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Linearized numerical homogenization method for nonlinear
monotone parabolic multiscale problems

A. Abdulle! M.E. Huber! and G. Vilmart?
March 9, 2015

Abstract

We introduce and analyze an efficient numerical homogenization method for a class of nonlinear
parabolic problems of monotone type in highly oscillatory media. The new scheme avoids costly
Newton iterations and is linear at both the macroscopic and the microscopic scales. It can be
interpreted as a linearized version of a standard nonlinear homogenization method. We prove the
stability of the method and derive optimal a priori error estimates which are fully discrete in time and
space. Numerical experiments confirm the error bounds and illustrate the efficiency of the method
for various nonlinear problems.

Keywords: monotone parabolic multiscale problem, linearized scheme, numerical homogenization
method, fully discrete a priori error estimates.

AMS subject classification (2010): 65M60, 74Q10, 74D10.

1 Introduction

In this paper, we propose a linearized numerical homogenization method for the efficient approximation
of multiscale parabolic problems of the form

Ot — div(a® (z, Vu©)Vu) = f, in Q x (0,7), (1)

where Q C R? (with d < 3) is a polygonal domain, 7' > 0 is the final time and the d x d tensor a°(z, £)
rapidly fluctuates in space at a small scale € and is both elliptic and bounded uniformly with respect to
e. For simplicity, we impose for (1) homogeneous Dirichlet boundary conditions and a non oscillatory
initial condition at ¢ = 0. We assume throughout this article that the equation (1) is of monotone type
to guarantee the well-posedness of the problem, i.e., the maps A®(z, &) = a°(z, £)¢ are strongly monotone
and Lipschitz continuous with respect to ¢ € R?, with constants independent of e. This class of problems
arises in many applications, e.g., material laws in elasticity or constitutive relations in magnetodynamics
[34, 35]. The nonlinearity of the tensor a® in (1) with respect to the solution gradient Vu® makes the
problem challenging both computationally and for the analysis because it combines the difficulties of the
finescale structure of the data (with small variations at the microscopic scale) and the nonlinearity of the
problem.

The aim of this paper is to analyze the convergence of a linearized version of a nonlinear ho-
mogenization method proposed in [6] to approximate the effective solution to the multiscale problem
Ot — div(A¢(z, Vu®)) = f which includes the class of problems (1) for A®(z,§) = a°(z,£)§. The
method of [6] combines a nonlinear FE-HMM method (coupling macro and micro finite element meth-
ods) with the implicit Euler method in time. Although the computational cost of the nonlinear method
in [6] is independent of the small scale ¢, its upscaling procedure however relies on nonlinear elliptic cell
problems which is computationally costly for practical simulations. The linearized version presented in
this paper permits to avoid Newton iterations, which considerably improves the computational efficiency
of the method.

The existence of a macroscopic effective model for (1) in the asymptotic regime £ — 0 is ensured by
the homogenization theory in [36, 38]. Since the effective material properties are not explicitly available in
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general, numerical methods are needed to estimate them. Following the methodology of the heterogeneous
multiscale method (HMM) introduced in [18], we apply a finite element method (macro solver) on a
spatial macro partition to approximate (in space) the solution of an effective equation whose material
properties are recovered “on the fly“ by an appropriate numerical upscaling procedure. This is achieved
by performing local micro simulations (using a finite element method as micro solver) within sampling
domains which are of size comparable to e (the size of spatial micro oscillations). Thus, the computational
cost of the method is independent of the small scale e. Combining the spatial macro solver with a new
linearized implicit Euler scheme for the time integration leads to linear micro simulations. In turn, the
resulting multiscale scheme does not involve any nonlinear equation to be solved, neither at the macro
scale nor on the micro scale.

In the main results of this paper, we establish the stability of the method and derive optimal fully
discrete a priori error estimates which hold without structural assumptions (like periodicity) on the tensor
a®. The a priori estimates consist of explicit convergence rates for the time discretization error as well
as the spatial finite element error on both macro and micro scale. Further, we derive error bounds that
account for the modeling error depending on the parameters of the upscaling strategy, i.e., boundary
conditions for micro simulations and size of the micro sampling domains.

Literature overview. Numerical homogenization methods are well developed for wide classes of mul-
tiscale problems, see e.g. the review [5]| and references therein. However, the numerical literature for
monotone parabolic problems (1) is less abundant. We refer to [39] for a multiscale method, which re-
quires periodicity of the tensor a®, and to [21] for an extension of the multiscale finite element method
(MSFEM). Further, we mention the discussions about linearization techniques for nonlinear monotone
multiscale problems given in [20, 26]. As mentioned above, a nonlinear FE-HMM combined with the
Euler implicit method has been proposed in [6] from where various results will be used in the present
analysis.

For nonlinear parabolic singlescale problems d;u—div A(Vu) = f, semi-discrete a priori error estimates
(in space) have been derived in [13, 15]. Further, many strategies to linearize numerical methods for
stiff ordinary differential equations (ODEs) and time-dependent singlescale PDEs are available in the
literature. In particular, we mention Rosenbrock methods (only one Newton iteration per timestep) and
W-methods (only one Newton iteration with inexact Jacobian per timestep), see [25, Section IV.7| for
an overview. We emphasize that simply applying such linearized time integrators to the effective model
associated to (1) does not yield the linearized multiscale scheme proposed in this article. Indeed, due to the
nonlinearities arising at the microscopic level, the resulting scheme would remain nonlinear. For parabolic
singlescale PDEs, already in the work [16] by Douglas and Dupont an extrapolated Crank-Nicholson time
stepping scheme has been considered to avoid large nonlinear algebraic systems. Then, Nie and Thomée
proposed in [33] linearized numerical schemes for singlescale problems of the form d,u—div(a(z,u)Vu) = f
(in space dimension two) where a(z, s), for s € R, is a strictly positive scalar function. Their results consist
of optimal space-time a priori error estimates for numerical methods constructed by coupling a finite
element method (with numerical quadrature) and linearized time integrators. Further, Makridakis studied
in [32] a class of linearized space-time discrete methods (one linear system to solve per timestep) for a
system of nonlinear hyperbolic PDEs from elastodynamics and derived optimal a priori error estimates
(in both time and space). Finally, in [31], Lubich and Ostermann presented a semi-discrete analysis (in
time) of linearly implicit integrators used for the time discretization of nonlinear parabolic PDEs, seen
as evolution problems posed in Hilbert spaces.

Outline. The article is organized as follows. In Section 2, we recall the homogenization results for the
model problem (1) and discuss conditions for the tensor a® that are sufficient to ensure the monotonicity
of the model problem. Next, we introduce the linearized multiscale scheme in Section 3, prove the well-
posedness of the numerical method and present the fully discrete a priori error estimates. The proofs of the
error bounds are provided in Section 5. Further, in Section 6, we present several numerical experiments
to illustrate the convergence results, the efficiency as well as the robustness of the method. The article
ends with a conclusion in Section 7.

Notations. Let W*P?(Q) denote the usual Sobolev spaces which we write as H*(Q) for p = 2. Further,
we use H}(Q) for the space of H'()-functions with zero trace on the boundary 9Q, H~1(Q) for its
dual space and W,,.(Y) = {v € H,,.(Y)]| [, vdy = 0} for periodic H'(Y)-functions with zero mean
on the unit cube Y = (0,1)? (with H)..(Y) being the closure of Cp¢,(Y) for the H'(Y) norm). Let
g: [0, T] = X be a function with values in a Banach space X (with norm ||-||x). The space of L? functions



and continuous functions g with values in X is denoted by LP(0,7; X) and C°([0,T], X), respectively.
Both spaces form a Banach space when endowed with the norm ||g|[z»0,7;x) = (fOT lg()|/5dt)}/P and
lglleo(o.71.x) = supsefo,r) 19(1)]|x, respectively. For vectors b € R the Euclidean norm is denoted by
|b| and the canonical basis of R? is represented by ej,...,eq. Further, we denote ||a||> the Frobenius
norm of matrices a € R**?. Finally, the constant C' is a generic constant whose value may differ at each
occurrence. All constants considered in this paper are assumed independent of €.

2 Model problem and homogenization

Let Q x (0,7) be a space-time domain where 2 C R? (with d < 3) is a convex polygonal domain and
T > 0 is the final time. We study the parabolic quasilinear homogenization problem

Ouf (x,t) — div(a®(x, Vu(x, t))Vus (z,t)) = f(x), in Q x (0,7),
u®(x,t) =0, on 002 x (0,T), (2)
’LLE(‘I',O) =g(x), in €,

where f € L?(Q) models the source term and g € L?(f2) prescribes the initial conditions.

Assumptions on the tensor. We assume that the family of tensors a®(z,£) € (L®(Q x R9))dxd
(indexed by ¢) is uniformly elliptic and bounded, i.e., there exist 0 < A\, < A, such that

Xlnl? < af(a,&n-m,  |a(x, 0 < Adlnl,  VEMERYL ae x€ Qe >0 (3)

The parameter ¢ > 0 denotes the characteristic length of the smallest scale in the problem (2). In
particular, the tensors a® vary rapidly in space at this microscopic scale . We use homogeneous Dirichlet
boundary conditions in (2) for simplicity. However, our analysis could be extended to other type of
boundary conditions (as Neumann or mixed boundary conditions).

While the uniform ellipticity and boundedness in (3) are sufficient for the well-posedness of our
algorithm, they are not sufficient in general to ensure the well-posedness of the exact problem (1). We
therefore make the following standard hypotheses of strong monotonicity and Lipschitz continuity on the
maps A%: Q x R? — R? defined by A°(z,¢) = a°(z,£)¢ for (z,€) € Q x R? and € > 0. We assume that
there exist L > A > 0 (independent of £) such that

(Ap) Lipschitz continuity: |A®(x, &) — A%(x,&)| < L& — &, for &1, € RY, ae. € Q;
(A2) Strong monotonicity: [A°(z,&1) — A% (z,&2)] - (&1 — &2) > A& — £2|2, for £1,6 € R, ae. x € Q.

Under the above assumptions, the well-posedness of monotone parabolic problems of the type (2) is
classical, see [41, Theorem 30.A]: there exists a unique solution u® € E in the Banach space E with norm
|u|| ; bounded independently of e, where

E ={ve L*(0,T; Hy(Q)) | 8w € L*(0,T; H~ ' (Q))}, 1ol g = 10l 20,7511 (0)) T+ 11001l L2 (0,751 ()

We note that the assumptions (A;) and (Asz) can be deduced from properties of the tensor a® itself as
shown in the following remark. A proof is provided for completeness in Appendix.

Remark 2.1. Assume that a° is uniformly elliptic and bounded (3). If a®(z,-) € (W (R%))4*4 for a.e.
z € Q and the following estimate from Babuska [9, Assumption 3.3 and 3.4] holds

1/2
d 2
8(1? Z, La
Z M < 7 VEeRY, ae 2€Q,e>0, (4)
o 1+ [¢]

with L, < \,, where ), is the ellipticity constant from (3), then the maps A°(z, §) = a®(x, £)¢ defined on
Q2 x R are Lipschitz continuous and strongly monotone uniformly in & > 0, i.e., satisfying (A;) and (A5).

For example, in the context of one-scale monotone elliptic problems, see [23, 28], one considers tensors
of the form

a®(z, &) = p°(z, |&])1d, with p: @ x [0,00) = R and (z,£) € Q x RY,



where Id € R%*? is the identity matrix, u¢ is a continuous function on  x [0, 00) and p(x,) is contin-
uously differentiable for a.e. = € §). If there exist M,, > m, > 0 such that

my,(t—s) < p(z, t)t — p(x, s)s < M, (t — s), fort >s>0,x€Q,

then it is shown in [30, Lemma 2.1] that (A;) and (Az) hold. This is satisfied in particular if u®(x,s) is
bounded and there exists \,, L, > 0 such that L, < A, < p°(x,s) and
dye L

< ZE
‘ ds (x,s)‘ 1+’

Vs €[0,00),z € Q,e>0.

