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Max-Min optimization problem for Variable Annuities pricing*
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Idris KHARROUBI® Thomas LIMY

Abstract

We study the valuation of variable annuities for an insurer. We concentrate on
two types of these contracts that are the guaranteed minimum death benefits and
the guaranteed minimum living benefits ones and that allow the insured to withdraw
money from the associated account. As for many insurance contracts, the price of
variable annuities consists in a fee, fixed at the beginning of the contract, that is
continuously taken from the associated account. We use a utility indifference approach
to determine this fee and, in particular, we consider the indifference fee rate in the
worst case for the insurer i.e. when the insured makes the withdrawals that minimize
the expected utility of the insurer. To compute this indifference fee rate, we link the
utility maximization in the worst case for the insurer to a sequence of maximization
and minimization problems that can be computed recursively. This allows to provide
an optimal investment strategy for the insurer when the insured follows the worst
withdrawals strategy and to compute the indifference fee. We finally explain how to
approximate these quantities via the previous results and give numerical illustrations
of parameter sensibility.
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1 Introduction

Variable annuities are insurance contracts that were introduced in the 1970s in the United
States (see Sloane [16]). These insurance products provide, during a given period, deferred
annuities that are fund linked. More precisely, the policyholder gives at the beginning an
initial amount of money to the insurer who invests this amount in a reference portfolio.
In return, the insurer provides annuities that depend on the performance of this reference
portfolio.

In the 1990s, insurers add certain guarantees to these policies. They propose contracts
with annuities that are at least greater than some guaranteed value. Nowadays, the most
spread are Guaranteed Minimum Death Benefits (GMDB for short) and Guaranteed Min-
imum Living Benefits (GMLB for short) contracts. For a GMDB contract, the dependents
of the insured obtain a guaranteed benefit if she dies before the maturity of the contract.
On the contrary, the holder of a GMLB contract obtains a guaranteed benefit if she is still
alive at the maturity of the contract. There are various ways to fix this guaranteed benefit
and we refer to [2] for more details.

These new added guarantees developed the interest of the investors for these products
and have made the variable annuities contracts highly demanded on financial markets.
Therefore, their pricing and hedging have attracted a lot of interest in a growing literature.
In their pioneering work, Boyle and Schwartz [6] used non-arbitrage models to extend the
Black & Scholes framework to insurance issues. Then, Milevsky and Posner [12] applied risk
neutral option pricing theory to value GMDB variable annuities. The case of withdrawal
options is studied by Chu and Kwok in [8] and by Siu in [15], and a general framework to
define variable annuities is presented by Bauer et al. in [2]. Milevsky and Salisbury studied
in [13] the links between American put options and dynamic optimal withdrawal policies.
In [3], Belanger et al. described the valuation of GMDB as an impulse control problem.
They derive an HJB equation in a Markov framework and solve it numerically.

An important risk faced by the seller of a variable annuities contract concerns the
characteristics of the buyer. The insurer has to take into account the behavior of the
insured, i.e. her withdrawals, and her exit time from the contract, i.e. her death time,. In
this paper, we study a valuation of GMDB and GMLB contracts that takes into account
this uncertainty on the insured. We consider the worst case for the withdrawal strategy
of the insured from the insurer point of view. Concerning the death time, we model it as
a random time enlarging the initial filtration related to the market information. As such
contracts are generally priced for a class of insured, we suppose that this random time
corresponds to the death time of a representative agent in a specific class of clients that
satisfy several conditions (age, job, wealth,...). We shall assume that such a class is small
enough to be unable to affect the market. From a probabilistic point of view, this justifies
that the well known assumption (H) holds true i.e. any martingale for the initial filtration
remains a martingale for the initial filtration enlarged by the exit time.

Due to these risks coming from the insured, the market is incomplete and we have to
choose a pricing definition. Following the approach of Chevalier et al. [7], we therefore
consider the indifference utility valuation with an exponential criterion, which is commonly



admitted to be pertinent for the study of insurance products. We suppose that the price of
a variable annuities contract is defined as a continuous time fee rate p that is taken from
the fund related to the contract. The indifference pricing procedure consists in finding the
fee rate p for which V0 = V(p) where

e V0 is the maximal expected utility that the insurer can get when she invests the
related fund on the market,

e V(p) is the maximal expected utility that the insurer can get when she invests the
related fund on the market and she sells a variable annuities contract at the price p.

The computation of V' is a classical problem that has been solved in [10] if the coefficients
of the model do not depend on the death time and by [11] if these ones depend on the
death time. However the computation of V(p) is a challenging problem since it involves
the behavior of the buyer of the variable annuities contract. Especially, we have to take
into account the possible withdrawals that can be done by the insured. In [7], the insured
withdraw strategy is assumed to be a given random process. We use a more robust pricing
approach by considering the worst case for the insurer i.e. the insured chooses the with-
drawal strategy that minimizes the expected utility of the insurer. This leads to study
an optimization problem of max-min-type. Such a problem is in general difficult to solve
due to the dependence of the maximizing strategy on the minimizing one. Here we take
advantage of the multiplicative structure of the utility function to break this dependence.
This allows us to transform the initial max-min problem into separated maximization and
minimization problems on different time intervals. This decomposition allows then to give
an optimal strategy for the insurer and the worst withdrawals from the insured for the
insurer.

The rest of the paper is organized as follows. In Section 2, we present the probabilistic
space and the financial market. In Section 3, we present the variable annuities products and
their indifference princing valuation. We then show in Section 4 that the utility maximiza-
tion in the worst case for the insurer can be reduced to a sequential utility maximization
problem, and we provide the optimal strategy and worst withdrawals for the insurer. In
Section 5 we explain how to solve numerically this indifference pricing and provide numer-
ical examples. Finally, we relegate to the Appendix the proof of our main result (Theorem
4.1) and some additional results that are needed to complete this proof.

2 The model

2.1 Probability space

Let (©2,G,P) be a complete probability space. We assume that this space is equipped with
a one-dimensional standard Brownian motion B and we denote by F := (F;);>0 the right
continuous complete filtration generated by B. We consider on this space a random time
7, which represents the death time of a representative agent. The random time 7 is not
assumed to be an F-stopping time. We therefore use the standard approach of filtration
enlargement by considering the smallest right-continuous extension G of F that turns 7 into



a G-stopping time. More precisely G := (G;)¢>0 is defined by

gt = ﬂgNt+€a

e>0

for any ¢t > 0, where G, := F, V o(1,<y , u € [0, 5]), for any s > 0.

We denote by P(F) (resp. P(G)) the o-algebra of F (resp. G)-predictable subsets of 2 xR,
i.e. the o-algebra generated by the left-continuous F (resp. G)-adapted processes.
We impose the following assumption, which is classical in the filtration enlargement theory.

Assumption 2.1. The process B remains a G-Brownian motion.

The interpretation of the H-hypothesis is an assymetric dependance structure between B
and 7. From a financial point of view, it means that the exit time 7 may depend on the
financial market randomness represented by B. On the contrary, the financial market does
not depend on 7.

In the sequel NV denotes the process 1,<..

Assumption 2.2. The process N admits a G-compensator of the form fd/\T Aedt, 1.e. N —
fO'AT Aedt is a G-martingale, where X is a positive bounded P(F)-measurable process.

