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A TOPOLOGICAL GRADIENT BASED MODEL FOR THE DETECTION OF
FINE STRUCTURES IN 2D IMAGES

GILLES AUBERT! AND AUDRIC DROGOUL!

Abstract. In this paper we describe a new approach for the detection of fine structures in an image.
This approach is based on the computation of the topological gradient associated to a cost function
defined from a regularization of the data (possibly noisy). We get this approximation by solving a
fourth order PDE. The study of the topological sensitivity is made both in the cases of a circular
inclusion and a crack.

Résumé. Dans ce papier on décrit une nouvelle approche pour la détection de structures fines dans
une image. Cette approche est basée sur le calcul du gradient topologique associé a une fonction cofit
définie & partir des dérivées secondes d’une régularisation des données (éventuellement bruitées). Cette
régularisation est obtenue via la résolution d’'une EDP du quatrieme ordre. L’étude de la sensibilité
topologique est faite dans les cas d’une inclusion circulaire et d’un crack.

1991 Mathematics Subject Classification. 35J30, 49Q10, 49Q12, 94A08, 94A13.

December 9, 2013.

INTRODUCTION

The goal of this paper is to develop a topological gradient based method for the detection of fine structures in
2D images. This problem has various applications in medical, biological or satellite imaging. By fine structures
in 2D we mean objects of dimension zero or one, i.e. points or filaments. This problem is quite different from
the one of edge detection since for the later the grey level intensity has jumps across the edges and not for the
former (see Figure 1).

If for edge detection the usual spatial gradient is classically used, it is inefficient for the detection of points
or filaments. To illustrate this fact let us consider in 1D the function f(x) = 0 if x # 0 and f(0) = 1. This
function can be approximated by the function f.(z) = 0 if |z| > € and fc(z) = & |lz|® — 3 2> + 1 if 2] < e
We have f/(0) = 0 but f/(0) = =£, thus f/ “does not see” 0 but f! becomes singular at 0. In fact, it is
known ( [29], [22]) that if we want to detect fine structures by using differential operator we must use at least
second order operator. We will come back to this issue in the next section. The novelty of our approach is that
we address the problem by using a topological gradient approach. Roughly speaking the topological gradient
approach performs as follows : let  be an open bounded set of R? and j(2) = J(,uq) be a cost function
where ugq is the solution of a given PDE. For small € > 0 let Q. = Q\zg + ew where xy € Q and w is a given

subset of R2.

Keywords and phrases: Topological gradient, fourth order PDE, fine structures, 2D imaging.
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FIGURE 1. (a): An edge with a jump of the intensity I across the boundary of the object, (b)
A filament without jump across it

The topological sensitivity provides an asymptotic expansion of j(¢) as ¢ — 0. In most cases it takes the
form:

7(Qe) = §(Q) + €Z(z0) + o(€?) (1)

Z(zp) is called the topological gradient at xo. Thus if we want to minimize j(€2.) it would be preferable to
create holes at points z¢ where Z(x¢) is “the most negative”.

Initially used in mechanic for crack detection [27] or engineering design, the notion of topological gradient
has been recently applied in imaging problems such as the restoration, the segmentation or the classification of
images ( [7], [11], [8]). For example, for the restoration problem wug is the solution of the Laplace equation and
since the issue of the problem is to identify edges, the cost function is constructed from the spatial gradient of
ug and the most common choice is J(Q, ug) = fﬂ |Vug|?dz. As said before, for the detection of fine structures
(i.e. discontinuities without jump across the structures) we have to construct models based on second order
derivatives. Inspired from the theory of thin plates ( [15], chapter 8) we have chosen the following model: if
denotes the image domain and if f is the initial grey values image (the data, possibly degraded) we compute
ug as the solution of the fourth order PDE:

Au+u=f, inQ
(P) Bi(u) =0, on 09 (2)
Bs(u) =0, on 99

where Bj(u) and Ba(u) are natural boundary conditions to be specified in the next section (in fact we will
study a more general model). The cost function is then defined as:

Pu \?  Pu 9

where 1 < v < 0 is a parameter (the Poisson ratio).

The main goal of the paper is to compute the topological gradient associated with (2) and (3) when Q. =
O\zo + €B(0,1) and Q. = Q\z¢ + eo(n) where B(0, 1) is the unit ball of R? and o(n) is a straight segment with
normal n (a crack) (see Figure 2).

We warn the reader that the proofs are very technical and we only give the main steps. For the complete
proofs we refer the reader to [14]. The numerical analysis of the model as well numerous examples will be given
in a companion paper [13].

Remark 0.1. The study of topological sensitivity for fourth order operators is not new. In [4], the authors in
a different context, compute the topological gradient for the Kirchhoff plate bending in the case of a circular
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(a) Perforated domain (b) Cracked domain
FIGURE 2

inclusion. Our model is simpler and we are able to give explicit expressions of the topological gradient both in
the cases of circular inclusions and of cracks.

Other variational models have been proposed in the literature according to applications, see [19] for the
detection of biological filaments or [25] for road network detection. In [6,10] and [9] the authors propose
a model for detecting objects of codimension two and one in 2D images. Their approach are inspired from
Ginzburg-Landau models. A variational model involving second order differential operators is developed in [16]
for detecting point-like singularities. There exists of course other approaches not based on variational calculus
: the mathematical morphology [21, 32], stochastic methods [17, 30, 31]. Here filaments are defined as the
realization of random processes. These methods are costly in terms of CPU time. Finally let us mention the
wavelet approach [5,12,18].

In the following, we denote by |[ulm.o = |[ullgm ) (respectively [u|m,,.o = [u|gm(q)) the norm (respectively
the seminorm) on the Sobolev spaces H™ () and ||lul/s,r the norm on the fractional Sobolev space H*(I") with
I'=09.

The outline of the paper is as follows. In section 1 we define precisely the cost function and the variational
problem. In section 2 (respectively section 3) we give the main steps of the calculation of the topological gradient
in the case of a circular inclusion (respectively of a crack). The paper ends with three appendices in which are
developed details not given in section 2 and 3.

1. DEFINITION OF THE COST FUNCTION AND VARIATIONAL MODEL

In this section we specify the general cost function and the variational model we want to study. Before, we
give a lemma explaining why the natural operator we have to use for detecting points and curves in 2D must
be of second order.

1.1. Detecting fine structures: what is the good operator?

We denote by D(R?) the space of C*°- functions with compact support in R? and D’(R?) the space of
distributions on R2. We refer the reader to [14] for the proof of the following Lemma.

Lemma 1.1. Let ¢ : R? — R a Lipschitz continuous function, and let (gn)n>o a sequence of functions defined
by
1 _o@ .
= e 02(m where 0; : RT — RT and lim 6,(h) =0
91(h> h—0

(i) Let a € R?, by setting p(x) = ||z — al|, 01(h) = 7h and 63(h) = h then

gn(x)

gn — a4, in D'(R?)
h—0
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Besides we have 5
Vgn(a) = [O,O]T , V2gh(a) = —ml

where I denotes the identity in R2.
(ii) Let T a smooth closed curve or a smooth infinite curve of R? delimiting two sub-domains R:™ and R%+
forming a partition of R%. Let ¢ the signed distance to T defined by :

o(z) = dist(z,R27) — dist(z,R2™)

We denote by R%Jr (resp. RZ™ ), the sub-domain {p > 0} (resp. {p < 0}). Taking the following scalings
2 01(h) = Vmh and 62(h) = h we have

gn — dr, in D'(R?)
h—0
Besides for all x € T we have

Von(z) =1[0,0" ,  spec(Vign(z)) = {_hz/z’o}

where spec(M) denotes the eigenvalues of the matriz M. The associated eigenvectors to V2gy, on T are

(Ve(e), Volx)-) where Vo(z) = nz).

So this lemma shows that the gradient “does not see ” fines structures in R? (points and filaments). On the
other hand second derivatives are singular on these structures.

