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ISOMORPHISMS OF TENSOR ALGEBRAS OF
TOPOLOGICAL GRAPHS

KENNETH R. DAVIDSON AND JEAN ROYDOR

ABSTRACT. We show that if two tensor algebras of topological
graphs are algebraically isomorphic, then the graphs are locally
conjugate. Conversely, if the base space is at most one dimensional
and the edge space is compact, then locally conjugate topological
graphs yield completely isometrically isomorphic tensor algebras.

1. INTRODUCTION

In 7], Katsura defined the notion of a topological graph which uni-
fies countable directed graphs and dynamical systems. This enabled
him to introduce a new class of C*-algebras generalizing the classes
of graph C*-algebras and homeomorphism C*-algebras. These C*-
algebras arise as Cuntz-Pimsner algebras over C*-correspondences, a
construction due to Pimsner [13]. Muhly and Solel have a long series
of papers which consider the non-selfadjoint tensor algebra associated
to a C*-corrsepondence (see [10], 11I] for a start) which develop a de-
tailed theory, making this a very tractable, yet rich, family of operator
algebras.

This class of tensor algebras contains two well-known classes of op-
erator algebras as special cases: tensor algebras of countable directed
graphs and operator algebras associated to dynamical systems in one
or several variables. One important direction is the attempt to clas-
sify these algebras, and in particular to decide to what extent one can
recover the graph or dynamical system from the operator algebra. We
continue this program in this paper in the context of topological graphs.

This was successfully done for countable directed graphs, showing
that the graph can be completely recovered from the operator algebra.
This was accomplished in increasing generality by Kribs and Power [9],
Solel [16] and Katsoulis and Kribs [6].
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2 K. R. DAVIDSON AND J. ROYDOR

Operator algebras of dynamical systems has a very long history. The
story for nonself-adjoint algebras begins with the work of Arveson [1}, 2]
where an operator algebra is associated to a dynamical system deter-
mined by a single map from a compact Hausdorff space to itself subject
to certain additional hypotheses. Peters [12] showed how to define an
abstract operator algebra, known as a semicrossed product, to any such
discrete dynamical system, and classified them with weaker constraints.
Further results by Hadwin and Hoover [5], Power [14] and Davidson
and Katsoulis [3] eventually showed that the dynamical system can be
completely recovered from the operator algebra up to conjugacy for any
proper continuous map of a locally compact Hausdorff space to itself.

In the case of multivariable dynamics, Davidson and Katsoulis [4]
define a universal operator algebra that encodes n proper continuous
maps of a locally compact Hausdorff space X to itself. This algebra is
the tensor algebra of a C*-correspondence. It is shown that isomorphic
algebras have dynamical systems which are piecewise conjugate, which
is a local version of conjugacy that allows different permutations of
the maps in different neighbourhoods. A strong converse, showing
that piecewise conjugate systems determine completely isometrically
isomorphic algebras, was established if dim X < 1 or if the number of
maps was at most three.

In the case of topological graphs, it is necessary to formulate an
appropriate notion of piecewise conjugacy, that we call local conjugacy.
In this paper, we show that if two tensor algebras of topological graphs
are algebraically isomorphic, then the topological graphs are locally
conjugate. The proof of this result uses the same ingredients as in
the multivariable dynamics case: characters and nest representations
of the tensor algebras. However the converse proves to be considerably
harder. This is because the topological graphs that arise in [4] are
topologically much simpler than the general case. We prove that the
strong converse holds when the edge space is compact and the base
space has dimension at most one.

2. PRELIMINARIES

A topological graph E = (E°, E', r, s) consists of two locally compact
spaces E°, E', a continuous proper mapping r : B! — E° and a local
homeomorphism s : E' — E° The set EY is called the base space
and E' the edge space. A topological graph is called compact if both
of these spaces are compact Hausdorff spaces. An important class of
examples of topological graphs are multivariable dynamical systems.
More precisely, if X is a locally compact Hausdorff space endowed
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with n proper continuous selfmaps (o1, ...,0,), thenlet E° = X, E! =
{1,...,n} x X, let s be the natural projection onto E' onto E°, and
r = U;0; the union the maps o;. This defines a topological graph. More
examples of topological graphs can be found in [8].

