vector space algorithms
I BMU: ‖x −mk (t)‖2

I prototype update: hkci (t)(t)xi

Vector space visualizations
I glyph based visualisation: direct use of coordinates
I component planes: direct use of coordinates
I U matrix and variants: ‖mk −ml‖2



Median SOM
[Kohonen, 1996, Kohonen and Somervuo, 1998]

Prototype update as an optimization problem

mk (t + 1) =
∑N

i=1 hkci (t)(t)xi∑N
i=1 hkci (t)(t)

is equivalent to

mk (t + 1) = arg min
m∈Rp

N∑
i=1

hkci (t)(t)‖m − xi‖2.

A simple solution
I replace ‖m − xi‖2 by d(m, xi)

I constraint the mk to be chosen in {x1, . . . , xN}

I or not if the search in X is doable [Somervuo, 2003].



Median SOM
[Kohonen, 1996, Kohonen and Somervuo, 1998]

Prototype update as an optimization problem

mk (t + 1) =
∑N

i=1 hkci (t)(t)xi∑N
i=1 hkci (t)(t)

is equivalent to

mk (t + 1) = arg min
m∈Rp

N∑
i=1

hkci (t)(t)‖m − xi‖2.

A simple solution
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Median SOM
[Kohonen, 1996, Kohonen and Somervuo, 1998]

Batch Median SOM
1. compute the best matching unit for all data points

ci(t) = arg min
k∈{1,...,K}

d(mk (t), xi)

2. update all prototypes

mk (t + 1) = arg min
m∈X

N∑
i=1

hkci (t)(t)d(m, xi)

3. loop to 1 until convergence

Numerous variants
I stochastic variation [Ambroise and Govaert, 1996]
I BMU variation [Kohonen and Somervuo, 2002, El Golli et al., 2004]
I collision avoidance [Rossi, 2007]



Median SOM

Pros
I straightforward (slow) implementation
I no approximation and no assumption on d

Cons
I slow: O(N2 + NK 2) per iteration with a fast implementation

[Conan-Guez et al., 2006, Conan-Guez and Rossi, 2007]
I quantization quality limitation
I no interpolation effect
I massive folding (prototype collision [Rossi, 2007])
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Iris demo

Strong limit on K
I at least one observation per unit
I test with K = 25 (5× 5 grid)
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Energy functions

Heskes’ Energy function
A variant of the SOM can be obtained by trying to solve the following
optimization problem [Heskes and Kappen, 1993]

(m(t), c(t)) = arg min
m,c

K∑
k=1

N∑
i=1

hkci (t)‖mk − xi‖2.

The BMU is now ci(t) = arg mink∈{1,...,K}
∑K

l=1 hkl(t)‖xi −ml(t)‖2.

Equivalent problem
this is equivalent to solving
[Graepel et al., 1998, Graepel and Obermayer, 1999]

c(t) = arg min
c

1
2

K∑
k=1

1∑N
i=1 hkci (t)

N∑
i=1

N∑
j=1

hkci (t)hkcj (t)‖xi − xj‖2.
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Dissimilarity version
Graepel et al.’s proposal
Rather than optimizing

K∑
k=1

N∑
i=1

hkci (t)d(mk , xi)

with coordinate descent over m and c, optimize

1
2

K∑
k=1

1∑N
i=1 hkci (t)

N∑
i=1

N∑
j=1

hkci (t)hkcj (t)d(xi , xj)

with deterministic annealing.

No more equivalence
I equivalence only in a Euclidean space
I if d does not fulfill the triangular inequality, potentially they lead to

very different solutions:
I d(mk , xi) is a quantization oriented measure
I d(xi , xj) is a clustering oriented measure



Soft Topographic Mapping for Proximity Data
[Graepel et al., 1998, Graepel and Obermayer, 1999]

Features
I based on a mean field ' prototypes
I soft assignments
I two loops: EM like algorithm embedded into an annealing loop

Pros
I leverage the good properties of deterministic annealing
I no assumption on d

Cons
I sophisticated algorithm in which annealing control is crucial
I fixed neighborhood (effects of on the fly modifications are unclear)
I slow: O(N2K + NK 2) per iteration in two loops!



Relational approach

The relational idea
I N points (xi)1,...,N in a Hilbert space H
I N real valued coefficients αT = (αi)i=1,...,N with

∑N
i=1 αi = 1

I then we have [Hathaway et al., 1989]∥∥∥∥∥xi −
N∑

i=1

αixi

∥∥∥∥∥
2

H

= (Dα)i −
1
2
αT Dα,

with Dij = ‖xi − xj‖2
H.

The relational trick
I (xi)i=1,...,N in (X ,d)
I define a set of “pseudo linear combination”
A = {α ∈ RN |

∑N
i=1 αi = 1}

I extend d to A×X via dr (α, xi) = (Dα)i − 1
2α

T Dα.



Relational Variants

Prototypes based methods
I in the batch SOM, mk (t + 1) =

∑N
i=1 αk (t + 1)ixi with

αk (t + 1)i =
hkci (t)(t)∑N
i=1 hkci (t)(t)

.

I then αk (t + 1) ∈ A and we can define d(mk (t + 1), xi) as
dr (αk (t + 1), xi)

Variants
I c-means [Hathaway et al., 1989]
I batch SOM and batch neural gas [Hammer et al., 2007]
I online SOM [Olteanu et al., 2013]



Relational SOM
[Hammer et al., 2007]

Batch version
1. compute the best matching unit for all data points

ci(t) = arg min
k∈{1,...,K}

dr (αk (t), xi),

where dr is the relational extension of the d
2. update all prototypes

αk (t + 1)i =
hkci (t)∑N
l=1 hkcl (t)

.