1.2. Definition of the cost function and the fourth order PDE

We give now the general cost function we are going to study. This cost function is more general than (3). It
is defined by:

9 2u \°  0%u 0 5
Jo(u) :/Q(Au) +2(1—v) (axlax2> " 0m)? (0m)? +9Vul*dz, 0 <v <1,7>0 (4)

Remark 1.2. (i) When v = 0 we retrieve (3).
(ii) We check easily that Jq :

Ja(u) > (1= v)|ulfp gy +|ulip o), Yue H(Q) ()
For small € > 0, let (a) Q. = Q\{xo + ew} or (b) Q. = Q\{zg + eo(n)}, where zg € Q, w = B(O, 1) is the

unit ball of R? and o(n) is a straight segment with normal n (a crack). We introduce the bilinear and linear
forms:

?u 0% Pu 0% Pu 0%
ac(u,v) = / Aubv+(1-v) (26:618962 Ox10z2  (021)2 (012)%  (912)? (O1)2

Q
le(v) = /Q fo

Thanks to Lax-Milgram lemma, it is easy to prove that for € > 0 fixed there exists a unique u. € H2(Q.)
such that

> +vVu.Vo + uv
(6)

ac(ue,v) = l(v), Vv € H*(Q.) (7)
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This solution wu. necessarily satisfies the Euler equation:
A%u, — yAue + ue = f, on Q,

(7)6) By (Ue) — YOpte = 0, on 00, (8)
Bs(ue) =0, on 99,

where
0%u d*u 2 oy O%u
B = 0u(0) = (=100 (e (5~ 55 ) = 0 =g )
and 52 52 02
B B 2 U 2 U _gu
B = v+ (=) (st +nd s+ g

where f € L?(€.); @ = (n1,n2) is the outside normal to the domain, and & = (01, 03) is the tangent vector
such that (7, &) forms an orthonormal basis.

Remark 1.3. (i) When v = 0, (7) is well-posed by using Gagliardo-Nirenberg inequalities [1,24]. The
calculus of the topological gradient is the same as in the case v # 0.
(ii) The cost function Jq_ is the natural energy associated with the bilinear form ae.

We denote by IP; the set of polynomial of degree less or equal than 1, and by C all constants not depending
on e. Finally, we will use the quotient space H™(2)/P; which is the set of H™ () functions defined up to a
polynomial of degree less or equal than 1. In the paper, we study independently the case of a domain perforated
by a ball and the case of a cracked domain.

2. COMPUTATION OF THE TOPOLOGICAL GRADIENT IN THE CASE OF THE BALL

2.1. Notations and statement of the problem

Let xo € © and B(O, 1) the unit ball. We define Q. = Q\zg + ¢B(0, 1) with x¢ and € chosen such that the
perturbation does not touch the border. By denoting B = B(zo, 1) and B. = B(xg, €) we have Q. = 0B, UT
(T' = 09Q).

Problem (P.) rewrites as
A%u, — yAue + ue = f, on Q,
(Peb) By (ue) — v0pue =0, on 0B, UT (9)
Bs(ue) =0, on 0B, UT

Let v € H?(f,), and u, the solution of (Pé’). By a classical regularity result, u. € H*(2.). Then by using
integration by parts on €, and ( [15] p.376), we get from (7) and (8) :

/ fv= / (AQUE — vAu,. + ue) v
Q. Q.

= ac(Ue,v) — /B ((B1(te) — YOnte) v — Ba(ue)Onv) + /F ((B1(te) — ¥0nte) v — Ba(ue)0nv)

€

To simplify notations we suppose that xy = 0.
Now to compute the topological gradient, we have to estimate the leading term when € — 0 in the difference
Je(ue) — Jo(ug). Using equations satisfied by u. and ug we have

Je(ue) — Jo(uog) = /

Qe

(f = 2u0)(ue — ug) — / (ue — u0)? — / (f — uo)uo (10)

Q. B.
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Let us denote L. : H?>(Q.) — R the linear map

L.(u) = /Q (f — 2uo)u, Yu € H*(Q,) (11)

€

and

Je = —/Q (ue — ug)® — /B (f — uo)uo (12)

€ €

The first step for evaluating (10) is to introduce v, the unique solution of the dual problem (see [2] and [28])
ac(u,ve) = —Le(u), Yu € H*(Q,) (13)
From (13) and (12) we rewrite (10)
Je(ue) — Jo(ug) = —ae(te — o, ve) + T = —le(ve) + ac(uo, ve) + Je

= 7/ foe +/ (AQUO — yAugy + uo) Ve + / (B1(ug) — Y0nug) ve — Ba(ug)Onve + Je
Qe Qe 9B,

= [ (Bal) 20u0) v~ Bt + .
dB.
Then we set we = ve — vg, where vy is the solution of (13) with e =0, (Q¢ = ), thus we rewrite

) — o) = [

(B (u0) — 7ntto) vo — Ba(uig)dnvo + / (By (110) — y0tt0) we — Ba(uo)dwe + T,
OB,

0B,

Now we express the difference Je(u.) — Jo(up) as a sum of more simple terms.
For @1 € H%?(0w.), w2 € H'/?(dw,) let 1£1:%2> € H?(w,) the solution of the problem

A?[#1%2 = (), on B,
[£1%2 = 1, on 0B (14)
OnlPH%2 = g, on 0B,

For u € H%(Q.) we denote by [ the function [»%% and for e = 1 by [#¥2 the function (**¥?. The difference
becomes :

Je(ue) — Jo(ug) = / (Bi1(uo) — v0nuo) vo — Ba(uo)0nvo +/ (B1(uo) — ¥0nuo) I* — Ba(ug)Onlds + Je

OB, OB,
= Ee + ICe + je
(15)
where
]CE = / (Bl (Uo) — vanuo) lz”‘ — Bg(u0)8nl§“‘ R ‘Ce = / (Bl (Uo) — yﬁnuo) Vo — BQ(Uo)anUO
OB, OB

Let ug(z) = uo(x) — up(0) — Vup(0).x, it is straightforward that

’CE = / (Bl (UNO) - "YanU()) lg)e - BQ(UNQ)anlg)e
OB,
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Then integration by parts (see [15] p.376) gives

K. — / A1 — b, (i, 1) — / 5 (Augl™ — Vg V1)
B. B

€

where b.(u,v) is the bilinear form associated to (14) and defined by

0%u 0%v 0%u 0% 0%u 0%
— [ Auwrvt (1) (2 _ _
be(u,v) /B ulv + ”)( 021022 021073 (011)2 (022)°  (022)? (8:v1)2>

Integration by parts again gives :

K. = / (A%ug — yAug) I¥< + yVug. VI — [ AP ug + / By (1Y) ug — By (1) dp o (16)
B, B H/O—’ OB.

In a similar manner

L= / (AQUO — fyAuo) Vo + ’}/VUQ.VUQ — / AZ’UO:I-,I/\Q/ + By (’Uo)% — BQ(Uo)an% (17)
B B OB,

€

We set F' = (f — 2up), thus we have in the distributional sense for € — 0 :
A?vy — yAvg + vy = —F in D'(B,) (18)

From (15), (16), (17) and (18) we get

Le+Ke= / (f —wo)vo +yVug.Vuy + / (F — vAvg + vo) up + / (A2u0 — vAuo) 12
B B B

€ e €

+w%v&+43wm3Hﬂmm%—ABww&nﬂmmm% (19)

:/ (f —uo)vo +vVug.Vug +Ja — Jp + &1 + E2 + &3
B.
where

= [ B BT L Je= [ (B Balw) 0,
0B, 0B.
(20)
& = / (F —~yAvg +vo)ug , &Ex= / (A2u0 - ”yAuO) [, &= / YVug.VIYe
B B

c B

In the next subsection, we will show that &1, & and &3 are « o(e?) and that J4 and Jp are « O(€?). Before
we establish the asymptotic expansion of Bj(vg), Bz2(vg) and w..

2.2. Estimates of Bj(vy)(z) and By(vg)(z) for x € 0B,
Proposition 2.1. Suppose vy reqular, then when € — 0 we have the following boundary expansions :

g1(X)

€

Bl(’UQ)(GX) = — + 0(1) 5 BQ(’U())(EX) == —QQ(X) + 0(6)
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where setting X = (cos(8), sin(9)) € OB

B(X) = (0) = (1) (55500 = T285(0)) cos(20) + 201 ) ;720 O)sin(0)
92(X) = g2(0) = _OLQV)AUO(O) o ; v) ((2;32 (0) — (ng§2 (0)) cos(20) — (1 - v) aflg‘;z (0)sin(20)

Proof. Tt suffices to expand Bj(vo)(eX) and Bz(vg)(eX) around e = 0 by using Taylor formula (see [14] for
details) O

2.3. Asymptotic expansion of w,

We recall that w. = v. — vg is the solution of :

A2w, — yAw, +w, =0, on Q.
Bi(we) — y0pwe = —B1(vg) + 0,0, on 0B
Q) Ba(we) = —Ba(vo), on 0B, (21)
Bi(we) — v, we =0, on T
By(we) =0, on T

We denote by B’ the exterior domain R?\ B, and we introduce the weighted Sobolev space :

Vu
" rlog(r)