Examples similar to the ones numerically investigated in [28] and fulfilling these assumptions are in
particular p(z,s) =2+ (14 5)7! and u(z,s) = 2 + exp(—s?).

Homogenization for parabolic monotone problems. The process of homogenization aims at char-
acterizing the weak limit function u® € E of the family of solutions {u} of (2) as the solution of an
effective partial differential equation, the homogenized equation. Although the weak convergence in E
of a subsequence of {uf} follows directly from standard compactness arguments, the homogenization
theory shows the existence of an effective model for (2) by means of parabolic G-convergence techniques.
In [38, 36], the following convergence result has been derived: there exists a subsequence {u°} (again
indexed by ¢), a map A%: Q@ x R? = R? and u° € E such that

u® —u® in L2(0,T; HY(Q)), 0wuf — 9y’ in L2(0,T; H~H(Q)),
a®(z, Vuf)Vus — A°(z, V) in L2(0,T; (L*(Q))9),

where 4’ € E can be characterized as the unique solution of the homogenized problem

o’ (x,t) — div(A%(x, Vul(z, 1)) = f(x), in Qx (0,7),
u®(z,t) =0, on 092 x (0,7, (5)
u’(z,0) = g(x), in Q.

The existence and uniqueness of the solution u® of (5) is deduced using (A;) and (As) which can be
shown to hold also for the effective problem (5) (possibly with different constants).

Remark 2.2. An explicit representation of the map A" is only available for tensors a® with a particular
structure (like periodicity or ergodicity), analogously to the linear case. In the case of locally periodic
tensors a®(x,§) = a(x, £,£) where a(z,y,§) is Y-periodic in y, it is shown in [27] for elliptic monotone
problems, that the homogenized map A°(z, &) can be represented by

Az, ) = /Y a(,9.€ + VX2, 9)) (€ + V() dy, (6)

where x¢(z,-) € W

per

(Y) solves

/Y a(z,y.6 + V(2. ) (6 + ViE(e.y) - Va(y) dy =0, Vg e WL (Y). (7)

This representation is true also in our context of parabolic problems because the homogenized map
A%(z, €) is identical to the elliptic case, see [38]. Further, we note that for spatially periodic tensors
a®, the homogenized map A° can be decomposed following A°(¢) = a®(€)¢ where a®(¢) € R¥¥9 is the
homogenized tensor, see [9].

3 Nonlinear and linearized multiscale methods

In this section, we recall the nonlinear multiscale method introduced in [6] and propose a new linearized
method. Both methods rely on micro and macro finite element spaces.



3.1 Micro and macro finite element spaces

Macroscopic spatial discretization. Let Ty be a shape-regular triangulation of the polygonal do-
main Q consisting of open simplices K € Ty with straight edges. The index H of the macroscopic
triangulation 7y denotes the macro mesh size H = maxyc7,, diam K where diam K denotes the diame-
ter of a simplex K € Ty. Further, for K € Ty, the measure and the barycenter of K are denoted by |K|
and z g, respectively.

Associated to the macro triangulation 7 we introduce the finite element space S§ (€2, Tpr) consisting
of piecewise affine functions

S5 (Q, Ta) = {o € C°(Q) N HY(Q) | v |k € PY(K) for all K € T}, (8)
where P!(K) denotes the space of affine polynomials on K € Tg.
Microscopic spatial discretization. Let K € Ty be a macroscopic element. To perform localized
microscopic simulations we introduce sampling domains K5 of microscopic size centered at the barycenter
xx of the macro element given by Ks = xx + 6 (— 2, 2) , with 6 > . The sampling domain Kj is
discretized by a microscopic triangulation 7 of open simplices T' € 7T}, with straight edges. Here, the

parameter h denotes the microscopic mesh size h = maxre7, diam 7. Further, let W (Ks) C H'(Ks) be
a Hilbert space. Then, the microscopic finite element space S(Kjs, T5) is defined by

SY K5, Tn) = {v" € CO(Ks) N W (K5)|v" |7 € PHT) for all T € T}, (9)
where P1(T) is the set of affine polynomials on T € Tj.
Time discretization. The time domain (0,7) is discretized into N subintervals (¢,—1,t,) of identical
length At = T/N, where At is called the time step size and t,, = nAt.
3.2 Nonlinear FE-HMM
We recall here the nonlinear FE-HMM proposed and analyzed in [6].
Nonlinear macro method. Let uf € S}(Q,7x) be an approximation of the initial conditions g(z).

The sequence of numerical approximations {ul} C S3(€, Ty) generated by the nonlinear multiscale
method proposed in [6], solves the nonlinear recursion

/At ull | —ulwfdz + Z \K(;\ xVuKnH)VuKanx Vw (zg) /wadx (10)
KeTu

vuwf € S3(Q, Tw),

where 0 < n § N —1 and 11}}{ ny1 18 the solution to the nonlinear micro problem (11) constrained by the
macro state v = vl . In the analysis, we shall use the compact notation dyuf = <5 (ufl | — ufl) for
the backward difference quotient in (10).

Nonlinear micro problems. For K € Ty and v € S}(Q, Ty) fixed, consider the nonlinear micro
problem: find 9% such that % — o € SY(Kj,T;,) and

/ af(z, VOVl . Ve'de =0,  Vq¢" e SY(K;,Th). (11)
Ks

We recall that the nonlinear micro problem (11) is well-defined because A°(z, ) = a®(x,£)¢ is assumed
to satisfy (A1) and (As).
3.3 Linearized FE-HMM

In contrast to the nonlinear FE-HMM described above, the idea of the linearized FE-HMM is to represent
the solution at the macro and the micro scale using the following product of finite element spaces

ST =85, Tu) x [[ S"(Ks,Th), (12)

KeTu



where S} (2, Ty) and S1(Kj5,Ty) are defined in (8) and (9), respectively. An element 2 = (27, {21}) €
ST thus consists of a macroscopic finite element function 2 € S} (€, Tz) and a family of microscopic
functions {2%}xer, where 2% € SY(Ks,Ty) for every sampling domain Kj. Further, for x € Ks, we
define 0% (z) = v (z) + 2 ().

Modified macro bilinear form. For a given 2 = (2, {21}) € S we introduce the bilinear form
BH(2;.,.) for macroscopic functions v, w € S}(Q, Ty) by

K N
BH (50 wh) = Z K] a® (:c, Vé%(x))Vf)?(’z(x)dx -Vt (zg), (13)
KeTy ‘K(S‘ Ks

where v?(z =l (z) + v?(’é(x), with U;L(fé(l‘) € SY1(Ks,Ty), is the solution of the micro problem (14) with

parameter 2% and macro constraint v

Micro problems. The proposed multiscale strategy is driven by simulations at the microscopic scale.
To upscale the microscopic behavior linked to a given macroscopic state we introduce constrained micro
problems on the sampling domains. For K € Ty, £ € SHM and v# € S}(Q, Tw) fixed, we introduce the
micro problem: find 8% (z) = v (x) + v} (z) with v/2* € S' (K5, Tp,) such that

/K. a® (x, Vé@(x))Vﬁ];(’i(x) V4" (z)dx =0, Ve SY(Ks, Th). (14)

Notice that problem (14) is hnear in contrast to problem (11). The coupling between the macroscopic
state v and the solution v * to the micro problem (14) is imposed by the choice of the subspace
W (Ks) C HY(Ks) implicitly encoded into the micro finite element space S*(Ks, 7) defined in (9). In
this article we consider two different coupling conditions

e periodic coupling: W(K5) = W, (K;) = {v € H),,.(Ks) | fK x)dr =0} and &/ € Nxo;

per
e Dirichlet coupling: W(Kj5) = H}(K5) and 6 > e.

We next explain here the construction of the linearized FE-HMM solution u’’ approximating the
homogenized solution u® in (5) at time t = nAt. We first describe the scheme starting from i given at
time t; = At. The procedure to construct u; is discussed afterwards.

Linearized macro method. Let iy = (ufl, {u?K}) € ST be given, then the sequence {i,,} is defined
by the following linear recursion. For 1 < n < N —1, each time step of the multiscale method corresponds
to the map @y = tny1 = (wffy ), {ull ) x}) € ST defined as

(i) evolution of the macroscopic state: find ufl,; € S§(€2, Tyr), the solution of the linear problem
/QE(U,?H—uf)deac—&—BH(ﬁn;ufH, / fwHdx, vl € S3(Q, Tw); (15)

(ii) update the microscopic states: for K € Ty, compute

h,ly,
Z+1 K ‘TR (16)

the solution to the micro problem (14) with parameter 2 = @, and macro constraint v = uff ;.

Initialization procedure. We next discuss how to define 4; for the linearized scheme (15). Let
ull € S}(Q, Ti) be an approximation of the initial state g(x). For instance, a natural choice is ul! = Zyg
where Zy is the nodal interpolant (39), but our analysis is valid for general initial conditions ul. To
be able to start the linearized multiscale method (15) an element @y = (ufl, {uf x}) € ¥ with micro
functions ufK € SY(Kj5,Tp) is required. A trivial initialization would be to set 4y = (ull,{0}) and
to calculate @; using the linearized multiscale method (15) with n = 0, but this would deteriorate the
accuracy. We thus propose to use one single time step of the fully nonlinear multiscale method (10),
which allows to prove optimal convergence of the temporal error. Let ufl be the numerical solution
of (10) at time t; = At and 4y, h o (x) the associated solutions to the nonlinear micro problems (11). We
then initialize the linearized multiscale method at time t1 = At with

ay = (uy’, {a]  —ui'}) € ST (17)



Remark 3.1. We emphasize once again that in the linearized FE-HMM defined above, both the macro-
scopic state equation (15) and the independent micro problems (14) are linear, in contrast to the nonlinear
FE-HMM (10) which involves nonlinear and coupled problems at both the macro and micro scales. Indeed,
observe in (15) that the form B is evaluated with B (ti,;ufl,,,w?) instead of B¥ (tin11;ull, ,, w!),
where the nonlinear parameter ,, is already known. Since B (4,,;-,) is a bilinear form, this means that
the cost of solving (15) is analogous to that of the implicit Euler method applied to a linear parabolic
finite element problem. In terms of memory storage, notice that the space SH h used to represent the
numerical solution of the linearized FE-HMM 4,, — @41 1s the macro state u and a vector Vi, for
each sampling domain Kj;, whereas only the macro state ull is needed for the nonhnear FE-HMM (10).

4 Main results

In this section, we derive the well-posedness and a priori convergence estimates of the proposed linearized
FE-HMM.

4.1 Well-posedness of the numerical method

The well-posedness of the linearized FE-HMM relies on the following lemma.

Lemma 4.1. Assume that (3) holds. Then, the form defined in (13) satisfies for all 2 € SEh v wH
Sé(Qa TH)7

. . A2
B (0™, o) 2 Ml [Vo gy, BT G0 0] < 32V g [V | o
with the constants \q and Ay from (3). Thus, BT (2;-,-) is elliptic and bounded on S§ (%, Ta) < S§ (2, Te)

(uniformly in 2).

Proof. First, the existence and uniqueness of a solution to the constrained linear micro problems (14) is
clear as the tensor a® is uniformly elliptic and bounded, see (3). Further, we note that Lemma 4.1 is a
generalization of a result known for FE-HMM applied to linear elliptic problems, see [1, Proposition 3.2].
The proof relies on the fundamental energy equivalence

h.3 A,
HVUHHL2(K5) < Hv“;?z 7”VU

L2(K5) ||L2(K,;)’

where f/?{”% is the solution to the linear micro problem (14) with parameter # and constraint v*. O

Lemma 4.2. Let ull € SH(Q, Tu), f € L*(Q) and assume that (3) and (Ai_2) hold. Then, for all H,h
and At the sequence {ull}1<,<n defined by the linearized method (15) using the nonlinear initializa-
tion (17) exists, is unique and satisfies the a priori bound

N 1/2
. 2
1gza<XN Hu” HLQ(Q) +min{A, Ao} <nz_:1 AtHvufHLQ(Q)> (Hf“m(ﬂ) + HUO HLz(Q))

where C' depends on the ellipticity constant A, of a®, the monotonicity constant \ of A%, the final time
T and the Poincaré constant Cp, of the domain Q.