We denote by M the G-martingale defined by
tAT
Mt = Nt — / ASdS
0
for any ¢ > 0.

2.2 Financial market

We consider that the insurer can invest in a financial market which is composed by two
assets. The first one is a riskless bond S° satisfying the following stochastic differential
equation

ds? = rS%t, t>0, S0 =1, (2.1)
where r is a P(G)-measurable process representing the riskless interest rate. The second
asset S is a reference portfolio of risky assets underlying the variable annuities policy. S is
assumed to be solution of the linear stochastic differential equation

dgt = S’t(utdt + UtdBt) , t>0, 5’0 =s>0, (22)

where 1 and o are P(G)-measurable processes. In our case the coefficients are P(F)-
measurable processes since we assume that the exit time 7 does not affect the market. But
to simplify the notations we assume that the coefficients are P(G)-measurable processes.
We refer to [7] for the case with P(F)-measurable processes.

To ensure the existence and uniqueness of the processes S0 and S, we make the following
assumptions.



Assumption 2.3. (i) The processes u, o and r are bounded.
(ii) The process o is lower bounded by a positive constant o .

We shall denote by S the discounted value of S and by 6 the risk premium of S:

Mt — T
7

Sy = e~ fg rsdssvt and 6; =
for all ¢t € [0, 7.

A G-predictable process m = (m)o<i<7 is called a trading strategy if [ W% is well defined
(for example if fOT |mi0¢|2dt < 0o P — a.s.). The process 7 describes the discounted amount
of money invested in the portfolio of risky assets. Assuming that the investment strategy
is self-financed and denoting by X the discounted value of the insurance portfolio with
initial capital 0 and following the strategy m, we have

¢ ¢
X7 = /Ws(,us—rs)ds—i-/ﬂsasdBS, t>0.
0 0

We also denote by X;”" the discounted wealth at time ¢ when the initial capital at time s
is 0 and the investment strategy is .

We consider an insurance company (or an insurer) with preferences given by the utility
function U defined by

Uly) = —e ", yeR

where v is a positive constant. Both theory and pratice have shown that it is appropriate
to use this utility function. It is relevant since optimal controls do not depend on the
initial wealth of the insurer. Moreover an appealing feature of decision making using this
utility function is that decisions are based on comparisons between moment generating
functions, which capture all the characteristics of the random outcomes being compared,
so that comparisons are based on a wide range of features. We refer to [4] for more details
about this choice.

In the following definition we precise its admissible strategies on a given random interval.

Definition 2.1. Let v1 and vy be two G-stopping times such that 0 < 11 < vy < T.
The set Alvy, o] of admissible strategies on the stochastic interval [v1,vs] consists of all
G-predictable processes m = (m¢)o<t<T which satisfy

E[/VQ\wt\th} < o,

1

and
{exp(—*yXl’,T)7 v is a stopping time such that 11 < v < 1/2}

is a uniformly integrable family.



3 Utility indifference pricing of variable annuities

3.1 Variable annuities

We consider a variable annuities product with a maturity 7' > 0. It consists in a deferred
fund-linked annuity contract that we describe in the following lines.

Initial investment. The insured invests an initial capital, denoted by Ag, in the fund
related to this product (also called insured account) at time ¢ = 0.

Withdrawals. Let T := (¢;)o<i<n the set of policy anniversary dates, with tp = 0 and
t, =T. By convention we set t,4+1 = +00.

At any date t;, for i € {1,...,n—1}, the insured, if she is still alive, is allowed to withdraw
an amount of money. This should be lower than a bounded non-negative G;,-measurable
random variable G; which may depend on previous withdrawals, on previous account values
and on some guarantees determined in the policy.

We define W as a finite subset of [0,1] which contains 0 and 1 and introduce the set of
admissible withdraw policies

£ = {(aié’i)lgign,l . «; is a Gy,-measurable random variable such that

o eW forallie{l,...,n—l}}.

For £ € £andi e {1,...,n—1}, & is the withdrawal made by the insured at time ¢; and we
introduce the family (&;)i1<i<n—1 such that & = e~ Joi s dséi is the discounted withdrawal
made at time ¢;. We define by £ the admissible discounted withdraw policies with & € £ if
and only if the vector £ € €. For any k € {0,...,n—2}and i€ {1,...,n—k— 1}, we also
define the set S,i by

g = {gegs.t. & =0 for all j ¢ {k+1,...,k+i}} .
,i is the set of admissible withdraw policies such that all withdrawals are made between
times tx41 and tgq,.

Dynamics of the related fund. We denote by A? the discounted value at time ¢ of the
fund related to the variable annuities contract sold at fee rate p. If the insured follows the
withdraw policy & € £, we have

dAY = Al[(u—re—p)dt +o0,dBy), fort ¢ T,
AV = (Af,—fi)\/o, forl1<i<n-—1, (3.3)
where f; is a G;,-measurable random variable greater than &; for any i € {1,...,n—1} and

depending on previous withdrawals, on previous account values and on some guarantees
determined in the policy. The simplest case would be to have f; = &; but variable annuities
contracts may be more complex. For instance, for a given withdrawal &; the insurer may



withdraw a larger amount of money from the insured account.

We now focus on the dependancies of f; and G;. Let g be a bounded non-negative deter-

ministic function, defined on [0, 7] x R"*! x R"~! such that for any i € {1,...,n — 1} and
(t,z,e) € [0, T) x R*""1 x R"~! the function y — §(t,z,€1,...,€i-1,Y,€it1,---,€n_1) is nON-
increasing and for any j € {1,...,n+1}, the functiony — (¢, z1,...,2j—1, ¥, Tj41,-- -, Tnt1,€)
is non-decreasing. We assume that, for any ¢ € {1,...,n — 1},

éi = g(tia"zlfov"'7‘21?2-_171212770)"'707515"'75@’*1’0’-"70) )
where AP = efors 4 AP for all t € [0,7]. In the same way, we define the random vari-
ables (fi)i<i<n—1. Let f be a deterministic function bounded and non-negative, defined
on {1,...,n} x R"" x R"~! such that for any (j,z,e) € {1,...,n} x R"*1 x R"~! and
ie{l,...,n+ 1}, y — f(j,:v,el, ey €i1,Y,€it1,--.,€n—1) is non-decreasing and for any
i€{l,...,n+1}, the function y — f(j, TlyeneyTim1,Yy Titls- -+, Tntl,€) IS nON-increasing.
We assume that, for any i € {1,...,n — 1},

f,AD LAY AP 0,...,0,€0,...,6,0,...,0) =

t;

el redsfi AP AP AP 0,..,0,4,...,&,0,...,0).

t;

We give concrete examples of functions ¢ and f in the next subsection.

Pay off contract. The last quantity to define is the pay-off of the variable annuities.
Let L and FP be bounded and non-negative functions defined on [0,7] x R*1 x R?~1
such that for any Q € {L,D},i € {1,...,n+ 1} and (t,x,e) € [0,T] x R*™ x R"~! the
following function

Y= FQ(tawla sy Li—1 Y, Tit 1, - - 'axn+1ve)

is non-decreasing and the function

Y= FQ(t,JT,el,. - €i—1,Y,€i+1, - - '7en—1)

is non-increasing. The pay-off is paid at time T' A 7 to the insured or her dependents and
is equal to the following random variable

F(p, 5) = FL(Tv dpaé>]l{T<‘r} + FD(7_7 dp:é)]l{TgT} ) (34)

where aP = (AZ Ar)o <i<n: FL i the pay-off if the policyholder is alive at time 7' and P

is the pay-off if the policyholder is dead at time 7. Notice that F (p, é) is Grar--measurable.
In the following, we denote by F(p, é ) the discounted pay-off defined by

F(p,é) = e h "B Epé).