W*(B') = {%W e L*(B') € L°(B"),Vue L (B’)}

where r = |z|. The weights given here are classical, and can be replaced by weights whose asymptotic behavior
is the same [23]. We denote by W?2(B’)/P; the set of functions W?(B’) defined up to a polynomial of degree
less or equal than 1. To estimate w,, we introduce (see [3,28]) the following exterior problem
A’P =0, on B/
(Pext) B1 (P) = g1, on 0B (22)
Bs(P) = g5, on OB

where g; € H™3/2(0B) and g, € H~/?(9B) are given in Proposition 2.1. From Theorem 5.3 (Appendix B),
we deduce that problem (P..;) admits a unique solution P € W?2(B’)/P; and P can be written as the sum of
simple and double layers potential :

Pa)= | M@E@-y)doy + [ Aa(y)0n,(E(x = y))do,
OB oB

where A1 and Ay are densities that we can determine in function of the boundary data; E(z) denotes the
bilaplacian fundamental solution :

B(z) = — |z logl 2] (23)

From Theorem 5.3 (Appendix B) and Proposition 2.1 we get

A1 = acos(20) + Bsin(20)  , Ao = ¢+ acos(20) + bsin(20) (24)
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where
1—v [ 8%v 0%vg 1—v 0% 1+v
— _9 _ = _ = — A
“ 3+v ((8:51)2 (0x1)2 (O)) b 3+ v dx10x, O e 1- v(0) (25)
a=2a , [=2b

Then from Lemma 5.6 (Appendix B), we prove that we = 2P (£) + e, with ||ec||2,0, = O(—€%log(e)).
In the next subsection we estimate J4, Jg, &1, & and 3.

2.4. Estimates of J4, Jg, £, & and &3
Lemma 2.2. Let Ja, Jp, E1, & and & given in (20), we have the following estimates
1
=5 [ MVt old) o Ja= ¢ [ 2a)Vus(O)py + o)
B oB
§=0() , &=0(-logle) , & =0/ ~log(®))

Proof. From the linearity of the solution of (14), by using the jump relations (46) given in Theorem 5.3 (Ap-
pendix B) and the asymptotic expansion of w, we get

Ja = /a& (Bl (vo) + 31(522P(f)+66)> ug = 6/33 (Bl(vo)(GX) + 131(513)()()) up(eX)dox + F1

_ 6/ —91(X) 4+ B1(I")(X)
oB

c %(GX)dO'X +f1 +.7:2

—g1(X Bi(IP)(X) €2
e/ 91( )+€ 1( )( )%VQUO(O)X.XdO'X—F]:l + Fo + F3
OB

1
= 625 Al(y)Vzuo(O)y.y + F1 + Fo + F3
OB

where
g1 (X)

€

A= mum . A= (Bl<vo><eX>+
0B, OB

)atex)
F3 = /63 (—91(X) + B (1) (X)) (%(6)() - 62;V2“0(0)X-X) dox

Let B, such as B & B, C %Q By a change of variable, by using Lemma 5.2 (Appendix B), a Taylor expansion
of up(eX), the trace theorem applied on B,.\ B, a change of variable and Lemma 5.6 (Appendix B), the following
estimate holds

N 1 —
Fi=c¢€ B1(I&)(eX)ugp(eX)dox = e/ — B1(l¢* (eX))up(eX)dox
B B €

< Ol (eX)|2,5 = CI a5 < Cllec(eX) 2 p\5y /8, < Celeclzg. < Ce’log(e)

From estimates given in Proposition 2.1, and by a Taylor expansion of ug(eX) at 0 we easily see that

Fo=0() , Fz3=0()
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Similarly

= (B )82 (177 ) Yoo = [ (Balon)eX) + B7O0) e X + 7

/ X)+ By(I") (X )) Onpup(eX)dox + Fu + Fs
/ )+ Ba(17) (X)) VZuo(0)X.ndox + Fu + Fs5 + Fo
== | X(y)V?uo(0)y.y + Fa + Fs + Fo
OB
where
f4 = Bg(l?‘)@n% 5 f5 = 6/ (BQ(Uo)(GX) + QQ(X)) 8nu~0(eX)doX
B, dB

Fe = / (—gg(X) + BQ(ZP)(X)) (&L%(GX) — 62V2u0(O)X.n) dox
Thanks to a similar calculus of F; 85;6’8, and from a Taylor expansion of 9,ug(eX) we can prove that
Fy = O(—€log(e))
Then from estimates given in Proposition 2.1 and a Taylor expansion of d,up(eX) we obtain
F=0() , Fy=0()

Thus, we deduce the estimates of J4 and Jg given in the lemma.
For &1, by using a change of variable, a Taylor expansion of ug(eX) and the definition of F' given in (18), it is
straightforward that

E1=0()
For &, a change of variable, Lemma 5.2 (see Appendix B) with € = 1, the trace theorem applied on B,\B, a
change of variable again, and finally Lemma 5.6 (see Appendix B) lead to

&= [ Aug(eX)r(eX) < CE I 1 < O u(eX) s
< 0 (Jw(eX)llg 5 + WXy 5+ weleX) ]y 5,3
<0 (Huwdlnn. + ludo, + cluclae. ) < Ctog(e
where B ¢ B, C %Q Similarly for £ we have

E3 =< Ce (Jwe|1,0. + €lwelz,0.) < Ce®y/—log(e)

2.5. Calculus of the topological gradient in the case of the ball

From (15), (19) and using estimates given in Lemma 2.2 we have
Je(ue) — Jo(u
Jeltd) ~ Jolt0) _ 7 (5(0) — w(0)) o(0) + 770 0)- 7 (0)
1

3 [ M@0+ [ Xe) Vo + 5+ of1)
oB oB €

€
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Using polar coordinates and from the expressions of A; and Ay given in (24) and (25), we obtain

Je(ue) — Jo(uO)

e = (£(0) = u0(0)) vo(0) +y7Vuo(0). Vo (0)

*ug 0?uyg 920, 82, /

’ <(8x1)2 ©- (0z2)? (O)) ((3301)2 - (0x2)? (O)) Wa
821110 621]0 , , \76
+ 8$an1 81'28;1;1 (O)ﬂ-4a +me AuO(O)AUO(O) + 67 + 0(1)
where 1
a = —2 —v ’ c/:,1+1/ ,
3+v 1—-v

From (12) and by using Lemma 5.6 applied to ue — uo and a Taylor expansion of f and ug at 0 , we have
Je = =€ (f(0) — uo(0))uo(0) + o(e?)

2.6. Conclusion : general expression for all z € ()

The topological gradient of the cost function J, in the case of the ball associated with (Pf) given in (9) is
for all point zg € Q2 :

Z(zo) = 7 (f(z0) — uo(x0)) (vo(z0) — uo(20)) + Y7 Vug(z0).Vvo(zo)

(B ) (- ) )

m(l+v)
S

AUO (CL’Q)A’UO (l’o)

3. STUDY IN THE CASE OF THE CRACK

3.1. Notations and statement of the problem

For each smooth manifold ¥ C €, we define the following spaces :
HY* () = HY2(), w505 = 0 HYP () = H2(), w5055 = 0
00 ( ) {U\Evu € ( )’u|z\z } ) 00 ( ) {ulﬁvu € ( )7u|2\z }’

where ¥ is a closed manifold containing ¥ and of the same dimension.
We define on these spaces the following norms

lull g2y = Mulmeg 0 luslyes) = lullgs: s

Now, let ¢ C Q a C'-manifold of dimension 1, with normal n and containing the origin. When the situation
is ambiguous we denote by & the tangent vector to the crack o such as (7, &) forms an orthonormal basis. do
denotes the differentiation along the vector &. In this section we set the crack exterior domain, A = R?\7. As
for the ball we define the following weighted Sobolev space on A :

U Vu
W2(A) = u, 5——— € L*(A
(4) {u7 r2log(r) € L3(4), rlog(r)
where r = |z|. We denote by W?2(A)/P; the space of W?2(A) functions defined up to P; functions and by €. the
cracked domain Q\zy + €o. We assume that o, N 0Q = () and to simplify that zo = 0. We set o = {z, £ € 7}.

€ L*(A),V?u € LQ(A)}
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Thus 99 = o UT and the problem (P.) expresses as

A%y, — yAue +ue = f, on Q.
(P9) Bi(ue) — v0pue =0, on . UT (27)
Bo(ue) =0, on o, UT

m

r

(a) ¢ Do and @ (b) og,cﬂ,@?andﬁg

FIGURE 3. Extension of the crack in a smooth closed curve

Let & a smooth closed curve of same dimension as ¢ such as o C &, and let & the sub-domain of R?, such
as 0w = 0; we denote by we = {z, 2 € W} and Q. = O\&, (see Figure 3). Let v € H2(),) and u, the solution
of (Pf). Thanks to classical regularity result, we obtain that u, € H*(2.). With an integration by parts in
Q\w, U, (see [15], p.376) the variational formulation of (P¢) is

/ fv= / (AZUE — vAu, + ue) v
Q. Q.