Following [7], we consider the associated C*-correspondence X (F)
over Co(E”). We recall that the right and left actions of Co(E°) on
C.(E") are given by

(f -2 -g)(e) = f(r(e))z(e)g(s(e))

for x € C.(EY), f,g € Co(E®) and e € E'. The inner product is defined
for z,y € C.(E") by

(x,y)(v) = Z z(e)yle) for wve E°.

e€s—1(v)

Finally, X(F) denotes the completion of C.(E") for the norm

]| = sup (z, z) (v)"/2.
veED
See [15] for more details.

Looking at the C*-correspondence in [4], it is easy to see that the
tensor algebra of a multivariable dynamical system (X; o4, ..., 0,) coin-
cides with the tensor algebra of the topological graph described above.

In general, the tensor algebra of a C*-correspondence can be defined
by a certain universal property [10]. In our case, this tensor algebra
is the universal algebra for pairs of representations (m,¢, H) where 7 :
Co(E°) — B(H) is a *-homomorphism and ¢ : X(E) — B(H) is a

completely contractive map satisfying covariance relations

t(f-x)=n(Nt(x) and t(x-f)=t)r(f).

More precisely, T (E), is the unique operator algebra containing Co(E°)
and X (E) such that every such pair of representations (m, ¢, H) extends
uniquely to a completely contractive representation of 7 (E),. We will
use repeatedly this universal property to construct characters and nest
representations of T(E),.

The tensor algebra associated to a C*-correspondence can also be
realized concretely as a subalgebra of the adjointable operators on the
related Fock space (see [7]). We recall briefly this construction in our
case. Let F = (EY, E',r,s) be a topological graph and let X(F) be
the associated C*-correspondence over Co(E®). We define

F(E) = Co(E°) o P X(E)"

n>1
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to be the Fock space of E, where X' (E)™ denotes the n-fold tensor prod-
uct of X(F). Let L(F(F)) be the C*-algebra of adjointable operators
on F(E). The Fock representation (7, ts) is defined in the following
way: for f € Co(E?) and 7, ®@ -+ ® 1, € X (E)", set

Too( )11 @@ ay) = (f-21) @+ @@y,

This is a *-isomorphism from Cy(E°) into £L(F(E)). Also for z € X (E)
and 11 ® -+ - Q@ z,, € X(E)", let

tOO(x>(5U1®"'®ZEn):x®x1®..‘®xn_

This is a completely contractive mapping from X (E) into L(F(E)). It
is not difficult to check that the pair (7., fs ) satisfies the covariance
relations. The tensor algebra associated to the topological graph E is

T(E)y = span{ti (x) :n >0, v € X(E)"} C L(F(E))

with the conventions X (FE)°? = Cy(EY), t% = 7., and " denotes the
n-fold tensor product of ..

3. IDENTIFYING THE BASE SPACE

Following [4], we wish to identify the character space M(E) of
T(E), and the maximal analytic subsets. Recall that an analytic sub-
set of M(E) is the image of an injective function ® from a domain 2
in C* into M(FE) such that for each A € T(E),, the function ®(z2)(A)
is analytic on 2. It is a maximal analytic set if it is not contained in
any larger analytic set.

Since T(F). contains Cy(E?), the restriction of any character to
this subalgebra yields a point evaluation 6, for some v € EY. Let
M(E), denote those characters which extend ¢,. Recall that there is a
canonical conditional expectation = of T(E), onto Co(E®) obtained by
integrating the gauge automorphisms. This map is a homomorphism,
and thus 6, := §,= is always a character. So M(FE), is never empty.

For each v € E°, we denote

El={e€ E':r(e) =v=s(e)}.

This is a compact set because r is proper, and is discrete because s is
a local homeomorphism. Hence it is finite.

Lemma 3.1. Let x € X(E) such that supp(z)NE} = @. Then 0(z) =
0 for every 0 € M(E),.

Proof. Note that supp(z) N s~!(v) is finite; and so its image under r
is compact and disjoint from v. Thus there is a neighbourhood Uy of
supp(z) N s~ (v) with compact closure so that r(U;) is disjoint from wv.
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Therefore there is a positive function g; in Co(E°) so that girlg = 1
and ¢g1(v) =0. Let 1 = gy -« and z9 = & — 2.

Observe that supp(ze) NU; = @&. So s(supp(zg)) is compact and
disjoint from v. Therefore there is a positive function g, in Co(E°) so
that g25|supp(as) = 1 and go(v) = 0. Note that z3 = x5 - go.