3.2 GMDB and GMLB contracts

Usual examples of variable annuities are GMDB and GMLB. In that case, there exist
non-negative functions G, GX and G defined on [0,7] x R**! x R"~! such that for
any Q € {L,D,W}, i € {1,...,n+ 1} and (t,z,e) € [0,T] x R**! x R"~!  the func-
tion y — GQ(t,ml, ey Tie1,Yy Tit1y - - - Tntl,€) is non-decreasing and the function y
GQ(t, X1, Ty €1, ., €—1,Y,€it1,...,En_1) iS non-increasing . Moreover, for any Q € {D, L},
on [0,7] x R**1 x R"~! we have

FQ(t,a:,e) = ZTp41V @Q(t,x,e) )

and

n

g(t,x, e) = [xi_H \% GW(t,xo, ey xi_,_l,O, ceey 0, €1y, 62'_1,0, ce ,O) ]l{tigt<ti+1} .
=0

In that case, the penalty function f is often given by

flirae) = ei ife; <G,
o Gi—‘r:‘i(ei—Gi) if e; > G,

where x > 1 and G; := G (t;,z0,...,2i11,0,...,0,e1,...,€;_1,0,...,0). The insurer takes
a fee if the insured withdraws more than the guarantee G;, this fee is equal to (k—1)(e; —G}).

The usual guarantee functions used to define GMDB and GMLB are listed below (see [2]
for more details).

e Constant guarantee. For ¢ € {0,...,n} and ¢t; <t < t;41, we set

i
@Q(t,x,e) = x1— Zf(k,x,e) on [0,7T] x R"*1 x R
=1
Hence, following the withdraw strategy & € &£, the insured will get

F(p,é) = AL,V (ef Jo " rsds Z (AO — Z f(kv&pvé)>]l{tigT/w<ti+1}> .

=0 k=1

e Roll-up guarantee. For n > 0,7 € {0,...,n} and t; <t < t;41, we set

GP(t,z,e) = x1(1+7n) kaa:e (1+n)"% on0,7] x R x R*!
k=1

and then if the insured follows the withdraw strategy & € £, she will get

F(p,§) = Ab, .V (e‘foTM“dSZ (Ao 1+n) Zf (k,a?, &) (1 +n)’ k)]l{tigTAth}) :

=0



e Ratchet guarantee. The guarantee depends on the path of A in the following way

G’Q(t?a:, e) = Zmax <$1 — Z f(k, x,€), ..., X — f(i,x, e)7xi+1>]]-{ti§T/\T<ti+1} ,
i=0 k=1
for any (t,x,e) € [0,T] x R"*! x R*~1. The insured will get
~ TAT n ‘ ~ ~
F(p.§) = A v (e— Jo"Treds §™ max (ag =S fkar. 6. ,af)n{tigmqm}) .
i=0 k=1

Remark 3.1. We notice that such classical pay-offs are not bounded. Unfortunately,
we need to suppose them to be bounded in our approach (see Remark A.l). From an
economical point of view, the boundedness of the pay-offs can be justified by saying that
the insurer can provide at the best an amount m which corresponds to her cash account.
Therefore, the real pay-off that the insurer can provide is not F(p, ¢ ) but F(p, f) Am.

3.3 Utility maximization and indifference pricing

Since the financial market is incomplete we propose to use an indifference pricing approach
to determine the fee rate to fixe. We look for, if it exists, a fee rate p* such that

e the insurer has better to sell the policy if the fee rate is greater than p*,
e she has better not to sell the contract if the fee rate is smaller than p*.
The optimal fee rate p* is then the smallest p such that
n—1
sup E[U(XF)] < sup inf E[U (Ao + X5 -3 &l — Fp, 5))] . (35)
T A[0,T] reA[0,T] §€€ =1

A solution of inequality (3.5) will be called an indifference fee rate. Notice that, since the
utility function is an exponential function, indifference fee rates will not depend on the ini-
tial wealth invested by the insurer but only on the initial deposit Ay made by the insured.
For this reason, we do not consider the initial wealth of the insurer and we assume w.l.o.g.

that her initial endowment is zero.

In order to find the indifference fees, we shall compute the following quantities

VY = sup E[U(X])], (3.6)
T€A[0,T]
and
n—1 A
V(ip) = W&ll{gﬂ éggE[U (Ao + X7 — ; &ily,<- — F(p, 5))}
= —e oy(p), peR, (3.7)



where w is defined for any p € R by

n—1

w(p) = inf supE[u(X% - Zéi]ltiST - F(p,é))} , (3.8)

7€ A[0,T] ¢cg i1

with u(y) = e for all y € R.

The quantity V° corresponds to the maximal expected utility time 7' when the insurance
company has not sold the variable annuities policy. We can characterize this value function
VY and the optimal strategy 7* by mean of BSDEs as done by Kharroubi and Lim in [11].
To this end we define the following spaces.

o SZ is the set of cadlag G-adapted processes essentially bounded.

e L2 is the set of P(G)-measurable processes z such that EfOT |2s|2ds < 0.

e L2()) is the set of P(G)-measurable processes u such that EfOTAT lus|?Asds < oo.

We then have the following result which is a consequence of Theorem 5.1 in [11].

Proposition 3.1. The value function VO := SUDre A[0,7] E[U (X%)] s given by

V0 = —exp(yw),

where (y, z,u) is the solution in S x L% x L*(\) to the BSDE

2 u

{ dy, = (% + Oz — At%)éﬁ + 2¢dBy + ugdNy ,
yr = 0.

Moreover, the optimal strategy associated to this problem is defined by

0
o= 2 e 0,1].
Yot Ot
Remark 3.2. When the coefficients of the model, pu, r and o, are F-predictable we can

prove that w = 0 and we then have a Brownian BSDEs to solve as in [10]..

In the classical case, to determine the utility indfference price p of a contingent claim & we
have to solve the equation

exp(—7p) SgrpE[ —exp(—y(XF —¢))] = St}rpE[ — exp(—yX7T)]

Therefore, we can isolate p and we get a semi-explicit formula for the indifference price.
A difficulty with our approach is that fees are continuously payed by the insured and that
the fee rate p appears in the pay-off F'(p, f ). Therefore, one cannot use algebraic properties
of utility function to get semi-explicit formula for indifference fees. Nevertheless, we can
prove some monotonic results on the value function V' which will be used to prove that the
indifference fee rate exists or not and to compute it.

Proposition 3.2. The value function V' is non-decreasing on R.