= ac(u,v) - / ((Br (1) — 10wtsc) [0] — Ba(ue)[@nv]) + / (B (ue)v — Ba(u)0,0) . Yo € H(S)

€

where a.(u,v) is given in (6) and where we set [v] = v —v~ the jump of v through o, and [8,,v] = (9,v) " —(8,v)~
the jump of 9,v (see Figure 3). To simplify, we assume that o = {(s,0), -1 < s < 1}.

We calculate the topological gradient as in the case of the ball in evaluating the leading term in the asymptotic
expansion of J(ue¢) — Jo(ug) when ¢ — 0. By using equations that u. and ug verify, we have

)~ Jolua) = [

Qe

(f —2uo)(ue —ug) — / (ue — up)? (28)

Qe
We define L.(u) as in (11), and we set

Je = _/Qé (ue - UO) (29)

As in [2] and [28], to evaluate (28), we introduce v, the solution of the dual problem (13). From (13) and (29)
we rewrite (28)

Je(ue) - JO(UO) - _ae(ue - anve) + \.76 - _le(ve) + ae(anve) + \7(-:

__ / Foe + / (A%ug — vAug + up) v + / B (uo)[ve] — Ba(uo)[nve] + J.
Q. Q. T

- / (B1 (tt0) — A0t [ve] — Ba(uo) @nve] + .
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Then we set w, = v — vy where v is solution of (13), with e = 0. Thus, J.(uc) — Jo(ug) rewrites as

Jﬁ(uﬁ) - JO(U‘U) = / (Bl(uo) - ’YanUO) [we] - BZ(UO)[anwe] + Je = IA - IB + Je (30)

Oe

where

IAZ/ (Bi(uo) —¥0nuo) [we] IBZ/ Ba(uo)[0nwe] (31)

€

In the next subsection, we show that I4 and I « O(€?) and that J. «~ o(€?). We first establish the asymptotic
expansion of Bj(vg), Ba(vg) and w,.
3.2. Estimates of Bj(vy)(z) and By(vo)(x) for z € o,

Proposition 3.1. By assuming that vy is smooth, and by setting X = (s,0) for —1 < s < 1, we have the
following boundary expansions when ¢ — 0

Bi(v)(eX) =0(1) ,  Ba(vo)(eX) = —g2(X) + O(e)
where ) )
R
Proof. It is straightforward by using that do = —0x; and On = Oxs. O

3.3. Asymptotic expansion of w,

We recall that w. = v, — vg is the solution of

Aw, — yAw, +we =0, on Q.
Bi(we) — yOhwe = —B1(vg) + ¥0nv0, on o,
Bs(we) = —Bs(vp), on o,
Bi(we) — yOhwe = By(we) =0, on I’

(Q7) (32)

To estimate w,, we introduce the following exterior problem

A’R =0, on R*\7
(Rewt) § Bi(R)=¢1, ono (33)
By(R) = g2, on o

/ /
We easily verify that g1 € (HgéZ(UD and go € (H&f(a)) . Using Theorem 6.3 given in Appendix C, we

deduce that problem (R..:) admits a unique solution R € W?2(A)/P; which is a sum of third and fourth layers
potential

R() = § M) Buy(Elz = 0)do, + $ Aa(o)Bay(Ee — 1)dor,

where § is the principal Cauchy value. We have the following relations :

[Rl=R,—R.=X , [0R] =0.R}—0,R, =-\ (34)

lo lo ™ lo
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where
A(s)=0 | )\2(3):;46\/1732 , V(s,0) €0
1-v)3+v) (35)
8= %(0) + Vﬂ(g)
~ (0z2)2 (0x1)?
By using Lemma 6.5 (Appendix B), we obtain

_a2p(®

We = € R(E)—i—ee (36)

with ||ec||gr2(q.) = O(—€?log(€)). In the next subsection we show that 4 « o(e?) and that I «~ O(€?).

3.4. Estimates of I4 and Ip

Lemma 3.2. Let I4 and Ip given in (31), then we have the following estimates

In=0(*) , Ig = 7625/ Ao (X)dox + O(€)

with € = 9259 (0) + v3: (0).
Proof. We assume that ug is smooth, thus from Proposition 3.1 we have
Bl(uO)(GX) = O(l)

Let B D o, from Lemma 6.1 (see Appendix C), and by using the equivalency of the H?(B\)-norm and the
seminorm, with a change of variable, we get :

La < €| Bi(uo)(€X) yas2 o [[we(€X) [ m2(3\a) /8, < Celwe(€X)]2,pva < Ce?|welz.q,

From Lemma 6.5 (see Appendix C), we have

Iy =0(e)
From (34), (36) and (31), we express Ip as
Ip = —€%¢ / Ao(X)dox + & + & (37)
where
£l = / (B(uo)(eX) — &) [Powe(eX)]doy . & —e / E[nec(eX)]

a0+

Similarly by using Proposition 3.1 and Lemma 6.5 we get

&=

&1 < [[Ba(uo)(eX) — f”Hgéz(U)/||we(6X)HH2(B\F)/lP1 < CEewelp,n, < C

& < Cllec(eX) | r2(p\a)/p, < Celec|a,n. < Cellogle)
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3.5. Calculus of the topological gradient in the case of the crack

From (28), and from estimates given in Lemma 3.2 we have

Jelue) — Joluo) _ g/ Ao (X)dox + {—2 +o(1)

€

By Lemma 6.5 applied to u. — ug we deduce the estimate of Z :
I = O(¢*(log(€))?)

By using the expression of A2 given in (35), we deduce the topological gradient at 0

1 —453 —27T§ﬁ
I(o):f/akz(X)dUX =f/_1mmd‘9:m

or more precisely

_ 2m 0%ug , 0%uq 0%vg . 0%vg
T(0.ey) = (1—V)(3+V)<(5$2)2(0)+ (a$1)2(0)><(3$2)2(0)+ <ax1>2(°)>

3.6. Conclusion : general expression for all point zy € ()

The topological gradient expression associated with the cost function J, and problem (P¢) given in (9) in
the case of the crack is for all g € 2 :

I(zo) = Hm\liill Z(zo,n) (39)
with
2
Z(xo,n) = —m (VQuo(a:o)(n,n) + vV2ug (o) (7, 7')) (VQ’U()(JJ())(TL,TL) + vV (o) (7, T))
where n | & and 7 = —nt = —& with (7,7n) an orthonormal basis. We define the topological gradient at zg as

the min value of Z(x,n).

4. APPENDIX A

In this Appendix we give a useful result for the study of exterior problems. We denote by the same letter O
the domain exterior of the crack and of the ball. In the following, we denote by B, the ball of center 0 and of
radius r. In the crack’s case, B denotes the ball containing strictly the crack (for example B = B,, with n > 1)
while in the ball’s one B denotes the unit ball.

Lemma 4.1. Let u € W2(O). We have the following inequality

lullw20y/p, < Clul2,0

where C is a constant depending only on O.

Proof. Let n > 0 such as B = B, : 2> > 1 for the crack and n = 1 for the ball. Let ¢ € C?([0, +00[), a real
function defined by :
@ =0, for0<t<n

0<p<1l forp<t<2

=1 fort > 2
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Let v(x) = o(|z]), then uwyp € WF(B'), where we recall that W(B') is the closure in W?2(B’) (see (40)) of
C*°(B')-functions with compact support in B’.
On Wg(B'), thanks to Hardy inequality and to the 1) expression, we have

[ullwa(sy) < l[udllwzy < ClYulz,pr
Now we bound from above |Yulz p:
[Gula,m < [uls, g + [l 5 < 0l + [0l 51l g < Ll s, + Clully g5

Denoting by w the crack or the unit ball and © = R?\w, and using the equivalency of the W?(By\w)-norm
with the H?(By\w)-norm (up to a change of weights to avoid problems at 0) we get

lullw20) < Cllull2,Bo\@ + Clul2,p,
Thanks to Deny-Lions Lemma ( [15], Lemma 5.2) we get

[ullwz(0yp, < CllullazB,\@)/p + Clul2,p, < Clul2,0

5. APPENDIX B

In this section we develop some technical calculus missing in section 2. We recall that B denotes the unit
ball and B’ the exterior domain. We give the definition of the weighted Sobolev space on B’ :

A%}

W= FHog(r)

L*(B") L*(B"),V?u € LQ(B’)} (40)

u
{u’ log(r) ©
with r = |z|.
Lemma 5.1. Let u € H*(Q), such as A%u € L?(Q). Let 'y a smooth closed curve such as T'y C 0Q. We have
the following inequality
( Bi(u)