For any § € M(E),,

O(x) =0(g1 - x1) +0(x2- g2) = 6,(g1)0(x1) + 0(22)0,(g2) =0. =

Theorem 3.2. Forv € E°, let n denote the (finite) cardinality of E}.
If n =0, then M(E), = {0,0}. If n > 1, then M(E), is homeomor-
phic to B, the closed unit ball of C*, and the image of the open ball
B,, s a maximal analytic set. Moreover, these are the only maximal
analytic sets.

Proof. Let E! = {e; : 1 <i < n}. Since E! is a finite set, we can select
disjoint neighbourhoods e¢; € V; C V; C U, of e; such that U, is compact
and such that s maps each U; homeomorphically onto a neighbourhood
U of v. Pick contractions t; € C.(E') C X(F) with compact support
in U; such that t;]y, = 1. Observe that the row operator t = [tl . tn]
is a contraction. Consider the map x defined on M(E), by

k() = (0(t), ..., 0(tn)).

As a character 6 is completely contractive, the range of k is contained
in B,

To prove that  is surjective, let z = (21,...,2,) € B, and consider
the complete contraction ¢, defined on X (FE) by

t.(z) = Z ziz(e;).

Then (d,,t,,C) is covariant representation. By the universal property
of T(E),, it extends uniquely to a character 6, , € M(FE),. Clearly
k(Oy) = 2.

For the injectivity, let 0,0y € M(E), such that k(0,) = k(6,). As
T(E)4 is generated by Co(E°) and X (E), it suffices to prove that 6,
and 0, agree on X (F). Let x € X(FE) and pick an open set U of E!
with compact closure such that B} NU = @ and {U,V,,V4,...,V,}
forms an open cover of supp(x). Let {p,p; : 1 <i < n} be a partition
of the unity in C.(E') C X(F) associated to this open cover. Then
r=xp+ap+ -+ xp,. By Lemma 3.0}

01 (zp) = b2(zp) = 0.
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Moreover for each i > 1, supp(zp;) C V; so zp; = t; - b;, where b; is a
function in Co(E°) extending xp; o s|;;'. Hence

This is true for each i, so 6; = 0.

Thus £ is a bijection. We denote the character £~ '(z) as 6, ,. Now
for v € X(E), 0,.(x) = t,(x) is a linear function. Thus the extension
to > ot (X(E)") takes polynomial values. A sequence of such ele-
ments converging to T € T (E), converges uniformly on M (E) because
characters are (completely) contractive. It follows that the function
T(z) := 6,.(T) is analytic on the relative interior M of M,,, which is
identified with the open ball B,,. Thus this is an analytic set.

Finally if U is an analytic subset of M(FE), then the restriction to
Co(E") is analytic, which forces it to lie in some M,. Thus it is clear
that it is a subset of M. So we have identified the maximal analytic
sets. n

As in [4], we observe that the quotient space of M(E) obtained by
mapping the closure of each maximal analytic set to a point is homeo-
morphic to E°. Hence we deduce the following important corollary.

Corollary 3.3. The character space M(E) determines E° up to home-
omorphism.

4. LOCAL CONJUGACY

For v, w in E°, we denote
E,,={e€E":r(e)=vand s(e) =w} =r""(v)Ns " (w).

This is a finite set because 7~ *(v) is compact, and s~1(w) is a discrete
set. Denote its cardinality by n,,,,.

Recall that a nest representation is a homomorphism of the algebra
into the 2 x 2 upper triangular matrices with respect to a basis ey, ey
such that the only proper invariant subspace is Ce;. The two diagonal
entries are characters, and the 1,2 entry is a derivation. Let Rep, (E)
denote the set of all 2-dimensional nest representations of 7(E),. Let
Rep, ,,(E) be the set of 2-dimensional nest representations of 7 (E),
such that the 1,1 entry belongs to M(F), and the 2,2 entry belongs
to M(FE),. We also denote Repiw(E) the subset of Rep,, ,,(E) of rep-

resentations which are diagonal when restricted to Co(E?).