10



Proof. Let p; and py two reals such as p; < pp and EP! (resp. EP2) the set of admissible
discounted withdraw policies for a fees p; (resp. p2). It is obvious that EP2 C EP'. Moreover,

the function p — E[u (X%E — Z?:_ll ily,<- — F(p, f))} is non-increasing with respect to p
because of the monotonicity properties of the functions §, f and F? for any Q € {L, D}.
The result follows from the definition of V. O

This monotonic property of the function V allows to conclude about the existence of indif-
ference fees.

o If V(—00) < VO < V(400), then there exists p* such if p < p*, the insurance company
has no interest to sell the contract, and if p > p* then the company has interest to
sell the contract.

o If V(—o00) > VU, the insurance should always sell the contract.

o If V(+00) < VY, the insurance should never sell the contract.
The asymptotic behavior of V' is then studied in the following subsection for usual guaran-
tees.
3.4 Indifference fee for usual guarantees

In this part, we consider usual guarantees and study conditions for the existence of indif-
ference fees.

Proposition 3.3 (Ratchet guarantee). Let m > Ay. We assume that
A n i
F(p,§) = mA [AZ;AT v <e_ Jo " s ds 3™ max (&g -3 fkaré), .. ,af)n{tigmqm})}
i=0 k=1
for (p,€) € R x £. Then, there exists p* € RU {—o00} such that V(p) > V° for all p > p*

and V(p) < VO for all p < p*.

Proof. From Proposition 3.2, we just have to show that lim, 4o V(p) > V°.
It would follow from the monotonicity of V' that there exists p* € R U {—o0o} such that
V(p) > VO for p > p* and V(p) < VO for p < p*. First, notice that we may deduce
from Assumption 2.3 that there exists a positive constant C' such that, for any ¢ € [0,7],
E[AY] < Ce P!, Therefore, as AY > 0, we get

lim A? =0 a.s. for any t € (0,77 .

p—+o00

Now, set i € {1,...,n — 1}, as f; > & we obtain that

p—+00 p—r+00

i—1
= Ao-) &
k=1

i—1 i—1
lim Gz < lim max (AO_Z&C’AZ —Zém...,/if,)
k=1 k=2 ’

11



In the same way, we get

n
_ T o d
Jim F€) < tim A A7, v (e TS max(af ng,..., Musrarsin)|
TN " :
< el (A0 = Y 6 Mnsrarcnn) -

1=0 k=1

We now study the limit of V' at +o00. For all 7 € A[0, T, there exists {™* € £ such that

V(ip) > éggE[— exp ( —v(X% + Ay — :.Lz;lgi]lti<7 - F(l%é)))]

= B[ e~ (XF+ 40— S - Fp.m))]

=1

The last equality follows from the fact that £ is a finite set and fz > &;. We deduce from
the monotone convergence theorem that

n—1

lim V(p) > E[ —exp ( —V(XF+ A=Y &M yer = lim Fp, 0)))}

p—r+00 ;
=1

= E[ — exp ( (XT + Z (Ao — ka Mt<rar<t (1 —e o r5d8)>>]

=0 k=1
> E[-exp(—yX7)] .

We recall that, from Proposition 3.1, there exists 7* € A[0, T, such that V° = E[— exp(—y X7 )].
Therefore, we obtain that lim,_, . V(p) > V° which is the expected result.
O

Proposition 3.4 (Roll-up guarantee). Let m > Ay and n > 0. Assume that

F(p,§) = mA {A’%AT\/ (efoTM’”sdszn: (Ao (14n) Zf ke, aP, £)(1+n)"~ )]l{tigT/\r<ti+1})} :

=0

for all (p,&) € R x E. There exists n. > 0 such that for all n € [0,1.], there exists
p* € RU{—o0} such that V(p) > VO for all p > p* and V(p) < V° for all p < p*.

Proof. Let n > 0. Following the proof of Proposition 3.3, we can prove that, for i €
{1,...,n — 1}, we have

i—1

lim G; < lim A V(A0(1+77) k(l-f-??)i_k)

p——+o00 p—+oo t; 1

T

i—1

= A(1+n)" =) &(1+n)"".

k=1

12



In the same way, we get
n

lim F(p,§) < lim mA [A%AT (effOTM o ds Z (AO(l +n)' - ; &(1+ n)iik)]l{tigTArqu})}

—+00 —r+00
P P =0 k=1

n [
TAT 3 £ )
eI ST (Ao ) = 3D G+ 0 ) L ernrets ) -
k=1

1=0

IN

From Proposition 3.1, there exists 7* € A[0, T, such that V°? = E[— exp(—yX% )]. From
the fact that £ is a finite set, we deduce that

n—1
Vip) > 'fIE[— (- (X”* Ao=S el — F m
(P) 2 WEE| —exp( —7(XF + 4 ;5 t<r = F(p, €)
n—1 )
= IE{ — exp ( - ’y(X% + Ao — Zfﬁkﬂtig - F(p,§*)>>} :
i=1
It follows from the monotone convergence theorem that

n—1

lim V(p) > E|—exp(—v(XF + 40— Y &li<r — pgglooF(p,O)))]

p—+00 °
=1

v
&
S

where we have set
o) = S E|-exp (= 9XF + 2 Lin<rar<]

with, for i € {1,...,n},

Pi(n) = Ao<1—e_f0 Treds(q 4 o) ) ng<eo T‘sds_e—foT”rst(lJrn)i—k)'

Obviously, @ is continuous and non-increasing on R;. Moreover, we have

®(0) >E[ - exp(—’yX%*)] =V and lim ®(n) = —c0.

n—-+00

From the mean value theorem, we may define n, > 0 as
ne = sup{n>0: &(n)=V}.
We conclude the proof by noticing that for 0 < n < 7,, we have

lim V(p)>V°.

p——+00

13



4 Min-Max optimization problem

In this section we study the optimization problem (3.8). We determine the value function
w using a sequential utility maximization.

In the sequel we use the following notations. For x € R™ and 1 < k < n we denote by z(F)
the vector of R¥ defined by

a® = (2, @) .
For y € R* we denote by ¢ the vector

R t1 g
gy = (ylefO reds - yrelo Tsds) :

4.1 Sequential utility maximization
The problem (3.8) is not classical for the following two reasons
e the terminal wealth is Gp-measurable and the pay-off is Gy, -measurable,

e there are a maximization w.r.t. the withdrawals £ and a minimization w.r.t. the
investment strategies .

We first modify the problem to get a Gra--measurable wealth and a Gra,-measurable pay-
off.

Proposition 4.5 (Initialization). We have

n—1
w(p) = we,ztl[g,fT/\r] EEEE[U(XTAT - ;éﬂlmf — H(p, 5))} :
with
3 C— 5 l : TAT,m
Hp.&) = P&+ los| ewint Bu(X7"™7)|Grn]]
for any p € R.