3. loop to 1 until convergence

Theoretical justification
I corresponds to an embedding of D/d into a pseudo Euclidean

space
I details in [Hammer and Hasenfuss, 2010]



Relational SOM
[Hammer et al., 2007]

Pros
I straightforward implementation
I no approximation and no assumption on d
I theoretical guarantees

Cons
I slow: O(KN2) per iteration
I prototypes are meaningless
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An easier road

Kernel data
I easier to deal with because of the stronger assumption on K/k
I a kernel on X is associated to a Hilbert space H via a mapping φ
I main idea: implement a SOM in H

Kernel trick
I standard tool of kernel methods
I first used for the SOM in [Graepel et al., 1998]
I if mk (t) =

∑N
i=1 αki(t)φ(xi), then

‖φ(xi)−mk (t)‖2
H =k(xi , xi)− 2

N∑
j=1

αkj(t)k(xk , xj)

+
N∑

j=1

N∑
l=1

αkj(t)αkl(t)k(xj , xl).



Kernel SOM

Numerous variants
I optimized via deterministic annealing in [Graepel et al., 1998]
I online kernel SOM [Mac Donald and Fyfe, 2000]
I batch kernel SOM [Martín-Merino and Muñoz, 2004,

Villa and Rossi, 2007, Boulet et al., 2008]

Pros
I straightforward implementation
I theoretical guarantees (it’s a SOM in the kernel space!)

Cons
I slow: O(N2K ) per iteration
I prototypes are meaningless



Equivalence

Relational = kernel
I if K is a kernel matrix, define a dissimilarity matrix by

Dij = Kii + Kjj − 2Kij

I then for α ∈ RN such that
∑N

i=1 αi = 1

(Dα)i −
1
2
αT Dα︸ ︷︷ ︸

Relational BMU

= Kii − 2
N∑

j=1

Kijαj +
N∑

j=1

N∑
l=1

αjαlKjl︸ ︷︷ ︸
Kernel BMU

.

I absolutely identical results
I the relational SOM is a (strict) extension of the kernel SOM



Soft Topographic Mapping for Proximity Data
STMP internal loop equivalent formulation

1. compute weighted dissimilarities eik (t) =
∑K

s=1 hksdr (αs(t), xi)
where dr is the relational extension of d

2. compute soft assignment

γik (t) =
exp(−β(t)eik (t))∑K

s=1 exp(−β(t)eis(t))
.

3. update the prototypes

αs(t)j =

∑K
k=1 γjk (t)hks∑N

i=1
∑K

k=1 γik (t)hks
.

Deterministic annealing
I is an optimization technique
I SMTP = DA relational SOM



There can be only one

Data type
I Vector data: euclidean SOM
I Dissimilarity/Kernel data: relational SOM

Optimization strategy
I online
I batch
I deterministic annealing

Arbitrary combination
I kernel data + DA: STMK [Graepel et al., 1998]
I dissimilarity data + online: online relational SOM

[Olteanu et al., 2013]
I etc.



Computational costs

Cost for one iteration

Algorithm Assignment cost Prototype update cost

Batch SOM O(NKp) O(NKp)
Online SOM O(Kp) O(Kp)
Median SOM O(NK ) O(N2 + NK 2)

Batch relational SOM O(N2K ) O(NK )

Online relational SOM O(N2K ) O(NK )

STVQ O(NKp + NK 2) O(NKp + NK 2)

STMK/STMP O(N2K + NK 2) O(NK 2)

Remarks
I processing one data point in the online relational SOM is as costly

as processing the full data set in the batch relational SOM
I dual loop for the STαβ variants



And the winner is...

The batch relational SOM
I generic (includes the kernel case)
I interpolation effects and good quantization
I not as costly as the STMP
I faster than the online relational SOM (but needs a proper

initialization)

Visualization
I neither component planes nor glyph based visualisation
I hit map
I u matrix and variants (using the relational trick to compute

dissimilarities between prototypes)



And the winner is...

The batch relational SOM
I generic (includes the kernel case)
I interpolation effects and good quantization
I not as costly as the STMP
I faster than the online relational SOM (but needs a proper

initialization)

Visualization
I neither component planes nor glyph based visualisation
I hit map
I u matrix and variants (using the relational trick to compute

dissimilarities between prototypes)



Open issues

Optimization
I no extensive comparison of STMP to batch relational SOM exists

I see [Hammer and Hasenfuss, 2010] for Neural Gas
I can we optimize directly the clustering cost?

I relational K means is outperformed by such an approach, see
[Conan-Guez and Rossi, 2012]

Algorithmic cost
I O(N2K ) is unacceptable for large data

I for N = 20 000 and K = 10 × 10, one iteration can cost several
seconds for a standard implementation

I for N = 100 000 and K = 20 × 20: several minutes
I Nyström approximation [Williams and Seeger, 2001]?

I see [Gisbrecht et al., 2012] for GTM



What about zero dissimilarity SOM?

Usability of the results
I Reduced visualization possibilities (compared to vector SOM)
I No user based evaluation available
I is it really useful on a data exploration point of view?

Embedding then vector SOM?
I compute a vector embedding of D into Rp and then apply a vector

SOM
I cost based embedding methods are in O(N log N) per iteration

with Barnes and Hut approximation or O(N2) without
I total cost dominated by O(N2) if p is small
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Thanks!
Questions?
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