Proof. First, we note that the existence, uniqueness and boundedness of the nonlinear initialization (17)
has been proved in [6, Theorem 3.5] using the hypotheses (.A;_2). In particular, we have the bound

+ AAt|Vuy < AtC2Hf||L2 (18)

[Jus” ||L2(Q) [Jug" HL2(Q) ||L2(Q)

Next, for 2 € S and v, wf € S§(, Tw), we introduce the bilinear form A7At(2;. .) and the linear
form FH At(2:.) by

1 1
AH’At(é;vH,wH):—/vade—&—BH(é;vH,wH), FH’At(,%;wH):—/szde—i—/wadac.



Thus, for 1 <n < N — 1, the evolution of the macroscopic state (15) is equivalent to

AHAt(un, nHH,wH) FHAf(un,wH), V' € S§(Q, Tw).
The ellipticity and boundedness of A#A*(2;..) and the continuity of FH4%(2;.) follow from Lemma, 4.1.
Thus, the variational problem (15) has a unique solution for every 1 <n < N — 1.

Next, we prove the boundedness of the numerical solution {ufl}. First, we observe that for 0 < n <
N —1 it holds

~ 1 2 2
/QatufunHHda: > m(“ufﬂﬂm(m - HunHHLz(Q))7 where dull At( ull, ) —ull). (19)

Thus, for 1 <n < N — 1, the inequality (19) and the uniform ellipticity of B, see Lemma 4.1, lead to
1 H |2 H|2 H |2 5, H, H H(pn . H H
TAt(H“nHHm(Q) = [Jus ||L2(Q)> + )\a||vun+1HL2(Q) < 3tun Upyy 1Az + B (ln; gy Uy ) (20)

/ fun+1d$ =9, ||fHL2(Q Hvun+1HL2(Q

where we used the definition of the method (15), the Poincaré inequality (with constant C}) and Young’s
inequality. We conclude by combining the inequalities (18) and (20) summed fromn =1ton = N-1. O

4.2 A priori error estimates

In this section, we derive rigorous a priori error estimates for the proposed linearized FE-HMM with
two different sets of assumptions. In the first case, we assume directly the monotonicity and Lipschitz
continuity of the map A° and we make a smallness assumption on the size of the nonlinearity of the
problem. We note that such type of smallness assumption is commonly used in the numerical analysis of
nonlinear PDEs; e.g., see [7, Theorem 4] or [11, Section 8.7]. In the second case, under the conditions on
the tensor a®(x,&) derived in Remark 2.1 error estimates are shown without this smallness assumption.
However, the result in the second case is obtained at the expense of assuming that a certain linearization
error denoted by e, i, see (31), is small enough. In Section 6.1 we illustrate with numerical tests that
this hypothesis is indeed satisfied for sufficiently fine discretizations of the space-time domain.

To estimate the error introduced by the numerical upscaling procedure built into the multiscale
strategy (15), we define

1/2
2
v (Vo) < > |K|‘“40 i, Vol (z)) —Agéh(VUH)‘ ) , o for o™ € S5(Q,Tw),  (21)

KeTu

where A° is the exact homogenized map from the homogenized equation (5) and A(;gh is the numerically
homogenized map defined in (35). In particular, in the a priori error estimates of Theorems 4.3 and 4.4
the upscaling error is quantified by ey given by

eHMM = 1234<XN7'HMZVI(VU ) (22)

where UH € S}(Q, Ty) is a finite element approximation of the homogenized solution u® at time ¢, for
1 < n < N. In the analysis, we consider either T = Tgu°(-,¢,) the nodal interpolant (39) or U = 720
the elliptic projection (41), as detailed in Section 5.1.

Error estimates using a smallness assumption on the nonlinearity. To derive our first a priori
error estimate, we assume additionally that the tensor a®(x,¢) is uniformly Lipschitz continuous in the
second variable ¢, i.e., there exists a constant L, > 0 such that

af(x,&1) — a®(z, )| » < Lalés — &|,  V&,& €RY, ae z € (23)

For £ € R% and K € Ty, we introduce the exact micro function y 3 solving the variational problem: find
X% € W(Kj) such that

/af<x,5+vx%><f+vx§<>-qua:zo, Vg e W(Ks), (24)
Ks



and its finite element approximation X%h € SY1(Ks,Ty) satisfying
/ 0 (2,6 + VM) €+ VAED) - Vhde = 0, V" € S(Ks, Th). (25)
Ks

Note that for v € S§(Q, Ty) and & = Vol (xx) we recover & + Vx%h = 9% where 9} solves (11).
Analogously to linear elliptic problems, the exact solution xj, satisfies the bound HV)‘(%H L2(Ks) <

C \/W |€], where C' is independent of & and §. Under additional regularity of the data of the nonlinear

micro problem (24) the Lipschitz continuity of its solution )Zi( can be shown, e.g., see [29, Theorem 4.1].

For our analysis it is necessary to know the explicit dependence of the Lipschitz constant of )‘(i with
respect to € and £. We assume that

(R1) Hvxﬁ(H < C*¢| for K € Tu, € € R
L°°(K5s)

Further, we use the affine bijection Gk, : Y — K; between the micro cell domain K and the unit cell
Y = (0,1)%, and define x%fly = X%h oGk, and )Z%Y = )Z% o G, where h is the mesh size of the rescaled
partition 7; on Y obtained from 7} via the bijection G,. If the partition 7 is quasi-uniform! and the
rescaled micro problems (with solution )ZE(,Y) are regular enough, then the maximum norm estimates

for nonlinear monotone elliptic problems derived in [24] combined with an inverse inequality, see [12,
Theorem 3.2.6], yield

4+1
o (26)

&h ¢ H <C;171H &h ¢ H <C’ﬁ‘10 i
HXK,Y XK,y Wiieo(y) = XKy ~— XK)Y Loo(y) = g

where C' is independent of h and e, with unknown explicit dependence on |€]. Analogously to (R1) we
postulate that C' scales linearly with |£|. By transferring the bound (26) back to the sampling domain
K and observing that § = O(e) we obtain that

®R2) |V -k ey S O Elel for K € T, € € R,
> (Ks
where C* = C’|log(h/z-:)|%Jr1 is weakly depending on h/e.

We may now state our first a priori error estimate on the linearized FE-HMM based on the smallness
assumption (28) on the nonlinearity.

Theorem 4.3. Let u® be the solution to the homogenized problem (5) and ull the approzimations de-
fined by the linearized multiscale method (15) using the nonlinear initialization (17). Assume that the
tensor a® satisfies the assumptions (3), (23) and that the map A° given by A®(x,£) = a(x, &) satisfies
assumptions (A1) and (Az). Let the following conditions be valid for ;1 =1 and some constant Ly > 0,

u®, 0’ € CO([0,T], H3(Q)), d2u® € C°([0,T), L*(Q)),

A°(-6) e W@ RY) with (A, <Co+le),  veemrt D

)HWM:OC(Q;]Rd

Assume further that )‘(% and X%h given by (24) and (25), respectively, satisfy assumptions (R1) and (R2).
If the exact solution u® verifies

< Aas (28)

W € CO0TLWS(Q). VAL +C) Ly max (@) e

tel0,T

(where C* is the constant from (R1)) then there exist Hy, hg > 0 such that for any H < Hp, h < hg, we
have the a priori error estimates

| Dax, |ull — uo(x,tn)HLz(Q) <C(At+H"+egmm + lull —gllr2) - (29a)
1/2
(At 2521 ||VU£I - VUO($7tn)H2Lz(Q)) <C(At+H+egym + Juf" — 9llr2) (29b)

where 1 = 1, the upscaling error emyrar (evaluated at the nodal interpolant UF = Tyu®(-,t,), see (39))
is given by (22), and C is independent of At,H and egprns-

Further, the estimate (29a) holds with = 2 and exprar evaluated at the elliptic projection U =
see (41), if additionally (27) holds for ;1 = 2 and conditions (42) are satisfied.

~H,0
yY,

1Precisely, there exists a constant C' > 0 such that ﬁk > Ch for all sizes fzk of the finite elements k € Tj,.



Error estimates without the smallness assumption on the nonlinearity. We note that condi-
tions (3) and (23) together do not imply (A;) or (Az) in general for the map A°(z,§) = a®(z,£)§. For
our second error estimate, we make the assumptions

1/2
d 2
da3; (§) L A
af(x,-) € (WH(RY))>4  with > <= and L, < —=,
(,-) € ( R?) igk_l 9€, ST1 WG (30)

VEeRY, ae zeq.

We recall that condition (30) combined with (3) is sufficient to imply (A;) and (Ag) for A%(x,&) =
a®(z,€)&, as shown in Remark 2.1.
For 0 <n < N and K € Ty, we consider the error term e, x € (L (Ks))4*4 given by

1
enx(z) = a(z, VﬁZ’K) — / a®(z, VﬁZK — TVéZ’K)dT, a.e. x € K, (31)
0

where 4, = (ull, {uZK}) e 8™ is obtained from the numerical method (15) and 6, = (67, {HZK})

denotes the difference 0,, = ,, — Z:{n between the numerical solution 4, and an approximation LA{n of the
homogenized solution u° (and its associated first order correctors), see (47) for details. Thus, if 4, is a
good approximation to u® one can expect that e, ¢ is small.

Theorem 4.4. Let u® be the solution to the homogenized problem (5) and ull the approximations defined
by the linearized multiscale method (15) using the nonlinear initialization (17). Assume that the tensor
a® satisfies (3) and (30). Further, let the homogenized solution u® and the homogenized map A° satisfy
the regularity assumptions (27) for u=1. If

Aa

max el (g grenyins < s, (32)
i, T s
then we have the a priori error estimates
| max [|ull — uo(m7tn)||L2(Q) < C(At+H" + egmm + |ud — gllz2@)) (33a)
5 1/2
(At IVulf = Va0 (@, ta)|[Fa ) < C (At H + s + llufl = gllzz)) (33D)

where 1 = 1, the upscaling error egprar (evaluated at the nodal interpolant U = Tyu®(- t,), see (39))
is given by (22), and C' is independent of At, H and emprar-

If additionally u° € C°([0,T], W>(Q)), conditions (27) hold for u = 2 and hypotheses (42) are
satisfied then there exists Hy > 0 such that for any H < Hy the estimate (33a) holds with p = 2 and
exmm evaluated at the elliptic projection U = G0 see (41).

Remark 4.5. We observe that the monotonicity of the model problem allows us to avoid the smallness
assumption (28) in the above theorem. The alternative condition (32) assumes that the quantity e, x
defined in (31) is small enough. We note that this assumption automatically holds for linear problems. For
nonlinear problems however ||e, k H(LOO(K(;))dXd can be bounded by C||VﬂZ7K - VLA{QKHLoo(Ka) for which
convergence results are difficult to derive. However, in Section 6.1, we provide numerical evidence that
the condition (32) is verified for spatial and temporal discretizations that are fine enough. In practice,
a posteriori estimates for e, g could be used to check condition (32) and to drive temporal and spatial
mesh adaptation to obtain numerical approximations uZ satisfying (32).

Fully discrete a priori error estimates. To derive fully discrete estimates taking into account the
finescale discretization and upscaling errors, it remains to bound the error egpsps defined in (22) and
involved in Theorems 4.3 and 4.4. Explicit estimates for ey rely on a decomposition of the total
upscaling error into modeling and microscopic error denoted by €,,,q and e,,;., respectively,

_ o\ 1/2
e < max (Spean, KA @, VU (ax)) - A (Ve ) (= emod)
O o 1/2 (34)
T 0,h
+ ma (Sier, 1A vt - A [) (= emic)
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where A" is the exact homogenized map and the approximated maps A} and A%h are given by

1
| K| J s

1

= — | @ (2, 6+ (E+VNE)dx, (35)
|Ks| J s

A% (€) af (2, E+VXE) (E+ VS ) de, A% (€)

where )Z% and X%h solve the micro problem (24) and (25), respectively, for K € Ty, £ € R9.