Proof. We first prove the following inequality

n—1

For any m € A[0,T] and & € &, it follows from the fact that u(x + y) = u(z)u(y) for any
xz € R and y € R that

n—1 n—1

E[u(XF =Y &luer = F0.8)| = E[u(XF0 = &luer — P, O)E[u(X7""")|Grr] |

=1 =1

n—1
E[u(XEn — 3 &lusr — Hp.9)] .
=1

v
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Therefore, we can see that the inequality (4.10) holds.
We now prove the following inequality

n—1

w(p) < inf suIEC[uX7r — g, —H,A}.
(b) < 7€ A[0,TA7] 56? (Xre ;& ver ~ Hp:))

From Lemma A.1 we know that there exists 77 € A[T A 7,T] such that

inf F XT/\TJI’ N ) XT/\,,_Jr*,q— 1.
e AT A T] [w(X7" 7™ Grr] [u(X7 )Grar]

Then, we consider the subset A*[0,7] of A[0,T] defined by A*[0,T] := {mdli<rar +
7, Lgs1ar, ™ € A[0,T A7]}. Since A*[0,T] C A[0,T], we get
n—1

w(p) < ﬂejg[f07T] ZEEE[U(XT - ; &ly,<r — F(p, 5))}

n—1
< wej[{)lfT/\T] ilelng[u(XTM — ;&‘ﬂtigv — H(p, 5))} :

Hence, we get the equality. O

Remark 4.3. If F' is a bounded random variable then H is also bounded since, from Lemma
A.1, we have

weej[STi?rf,T]E[u(X’:FMm)‘QTAT] = exp (Y30 .

and we know that Y™ is bounded.
We now decompose the initial problem in n subproblems.

Theorem 4.1. The value function w is given by

w(p) = ﬂeAi[aglAT]E[u(Xg/\T)v(l)] ’

where
o v(i, €071 is defined recursively for any i € {2,...,n} and £ € £ by
v(n, &) = YHPE )
U(Z’,f(ifl)) = esssup ess inf J(z‘ﬂr,g(ifl),O 7
Cegil—l TreuA[ti/\T,tiJrl/\T]

with for anyi € {1,...,n -1}, € A{ti AT, tix1 AT] and ¢ € EL |

Iy, €070,0) = Eu( XL — Claer Jo(i+ 1,(6979,0)) [Grune ]
1) = inf 1[«:[ (X“A”— 1 T) 2, ’ T].
* (1) csssup__esind  Blu(Xens (Lt <r )0(2,€) |Gurn
The proof of this theorem is postponed to Subsection A.3 of the Appendix.

In the sequel, by abuse of notation, we write v(1,£%) for v(1).

15



4.2 Optimal investment and worst withdrawals for the insurer

In the following result, we provide withdrawals £ and investment strategies 7% that attain
the value functions v(4,.). From Theorem 4.1, they correspond to the optimal investment
strategy and the worst withdrawals for the insurer.

Proposition 4.6. For anyi € {0,...,n—1} there exists a strategy ™" € A[t; AT, ti11 A T],
a withdraw & € EL | and a map yD* from Wit to L>®(Q, Gt ar, P) such that

(i, 7Yy = E[“(Xfffﬁ*’i — &) (i+ 1, (657D, 60) ’gtw]
= exp (v (€"Y)),
with y™ = H. Moreover the value function v of the initial problem (3.8) is given by
w(p) = exp(y”).
Proof. We prove by backward induction on i € {1,...,n — 2} that
e the map H’ defined on Wi~! by
Hi(z1,...,w1) = U(i, (xlefotl reds ,acz.efoti*1 rsds)) o 20D gpi-l
is valued in L>®(Q, G, A T,P),

e there exists a strategy ¢ € Aft; AT, tip1 A 7], a withdraw & € &' | and a map y ()
from Wi~ to L>°(Q, Gt, a7, P) such that

o(i, 07Dy = E[U(Xtt;fgf“ —gg‘llti<T)v(i+1,(5“‘”,5;“))@%7]
= exp (@ (€0D)) .
Fix i = n — 1. Since H is valued in L>®(Q,G;, A 7,P), we can apply Lemma A.3 and

we get a strategy 7" 1(€72) () € Alt,—1 A 7,t, A 7] and a map y™ =Y from W to
L>(Q, Gt a7, P) such that

v(n—1, 5(7“2)) = ess supIE[u (Xf:/_\;m’ﬂ*’nil(5(%2)’0 - C]ltn,1<r>v(n, (f(n72)7 C)) ’gtn,l/\f]
CeEL

= esssup exp (yy"V(EMD Q).
CEE)

We can then apply Lemma A.4 and we get a withdraw &% ; € &', such that
o(n = 1,607Y) = exp (" V(E 6 )

Then &, € & o, 7" 1M &5 ) € A[r Aty_1,T Aty] and the map y™~ 1) defined by

tn—1
yrIE) = (L Ggeh )

satisfy the conditions. Moreover, since y("~1* is uniformly bounded, we get the same
property for H" 1.

16



We now suppose that the result holds for some i € {2,...,n — 1} and we prove it for
1 — 1. By definition we have

U(Z - 1’ 5(2_2))

= esssu ess inf E{u(Xt?‘l/\T’” — (1, )v i, (€02, ’ _ }
Cegil_fﬂ'efl[tifl/\ﬂti/\‘r} LT C i1 <T ( (é. C)) gtl_l/\T

o ti_
=esssup  essinf E[u (XZ;/’\;ATJ — C]lti,1<T>H2 (€62, celo'™ reds) gtHAT} :

Cegl ) WEA[ti_l/\T,ti/\T]
i

By the induction hypothesis H' is valued in L°°(£2, G, or,P). We can therefore apply Lemma
A.3 and we get a strategy 77! (f(i_2), C) € Alti_1 A1,t; A7) and a map y(~1 from Wil
to L>(Q, Gi,ar, P) such that

) . ) Tt (e(i—2) . i—
v(i — 1,¢0 2)) = esssupE[u(sz/‘\;/\ mHERT0) C]lti_1<T>U(Z, (§( 2),C>)‘gti_1/\7'}
cegl,

= esssup exp (’yy(ifl)(é(iﬁ),o)-
Cegl,

We can then apply Lemma A.4 and we get a withdraw & ; € &' , such that
v(i—1,6072) = E[“(ﬁﬁim’ﬂ - 55—11ti_1<r>v(i7 (€(i_2),€?_1))‘9ti_1w} ~
Then &, € &} 5, A (G ¥ 1) € A[T Ati1,7 At;] and the map y(~—1 defined by

g0 = (g el )

(i—1),*

satisfy the conditions. Moreover, since y is uniformly bounded, we get the same

property for H* 1. ]

5 Numerical resolution

5.1 Approximation procedure

Max-min problem. We first propose a scheme to solve the problem (3.7) by using The-
orem 4.1. We describe the procedure in an induction way. We present the step 0 which
corresponds to the initialization given by Proposition 4.5. Then the step ¢ corresponds to

*,N—1

the computation of the function v(n — 7,.) and the optimal strategy = and the worst

withdrawal £ _. once the previous steps have been done.

Step 0: We solve the following problem

L Cgpinf E[u(X7"™7)|Grn]

From Lemma A.1 we know that

ﬂeej[sTi/r\le’T}E[u(X;M’”)}QTM] = exp(YY0)
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where Y (™ is the solution to the linear BSDE

aym = [@ + GtZt(")} dt + 2™ aw;
W = 0.

Therefore, we have

Vi = E@[—/TM ‘H’f'th]gm},

with dQ/dP|g, = E(— [;0sdWs);. This conditional expectation can be approximated by
regression methods.

Step 1: We solve the following problem

’U(?’L - 17 g(an)) =

ess su essinf E[u(Xt"’l/\T’W— 1 — F(p, (2 ¢ )
CGETIL_IQ)T(E.A[tnfl/\T,tn/\T} tnAT C tp—1<T (p (‘S C)) T/\T

G, 1/\T:| .