Lemma 4.1. Rep,,(E) is non-empty if and only if E} ,, # &. More-
over, if v € X(E) is such that supp(z)NE, ,, = @, then p(z) is diagonal
for every p € Repiw(E).
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Proof. First assume that E;, is non-empty. Let A, for e € E;,, be
complex scalars such that 0 < > |A.| < 1. Define a *-homomorphism

7 : Co(EY) — My by
_ |flw) 0
W(f) = { 0 f(w)]

and a map t : X(E) — My by

ta) = {8 Zeert, m<e>}

This is contractive (as it is a convex combination of contractive maps).
Thus ¢ is completely contractive because it’s 1-dimensional.
Clearly

tf o)=Y Aef(r(e))z(e) = m(f)t(x)
and
tz-f) = tea(e)f(s(e) = t(x)m(f).

Hence by the universal property of the tensor algebra, this pair of
representations extends to a completely contractive representation p of
T(E).. The range of p is the entire upper triangular 2 x 2 matrices
because some ), is non-zero. If v € X(E) satisfies supp(z) N E} ,, = @,
then p is diagonal. So p belongs to Repg’w(E).

Conversely suppose that Rep, ,(£) is non-empty. Then applying a
similarity (as in Lemma@ below) yields an element of Repiw(E). Let
z € X(E) such that supp(z) N E} ,, = @. We will prove that p(z) is
diagonal for every p in Repff’w(E). Arguing as in Lemma we can
split © = g1 - 1 + 2 - g2 so that ¢1(v) = 0 and go(w) = 0. Thus p(z)
has the form

p(x) = plg1)p(x1) + pla2)p(g2)
100 S T * 0  |x O
10 x| [0 % 0 x| |0 0 |0 =
If £}, were empty and p € Repiw(E), then p(z) is diagonal for

every x € X(FE). Thus p is not a nest representation, contrary to
assumption. Hence E , is not empty. 5

We also need a technical result which is a minor modification of [4]
Lemma 3.13] using 0 = rEsE‘lL.
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Lemma 4.2. Let E = (E°, E', s, 1) be a topological graph. Let L C E*,
K C E° two compact subsets such that sg|;, maps L onto K homeo-
morphically. Set o = rpsp|;*. Let Q be a domain in C¢. Suppose that
there exists a map p from K x Q to Rep T (E) such that

(a) p(xa Z) € Repa(a}) x’
(b) p is continuous in the point-norm topology,
(¢) for each x € K, p(x, z) is analytic in z € Q.

Then there exists a map A from K x € onto the group of invertible
upper triangular matrices, so that

(1) A(z, 2)p(x, 2)(-) Az, 2) 7" € RepG(a) 0

(2) A is continuous on K\ {x :o(x) =z} x Q,
(3) A(z,2) = I, when o(z) = x,

(4) for each x € K, A(x, z) zs analytic in z € €,
(5) max {[|A(z, 2)|, [[A(z,2)"" |} <1+ |lp(z, 2.

Now we define a notion which extends the notion of piecewise conju-
gacy introduced in [4]. To paraphrase, local conjugacy means that the
base spaces are homeomorphic and there is an open cover of the base
spaces which lift to local intertwining of the two graphs. From now on,
we will need to assume that the edge space is compact.

Definition 4.3. Let E = (E° E', sp,rg) and F = (F°, F', sp,rr) be
two compact topological graphs. They are said to be locally conjugate if
there exists a homeomorphism 7 : E® — F° such that for every u € EY,
there is a neighbourhood U of u, a homeomorphism v of s;'(U) onto
sy (TU) such that spy = TSE‘S;;(U) and rpy = TTE\sE1(U)

Remark 4.4. While we will only deal with compact topological graphs
in this paper, if £' and F! are not compact, we would modify the
definition of local conjugacy to say: there exists a homeomorphism
7 : E° — FY such that for every v € E°, and for every open set O
in E° such that O is compact, there is a neighbourhood V of v, a
homeomorphism hy from rz'(0) N sz (V) onto rz! (7(0)) N sz (1(V))
such that sphy = 7sg and rphy = 7rg.

To prove the classification result, we need an equivalence relation
between edges. Two edges e, e’ € E' are said to be equivalent if there
exist U neighbourhood of e, U’ neighbourhood of ¢’ such that sg re-
stricted to both U and U’ is a homeomorphism and sg(U) = sg(U’) and
for every v € s(U), resg|;' (v)) = rese|y (v)). In this case, we denote
e ~ ¢/. When there is a homeomorphism 7 : E° — F°, this equivalence
relation naturally extends to an equivalence relation between edges of
E' and F! (relative to 7).
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The proof follows the lines of [4, Theorem 3.22] with some additional
technicalities.