< Clulg,a + [|A%ulo,0
B2(u) >H3/2(F1)><H1/2(F1)

where

(B - sup [ Brwer - Bafuyes
2\ ) g-s/2ry)xH-1/2(Ty)  llerllsjzr, +Hiezllijz,r, =1 /T

Proof. See [14].
U

Lemma 5.2. Let w C R?, ¢, € H3/2(0w) and o € HY?(dw), then there is a unique solution 19+%> € H?(w)
of (see (14) withe=1) :
A%[P192 = (0 on w
[919%2 = 1, on Jw
Opl?1%2 = o, on Jw

and we have the following inequality

19222 |2, < Cllerlls/2,00 + Cllez]l1 /2,00 (41)
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Proof. See [14].
O

The four first points of the following theorem are taken from ( [15] p.402 and p.417). Let f € H*(0B) and
g € H*(0B), we denote by < f, g > the scalar product on 9B :

< f,g>= fgdo

Theorem 5.3. Let g, € H 3/2(0B), g, € H-'/?(0B), such as
<g,1>=0 , <gnhz1>—-<g,m1> =0 , <g,12>—<go,na>=0

We consider the following exterior problem

A’P =0, on B’
(Pewt)  B1(P) = g1, on OB (42)
B(P) = ga, on 0B

(1) The problem (Peyt) given in (42) admits a unique solution in W2(B')/Py and the map
(91,92) — P is continuous from H~3/2(0B) x H=Y/2(0B) to W?(B')/Py, where W2(B')/Py is the
space of W2(B') functions defined up to a polynomial function of degree less or equal than 1.

(2) The solution P € W2(B')/Py of (42) expresses as the sum of simple and double layers potential :

P(z) = / M) E( — y)ds(y) + / No(9)0n, E(x — y)ds(y), for = € B’ (43)
oB 0B

(3) There exist ag,a1,a2 € R such as the densities A1 and Ay are given by the five following equations

*%)\1(58) + / M(Y)B1(E(x —y))do(y) + j{ X2 (Y)B1,e (OnyE(x —y)) do(y) + ag + a1x1 + azze = g1(x)
oB OB

A1 (y)Bex(E(x — y))do(y) + /SB X2 (y)B2,e (Ony E(x — y)) do(y) — aini(z) — azna(x) = ga(x)

1
+*)\2(£L’)—|—/
2 oB
<A,1>=0
<A1 >+ <XA,n >=0

</\1,:172>+<>\2,n2>:0

(44)
where x € OB and ¢ denotes the principal Cauchy value.
The three last conditions of (44) express the following asymptotic behavior of P :
P(z) = ag + a1x1 + az2x2 + Alog(|z]) + O(1)
(4) For x € OB, we set x = (cos(0), sin(0)) for 0 € [0,2n[. Assuming that g1 and ga take the form
g1(x) = A1cos(20) + Bysin(20), and ga(x) = Co + Aacos(20) + Basin(20) , then
P(z) = O(log(|x|)) and then ag = a1 = ag = 0. Thus A1 and A2 are given by :
A (2) = acos(20) + Bsin(20
1(x) (20) (20) (45)

A2 (x) = ¢+ acos(20) + bsin(26)
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with
_ _8w B = _8w
(1-v)(3+v) ’ N (1-v)(3+v)
- A1(1+V)+4A2 o 31(1+V)—|—4BQ o 02
e T R ¢ T R b

(5) Let 1P defined by (14) (for € = 1) and the data g1 and go given in the fourth point ; then we have the
following jump relations through 0B for x € OB
g1(z) — B1(I")(z) = =\ (), z € OB

ga(x) = Bo(I)(x) = Xo(x), = € OB (46)

Remark 5.4. The choice of g; and g5 in the fourth point comes from the boundaries data given in Proposition
2.1.

Proof. We introduce the bilinear form on W2(B') /P,

9 0%u 0%v B 0%u 0% B 0%u 0%
0x109 0x1029  (0x1)? (0x2)?  (022)? (0x1)?

b (u,v) = | Aulv+ (1-v) (

),vwveLV%BQAE
B/

and the linear form on W2(B’) /P,
I'(v) = / g1V — g2Opv, Yv € W3(B') /Py
OB

From (5), and Lemma 4.1, the coercivity of b (u,v) is straightforward. Applying the trace theorem on Bo\B,
we deduce the continuity of I'(v) on W2(B’)/Py, which ends the proof of the first point.
The second and the third point are proven in ( [15], p.417).

Then by using the Green formula on B’, we get

P(z) = E—A%ﬂx—wP@My
= [ BB ) POy~ [ Bay(Ble )0, Pl)dy
OB oB
[ o BBy Py [ B 9B )y
oB OB
—A-B+C-D

We remark that with the values of g; and g given in the fourth point we have the following relations :

<g,1>=0
<g1,21 > =<g1,n >=<g1,T2 >=<g1,n2 >=0 (47)
< g2, 1 > =< go,n1 >=< go, T2 >=< go,ng >=0
Calculating By ,(E(z — y)) and Bs ,(E(x —y)) for y € 9B and when |z| — oo we show that

1
A= /83 Biy(E(x —y))P(y)dy = O (|$> , B = /813 Bay(E(x — y))0nP(y)dy = O (log(|z]))
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For C and D, we use a Taylor expansion of E(z —y) and 0,, (E(z —y)) at 0, and we assume that |z[ — oo

E(x —y)=E(x) —y.VE(x) + %y,VQE(g;)y +0 (;)
(48)
O, E(x —y) = VE(x).n, — V?E(x)yn, + O (é')

Using the estimates V2E(x) = O(log(|z])), (48) and the relations (47) we have

= - On, (E(z = y))Bay (P)(y)dy = O(log(|x|))

D= [ E(x—y)Bi,(P)(y)dy = O(log(|z|))
oB

We deduce that P(x) = O(log(]z|)) when & — oo and then ap = a; = az = 0.
To determinate A\; and Ao we first calculate kernels associated with the integral equations.
From ( [15],pp 390-392), by setting = = (cos(p), sin(y)) and y = (cos(f), sin()), we have

By s (E(x—vy)) = _8i7r (14 v)log (2(1 —cos(p —0)) + (1 +3v) + (1 —v)(1 — cos(p — 0)))

Bax (0, (B(x —v))) = — 1+ ~5—cos(p — 0)
Bie (Bla—y)) = — 1= — ~o—cos(p— 6)
Bua (0, (B(z — 1)) = ———cos(p — ) + ————

To simplify notations, we denote by A\ (0) = A1 (cos(0), sin(f)) and A2(0) = A2 (cos(0), sin(#)) the densities \;
and A9 evaluated on the unit circle. Equations given in the third point of the Theorem 5.3 express as

27 —v
ol N ) O
q. 2m 1—v 1+v X
+7€ <— - cos(p —0) + 87 (0= cos(p = 9>)> A2(0)d0 = Aicos(2¢) + Bysin(2¢)
2m
%)\2((,0) + / <_817T (1 +v)log (2(1 —cos(p —0)) + (1 +3v) + (1 —v)(1 — cos(p — 9)))) A1(0)do
(Eq.2) e 0 )

The only singular kernel is m = O (|6 — ¢|?) associated with By, (0, (E(z —y))). We remark
that By g (On, (E(z —Y))) = On, (B1,y (E(z —y))). We deduce that

/6B Bis (On, (E(x —y))) doy = On, /@B Biy (B(z —y))doy = 0y, (_2> —0

We can rewrite the left term of (Eq.1) as :

o l-v 1+v
jg <_ 81 cos(p —0) + 87 (1 — cos(p — 9))) (A2(0) = Aa(p)) df
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Then we are searching for the form of the solutions. First f027r A1(0)df = 0 and according to the fourth point,
g1 € span(cos(20), sin(20)) and g2 € span(1, cos(26), sin(20)) so regarding the kernels forms, it is legitimate to
search A1 and )\ as

A1(0) = acos(20) + Bsin(20) ,  Aa(0) = acos(20) + bsin(20) + ¢
Let f continuous on [0, 27], we define the following improper integral : 3%2” 1f (fzs (J;(ﬁ df where by

definition : 3?02” =limeo [ "+ fjie. Then we calculate the two follovvlng improper integrals :
I(cos(20))(p) = —4mcos(2p) ,  I(sin(20))(p) = —4rsin(2¢p) (49)
We rewrite (Eq.1) as