For explicit convergence rates of the micro error e,,;. with respect to the micro mesh size h appropriate
regularity of the exact solution Xﬁ( of the nonlinear micro problem (24) is required, e.g., see [3]. Linear
convergence in h of e,,;. then follows straightforwardly from standard finite element estimates for X%h
in the H'-norm. However, to obtain optimal convergence rates for e,;c, i.e., quadratic convergence in h,
the adjoint micro problems (36) have to be introduced. Such adjoint problems have already been crucial
for linear multiscale problems with non-symmetric tensors, see [17].

In view of those results, we assume that )‘(% solving the nonlinear micro problems (24) satisfy

(H1) ¢ € H2(K;s) and ’xﬁ( < Cee| /K| for K € Ty, € € RY,

H2?(Ks)

and introduce the linear variational problem: find Xf(’j € W(Ks) such that
T iy
/ (DeA“(e. 6+ VX)) (e + VR Vade=0, ¥z e W(Kp), (36)
Ks

where )Z% solves the nonlinear micro problem (24), 1 < j < d, K € Ty and ¢ € R% Note that the
micro problem (36) is well-defined as the Jacobian D¢ A®(x,€) is uniformly elliptic and bounded if A

satisfies (A1), (Az2) and is smooth enough. We assume further that the solution X’f(’j of the adjoint micro
problem (36) fulfills

< Ce 'W|Ks| for K€ Ty, 6 €RYj=1,....d;
H2(Ks)
X5 € Wh(Ks) and ‘X%]‘Wl,m%) <C for K € Tg,6 €RY j=1,...,d.

)_(f(’j € H?*(Kj) and ‘X%’j

(H1*)

We note that the micro error e,,;. can be estimated independently of the structure of the spatial
variations of the tensor a®(x,£). In contrast, to derive explicit estimates for the modeling error €,,,4
structural assumptions on the spatial heterogeneities of the tensor a®(z,&) are necessary. For linear
multiscale problems, i.e., with tensors a®(x, &) independent of ¢ € R?, such results have been derived
assuming local periodicity or random stationarity of the tensor, see [19]. In this article, we present
explicit estimates for

(H2)  locally periodic tensor a°(z,§) = a°(w, £,§) = a(z,y,§) which is Y-periodic in y and satisfies

||a(x1,y,€) - a(x%y;g)”]—‘ < C|ZL’1 - 1'2|, vxlva € Qag € Rda a.e. Yy e Y.

Theorem 4.6. Let u® and ull be the exact homogenized solution and the numerical solution defined by the
linearized multiscale method (15) with nonlinear initialization (17), respectively. Assume the hypotheses
of Theorem 4.3 and Theorem 4.4 such that optimal error estimates in the L>(H') and C°(L?) hold for
the time discretization and macroscopic spatial error.

If additionally a5;(z,-) € W2(RY) for 1 < i,j < d and assumptions (H1) and (H1*) are satisfied
then we obtain the optimal fully discrete error estimates

127‘35(1\[ Hu0<'7tn) - U,}ZIHLQ(Q) <C [At + H2 + (%)2 + €mod + ||U(IJ{ — g||L2(Q):| s

1/2
(At Zr]yzl ||Vu0(7tn) - vuﬁ”i%g)) <C [At +H+ (%)2 + €mod t+ ||’u’(I){ - g||L2(Q):| ;

where epmeoq s the modeling error and C' is independent of At, H, h, € and §. Further, if a® satisfies (H2)
with a®(z, &) replaced by a(xx,z/e,€) in (13) and (14), and if X*(zxk,-) € WH°(Y) in (7), then

1/2

< 0, W(K5) = WZ}ET(K(s),(s/E € Nyo,
€mod >
C(5)"", WI(Ks) = Hj(Ks),6 > e,

where C is independent of € and .
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5 Analysis

This section is devoted to the proofs of our main results stated in the previous section.

5.1 Preliminaries

We introduce two semi-norms on the product space S+ defined in (12). For & = (v¥, {vh}) € SHh we
define

1/2

A IS , :

V”'S“(é% MHWKHL%K&J IVl = g [V gy
H

We observe that for all K € Ty it holds
b2 2 2
||V”?<HL2(K5) = ||VUH(xK)||L2(K5) + ||V”7<||L2(K5)’ (37)

because || Ks Vv?(dx Vo (z) = 0 due to cancelling and vanishing values of v?( on the boundary 0Ky for
micro spaces S'(Ks,T;,) with periodic and Dirichlet boundary conditions, respectively. Combining that
with the Poincaré inequality (for H{(Q2) and W(Ks) = H}(Ks)) and the Poincaré-Wirtinger inequality
(if W(K5) = W), (K5) instead) proves that |-[|gu» is a norm. Further, we note that the identity (37)
yields

HVUHHLQ < ||Vl gron, for all o = (v, {vh}) € ST (38)

(@)
We shall use in our analsyis the nodal interpolant
Tu: CY(Q) = SYQ, Tu), see [12, Section 2.4], (39)

where S1(Q, Tz) is the space of continuous, piecewise affine functions on the macro mesh 7z (compared
to S$(2, Tur) we do not impose Dirichlet boundary conditions on the boundary 99Q). We recall that the
choice UH = Tyu®(-,t,) (for 0 < n < N) combined with the regularity assumptions (27) for p = 1 is
sufficient to derive optimal error estimates in the L2(0,T; H}(Q)) norm.

However, to obtain sharp error estimates in the C%([0, 7], L?(Q2)) norm, more involved techniques have
been used in [6]. In particular, an appropriate elliptic projection @0 has been introduced. Herein, we
just recall its definition and refer to [6] for the details. For t € [0,7] and v,w € Hg(£2), let the bilinear
form B, be given by

Br(t;v,w) = [ &z, t)Vv - Vwdz, with .&7%(z,t) = Dg.AO(x, vul(z,t)), (40)
Q

where the homogenized map A° and the homogenized solution u° are assumed to be smooth enough.

Let t € [0,T], the elliptic projection @#0(-,¢) of u(,t) solves the variational problem: find @1:(-,t) €
S$(2, Tar) such that

B (t; a0, 1), w) = Br(t;u°(-, 1), w™), vuwl € S3(Q, Tw). (41)

Choosing U = 410 = 4H.9(. ¢,) in (47), optimal a priori error estimates in the C°([0, T], L#(2)) norm
have been derived in [6] under appropriate regularity assumptions. Those estimates are based on the
following lemma summarizing Lemmas 5.4, 5.5 from [6].

Lemma 5.1. Let u® be the exact homogenized solution and @0 its elliptic projection (41). Assume
that A° satisfies (A1_2) and consider By and </° defined in (40). If u® € C°([0,T], W?>°()), o’ €
C([0,T), H?(S2)) and the following holds,

Az, ) e WHS(RERY),  ae xeQ, 5,095 €CO0,T,WH=(Q), 1<i,j,<d,

42
quasi-uniformity of meshes Ty, e.g., see [12, Eq. (3.2.28)], and elliptic regularity (44), (42)

then for allt € [0,T] and k € {0,1}, s € {1,2}, we have the optimal error estimates
k, 0 k~H,0 s 0 ~H,0 0
Hat u ('at) - 81& u (.’t)HH27s(Q) <CH ) Hu ('at) —u ('at)le,oo(Q) < CHHU ('at)sz,oo(Q)a (43)

where C' is independent of H and the W1>° estimate is valid for H < Hy for some Hy > 0.

12



Note that the elliptic regularity assumed in (42) reads as: for 1 < p < o with some ¢ > d we have
14,8 ey + 607 D oy < Clliv @OV )|y VEE 0TI, (44)

where u%* (-, t) solves the dual problem By (t;w,u%*(,t)) = B (t;u’(-,t),w) for all w € H ().
We now recall several estimates on the nonlinear FE-HMM (10) from [6] that will be useful for the
analysis of the proposed linearized version of the method.

Lemma 5.2. Consider v, w" € S}(Ks,Ty) and K € Ty. Assume that A° satisfies (A1) and (As). Let
o and W be the solutions to the nonlinear micro problem (11) associated to the macro functions v!!
and w¥ | respectively. Further, let the map A%’h: S(Q, Ta) — R? be given by (35), then

L
HV@K _VUA}KHLz(Ké) < Y |K5|‘V'UH(xK) - va(xK) )

2
‘Aggh(VvH) - A?;h(VwH)‘ < LTWUH(QCK) — vl (2],

where L and X\ are the Lipschitz and monotonicity constants of the map A®(x,¢§), see (A1) and (Asz).

Proof. The monotonicity (Az), the definition of the nonlinear micro problems (11) and the Lipschitz
continuity (A;) of the map A% lead to

A|Vog — vaHiz(Ké) < /K [A° (2, Vi) — A% (z, Vil)] - (Vi — Vil )da
s
= / [AS (2, Vi) — A% (z, V)] - (Vo (2x) — Vo (2))dx
Ks

< VK[|Vl = Vel o e,y [ V0T (5) = Vol (2x)]

from where the first inequality follows. Further, combining the definition (35), the Lipschitz continuity
of A® with the first part of Lemma 5.2 concludes the proof. O

The following lemma summarizes Lemmas 5.6, 5.7, 5.8 and Corollary 5.10 derived in [6], its proof is
omitted.

Lemma 5.3. Let u® be the homogenized solution and UX be given either by the nodal interpolant
Tru®(-,t,) or the elliptic projection @1°0, see (41). Further, assume that (3) holds for the tensor a° and
that the map A®(z,§) = a®(x,€)¢ satisfies (A1) and (Az). Then, under the regularity assumptions (27)

for u =1, we have for all 0 < n < N that
VU = VU 2 ) < CAL (45)

where C is independent of At, H. Further, for all0 < n < N — 1 and w? € S}(Q,Tw), the following
estimates hold with p =1,

/ (00’ (2, tny1) — QU wHdz| < C(AL+ H2)||wHHL2(Q), (46a)
Q
/ A% (2, Vul (z,tn41)) - Vol de — Z |K|A2;h(VUf+1) . V’U)H(.TK)‘
Q KeTu
< C(H" + raym (VUL )) ||V . @ (46b)

where r a8 defined in (21), L{f is given by the nodal interpolant Zryu® and C' is independent of At, H
and THMM -

If alternatively U is given by the elliptic projection U0, assume that hypotheses (27) hold for
=2 and additionally u°® € C°([0,T]), W2°°(2)) as well as hypotheses (42) are satisfied. Then, the first
estimate (45) still holds and there exists some Hy > 0 such that for H < Hy the estimates (46) hold for

w=2.
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Optimal convergence rates for the error between upscaled maps A(I)gh(f) and A% (&) where first pre-
sented in [1] for linear elliptic problems, generalized to high order in [2, Lemma 10],[4, Corollary 10]. It
is extended to the case of non-symmetric tensors in [17] introducing appropriate adjoint cell problems
(see also [8, Lemma 4.6] in the context of nonlinear nonmonotone problems). For the class of nonlinear
problems (1), the following lemma estimates the modeling error e,,,q and the micro error e,,;. defined
n (34). The estimates on e,,o4 and e,,;. are shown in Section 5.4.2 and Section 5.4.1 in [6]. The proof
of Lemma 5.4 is thus omitted.

Lemma 5.4. Let €04 and em e be the modeling and micro error introduced in (34), respectively. Assume
that the tensor af satisfies (3) and the map A°(x,&) = a®(x,§)E satisfies the conditions (Ay) and (Az).
Further, if egarar s evaluated at the nodal interpolant U = Tyu®(-,t,) of the homogenized solution u®
we assume the regularity u® € C°([0,T], HQ(Q)) However, if ey is evaluated at the elliptic projection
U = aH0 see (41), then we assume that @0 is uniformly bounded in the W1>° norm.