For that we first solve the infimum problem, and we know from Lemma A.3 that there
exists a r.v. y™ b (f(”_z), C) such that

~

essinf B [u( X[ = (,yor = F(p, (6072,0) = Vi) |Go ]

TEA[tn—1 AT, tnAT]
= exp (yy" D (¢"72,0)) .

The r.v. y—1) (f(”’z), C) is defined by C]ltn71<T+Y;EZ_11) (§(n72), C) where V(1) (f(”’z), C)
is solution to the BSDE

(n—1)
—ay" Y = (W= -0z = BB Yar— 2 Vap, - Ut Van,
VY o P, 0) £

We also get the optimal investment strategy 7*"~! by the formula

116
7_(_>s<,nfl — 7[7

= s Z(”*l)] .

We can now find ¢}, € &', such that

esssupy(”_l)(ﬁ(n_Q),C) = y(n—1)(§(n—2)’<;_1)'
Cegn 2

Step i: We now compute
v(n —1, 5("71'71))

= esssup essinf E [u (Xf:_’;i\:/’\i—g']ltanT—y(”_iﬂ)(5("_i_1), ¢, (;:_Hl)) ’gtn,i/w] :

Cegn i IWEA[tnfi/\TytnfiJrl/\T]
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As previously, the infimum problem is solved using Lemma A.3. We have just adapted the
terminal condition in the BSDE. Let Y ("9 (¢(=i=1 () is solution to the BSDE

_d}/t(ﬂfz) — (Atwffl _ etZt(nfz) . %)dt . Zt(nfz)dBt B Utnfz)dNt ’
Y;(Jl__ij\)T _ y(nfi+1)(£(n7ifl)’C’g;ziwrl) .

Then the r.v. y™=9 (f(”_i_l), C) defined by (1;, ,«r + Ytin__ll) (ﬁ(n_i_l), C) satisfies

. tn—iNT, T o (n—i+1) s ¢(n—i—1) *
weA[tn_eiS/éfl,?nf—iﬂ/\T] £ [u (thfiqu/\T (i — Yy (€ 3% C”_H'l)) ‘gt"ﬂ'm—]
= exp (" (€7 Y,0))

We get the optimal investment strategy for the insurer by the formula

= ;[3+z<n—i>}.

Finally we get the worst withdrawal (¥, € &} . | such that

esssup y(nﬂ') (g(nfifl)’c) _ y(nﬂ;) (g(nfifl)’c;;ii) '
Step n: We finish by solving the optimisation problem

< Bl (s —e))

From Lemma A.3, there exists a r.v. y(?) such that

ess inf E{U<X§fg;—y(1>(¢;‘))} = exp (15 )

TEA[to,t1AT]

where y(© is the value at time 0 of the solution to the BSDE

(0)

0 YU 0 04| 0 0
—ay” = (Ateiyil — 0,29 — %)dt — 7948, — UVan,
0 *

}/t(l/gr = y(l)(gl) .

We get the optimal investment strategy for the insurer by the formula
0 E[Q+Z(o>] _
oLy

The value function associated to the optimization problem (3.7) is given by

—exp(y(y© — 40))

and the worst withdrawals for the insurer are given by ({j,..., ().

We can compute (Y9 z(=) 7(»=)) for any 1 < i < n by using discretization
methods for BSDEs (see for example [7]).
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Indifference price. We now know how to calculate V° and V(p) for any p € R. The
next step is to calculate the indifference fee rate p* which is defined by

p* = inf{peR, VHh<V(p}.
From the previous results, we can rewrite this problem as follows
p* = inf{peR, —exp(yyo) < —exp(y(y”(p) — Ao)}

where y(?)(p) is defined by the step n.
Therefore p* is defined by

p* = inf{peR, yO(p) <yo+ Ao} .

Then by dichotomy method we can approximate p*.

5.2 Simulations

In this section we present numerical illustrations of parameters sensibility for indifference
fee rates. We compute solutions for both optimization problems: V9, the utility maximiza-
tion problem without variable annuities, and V(%) (p), the utility maximization problem
with variable annuities. We simulate the BSDEs involved, using the discretization scheme
studied in [5]. For the computation of the conditional expectations, we use non-parametric
regression method with the Gaussian function as kernel. Following a dichotomy method,
we find p* such that

p* = inf{peR, Vh<V(p)}.

We consider that the insured can withdraw only every ten years. We shall give the following

numerical values to parameters
v=13,T=30, Ap =1, 19 =0.02, o =0.15, 0 =0.3.

We describe the dependence with respect to the market parameters: the initial interest
rate, the initial drift and the volatility.
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Figure 1: Indifference fee rate w.r.t. to r

We notice that indifference fee rates increase with interest rate. This is due to the guarantee
structure of the product: a growth of interest rate will lead to a growth of the quantity
v (©) (p) with respect to V? and to compensate this growth we will have to increase p, as
p — V(O (p) is non-increasing.
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Figure 2: Indifference fee rate w.r.t. to p

Notice that indifference fee rates decrease with respect to the drift. The bigger is the drift
the less usefull are the guarantees, then the fees payed to get these guarantees have to
decrease.
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Figure 3: Indifference fee rate w.r.t. to o
Once again, we can get a financial interpretation of the monotonicity of the fees w.r.t.

market volatility. The bigger is the volatility the more usefull are the guarantees, then the
fees payed to get these guarantees have to increase.
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Figure 4: Indifference fee rate w.r.t. to Ag
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A Appendix

A.1 Preliminary results

Lemma A.1. There exists a strategy "™ € A[T A71,T] such that

inf E o XT/\TJI’ -k - XT/\TJ*,n ‘
weAl[%/\r,T} [exp (=X ")IGrne] [exp(—y X7 )|Grar]

Moreover, there ezists a process Y™ such that

inf E N XT/\T,ﬂ' . — Y(n)
el [exp(—vX7""")|Grar] exp(YYrr)

where (Y™, Z(M) is solution of the BSDE

dYt(n) = [@ + thgn)} dt + Zt(n)th )
W= 0.
The optimal strategy ©™™ is given by
“n 110, ,m
U = ;t |:; + Zt :|

Proof. The proof of this lemma is similar to the proof of Theorem 7 in [10] therefore we
only give a sketch of the proof. We look for a process Y (™) such that the family of processes
{J™) (1), 7 € AT A7,T]} defined for any = € A[T A 7,T] by

T = e (—y(XTT =Y ™)), vee[TarT],
satisfies the following conditions
(1) Jé”A)T (7) is a random variable Gra--measurable and independent of .
(i) J3 () = exp(— X7 7).
(iii) J(x) is a submartingale for any = € A[T' A 7,T] on the time interval [T' A 7, T].

(iv) There exists a strategy 7" € A[T' A 7,T] such that J (7%") is a martingale on the
time interval [T' A 7,T].

The process Y (™ is looked under the form

{—dYt(") = f&Y" 2)dt - 2 aw, A1)

y" =0,
and we are bounded to choose the function f for which the family {J™ (x), A[T A 7, T]}

satisfies the previous conditions. Classically we obtain that the function f is defined by

e
f(tuyaz) — _7_6152)
Y

23



and the candidate to be 7" is given by

m" = {et Z (”)}
ot Ly
Since the generator f is Lipschitz, we know that there exists a unique solution (Y(" ))

to the BSDE (A.1). To finish the proof we must prove that the family {.J) (7), A[T AT, ]}
satisfies the previous conditions, but it is identical to the proof given in [10].