1 1—v

_ % (acos(2¢) + Bsin(2¢p)) —l—/o ! (—471_ -

cos(p — 9)) (acos(20) + Bsin(26)) db

2m 1—v 1+v . .
—|—fg (— o cos(p —0) + 70— cos(p = 9))> (a(cos(20) — cos(2¢)) + b(sin(20) — sin(2¢p))) dd
= Ajcos(2¢) + Bisin(2yp)

From (49),we obtain the following equation :

f% (acos(2¢) + Bsin(2¢)) + 1;71/ (—4dmwacos(2p) — 4dmbsin(2¢)) = Aicos(2¢) + Bysin(2p)
77

Identifying each term in front of cosinus and sinus we get

1
[ eges
(Eq.l) (50)
1
_itv, B _ B,
2 2
Similarly, equation (Fq.2) rewrites as
1—
B Z/C = CQ
—_ 1
(Fa2) {2+ V= A, (51)
2 8
b 1+v
2 - B
5t g B 2

Solving (Eﬁ) and (ﬁ?) we obtain the expression of A\; and A2 given in (45), which ends the proof of the

fourth point.
For the fifth point, let I¥ defined by (14) (with € = 1). Thanks to the continuity of simple and double layers
(see [15], p.384), we have

1P (z) = M (y)E(x —y)ds(y) + A2(Y)0n, E(x — y)ds(y), for v € B
oB OB
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Using again jump relations given in ( [15], p.385), we obtain for x € OB

Bu(17)@) = 0@+ [ M) BralE - 9)dsw)+ [ Xaw)Bus (0, Bl - ) dsty)

oB OB
BaI")(w) = ~30a(0) + | M) BaslBle = )dst) + [ ) Bas (0, Bl — 1) dsty)

Finally, by using (52) and the two first equations of (44) and by setting ag = a1 = as = 0, we get the last point
of the theorem. 0

Lemma 5.5. Let P the solution of (Peyt) given in (22). We have the following asymptotic behavior as |x| — oo

c C
|P(z)| < Clog(|x]) ,  [VP(2)| S IVQP(@“)ISW

[P ()], =octesen  |P(2)], —oevTTm@ . |P(%)],, -0
Proof. P(x) is given by

P@) = [ MWE@-y)doy+ [ X, (B - 1) do,
oB dB
With the boundary data g; and g2 given in the last point of Theorem 5.3, A\; and Ao satisfy the following
relations
<A,1>=0

</\1,.131 > =< )\1,’01 >=< /\1,1‘2 >= )\1,’17/2 >=10 (53)

< )\Q,xl > =< )\2,?11 >=< Ay, Iy >=< )\Q,TLQ >=0
A Taylor expansion of P at = and (53) give the first inequality. The two others inequalities are straightforward
if we differentiate the expression of P in interchanging integral and derivatives. Then using again a Taylor
expansion at x, and by taking |z| — oo, we get the result. To estimate the L?(Q)-norms of the derivatives
of P, we choose two large positive reals a and D and a small positive real € such that B C B, C %Q C %BD.
Thus we have :

|7 (%) HZQ - /g i (%)2 de = /m\B Plyydy < ¢ </Ba,\3 P(y)*dy + ABD\& P(y)2dy>

< CG2+062/

a

2 271%
log(r)*rdr = Ce + Cé* [Zog(r)g(log(r) -1)+ 2} < Clog(e)?

a

which is the first estimate. The calculus of the second and the third norm estimate are similar.
O

Lemma 5.6. Let w, given in (21) and P the solution of (Peyt) the exterior problem given in (22), then we
have the following asymptotic expansion when ¢ — 0 :

we = 2P (f) + e
€

with ) )
2,0, = O(e7log(€)) ,  [[wello,, = O(e“log(e))

welia, =0 (Vlog(e)) . |welao, = O(e)

lec
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Proof. e. is solution of the following problem

A2, — ale, + e, = aAP (%) —é&p (f) on Q.
Bu(e.) — 40nee = — By (vo) — %gl (%) = 70ut0 = er() = 0(1),  on 9B,

) Bafec) = ~Ba(wo) 92 (7 ) = ¢ale) = Ola), on 0B, (54)
Bule.) — AOne, = —%Bl(P) (%)= =0 (Ij") , on T
Bao(e.) = —Bs(P) (%) = ¢o(z) = O (:;) , on T

where the expressions of g; and gy are :
91(X) = Ajcos(20) + Bysin(20) ,  g2(X) = Cs+ Aszcos(20) + Basin(20)

with X = (cos(0), sin(#)) and where

N 82’1}0 82’00 _ 82’1}0
Al - (1_1/) <(6I1)2 (O) - (81‘1)2 (O)) ) Bl _2(1 _V)axlal’g (0)
_1-v 9%y 0%, B 9%, 14w
AQ - = 9 ((5x1)2 - (8ZE2)2 (O)) ) BQ - _(1 - V) a$18$2 0 ) 02 - - 9 AUO(O)

The variational formulation of problem (54) is : find e, € H?(§) such as

ae(ee,v) = /Q (—62P (%) + YAP (%)) v+ »/QBE P10 — P20,v + /F —01V + P20,V

We integrate by parts the second terms in the right hand side part of the above equality

/QE AP (%) v= /Fe@nP <%) v— 2P (%) Onv — /836 €on P (%) v+ 2P (%) Onv + /Qe P (%) Av

Let b, the bilinear form associated with the leading operator of (54) such as for all u,v € H?(Q,)

0%u 0%v 0%u 0% 0?u 0%
— [ AuAv+(1-v)(2 — _
be(u, ) /Q ubv + ”)( 911073 0210z2  (071)2 (0x2)®  (Dx2)? (3:171)2)

Then we split the error into the sum e. = el + €2, where
e ¢l € H?(Q,)/P; is defined by

be(el,v) =1l (v), Yo € H*(Q)/P;

€

lel(v) = /{)BE (gal —eOp, P (%)) v+ /0136 (—902 + 2P (%)) Onv

with
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We can show (as for the Poincaré inequality (see [26])), that there exists C independent of e such as
the following inequality holds :

[ull 2.y /e, < Clulza., Yu € H?(Qe) /Py (56)
We deduce the coercivity of b, on this space with a constant not depending on € :
be(u,u) > (L= v)ul3 g > C||UH§J2(Q€)/P1

Thanks to the trace theorem applied on €, the continuity of I} on H?(Q)/P; is then straightforward.

e ¢2 € H%(Q,) is defined by
ac(e?,v) = 12(v), Yo € H*(Q.)

with
%(v) = /Q (—€2P (%) +Ael —e )v+'ye?P( )Av

+/F (=61 +7c0nP (%)) v+ (92— 7P (%)) Onv

The coercivity of a. on H?(€.) is known (see (5)) and as for b, the constant do not depend on ¢; the
continuity of [2 on H?(2,) is easily checked using the trace theorem on (..

Now let us estimate [|e}|| zr2(q.)/p, and [|e?||2,o. with respect to €.
By considering the variational form of e!, by taking as test function v = e! and by using a change of variable
we have

(1— )|t g, < be(el el) = ¢ / (p1(eX) — D, P(X)) e} (X) + ¢ / (—pa(eX) + P(X)) Bl (eX)
oB 0B
< (€||¢1(6X)||73/2,BB + 62||8TLP||*3/2,BB> Hei(EX)”HB/z(aB)/Pl
+ (le2(eX)NI21/2,08 + EI1Pl—1/2,08) 110 (e£(€X)) | z1/208) /8,

Let r > 0 such as B & B, C Q. The trace theorem on B,\B, the Deny-Lions inequality ( [15], Lemma 5.2)
and a change of variable give :

eclrn. < C(elei(eX)-s/2.08 + €10nPll—5/2.08) le(eX)| g2\ B) /e,
+C (lp2(eX)-1/2,08 + €l1Pll-1/2,08) llec (€X)] g2(50B) /8
< C( lp1(eX)[|-3/2,0m + € ||6 P32, 8B) |€ (eX)l, ,Br\B
+C (le2(eX)-1/2,08 + €1Pl-1/2.08) el (eX)]y 5B
< Ce ( ||<P1(6X)||73/2,BB + 62”871]3”73/2,88) |€e (||<P2(€X)||71/2,83 + 52||P||71/2,8B) |€i|2795

Using that ¢1(eX) = O(1) and p2(eX) = O(e) we get

lecllzzz /e, = O (57)
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2

With a similar reasoning for eZ, from its variational formulation we obtain

Clle?|3.0, < acle?,e?) = / (=P (T) +rhel —el) e +7eP (2) Ac?