If the multiscale tensor of satisfies a5;(z,-) € W»*(RY) for 1 < i,j < d (for a.e. = € Q) and
hypotheses (H1) and (H1*) hold then the micro error em,;. can be explicitly estimated by

2
Emic S C (h)
e

where C' is independent of h and €. Further, assume that aof(x,€) satisfies (H2) and is replaced by
a(zi,z/e,€) in (13) and (14). If x*(zk,-) € WH°(Y) in (6), then the modeling error is bounded by

Oa W( ) Wz}er(KzS),(s/E € I\]>0»
Emod < e\ 1/2
C(5)"", W(K;) = Hj(Ks), 6 > e,

where C' is independent of € and .

Proof of Theorem 4.6. Combining Lemma 5.4 with Theorems 4.3 and 4.4, we immediately deduce
Theorem 4.6. O

It remains to prove Theorems 4.3 and 4.4, this is the purpose of the next section.

5.2 Proof of the a priori error estimates

For 0 <n < N, let 4, = (u)], {ull x}) € S™" be the numerical solution obtained by the linearized multi-
scale method (15),(16). In our analysis, we shall first consider the case where the nonlinear initialization
(17) is not used, i.e. for a given 4y = (uff, {uf) }) € ST at time t; = 0, the sequence {d,} is defined
using (15) for all n > 0, including the first step 4; with n = 0 in (15),(16). We shall derive our a priori
error estimates in terms of an initialization error e;,;; defined below. Then, we will show how to take
advantage of the nonlinear initialization defined in (17) to derive the claimed error estimates.

Consider the elements U,, = (UM, {U) }) € S™" such that Z],’;K is the solution to the nonlinear
micro problem (11) constrained by the macro function . We define 6,, € SH-" by

Op =ty —U,, e, OF =ufl —uf Oh =al, ~U"Yy, 0<n<NKEeTy (47)

Using notation (47), we define the initialization error e,
_ H )
€init = [|08! | ey + VAE| V0|, (48)

Our analysis will show in particular that the vV At term in (48) can be removed from the a priori error
estimates. In what follows, we take U’ as either the nodal interpolant U7 = Tyu®(-,t,) defined in (39)
or the elliptic projection L{H = a0 t,) in (41).

Lemma 5.5. Assume that a® satisfies (3) and that conditions (27), which depend on p € {1,2}, hold.
Let either UX = Tpu®(-,t,) be the nodal interpolant (39) and u = 1 or UE = a0 be the elliptic
projection (41) and p = 2 (when additionally assuming u® € C°([0,T], W%*°(Q)) and (43)). Then, for
any 0 <n <N —1 and w € ST

K
/8,50H Hax + Z 151 (x VunK)VHnHK V'l dzx
KeTu |K6| K5
<C(At+H”+T’H1uM(VU +1))||V’LU||SH;L+L (V ) (49)

14



where the constant C is independent of H,At, the upscaling error rgpa s defined in (21) and the
linearization error functional L, : ST — R is given by

~ K € y € ~ “th N
L, (VW) = Z |K5|| . [a (z, VU,}:)K) —af(z, VU,ZVK) VU,’LK SVl de. (50)
KeTu g

Proof. As first step, we derive an error propagation formula for the sequence {én} Let 0 <n < N—1and
w € SH". Using the definition of the multiscale method (15) and the weak formulation of the effective
equation (5) at time ¢,41 we obtain

K ~
/@01{ H x4 Z |K6|| . (z, Val K)VGZJFLK - Vih-d
KeTu s

5. H H H(~H. H H
= /@unw dx + B7 (U, sy, w™)
Q

_ K
—/ U w do — ||| a®(z, Vil VUL, | - Vildx
Q 5 5

KeTu
= / [0pu® (2, tns1) — QUL wH da (51a)
Q
/AO (z, Vul (z,t11)) - Vo de — Z |K\.A0h(V Ul ) - vl (zg) (51b)

KeTu

+ > IK] {A?;h(vu,{fﬂ)-v@uff(x;()— a(z, Val )VUL | g - Vildz|

1
KeTu |K§|
(51c)

where the numerically homogenized nonlinear map Az’h is given by (35). We note that the terms (51a)
and (51b) can be bounded using Lemma 5.3.

Next, we estimate the term (51c), which is due to the linearization applied in the proposed multiscale
method (15). Decomposing the error term (51c) and combining that with the results of Lemma 5.2 as
well as the boundedness of the tensor a® postulated in (3) yields

(510) = > |K| [AR"(Vea,) — AR (VU] - T ()
KeTu
‘K| at “h - ~h Tho . ~
+ Z (JJ,VUn)K) a (x,Vun’K) VU, i - Vi dr
KeTu
‘K | x, Vil VUp o — VU - Vied
+ Z un K) n,K n+1,K Wy ax
KeTu
L . .
< X(L + Aa)Hvuf-i-l - VMTILLIHLZ(Q)vaHSth + Ln(vw)a
where L, (V) is defined in (50). Further, in both cases U = Tyu®(-,t,) and UF = GO see (39)
and (41), respectively, the estimate || V27 | — VU}?HLZ(Q) < CAt holds due to the estimate (45) from
Lemma 5.3 and the regularity assumptions (27) and (43). O

The following lemma states a priori error estimates analogous to those of Theorem 4.3 in the case
where the nonlinear initialization (17) is not used.

Lemma 5.6. Under the hypotheses of Theorem 4.3, consider the linearized FE-HMM (15) where in
contrast to the nonlinear initialization (17), for a given 1y = (uff, {ugK}) € ST at time ty = 0, the
value 1y = (ull, {uiLK}) € ST qt time ty = h is defined using (15),(16) withn = 0. Then, the conclusion
of Theorem 4.3 holds, with |[uf — g||12(q) replaced by €inii defined in (48).

Proof. Let 0 <n< N—1and w € SH:h We first estimate the linearization error L,, see (50),

(Vi) <L, S 5L

V0,
Kz Hol i

vthHv

n Sg'h SH,h”Vﬁ\)”‘S‘H’h’
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where we used the Lipschitz continuity (23) of a®(x,-). Thus,

|Ln (V)| < (52)

Vo, |V gun, — with £, =
SH.h

N .
sEn

Then, we follow the lines of the proof of [6, Theorem 4.1]. Let us choose w = ém_l in inequality (49).
Due to (19), (38) and the uniform ellipticity of the tensor a° we obtain

gz (1820 = 102 ) + n+1HsH :
< /Qate O de+ Y |KK5| (&, Vi VO i VO ede
KeTy
< O(At+H“+rHMM(VMfH))HVénHHSH,,L +Ln||Vn SH,hHVén“Hsth
< O(A2 + H* +rgvm (VUL )P Eil || gHn A"“Hiy,h’ (53)

where we used Young’s inequality for the last estimate. Let 1 < K < N, then summing inequality (53)
fromn=0ton =K —1 yields

loR1;

K
[0y + AaAE
n=1

2
< O(A + H* +  nax v (VUL + 106 ]| 2 q) (54)

SH,h

+)\ AtZﬁz

As inequality (54) holds for any 1 < K < N we derive

SH.h'

2 2 9
1?753{1\/ HQn HLz(Q) + ()\a bW 1§nm£a§_1£n) (55)
2 2 H\2 H||2 ollwg |I?
< c(m + H 4w i (VU + 68 o) + AwOHWOHsm>’
which proves the convergence under the condition that
2 5 -
Ao — x 1S%a§_1£n >0 < V2L, <max st < Aa, (56)

where the explicit expression for £, is given in (52).

Next, we have to relate the condition (56) (a smallness assumption on L, and the micro solutions to
the nonlinear cell problem (11) constrained by 2) to the condition (28) (a smallness assumption on L,
and the exact effective solution u°). As (R1), (R2) and (43) hold we apply the result of Corollary 5.8.
Thus, for every nn > 0 there exist Hy > 0 and hg > 0 such that for H < Hy and h < hyg it holds

<+2L, (1+C*+mn) sup ’u
te[0,T]

(57)

\/ﬁffa max ‘ )‘Wl,oo(Q)7

1<n<N-1

H,h
oo

where C* is the constant from (R1). Thus, for n > 0 small enough the condition (56) follows from the
smallness assumption (28).

Further, for the same parameters n, Hy and hg as above one can show analogously that £y is bounded
by the right-hand side of (57). Thus, using the boundedness of £y the terms of the right-hand side of (55)

depending on 6 can be estimated by

[l

~ 112
g + AL V0|, < Ol (58)

where the initialization error e, is defined in (48).
Combining the estimates [[u®(-,t,) — U || g2-=(q) < CH® for s = 1,2, which hold due to the regular-
ity (27) (for UH = Tyu®(-,t,)) and the additional assumption (43) (for U = @1:0), and estimate (55)
concludes the proof of Theorem 4.3.
O
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Lemma 5.7. For K € Ty, £ € R, let X%h and )‘(i be the solution to the nonlinear micro problems (25)
and (24), respectively. If (R1) and (R2) hold then for every n > 0 there exists some ho > 0 such that
for all h < hy we have

e+ o], e, S QO el

where C* is the constant from (R1).

Proof. The result follows by applying assumptions (R1) and (R2) to the decomposition

+HVX5’ —VXKH O

e+ o]

L<(Ks) L= (Ks5)

Corollary 5.8. Let 0 < n < N and U either be given by the nodal interpolant (39) of u°(-,t,) or
the elliptic projection (41). Assume that (43) additionally holds if U = a0, If (R1), (R2) hold and
u® € CO([0,T), W2>2(Q)), then for every n > 0 there exist some Ho, hg > 0 such that for H < Hy and
h < hg it holds that

max ‘
1<n<N-1

<(A+C*+1) s (-t 7
|| g S € n)te[%,%‘] LG P,

where C* is the constant from (R1).

Proof. If u® € C°([0,T], W*>(2)) we have that ||t} —u°(., ||W1 o) S CH for U = Tyu®(-,t,)
(see [12, Theorem 3.1.6]) as well as for U = a1:0 (if addltlonally (43) is satisfied). Combining that with
Lemma 5.7 (for & = VU (zx) and h small enough) yields

* 41 H
1§£Ln§a1}\/§—l’ || g <(1+C"+3) L<nER 1 vt HLoc(Q)
* H 0 0
S (1 + O + g) <Irl<a])\/§ 1 |:|Z/ln —Uu ('7tn)|W1,oo(Q) + |u ( tn)|W1)oo(Q):|
<(A4+C"+1n) sup |u () |10 005
te[0,T) | }Wl' )
where the last step holds if H is small enough. O

Analogously to Lemma 5.6, we have the following lemma in the case where, in contrast to Theorem 4.4,
the nonlinear initialization procedure (17) is not applied.

Lemma 5.9. Under the hypotheses of Theorem 4.4, consider the linearized FE-HMM (15) where in
contrast to the nonlinear initialization (17), for a given iy = (ufl, {uf x}) € ST at time to = 0, the
value @y = (ull, {u}fK}) € Stk at time t; = h is defined using (15),(16) withn = 0. Then, the conclusion
of Theorem 4.4 holds, with |[uf — g||12(q) replaced by €init defined in (48).

Proof. Compared to the proof of Theorem 4.3, this proof relies on a different estimate of the linearization
functional L,, defined in (50). Let 0 <n < N — 1 and @ € Sp . Instead of the estimate (52) we use the
result of the technical Lemma 5.10, i.e.,

[ Ln (V)| <

Von|| g IV0llgn,  with Lo = Lo+ max [len il o reypyxar — (59)

where L, is the constant from (30) and e,  is given by (31).
Following the lines of the proof of Theorem 4.3 the convergence result can be shown again (cf. con-

dition (56)) under the condition that
2 Aq

2
Aa X, 1<£1n<a§_1‘cn >0 ~ Lo+ gé%'),i ||en7K||(Loc(K6))d><d, < \/5’
== 1<n<N-1

where the right-hand side of the equivalence (60) is due to the definition (59) of £,. Then, it is easily
seen that condition (60) holds due to the hypothesis L, < A,/(2v/2) (ensuring monotonicity) from (30)
and assumption (32). Finally, we observe that Ly is bounded due to the boundedness (3) of a°, i.e.,
leo.x (z)|| 7 < CA, for K € Ty and a.e. z € Ks. Thus, the error terms depending on 6y can again be
bounded by e;pt, cf. (58). O

(60)
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Lemma 5.10. Let w € 7" and 0 <n < N — 1. If the tensor a® satisfies (30) then

|Ln (V)| < <La + I?éa%f{ ||en,K||(L°°(K5))dXd>’ n SH,thw”SH’h’

where L, is the constant from (30) and e, x is defined in (31).