Lemma A.2. Let (X,)nen be a sequence of random variables valued in W. Then there
exists a subsequence (Xp, )ken of (Xn)nen and a random variable Xoo such that

Xn, — X as kE— +oo0 P—a.s.

Proof. We first notice that since W is finite, the set WY is countable. For a sequence
w = (Wp)neN € WY, we define the subset Q,, of Q by

0, = {w €0 (Xn(w))nen = w} . (A.2)
Then Qy, € G for all w € WY, Q, N Qy = 0 for w,w’ € WX such that w # v’ and

0= | . (A.3)

weWN

Since W is countable, we can enumerate its elements as
Wi = {wl,w2,w3,...} = {wk, kGN}.

1

Since w' is valued in W which is finite (and hence compact), there exists an increasing

function ¢; : N — N such that (w}ol(n))neN converges to some w), € W.

Consider now the sequence (wil(n))neN. It is also valued in the compact set W. We can

therefore find an increasing function 9 : N — N such that (w neN converges to

A W30 (n))
some w2, € W.

We proceed in the same way for the following integers to get a sequence (¢")pen of non-
decreasing functions from N to N such that (w” neN converges to some w”. for all
keN.

Next, we define the function ¢ : N — N by

p1o- OQOk(n))

p(n) = pro---0py(n)

for all n € N. From the construction of the functions (¢ )nen and the definition of ¢ we
obtain that (w:z(n))neN converges to wk_ for all k € N.

Using (A.2) and (A.3) we get that the sequence (X, ,))nen converges P-a.s. to the random
variable X, defined by

for all w € Q,» and all kK € N. O
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A.2 Optimal strategies for the sub-period problems

In this part , we show that there exists optimal strategies for each sub-period problem. The
two following lemmas give the optimal strategies in 7 (resp. in £). These two results will
be used in the next subsection to prove Theorem 4.1.

Lemma A.3. Fizk € {0,...,n—1}. Let Hy be an application from W* to L>®(Q, Gtyrnr P).
Then for any € € & there exists a strategy 7**(€®)) and a random variable y*) (¢®)) €
L>(Q, G, a7, P) such that
inf E B th/\TJr _H F(k) ‘ .
WGA[iSETI?k_HAT] |:eXp( ’Y( I NT k-‘rl(g )) gtk/\ }
7_7,7.1_*,16 (k) N
= E[GXP ( - V(Xf:flm € _ Hk+1(§(k)))) ’gtkm}
= exp (vy™* (W) .

Proof. As for the proof of Lemma A.1 we look for a process Y ¥) such that the family of
processes (R(*) (7)) reAjtpAr by 1 Ar]s Where R®)(7) is defined by

k T, k
RP(x) = exp (— (X -y,
satisfies the following conditions
(i) REB\T(T() is a random variable G;, nr-measurable and independent of .
.. k T, £
(i) Riy) pe(m) = exp(—y (X[ = Hien (E9))).

(iti) R™(7) is a submartingale for any 7 € A[ty A T,tx1 A 7] on the time interval [t;, A
Tytey1 A T).

(iv) There exists a strategy 7% (£*)) € A[t) A T,tpp1 A 7] such that R*) (7% (£(F))) is a
martingale on the time interval [tg A T, tg1 A T].

We look for the process Y *) under the following form

k)

—ay = v,z ufdt - 2P a, - vV an;
Yo e = Hin(E®).

After some calculus we get that the candidate 7*%(£()) is given by

(k)
A 0
*k (k) _ t t
T = —+—,
W) = T
and
e —1 0|2
f(tayaz’u) = At( )_6t2_|2t/}|/ .

To prove that the BSDE (A.4) admits a solution we use the result given in [7], and the end
of the proof is similar to the verification theorem given in this companion paper. Therefore
if we choose y*)(£(F)) = YtikA)T we get the result. O
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Remark A.1. The hypothesis that Hy 1 € L*(82, Gy, a7, P) is crucial to obtain a solution
to the BSDE (A.4). It is for that we assume that the pay-off of the contract is bounded,
else H,, is not bounded.

Lemma A.4. Fizk € {0,...,n—1}. Let Hy1 be an application from W¥ to L>(Q, Gtyornrs P).
Then for any & € £ there exists (* € 5,%71 such that

esssupE U(Xf,ffﬁ — (lyyer — Hya (€5, 6))‘gtk/\7]
(€& 4
=E {U(Xf;ffﬁ — (M lyer — Higr (§57Y, CA*))‘QMT} ,
for all m e Altg AT, tgs1 AT].

Proof. From a classical result on essential supremum of a family of random variables (see
e.g. [14]) there exists a sequence (¢)sen valued in & | such that

u = My = Hin(€579,89) = esssupu( = Clyor — Hira (€570,0)) (A5)
€€y

t
P-a.s. as £ goes to infinity. We now apply Lemma A.2 to the sequence (Cgefok “ds)geN and

we obtain that, up to a subsequence, (Ce)g converges P-a.s. to some random variable (*.
From (A.5) we get

U( — (g er — Hi (€D, 5*)> = essgsupu( — (lyyer — Hi (€57, 6)) - (A.6)
CEgy_,y

We then notice from the multiplicative structure of the function w that for any = € A[tx A
T, tk+1 A 7] and any ¢ € | we have

B[l = Clyar = Hia (€570, |Grune |
= E[u(X[ T u(~Cloer = Hip (€579,0)| G

< E|u(X i) ess sup u(—Cly<r — Hk+1(é(k_1)’§))‘gtwf]
) Ce&_y

= E u(X:fﬁlT/’\Z - C*]]'tk<7' - Hk+1(é(k71)a CA*))‘gtk/\T] '
Therefore we get
B[ulX04175 — Clr = Ha(€5,6) |G

= ess SlupE[u(Xf:i\lT/\i — (Lpyer — Hypyr (€57, é))‘gtwf} )
ey

for all m € Aty AT, tkr1 AT d

26



A.3 Proof of Theorem 4.1

We shall now prove the result in two steps. For each step, we use method of induction
(forward in the first, backward in the second).

First step. We first show that the following inequality holds

> inf  Elu(X7,,)e(1)] . AT
wp) >t u(X7 ar)u(1) (A7)
We prove this inequality by induction on the number k of anniversary dates. More precisely,
we show that for any k € {1,...,n} and any map Hy from WHE-L to L>(Q, G ar, P), we
have

k—1
. , rNT . (£
= s B[~ s — HE)
ﬂGAi[%)lvgl/\T]E[U(th/\T)@Hk(l)} ’ (A.8)

where O, (1,601 is defined recursively for any i € {1,...,k} and ¢ € 5(])“71 by
bp, (k, €F-D) = YHRETD)
U, (i,60-D) = esssup ess inf j(i,ﬁ,é(i_l),C) ,
<e€i171 WEA[ti/\ﬂtiJrl/\T]
with
i, €070,0) = E[u(XE0T — Claer)tm i+ 1, (€979,0)|Guns |

forany i € {1,...,k -1}, m € Alt; AT, tix1 A7) and ¢ € &}
By abuse of notation, we denote g, (1,£)) for oz, (1).