+/F (—(bl + ved, P (%)) ef + <¢2 —v€e2P (%)) anef

€T x
<c ( 1P ()] +oletloo. + ||eim<ae>/n»l) lelo. +Cre [P (2)]| 12z,
e/ llo,Q. e/ llo,Q

T T
P (a1 Avar t 0 [P O] o) 1
I sor leclssar + ( ¢2ll-1/2,0 + e . le€l1/2.r

62

The trace theorem applied on Q\B,., the estimates ¢; = O (W)’ 2 =0 (%) and HelHHg(Q Y O(€?),

and Lemma 5.5 give :

+ (I6all-gjar +¢| o

led]], . = O(=€log(e))

Coming back to e, since e! is defined up to a function in Py, and thanks to the Deny-Lions inequality given in
(56), we have

lecllz0. < leclmz /e + €2z, < Celog(e)
which is the first estimate . For the LQ(QE)—norm estimates of w., Vw, and V?w,, we must use that w, =
2P (f) + e, differentiate it, take the norm and use Lemma 5.5 and the previous estimate of ||e.||2,0. - O

6. APPENDIX C

Let o a smooth manifold that we extend to a smooth closed curve . We denote by w the domain such as
0w = 7 (see Figure 3(a)).
We recall the definitions of Hé({Q(O') and HgéQ(a) :
1/2 ~ 3/2 S
Hyl?(0) = {uz,u € HYV2@),upz =0}, Hyp’(0) ={ug,ue HY*(S)uz 5 =0}
and we introduce the weighted Sobolev space

Vu
" rlog(r)

W(A):{u,TQZOg(T)eL(A) eL(A),VueL(A)}

where r = |z| and A = R?\7.
In the sequel, B denotes the ball containing strictly the crack ¢ and its extension ¢ (for example B = B,, with
n > 1) and such as B C % for small e.

1 / !
Lemma 6.1. Let v € H*(B\7), g1 € (Hgo/z(a)) and go € (HééZ(a)) , then we have the following inequality

[ 9l < Cllall e lollmmmse. [ 9l0u) < Claalgyge oyl macmye,

Proof. By using the definition of the HggQ (0)-norm and by splitting the jump of v across o, we have for any

smooth function v :

[ 9l6) <l gz o 0+ ¥l gy < Nl gy (10" + Plsja + 1o +¥laa)
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Then by using the trace theorem applied to (v + ) on B\E and v~ + ¢ on w, we have

[l < ol (1040l iz + o+ )

By taking the infimum with respect to ¢y € Py and from the Deny-Lions inequality the first inequality holds.
The second one is proved in the same manner. O

Lemma 6.2. Let u € H*(A? B\o), hy € HggQ(a) and hy € HééQ(a), then we have the following inequality

[ B = [ Batw < Cllarlyog, + lall o) (lems + 1820 )

Proof. See [14]. O
Then we introduce the exterior problem :

A’R =0, on R*\&
(Rewt) § B1(R) =¢1, ono (58)
BQ(R) = (g2, On 0

where g1 € HggQ(a)’ and gz € Héf(a)’.

Theorem 6.3. (1) (58) admits a unique solution in W2(A) /Py and the map (g1, g2) — R from Hg({Q(J)/ X

HgéQ(O')/ into W2(A) /Py is continuous.
(2) The solution of (58) expresses as the sum of double and triple layers potential :

R(z) = / M (9)B1 (B(x — ))ds(y) + / Mo(y) Ba(E(x — y))ds(y), for z € A (59)

(3) The following jump relations through o hold :

IR =R} — R, =X\

(0uR) = 0, R — 0,R], =~ (60)

(4) The densities Ay and My are given by the two following equations :
o1(z) = 74 M (y) BBy (Bl — y))doly) + 74 No(9) Br.uBay (E(x — y))do(y) (61a)
2(5) = § M) Bas By (B = 0))dr(s) + § Xalo)BacBay (Bl — ) () (61h)

where f denotes the principal Cauchy value.
(5) For o ={(s,0) x {0},-1 < s <1}, g1(x) =0, and g2(x) = Cste =V, A1 and Ay are given by

A1(s) =0, V(s,0) € 0

B 4 (62)
Aa(s) = mV\/l —s2,V(s,0) €0



26 TITLE WILL BE SET BY THE PUBLISHER

Proof. We denote by &' the exterior domain &’ = R?\@.
We introduce the two following spaces

H*(A%,0) ={ue H*@),A’ve L*@)} , WA%LE) ={ueW*&),rlog(r)A%u e L*(&')}

where W?2(&') is defined by (40) replacing B by @. We define the following bilinear forms :

0%u 0%v u 0% u 0%
a = [ AuA 1- 2 - -
a(u,v) /@ uhvt(1-v) ( 0x10x9 021029 (0x1)? (022)2  (Ox2)? (8x1)2>
N 9u 9% Pu % Pu v
/ — — — —
o/ (u,v) = /5, Auhv +(1-v) (2 0210wy 01101y (011)% (022)2  (O12)? (6371)2>
Considering that u € H?(A2,&), the Green formula applied on @ gives

a(u,v) = /~A2uv — /8~ (B1(u)v — Ba(u)dnv), Yo € H*(@)

By the same reasoning on u € W2(A2,&’) we have

a'(u,v) = /~, APuw + /8~ (Bi(u)v — Ba(u)0,v)
Then we introduce the space
K ={ue€ H*(A%&)/Py x W?(A% &) /Py, supp(A*u) = 0, [B1(u)]e = [B2(u)]s = 0, [u]s\5 = [Opu]d\T = 0}
and by using the regularity of H2 (A) functions, K rewrites as
K = {u € W(A% A) /Py, supp(A®u) = o, [B1(u)], = [Ba(u)], = 0}
(Reqt) reformulates as

find R € K such as Bi1(R) = ¢g; and Ba(R) = go on o (Rewt)
and the variational formulation of (R.z¢) is : find R € K such as

a(R,v) =1l(v) ,YWweK

where

*R % PR v PR v
= ARA 1-— 2 - -
a(R,v) /A Rlv+( V)< 0x10x9 021022 (021)? (0x2)?  (Ox2)? (8351)2)
1) = [ oale] - gafone]

Problem (R.z+) admits a unique solution in K. Indeed, it is coercive on K : first we have
a(u,u) > (1 - 1/)|u|%,V2(A), Yu e K (63)

and from Lemma 4.1 we have :
lull e = [[ullwz(a)p, < C(A)|ulwz(a)
which gives the proof of the coercivity of a(u,v) on K. After that the problem is continuous on K : applying
Lemma 6.1, we obtain

1) = € (g1l g2 oy + 192112720y, ) 0 lwzcay o, (64)
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which implies the continuity of 1(v) on K. From (63) and (64) we deduce the continuity of the map (g1,¢92) — R
from Hgéz(a)’ X Hgéz(a)’ into W2(A)/P;.
Then as K is a closed subspace of W2(A)/P; which is an Hilbert space, we deduce that it is an Hilbert space
too. Thanks to Lax-Milgram’s theorem, we get the well-possedness of problem (R.;:). Thus we define the
following isomorphism

(91,92) — R

(@) = (mf*()) — K

Let us consider the following problem : for (q1,q2) € Hgéz(o) X HééQ (o)

J()Z

find Q € K such as [Q] = ¢1 and [0,Q] = ¢2 (Qext)
Let v € K, we have
a(u, v) = / A2y + / Br(v)[u] — Ba(v) [0l
A o
The variational formulation of (Qe,+) is : find @ € K such as

a(Q,v)=1'(v) ,Yve K

where

/(v) = / 41Bi (v) - / 4>Bs(v)

In the same way as for problem (R.,t), we show the coercivity of problem (Qc,t). From Lemma 6.2,
') < Cllnl gz oy + 02l 20 ol 25109

From the equivalency of W?2(A)/P;-norm and seminorm, we deduce the continuity of the map I’(v) on K.
Thanks to Lax-Milgram theorem we obtain the well-possedness of problem (Qc.:). Thus we can define the
isomorphism

(91, 42) —Q

J1 .
(H5%(@) x (H*(0)) — K
We denote by J = J; Lo Jy the isomorphism

(91, 92) —(q1,q2)

T () < (HiP0r) — (H3@) < (1)

Now, let @ defined by

() = / M () By B — y)doy + / Xo(y) By Bz — y)dor,

= | MY)BiyE(@ —y)doy, + | Xa(y)BayE(x — y)do,
ow ow

where 2 € A and \; € H(%z(a), A2 € H&f(a) and \; € H3/2=(=1)(5) defined by

~ Ai, on o
A =

0, on o\&
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for ¢ € {1,2}. Firstly, @ is biharmonic. Indeed for x € A and y € o the maps y — B, E(z —y) and
y +— By yE(x —y) are C™(0). Besides