Proof. Let w € S%" and 0 < n < N — 1, we recall that the explicit representation of L, (V) is given
n (50). Then, for 1 <i,5 <d, K € Ty and a.e. x € Kj, we have

1
a?j(xavur}f,z() - afj(l’aVﬁZ,K) = _/0 (Véas(l’,dn,K(T))[VGZ,K])ide,

where d, () = VZ/IhK + TVG x (for 0 <7 < 1) and Vea®(w,&)[n] € R™*? is defined by

(Vea®(z,8)[))ij = Veag;(z,6) - m, &neRy ae xe Ks. (61)

Thus, the integral in (50) can be expressed as
/ {aa(x, VZ):;K) — a(x, VﬁZ7K)] VZ/A{,ZK -Vl dx
Ks

1
= — / / Vea (2, dn, k(7)) [VOR (VUL xdr - Vil da (62)
Ks JO

1 1
- / / I i (x, 7)dT - Vbl da + / / I i (z, 7)dr - Vil dz, (63)
Ks J0 Ks JO

where in the last line we decompose (62) into two parts with I, f, fn’K: Ks x (0,1) — R? given by

Iy (2,7) = Vea® (2, dn, i (7)) [VO ldn i (7), T (2,7) = Vea (@, dn, i (7)) [VO) 7VO 1, (64)

which is well-defined for a.e. 7 € (0,1) and a.e. = € K.
Recalling the definition (61) of V¢a® and applying repeatedly the Cauchy-Schwarz inequality leads to

R 2
|1, k(7)] < i’j,zzj_l ZCZ: (2, dn 5 (1)) ? dn x 7)‘2‘V§27K’2 <IL? (1 +nC;i<()T)) ‘V@ ’
<L (65)

for a.e. 7€ [0,1], x € K;, where the assumption (30) yields the second last inequality.
Finally, we study the term I, g defined in (64). Let 1 <14, j < d we observe that for a.e. 7€ (0,1)

d daa P d

57105 du i e (e () 5 () ] = (Vi e DVl (60

a.e. in K. Thus, the definition of me and Vea®, see (64) and (61), respectively, and identity (66) yield

d
Tnac(r) - = 73 (Vea? (s ae (7)) (V03 )i (VO - ) = D 7l o doac ())(VEL - ).
- (67)

By combining (67), integrating by parts and using the variable s = 1 — 7, we obtain the representation

1 d 1
/ jn’K(T) ce; dT = Z [afj(m VQZ’K) — / afj(x, VﬁﬁﬁK — sVéZ’K)ds] (VHAZ’K - €5)
0 = 0
= en’KVGAZ,K * €4y (68)

for a.e. © € K, where the definition (31) of e, x is used in the last line.
Thus, we conclude the proof by combining the definition (50), the decomposition (63), the esti-
mate (65) for I,, x and the exact representation (68) of I,, k. O
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Based on Lemma 5.6 and Lemma 5.9 involving the initialization error e;,;;, we may now prove
Theorem 4.3 and Theorem 4.4 by taking advantage of the nonlinear initialization (17).

Proof of Theorem 4.3 and Theorem 4.4. Consider the sequence {i,} generated by the linearized multi-
scale scheme (15) for all n > 2 and where ¥ is defined using the nonlinear initialization (17). For the
error analysis, we define in view of (47)

0 =ull —ut’,  0,=1,—U,, forl<n<N. (69)

Since the first step 4" is defined using the nonlinear FE-HMM, the error propagation formula for the
first step of the nonlinear scheme, see [6, Eq. (40)], yields

||9{f||;m) — ||6& +)\At||V0HHL2 < CAH(AL + H 4 rygarns (VUE)?), (70)

HL2 Q) =

where A\ is the monotonicity constant of A®. In particular we observe that

A[VOT[}. ) < CAHAE + H* + 1y (VUT)?) + Cl081|; (71)

220

From (54), we have that for 2 < K < N (where K > 2 instead of K > 1 due to the initialization step)

1o

N 2
il = 108 ey + )‘aAtHVQnHHSH,h < CAL(AL + H* + ryanna (VUL )?)

, (72)

2
+ —AtL2|| V0,
Aa SH.h
where A, is the ellipticity constant of the tensor a® and L,, is the linearization error defined in the proofs
of Lemma 5.6 and Lemma 5.9. Analogously to the proof of Lemma 5.6, summing (72) from n = 1 to
n = N — 1 and adding (70) yields

N
max ||9H||L2 +>\AtHV0HHL2 (/\ — —  max i)AtZ‘ (73)

1<n<N Ag 2<n<N—1

n SH,}L
2 2u H 2
gC(At + H*" + LnaéerHMM(VU )+ H90 HL2(Q + Atﬂ HV91H

Further, analogously to the boundedness of £y in the proofs of Lemma 5.6 and Lemma 5.9, we deduce
that £, is bounded. However, in contrast to case of a general initialization of the linearized multiscale
method (see (55), where || V|| gz cannot be estimated), we are now able to bound the term ||V6, || gz
explicitly. Let K € Ty and K be its associated sampling domain. Then, according to (69), we have that
0%, = G, —Uup e, where @ | and up k.1 is the solution to the nonlinear micro problem (11) constrained

by ufl and U{!, respectively. Thus, Lemma 5.2 yields

- L
|vér < VIRVl ) - Vil i), s [V, < IO ey (7
Finally, by combining inequalities (71), (73) and (74) we obtain
9 N
25 102 [y ST ey + (= a2 )20 SV,

< C(At2+H2“+ max i (VUL )+ 1602 g + CALTOH

2 2 Hy2 o2
< C(At + H* +122XNTHMM(VUn) ) +C||6 ||L2(Q)'

Estimating the initialization error by combining ||06{||L2(Q) < Hu{){ — g||L2(Q) + ||g — L{({{HLZ(Q) with the
error bound Hg — U({{HLQ(Q) < CH" concludes the proof. O

19



6 Numerical results

In this section, we compare the performances of the nonlinear multiscale method (10) whose upscaling
procedure relies on nonlinear micro problems, and the linearized version (15) which is based on linear
micro problems. Using various sample problems in 2D, we show that this linearized version yields analo-
gous numerical errors compared to the nonlinear version, but it is much faster because it avoids Newton
iterations.

To measure the quality of the numerical solution {u’f}, we calculate the relative error measures eco(r2)
and erz(f1y given by?

-1
eco(L2) = (ngang Huref(.’ tn) — uf”[@(g)) (Ogglga]if(,.ef Huref('ztk)HLz)(Q)> ) (75a)
N 1/2 Ny —-1/2
/ /
i = (A [0 ) -Vl | (8 P | )
n=0 k=0

and 1"/ denotes a reference solution for the homogenized equation (5). Since in general it is not available
in analytical form, an algorithm to obtain an accurate reference solution v/ is discussed below.

6.1 Convergence rates and performance comparisons

Test problem. We consider the square domain 2 = (0,1)? and the final time 7' = 2. To investigate
first the spatial (on macro and micro scale) and temporal discretization errors, we choose a test problem
with a periodic tensor, which yields a modeling error e,,,q = 0 using a periodic coupling. We consider
the multiscale problem (2) with the periodic tensor a® given by

%+sin(2ﬂ'y1) 0
. 8 1 EI—— -
a*(@,§) =a(f,f) =a) = |-+ T—Fa-|ld+ | " o
] 503 (Grkly R )
§+sin(2ﬂ'y1)

for (x,€&) € O xR? and we choose ¢ = 10~ as period of the micro oscillations. Throughout Section 6.1 we
use v = 1/2 with a single exception specified in the text (here, the condition of monotonicity is v < 1/2).
We note that (76) satisfies the assumption (30) of Theorem 4.4. Further, the right-hand side term in (2)
is defined by

flz,t) = %(1 + 2sin(2m21t))(2 4 1023 + cos(7t)), (z,t) € Q x(0,2). (77)

Although our analysis is presented for a time independent f, it could be generalized straightforwardly to
the case of a time dependent source term f € W1°°([0,T7], L?(€)). Observe that in practical implementa-
tions, an approximation of the right-hand side [, fwfdz at time t,, = nAt is required in (15), using e.g.
the quadrature rule >, |K|f(zk, to)wH (xg). In this case, a sufficient assumption with more space
regularity is f € WH°([0,T], WH4(2)) where ¢ > d and pu = 1,2, analogously to [37] in the context of
linear parabolic problems.

Reference solution computation. The reference solution u"¢/ is obtained by homogenizing the mul-
tiscale problem (2) following an iterative approach. First, we precompute the homogenized map A"(¢)
given by (6) for & within some bounded box @ C R%. We note that the homogenized map A° from (6)
and the cell problems (7) are independent of the spatial variable x € € because the tensor (76) is periodic.
The box @ has to be adjusted such that the gradient Vu"¢f of the reference solution lies in Q. Within
@ we choose uniformly distributed points §; € @ for which the nonlinear cell problems (7) are solved by
a finite element method using piecewise affine basis functions. Using the numerical solutions to (7), an
approximation of A%(&;) is then calculated following the formula (6). For a general ¢ € Q we use bilinear
interpolation of the values A°(¢;) at the uniformly distributed points &;. In Figure 1.(a) the nonlinearity
of homogenized map A°(€) is illustrated. For £ = (£1,0)7 with —2 <& < &, we plot the entry af; () of
the homogenized tensor a®(¢) satisfying A%(€) = a®(£)¢.

2The prime in 5 indicates the use of the trapezoidal rule for the quadrature in time, i.e., the first and the last terms
of the sums are multiplied by 1/2.
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Using this precomputed approximation of A°(¢) we solve the effective equation (5) by combining the
implicit Euler method in time and a finite element method (again with piecewise affine functions) in
space. In Figure 1.(b)—(d) the reference solution u™®f at time ¢ = 0, 1,2 is plotted. We note that the
evolution of the local maxima of u"®/ over time is mainly driven by the time-dependency of the right-hand
side function f(x,t) while the nonlinearity of A°(¢) leads to edge sharpening effects.

008
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3.2 B

-

(a) Entry al1(£1,0) of the homogenized tensor. (b) Reference solution u"*/ at t = 0.
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(¢) Reference solution u™f at t = 1. (d) Reference solution u"*/ at t = 2.

Figure 1: Reference solution u"®/ for the homogenized solution u® of the test problem of Section 6.1. Ref-
erence solution u™*f obtained as described in Section 6.1. Homogenized map approximated at 601 x 601
uniformly distributed points & within the box @ = [~2, 8]2. Cell problems (7) solved on uniform trian-
gular mesh with 1282 degrees of freedom. Reference solution u"*/ calculated at N,..; = 4096 equidistant

times on uniform triangulation of Q with 5122 degrees of freedom.

Initial conditions. To avoid regularity issues for the initial condition, which are a classical issue already
for linear parabolic singlescale problems, see [40, Chapter 3], we apply the following methodology. We
calculate the reference solution u"¢/ on the extended time interval (—1/2,2) with initial conditions at
t = —1/2 given by u°(z, —1/2) = (21 — 2?)(x9 — x3). Then, we use g(x) = u"*f(x,0) as initial conditions
for the test problem (2). Thus, the effects of incompatible or non-smooth initial data are negligible as the
linearized multiscale scheme (15) is studied on (0,2), i.e., on a time interval safely bounded away from
t=—-1/2.