For k = 1, the inequality (A.8) is obvious.
We now assume the result holds for some k € {1,...,n —1}. Let Hj,; be a map from W*
to L>(, Gy, ar, P). We define

k
K(k+1,m8) = E[u(X],n = Y &lusr = Hnn(€V)]
=1
k—1 )
= E{“(XZ;AT - ZfiﬂtisT)E[u(Xfff}@ — &elyy<r — Hy1 () ‘thATH ,
=1

for any 7 € A[0, 511 A 7] and € € E). From Lemma A.3 there exists 7%(¢) € Alty A
T,tk+1 A 7] such that

essinf  E [u (Xf:fjg; S . Hk+1(£)) gtw}

TEA[t R ATt 41 NT]

ok (ktfl)7 o
=E [u(Xtt:flT,’\T « ) _ Eely<r — Hk+1(f)) ‘gtk/\"':| :
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From Lemma A.4 and the previous equality, there exists (* € 5,%_1 such that

N _ s,k (¢(k—1) A ~
iy ( €57) = esssupBu (X7 — e~ Hia(€479.0)) |G
Ce&y_y

= Efu(X{ O e = Hia (€579,89) |Guns]
By definition of 7** we have
K(k+1,m¢& > K(k+ Lo nr + ﬂ-*’k(g(k))]l[tk/\ﬂthrl/\T]75) )
for any 7 € A[0,tx11 A 7] and € € EY. This implies

sup K(k + 1a T, 5) > sup K(k + 1) 77]1[0,tk/\T] + ﬂ-*’k(g(k))ﬂ[tk/\ﬁtkﬁ_l/\ﬂ7g)
geel ceek

Z Sukp L K(k + 17 7T]]-[O,tk/\ﬂ'] + ﬂ-*’k(g(kil)a C*)]]-[tk/\T,thrlAT]? (5(1’6*1)7 C*)) .
£e&y™

From the definition of K we have

K(k+ 1,714 0m + 75 EE, CV g nrtan), (€F7D,C0)

k—1
ook (g(k=1) ¢ . _ .
= E[U(Xg;/\r - ZgiﬂtiST)E[u(le:ﬁ:/’\T E0) ¢ yer — Hp(6®D ¢ ) ’gtk/\TH
i=1
k—1
= E [u (Xg;/\’l' - Z £iﬂtiS7)@Hl€+1 (k‘, f(k_l))i| .
i=1
Therefore we get
k—1
sup K(k+1,7,6) > sup E[u(Xz;M - Z&-ntig)@HHl(k,a(’H))} . (A9)
g€y gegy ! i=1
We now define the application Hy by
1 e
H; (:1:1, - xk,l) = —log (@HIH»l(k? (z1€™ 5! rsds o xp_qe” S Tsds)) ,
Y
for all (z1,...,25-1) € WF=1. From Lemma A.3, we have
Hk (:El, ce ,ZL‘k_l) = y(k) (gph ey L1, C*) S LOO(Q, gtk/\T,P) .

We can then use the induction hypothesis and we get
k—1

i Eluxr A, o — Hy (kD)
ey S0P B[ = Do — ()

> ﬂ_eAi[alﬁlAT]E[u(thAT)ﬁHk(l))} . (A.10)
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Taking the infimum in (A.9) we obtain

k—1

inf  sup K(k+1,m¢) >  inf s E[ XIS ey — Hy (€D
weA[é,ItlkH/\r}g;% ( ™) =z WGAl[atkAT]EE;1)31 u( L ;fl Li<T k(€ )

Using (A.10) we get

inf K(k+1,m¢) = inf  Elu(X] ), 0)] .
et SR KE LT 2l B (K)o (1)

We conclude the proof of the inequality (A.7) by noticing that
@Hk (kag(k_l)) = @Hk+1 (kag(k_l)) .

Hence, we have 0g, (1) = vm,,,(1) and then the inequality (A.8) holds for any k <
{1,...,n}.

Second step. We now prove the following inequality

< inf E[ X7 )u(l } . Al
wp) < jnf w(X7 pr)v(1) (A.11)
To this end, we show by a backward induction on k € {1,...,n — 1} that for £*) ¢ &L and
H a bounded Grp--measurable random variable, we have

n—k—1
. te AT,
essinf esssup E [u <X7l“/\:7r — &l <7 — E Glyy j<r — H) ‘thm}
TEA[t AT, TAT] cegn—h—1 =
A —

< st E[u(XENT G )tk 4 16O Gun] (a2
For k = n — 1, the previous inequality obviously holds from the definition of v(n,.).
We now assume that the inequality (A.12) holds for some k € {2,...,n — 1} and we prove
it for £ — 1.

We first write 7 = (7, ..., 7" ) for m € AltyAT,..., T AT] with 7F € A[tp AT, tpp1 AT).
We then define the map L by

n—~{
L(ﬁ, 71,@7 o ,7Tn71, é(@)) = ess SHE)E [u(Xéf//\\:m _ é‘é]]-tg<7' — Z <€+j]ltg+j<7' — H) ‘gte/\q—} s
cegy " j=1

for e {1,...,n—1},£ €& and 7 € A[0,T A 7].
Let H be a bounded Gy -measurable random variable, 7 € A[ty_1 AT, T A7) and £ € £.
By definition of L we know that

L(k—1,m,¢% 1) < E[U(Xttfiim’ﬂ — &1y, <) €8s sup L(k, 7%, .. o= (g%, Ck‘))‘gtkfl/\T:tA‘lg)
€€,y

Using Lemma A.4, we can find ¢} € &} ;| (depending only on ah+L ., 7" 1) such that

ess sup L(k‘,wk,ﬂkﬂ, T Lot (g(k_l), Ck:)) = L(l{:,wk,wk+1, T Lo (5““‘”, C,*;)) (A.14)
Ckeglifl
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for all 7¢ € Altp A Tyt A 7). We also know from Lemma A.3 that there exists ke
Alty AT,y A 7] (also depending on 7%+1 ... 77~1) such that

L(k,wk*,ﬂk+1,...,w”_l,(g(k_l),(,j)) = essinf L(k,wk,wk+1,...,W”_l,(f(k_l),(;)]{A.ﬁ)
R e At AT k11 AT]

For m € A[0, T A 7], define 7 by

= . kx k+1 n—1
™ T ﬂ-]]'[o,tk/\T] + m ]]'[tk/\T,tk+1/\T} + ﬂ- ]]'[tk+1/\T,tk+2/\T] + e + ™ ]]'[tnfl/\T,T/\T] *

From (A.13), (A.14) and (A.15) we deduce

L(k - ]-7 77[.’ g(k*l))

<E[uGR"TT Gty o) _esinf LGk (€57, G, H)| G e - (A1)

By taking the infimum we get

ess inf L(k - 1,7r,§(k71),H) < ess inf L(k— 1,7’7,5(]“*1),1—[) .

TEA[tk_1 AT, TNT] TEA[tk_1 ATt AT]

From this last inequality, (A.16) and the induction assumption we get
ess inf L(k—1,m, gk=1) H)
TEA[tp_1 AT, TAT]

< o E[ XA e g Dok, €D ‘ T},
_WEA[i.S,Sll/I\lﬂ',tk/\T] U( t AT gk 14, 1< )U( 5 )gtlcfﬂ\

which gives the result for £ — 1 from the definition of the map L.
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