A2By yE(x —y) = B yA2E(x —y) =0 and A2B,,E(r—y)= By ,A2E(x —y) =0

Then by using the regularity of y — By ,E(x —y) and of y — By ,E(x —y) we can interchange the integral and
bilaplacian operators which leads to the following equation :

A?i(x) =0, Vo € A

Besides for |z| — 0o, a Taylor expansion at x gives a(z) = O (log(|z|)). A twice differentiation of 4 and a Taylor
expansion at point x of @, show that @ € W2(A). Considering 4 as an element of W2(A)/Py, we get @ € K. By
using jump relations given in ( [15], pp.385-386) we have

Bra(@)(@) = § M) BraBuy Ew ~ 1)doy + § 2a(0) BrBay Ee — y)do,
Ba.a (i) () = j{ Na(y) Ba.u Bry Bz — y)do, + 7( No(y) Ba.u Ba.y Bz — y)do,

We show now that these two boundary integral equations describe the isomorphism J~!. Indeed by using ( [15],
p.384), we get

@t (z) = £\ (2) +%

o

ﬁi(:c) = Fo(x) + % M (Y)On, B1yE(x — y)doy, + jé A2(Yy)On, B2 yE(x — y)doy,
Then by difference

M (y)B1yE(x — y)doy + ]4 No(y) Bay B — y)do,

[al =M1,  [Onu] =—Xo
As J; is an isomorphism, if we set A\; = [R] and A2 = [0, R], we get & = R. Thus (65) with B;(2) = g1 and
By () = gy defines the isomorphism J~!. This ends the proof of the second, third and fourth points of the
theorem. Now we must solve the two boundary integral equations (61) in order to prove the fifth point. We
first calculate the kernels in the simple case of a straight crack : we set n = (0,1), z = (s,0), and y = (¢,0) € o

and so : 3(—1 (3
Bl’w (Bl,y(E1(3j - y))) = - —271_4(_5”) t):_ V)

By, (Biy(E(x —y))) = B1g (Bay(E(x —y))) =0
Boe (By(Blx —y)) = ALY

dm(s —t)?
Integral equations (61a) and (61b) rewrite as

1 — v 14
0:91(1’):—% /\1(t)3( 1+ 1)@+ )dt

1 27T(S — t)4
! - v v
V =ga(x) = ?{71 )\z(t)wdt

These two equations are uncoupled. For the first one the choice A\; = 0 is a solution, and by uniqueness it is
the solution of (61a). For the second equation, we define the function :

1Lt ot
g(s):fj{ 2(),—1<s<1
T™J_185—1
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We remark that (61b) rewrites as

! — 4 —
I = Tery” 4

Then we get g(s) = As + B with B an arbitrary constant that we can take equal to 0. From [20], Ay is given
by the following formula

— 12 — 2
777% 11—t Cste %\/1 t (A(t—s) + As)di + Cste
1—828—t \/1—32 7T\/1—32 s—1 V1 — g2
12
- = 2(% V1 tdt—]f \/1—t2dt> Cste
—s

V1 —s2
—A Cst
s (527T,E) + %5_682 = A1 — s2

where we set C'ste = A/2 in order to satisfy Ay(—1) = A2(1) =0 (ie X2 € Hééz (0)). This ends the proof of the
theorem.
0

Lemma 6.4. Let R be the solution of the exterior problem (R) given in (58), we have the following asymptotic
behavior :
for |x| = oo

|[RB(@)| < Clog(lz) —,  [VE()] §|i| : |v21wz(ac)|§|52
fore—0
IR (% )HOQ O(-log(e) . ||VE(% )HOQ —O(cy/Tlog@) . ||v2R (% )HOQ o

Proof. From the expression of R given in Theorem 6.3 and by using a Taylor expansion at point x and taking
|z| = +o0, we get the first inequality. For the second and the third ones, we must differentiate the expression of
R € C*(R?\7), interchange integral and derivative, and use a Taylor expansion around x. We refer to Lemma
5.5 for the proof of the three last estimates. O

Lemma 6.5. Let be we the solution of problem (QS) given in (32), and R the solution of the exterior problem
(Rext) given in (33), then we have the following asymptotic expansion :

we = R (E) + e
€

with

2. = O(=¢*log(e))
|wel2,0. = O(e)

lec
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Proof. e, solves the following problem

AZe, — yAe, +e. = VAR (%) 2R (%) on .
Bi(ee) — ¥0nee = — B (vo) — %Bl(R) (%) —Onvo = p1(z) = O(1), on o,
—c
(&) Bs(e) = —Ba(vo) — go (f) = oo(2) = O(x), on o, (66)
Bifee) ~vdnee =~ Bu(R) (2) = 61(a) = 0 ( ;Tg) , on 90
Bo(e) = —Ba(R) (f) — ¢o(z) =0 (|j2 : on 99

where g2(X) = — (gzz[))z (0) — (ng()] (0) =B for X € 0.
The variational formulation of problem (&) given in (66) is : find e, € H?(Q.) such as

adec) = [ AR(E)o=R (D)ot [ el =gl = [ (@r0=000). w0 € H02)

Integrating by parts the first term of a.(ee,v) gives

/Q v_e/a R ( v—e/ {(%R(i)v}—62/11R<f>anv+62/06 [R(%)@nv}—i—/g ezR(%)Av

€

The variational formulation of (&) rewrites as :

(ee,v _e/aR U—e/ [8nR(§)v}—62/FR(%>8nv
e o] f o) oo (2)s

+/¢m$wﬂ%ﬂ—ﬁww—®%@7W€HmU

€

We split e, in the distributionnal sense into the sum e, = el'* +el'™ + €2 with
e et € H2(Q.)/P; defined by

be(el®,v) = 11%(v), Yo € H*(Q.) /Py, where b, is given in (55)

1HE () = —'ye/o (&LR (%) v)i + 762/0 (R (%) &ﬂ))i

where we recall that for @ € o, u(z)® are the right and left limit values (see Figure 3).
We check easily that each problem defining the solution el'* is well defined on H?(Q.)/P;.
e ¢2 € H%(Q,) is defined by the variational form :

and

ac(e2,v) = ac(ec —elt —el 7 v) = 7/ R (f) v +/ 7€’ R (E) Av — 'y/ V(elt +el7) .V
Q. € Qe € Q.
[ e )o- [ — o)+ [ el - palowlve € B30
Q o

€ €
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As for el* we can show that €2 is well defined.

Now let us estimate ||| z2(q,)/p, and [[€2||2,0,. A change of variable, the trace theorem on B\@, the equiv-
alency of H?(B\&@)/P;-norm and seminorm and a change of variable again lead to

Clelt 30, < bolebt,ebt) = 76/ (0.5 (%) eg+)++62/ (7(%) ol )’

Oe

_ e / (0.R(X)ebH (X))t + & / (R(X)Dnel+((ex))
< C’ez||ei’+(eX)||Hoséz /Py + Ce®||0pet +(€X)HHS[§2(O')/P1
< CElel ™ (eX) | sr2 (o) ey + CE 1Ol (X)) ir1r2(03) /s
< 62H62’+(6X)HH2(B\5)/P1 < C62|62’+(€X)|2,B\5 < Ce3|eix+‘2ﬂe
We deduce that el |20, = O(e?). In the same way, applying the trace theorem on @ we get |el~
O(e?).

As el* is defined up to a polynomial of degree less or equal than 1, and from Lemma 6.1 and the estimates

¢1ll-3/2r = O(?), llg2ll—1j2r = O(?), p1(eX)] = O(1), |p2(eX)| = O(e) and |efF |20, = O(e®) and a
change of variable we have

R (), 1

2 (D), o 12l

+ v (leb o + el ’WHl(QE)/Pl) leZ]1.0.

|27Qe -

X
Cletla, <adeted) <R ()], N

+ (llee ™ ey /e + lee ™ 2o e) le2llo.a.
+ ||¢1||—3/2 r||62||3/2 r+ ||¢2||—1/2 r|[On €2||1/2 r
+ellr(eX) 2y €2(eX) |2,z + ll92(eX) /2 €2 (eX) |2, 07
< C (—€*log(e) + Ce + Ce® 4+ Ce?) €220
We deduce that
leZ]l2,0. = O (—€?log(e))

We come back to e, : as el is defined up to a polynomial of degree less or equal than 1 and thanks to the
Deny-Lions inequality given in (56) we have

lecllz. < lled T lm2o. /e + llet ™ 2. e + €2l m2@.) = O(—€log(e))

Finally, to estimate |wc|2,q, we use Lemma 6.4 :

X
wela.q, < ‘R (;) ‘2 o Fleclaia, < Ce+ Cellog(e) < Ce

which ends the proof. O
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