Convergence rates. We study the convergence of the linearized multiscale method (15) when solving
the multiscale problem (2),(76),(77) with the initial condition at ¢ = 0 defined above. We perform the
tests for the microscopic period e = 10~* and we choose the periodic coupling W (Ks) = W,,,.(K5) and
sampling domain size § = ¢ to obtain a vanishing modeling error e,,,q = 0. For the discretization of the
spatial macro domain €2 and the sampling domains K we use uniform triangular meshes with N,,,. and
Npnic the number of elements in each spatial dimension, respectively. Further, we note that the mesh size
of the macro and micro triangulations behave like H ~ N1 and h/e ~ N | respectively.

First, we study the convergence with respect to the spatial discretizations. The influence of the time
discretization is made negligible by choosing a fine time grid with N = 1024 uniform time steps. The

error measures (75) are plotted in Figure 2.(a) in dependence of Ny, while the micro discretizations are
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kept fixed with N,,;c = 4,8 or 16. We observe that the error measures (75) indicate a saturation of the
error for fine macro discretizations (with some additional effects for N,,;. = 4, 8). However, the saturation
levels clearly depend on the micro discretization N,,;.. Thus, we conclude that for small macroscopic
error, i.e., large Np,qc, the microscopic error gets dominant as predicted by Theorem 4.6. We note that
the micro error decreases superlinearly in h/e (the rescaled micro mesh size). Further, the convergence
rates with respect to the macro mesh size H ~ 1/N,,4. are in coincidence with Theorem 4.6.

In Figure 2.(b), we take fine spatial macro and micro meshes with Ny,ac = 256 and Ny, = 32,
respectively, and analyze the dependence of the error measures (75) with respect to the time step size
At ~ N~!. While the error measure eco(r2) shows a linear convergence, the error measured by ez g1
quickly approaches a constant value. Thus, despite the (relatively) fine spatial macro discretization the
macroscopic error is still dominant (the micro error can be excluded as eco(z2y does not get saturated at
a comparable level). In summary, the numerical tests presented in Figure 2 largely corroborate the fully
discrete a priori bounds of Theorem 4.6.

100 E
F 1 10~1 F E

relative error

1073 F[S=ecoz2) E
Fl-%-er2ca) E

1072 |

relative error

1073 || —*— €co(r2)
F|-%- ez
L L L

10! 10? 10! 10?
Nimac N

(b) Time discretization error. Macro and micro
space discretization with constant meshes Njoc =
256, Npic = 32. Number of time steps N =
4,8,16,32,64,128, 256.

(a) Space discretization error. The different lines cor-
respond to a constant micro mesh Ny, = 4,8, 16.
Number of time steps N = 1024. Macro meshes with
Niac = 4, 8,16, 32,64, 128, 256.

Figure 2: Convergence tests for linearized multiscale scheme applied to test problem of Section 6.1.
Relative error measured by eco(z2) (solid line) and ez g1y (dashed line) as a function of N4, (in part
(a)) and N (in part (b)), respectively. Comparison to the reference solution u"¢/ defined in Section 6.1.

Refinement strategies for spatial discretization. As proved in Theorem 4.6 and observed in Fig-
ure 2.(a) the spatial meshes have to be refined simultaneously to obtain an overall convergence of the
spatial error. Therefore, optimal refinement strategies of the spatial meshes are essential to achieve an
optimal computational cost, analogously to the linear case. Using H ~ N,;! and h/e ~ N, 1 (where
Npae and Ny, denote the number of elements in each spatial dimension for the macro and micro mesh,
respectively) we recall the two L2(H') and C°(L?) refinement strategies, which yield linear and quadratic

error decays with respect to H, respectively ,

H ~ (2)2 — NmicN Nmac

H2N (ﬁ)2 - NmicNNmaC

€

error in L*(H") norm: as H' refinement strategy,

(78)

error in C°(L?) norm: as L? refinement strategy.

In Figure 3, the convergence rates of the spatial discretization errors are shown when using the linearized
multiscale method (15) in the setting of the previous paragraph with macro and micro meshes simultane-
ously refined according to the refinement strategies (78). If the time discretization error is small (ensured
by a fine time grid with N = 1024 uniform time steps), we indeed observe that the L? refinement strategy
yields quadratic convergence with respect to H of the error measure eco(rz2), while the H I refinement
strategy is already sufficient to retain linear convergence of the error measure erz2(g1).
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(a) H' refinement strategy. Macro and micro meshes (b) L? refinement strategy. Macro and micro
with Npee = 8,16,32,64,128,256 and Ny = meshes with Npee = 4,8,16,32,64 and Npie =
3,4,6,8,11, 16. 4,8,16,32, 64.

Figure 3: Convergence test for linearized multiscale scheme applied to test problem of Section 6.1.
Simultaneously refined macro and micro meshes according to the refinement strategies (78). Constant
number of time steps N = 1024. Relative error measured by eco(r2) (solid line) and ez g1y (dashed line)
as a function of N,,,.. Comparison to the reference solution u"¢l defined in Section 6.1.

Study of the linearization error. In view of Theorem 4.4 and Remark 4.5 it is important to study
the error term e, x (0 <n < N, K € Ty) given in (31) by

1
en, i (x) = a(z, VﬂZ,K) - / a®(x, VQZ’K - TVéZ,K)dT, a.e. T € K, (79)
0

where 1,, € S¥" is the approximation obtained by the linearized multiscale method (15) and 0, € SH:
denotes the difference én = Uy, — Z]n € SH" between the numerical solution and an approximation of the
exact solution u° and its associated first order oscillations. In particular, we have that U4, = (U, {Llfj x})
where the macro function ¢! is an approximation of the homogenized solution u° at time ¢,, (either the
nodal interpolant Zyu®(-, t,) or the elliptic projection @1:° defined in (41)) and LA{QK is the solution of the
nonlinear micro problem (11) constrained by U. We choose U = Zyu"ef(-,t,) the nodal interpolant
of the reference solution u™®f. The integral in (79) is evaluated using the Gauss quadrature formula
with 10 nodes (to ensure a negligible quadrature error). In what follows, we study numerically the term
max ||e, || given by

max |le, x| = max ||en7K||(Lw(K5))dxd.
0<niN

We apply the linearized multiscale method (15) to the test problem with tensor a® given in (76). For the
spatial discretizations, we use the optimal simultanenous refinement of macro and micro grids derived
n (78), denoted as H L or L? refinement. For the explicit choice of the parameters Ny,qc and Ny, we
refer to Table 1.

y | Noae | 4 [8]16]32] 64 |
H! refinement | N || — 13| 4 6 8
L? refinement | Nyic | 4 | 8116 ] 32 | 64

Table 1: Discretization parameters for the refinement strategies of H' and L? refinement. The parameters
Npae and Ny, denote the number of elements in each spatial dimension when discretizing the macro
domain €2 and the sampling domains Ky, respectively, by uniform triangular meshes.

In Figure 4 we plot the linearization error max ||e, k|| under H' and L? refinement strategy in space
for a given fine time grid with N = 1024. To gain insights on the linearization error max||e, x| for
different test problems we study the tensor a® given in (76) for v = 1/2 and v = 1/5. First, we note
in both cases that the linearization error converges with respect to Ny, (at a rate less than linear)
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Figure 4: Tests for linearization error e, g, see (31), for test problem of Section 6.1 using tensor a® with
v = 1/2 (circle marks) and v = 1/5 (square marks). Error term measured by max||e, k|| as a function
of Npae. Constant number of time steps N = 1024. Macro and micro meshes according to Table 1 using
H! refinement (dashed line) and L? refinement (solid line), respectively.

and that the linearization error is comparable for both refinement strategies. Thus for this test setting,
the linearization error is dictated by the spatial macro discretization. Further, we observe that the
absolute value of the linearization error is (roughly) three times smaller for v = 1/5 than for v = 1/2.
This is reasonable as the tensor a® with v = 1/5 has a weaker nonlinearity than for v = 1/2 (smaller
Lipschitz constant). In summary, the tests of Figure 4 suggest that the smallness assumption (32) for
the linearization error is numerically satisfied for tensors a® given in (76) for 0 < v < 1/2 if the spatial
and temporal discretization parameters are fine enough.

Performance comparisons. The efficiency of the linearized multiscale method (15) compared to the
nonlinear multiscale method (10) of [6] is the main feature of the proposed method, and is thus carried
out carefully. The methods are implemented as similar as possible in MATLAB (version R2013b, 64-bit)
and are run on one single thread of an Intel Xeon E5620 @2.4GHz CPU (with hyperthreading disabled
in MATLAB). We apply both methods to the test problem of Section 6.1 for a given set of spatial and
temporal discretizations. Further, for each set of parameters the reported CPU time t is obtained as the
mean of the measured CPU time for 10 runs.

First, we consider the er2 g1y refinement strategy At ~ H ~ (h/e)? for a set of discretization
parameters N, N,,qc and N,,;.. We report the obtained errors and CPU time in Table 2 for both the
nonlinear and the linearized method. As expected by our convergence analysis, we obtain analogous
errors for both methods. More interesting is the CPU time t which is smaller by a factor up to 10 for
the linearized method.

linearized method nonlinear method

t ‘ €co(L2) ‘ €L2(H1) t ‘ €co(L?) ‘ CL2(H)
8 8 3 0.06 | 0.0560 | 0.2794 0.25 | 0.0563 | 0.2793
16| 16 4 0.35 | 0.0618 | 0.1501 2.23 | 0.0559 | 0.1495
32| 32 6 2.56 | 0.0189 | 0.0734 || 19.65 | 0.0138 | 0.0731
64| 64 8 20.25 | 0.0131 | 0.0374 || 165.75 | 0.0111 | 0.0372

N Nmac vaﬁc

Table 2: Performance comparison between the linearized multiscale method and nonlinear multiscale
method for test problem of Section 6.1. Simultaneous refinement of At, H and h according to At ~ H ~
v/h/e. CPU time t measured in minutes. Error measures defined in (75).

Analogously, we consider an overall refinement of spatial and temporal discretizations such that eco(z2)
converges quadratically with respect to H. Thus, we choose At ~ H? and use the L? refinement in space,
see Table 1. In Table 3, we observe that the error measures eco(z2) and epz(g1) show quadratic and
linear convergence, respectively. Further, both error measures indicate a comparable accuracy of the
linearized and nonlinear method for the given set of parameters. However, the computational cost for the
linearized scheme are again significantly smaller. We conclude, that for the test problem of this section,
the linearized method needs 4-9 times less execution time.
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linearized method nonlinear method

t ‘ €co(L2) ‘ €L2(H) t ‘ €co(L2) ‘ CL2(H)
4 4 4 0.01 | 0.2220 | 0.5042 0.04 | 0.2220 | 0.5044
16 8 8 0.11 | 0.0697 | 0.2807 0.74 | 0.0646 | 0.2805
64 16 16 2.07 | 0.0174 | 0.1440 || 19.95 | 0.0159 | 0.1439
256 | 32 32 76.59 | 0.0043 | 0.0724 || 789.70 | 0.0040 | 0.0724

N Nmac Nmic

Table 3: Performance comparison between the linearized multiscale method and nonlinear multiscale
method for test problem of Section 6.1. Simultaneous refinement of At, H and h according to At ~
H? ~ (h/¢)?. CPU time t measured in minutes. Error measures defined in (75).

Finally, we perform a series of tests where we search parameters N, Np,qc, Nimic for both linearized and
nonlinear methods such that a given accuracy measured by eco(z2) is obtained at minimal computational
cost. As set of possible parameters we take N > 2, Nyq. € {4,8,16,32} and Nyie = Npae (according to
L? refinement in (78)). The results are given in Table 4. While the spatial parameters Np,qc and Ny
are identical for both methods, the linearized scheme requires roughly twice as many timesteps to obtain
a given precision. This observation reveals that for the considered example, the error constant C in the
a priori estimate of Theorem 4.6 for the linearized method is slightly larger compared to the constant
in the error estimates for the nonlinear method, see [6, Theorem 4.2]. We emphasize that this factor is
independent of the spatial discretizations. However, this still leads to computational savings of a factor
3-6 for the linearized scheme. Thus, for the test problem studied in this section, the linearized multiscale
method (15) indeed is drastically more efficient than the nonlinear multiscale scheme (10).

linearized method nonlinear method
N ‘ Nmac ‘ Nmic ‘ t ‘ €co(L2) N ‘ Nmac ‘ Nmic ‘ t ‘ €co(L2)
0.1000 4 8 8 0.06 | 0.0792 || 4 8 8 0.19 | 0.0792
6 6
4 4

precision

0.0750 8 8 0.07 | 0.0722 8 8 0.29 | 0.0722
0.0500 16 16 | 0.46 | 0.0410 16 16 1.48 | 0.0410
0.0250 26 16 16 1.06 | 0.0248 || 12| 16 16 4.34 | 0.0240
0.0100 49 32 32 |18.86 | 0.0099 || 21| 32 32 | 91.21 | 0.0100
0.0075 73 32 32 125.55|0.0075 || 34| 32 32 1139.75 | 0.0074
0.0050 || 157 | 32 32 | 48.88 | 0.0050 || 87| 32 32 1293.01 | 0.0049

Table 4: Performance comparison between the linearized multiscale method and nonlinear multiscale
method for test problem of Section 6.1. Given precision (measured in eco(z2)) attained at optimal
computational cost. CPU time t measured in minutes. Error measures defined in (75).

6.2 Case of a degenerated problem

Many physical applications, e.g., non-Newtonian fluids, problems in elasticity and magnetodynamics, are
modeled as monotone nonlinear parabolic problems (2) with a tensor a(x,¢) degenerated in ¢ € RY
(typically [|a®(x,§)|| — 0 or oo for either {& — 0 or |{| — o00). A widely studied example is the
p-Laplacian, on which we now focus in a multiscale context. Such degenerated parabolic problems are
particularly challenging numerically and for the analysis, due to the poor regularity of the exact solutions,
see e.g. [10, 14]. However, the homogenization results of [36, 38| cited in Section 2 (for monotone operators
on H'(€)) hold as well for monotone operators on W1 (Q) for p > 2, e.g., for operators with nonlinearities
similar to the p-Laplacian. In this general LP (W P) setting, convergence of the numerical approximations
obtained by the nonlinear multiscale method (10) towards the weak homogenized solution has been proved
in [6, Theorem 4.2]. To study the applicability of the linearized numerical homogenization method (15)
for homogenization problems (2) with a degenerated multiscale tensor a®(x, £) we consider the problem of
a multiscale p-Laplacian on the space time domain Q x (0,7) = (0,1)% x (0,1/2). For p > 2, we introduce
the periodic tensor a®(x, &) given by

9 . 9 .
0 (2.6) = a(2,€) = a(y,€) = (” T sin(n(er + @) + 2 oRCT) 8 “1“(2”’2))|5P-2M, (80)

10 9 +cos(2myz) 9 +sin(2my1)

which is equal to the zero matrix for £ = 0 and unbounded for |{] — co. In this section, we consider
the tensor a® for p = 3. Further, we choose ¢ = 107%, the right-hand side function f = 1 and the
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initial condition u®(z,0) = $22(1 — 22) cos(mz1). We employ mixed boundary conditions on the spatial
boundary 09

uf(z,t) =0, onTp x(0,1),

5 a®(z, Vu (z,t))Vu (z,t) - n=0 onTy x (0,3),

where I'p = [0,1] x {z2 = 0,1}, 'y = 9Q\ I'p and n is the outer normal vector.

Numerical studies. We apply the linearized multiscale method (15) to the degenerated parabolic
multiscale problem with the tensor a®(z,£) given in (80) for p = 3. The solutions obtained by the
linearized scheme are compared to a numerical solution computed by using the nonlinear multiscale
method (10). For both methods, we choose an optimal coupling of macro and micro solvers, i.e., periodic
coupling W (Kj) = Wpler (K5s) and sampling domain size § = e. Further, to avoid singular linear systems
due to degenerated (linear and nonlinear) micro problems we regularize the tensor (80) by replacing |¢]
by (|£]2 +n)'/? with n = 10710,

The spatial points z €  where Vu®(z,t) = 0 for some t € (0,1/2) are of particular interest due to
the degeneracy of the tensor a®(z,£) in £ = 0. As T'pN{u®(z,0) < 0} is a set of points where degeneracy
occurs, we present the profiles of the numerical solutions at 21 = 1 at times ¢t = 0,1/8,1/4,3/8,1/2. The
plot of Figure 5.(d) shows the numerical solution given by the nonlinear multiscale scheme calculated
with N = 256 time steps and N,,qc = Ninic = 64 elements in each spatial dimension of the uniform macro
and micro mesh. Then, in Figure 5.(a—c) the solutions obtained by the linearized scheme for parameters
N = Npae = Npie = 8,16,64 are presented. We recall that in view of Theorem 4.6, a simultaneous
refinement of temporal and spatial discretization parameters is needed to obtain robust convergence at
optimal computational cost.

—-o—t=1/2 ——t=1/2
0.4 |- —o—t=1/4 0.4 |- ——t=1/4
—-O—t=0 —O—t=0

(a) Linearized scheme. Npoc = Npic = N = 8.

04

—-o—t=1/2
—o—t=1/4

(c) Linearized scheme. Npge = Npmic = N = 64.

T2

(b) Linearized scheme. Ny = Npic = N = 16.

——t=1/2
—.—t=1/4

(d) Nonlinear scheme as reference. Npae =
64 and N = 256.

T2

mic —

Figure 5: Degenerated parabolic multiscale problem of Section 6.2. Numerical solutions obtained by
linearized multiscale method (15) and nonlinear multiscale method (10), respectively. Profiles of numerical
solution as a function of x5 at 23 = 1 for times ¢t = 0,1/8,1/4,3/8,1/2 (solid black, dashed blue, solid
blue, dashed blue, solid red). Simultaneous refinement of temporal and spatial discretization for linearized
scheme. To facilitate comparisons, the bullets indicate the solutions for zo = 1/8,3/8,5/8,7/8 and
t=0,1/4,1/2.
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We observe that the numerical solutions obtained by the linearized scheme approximate well the
reference solution calculated by the nonlinear scheme. Further, we note that in Figure 5 small oscillations
can be noticed for values of x5 close to the boundary. Thus, at the points (in space) where the tensor a®
degenerates, stability issues may appear. However, these become small when appropriately refining the
temporal and spatial discretization.

Dirichlet coupling. As for practical problems the exact period ¢ of the spatial micro oscillations often
cannot be determined exactly, one might use coupling conditions with non-periodic boundary conditions
for micro sampling. A popular choice is to use Dirichlet boundary conditions W (Kjs) = H} (Kjs) for the
micro problems and a sampling domain size ¢ larger than the actual period . Herein, we present numerical
results illustrating how the modeling error due to those non-optimal coupling conditions behaves when
the sampling domain size § is increased.

For all tests of this paragraph, we use the linearized multiscale method (15), take a fixed number
of time steps N = 160 and use a spatial macro mesh with N,,,. = 32 (the number elements in each
spatial dimension). First, we compute a reference solution {%2°"} by using optimal periodic coupling,
ie., W(Ks) = W,,,.(Ks) and sampling domain size § = . For the micro discretization, we use Ny = 32
elements in each spatial dimension. We emphasize that this solution {G2°"} is free of any modeling
error, i.e., satisfies the estimates of Theorem 4.6 with e,,,q = 0. Then, we apply the linearized mul-
tiscale scheme (15) with Dirichlet boundary conditions W (Ks) = H{(K5) and sampling domain size
§ = 2¥log(3)e for k =0, ..., 4 (solutions denoted by {@#2*}). The micro domain discretization is adapted
to the sampling domain size ¢ such that the micro mesh size h is constant, i.e., the micro error is constant.
In particular we take N,,;c = 35,70, 141,281, 562.

As the time step size At as well as the macro and micro mesh sizes H,h used for the solutions {a2*}
(with Dirichlet coupling) and the reference solution {G2°"} (with periodic coupling) are identical, the
difference 4% — aP°" is solely due to the modeling error. In Figure 6, we compare the numerical solutions

n

{49} to the reference solution {G2°"} using the relative error measures (75).

1071 —

1072 |

relative error

1073 | —%— €c0(12)
F|-%- eL2cm)

10° 101
d/e

Figure 6: Degenerated parabolic multiscale problem of Section 6.2. Effect of sampling domain size ¢ for
linearized multiscale method (15) using Dirichlet coupling W (Kj;) = H}(Ks). Sampling domain size §
taken as § = 2Flog(3)e for k = 0,...,4. Temporal and spatial macro and micro discretization errors
kept constant. Comparison to solution obtained by the linearized multiscale scheme (15) with optimal
periodic coupling.

In Figure 6 we observe a convergence of eco(z2y of linear order O(e/§). A similar trend can be
identified for er2(g1y. This suggests that the modeling error for the studied nonlinear and degenerated
test problem behaves like for linear homogenization problems, see [19]. Further, the estimate from
Theorem 4.6 predicting a convergence of order O(y/¢/d) (for non-degenerated tensors a®) seems to be
non-optimal for the studied test problem.

7 Conclusion
We presented a new linearized multiscale method to solve a class of nonlinear monotone parabolic ho-

mogenization problems and we derived fully discrete a priori error estimates (in time and space). The
assumptions for the convergence results are twofold. Either we make a smallness assumption for the
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strength of the nonlinearity, or we suppose that the linearization error itself is sufficiently small. Numer-
ical results show that the linearization error is indeed small for sufficiently fine discretizations in time
and space. The main feature of the proposed approach is that the upscaling strategy is based only on
linear micro problems, which makes the implementation of the method efficient and straightforward, as
demonstrated in the numerical experiments.

Since the nonlinearity of the studied problem possibly leads to a low regularity of the exact solution, a
combination of the proposed method with adaptivity techniques in time and space would be of practical
interest. In view of the recent work [22], where a posteriori estimates for linearization errors in nonlinear
solvers have been derived, one might aim to control the linearization error e, x, see (31), by some
a posteriori error indicators. Thus, the hypothesis (28) in Theorem 4.4, assuming that e, x is small
enough, could possibly be ensured by using an appropriate adaptive refinement.

Acknowledgements. The research of A. A., M. H., and G. V. is partially supported by the Swiss
National Foundation, Grant: No 200021 134716/1, and No 200020 144313/1, respectively.

A  Appendix

Proof of Remark 2.1. For £ € R? and a.e. x € Q, the derivative D¢ A° can be represented by

E

DA (2,€) = o (,€) + Oa®(2, (€], with (dea® (&) ¢ ”x5@71sade (81)

HM&

Using the Cauchy-Schwarz inequality and condition (4), we derive that (a.e. x € 2, £ € R9)

d 5 2
19ca” (@, OFex < 3. |5a (@ o 2(1f||§|)2 <12, e, [|0caf(@,6)€]ly < Lo (82)
i,J,k=1

First, we show that A° satisfies (A;). For a.e. = € €, &1,& € RY, the representation (81) yields
1

Ao(w,61) = A 62) = | DeAi(a o+ 161 - €2)(6 ~ )it
0

1
= /o a®(x, 6 +t(§1 — &) + Oca(x, & + (&1 — &2))[§2 + t(&1 — &2)]dE(& — &2)
< (Ao + La)|&1 — &2,

where we used the boundedness (3) of a® and bound (82) for d¢a®. Thus, the map A° satisfies (A;).
Similarly, using the ellipticity of a® stated in (3) we obtain that (for a.e. x € Q)

[A%(2,61) —A%(2,6)] - (&1 — &) > (o — La)l&1 — &,

i.e., the map A is indeed strongly monotone if L, < A,. O
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