Theorem 4.5. Let E = (E°, E', sp,rg) and F = (F° F' sp,rr) be
two compact topological graphs. If T(E)4+ and T (F)4 are algebraically
1somorphic, then E and F are locally conjugate.

Proof. Let v be an isomorphism of 7 (E), onto T (F'),. This induces
a canonical map v, from M(FE) onto M(F) between the character
spaces. It also induces a map 7, from Rep, (E) onto Rep,, (F).

Since M(F) is endowed with the weak-* topology, it is easy to see
that ~, is continuous. Indeed, if 6, is a net in M(E) converging to 6
and B € T(F)4, then

lim yefa(B) = lim 0a (" (B)) = 0(y"(B)) = 7.0(B).

The same holds for v 1. So 7, is a homeomorphism.
Observe that 7, carries analytic sets to analytic sets. Indeed, if © is
an analytic function of a domain 2 into M(FE), then

10(2)(B) = ©(2)(y"(B))

is analytic for every B € T (F'),; and thus 7.0 is analytic. Since the
same holds for v, it follows that -, takes maximal analytic sets to
maximal analytic sets. Thus it carries their closures, M(FE),, onto sets
the corresponding sets M(F),.

By Corollary 7. induces a homeomorphism 7 of E® onto F°. For
simplicity of notation, we identify E° and F° via 7, so that F° = E°
and 7 = id.

Fix vyg € E°. Since sp and sp are local homeomorphisms and
E' and F! are compact, both sz'(vg) = {e1,...,e,} and sz'(vg) =
{f1,..., fy} are finite sets. Let G denote the equivalence class of e
among {eq,...,ep, f1,..., fg}. After relabeling

92{61,---,€k,f1,---,fl361N"'NekalN"'Nfz}-

By exchanging F and F' if necessary, we can suppose that £k > [. Our
purpose is to prove that k = [. So, suppose that k£ > [.

As in [7, Lemma 1.4], there exists a neighbourhood W of vy, U;
disjoint neighbourhoods of e; (1 < i < p), V; disjoint neighbourhoods
of f; (1 < j < q) such that sg(U;) = W = sp(V;) homeomorphically,
and

p q
sg W) =JU; and sp'(W) =[]V,
=1

J=1
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and
o= TESEBll = T’ESE‘{]S = rFsF];jl for 1<i<k 1<j<L

If o(vp) # vo, we also choose W so that (W) NW = @.
For each v € W and z = (21, ..., z) in the C¥, define a representa-
tion in Repy, ,(E) by

p — 50(1)) Zlezi(;ei
v,z 0 61)

This is a continuous family of nest representations which is analytic in
the second variable. Here p, ., is completely contractive if ||z||s < 1 and
bounded by 1+ ||z||2 in general.

Let ny. == Vrpv: = Pvz © fy_l. This is a nest representation in

Rep, ), (F) with [In(z, 2)[| < (1 + [lz]l2)[77"[|. Apply Lemma [4.2) to
obtain a matrix valued function A(v, z) such that

D (v, z) = A(v, 2)ny A, 2)te Repiw(F)

which is continuous on W\ {x : o(z) = 2} x C¥, analytic in the second
variable, and such that

max {[|A(z, 2)||, [|A(z,2)7 "} < L+ [[n(, 2)ll.

Now for 1 < j < g, pick a contraction t; € C.(F"') with supp(t;) C V;
and a compact neighbourhood V; C V; of f; such that t;| = 1. Define
1;(2) to be the (1,2) entry of ®(v, 2)(t;), and let

U(z) = (¥1(2), - 1he(2))-
This is an analytic function from unit ball of C* into CY.
We claim that ¢;(z) = 0 for j > . If j > [, then f; is not in G.
Hence there is a net (vy) € W converging to vy such that

rFsF|‘_/jl(v>\) # o(vy).
Note that
supp(t;) N sz’ (va) C Vi Nisp'(va) = {srly; (va)}-
Therefore, supp(t;) N F! = @. Hence by Lemma H, O (v, 2)(t)

o(vx)vx
is diagonal for all A and all z € CF.

Now there are two cases. If o(vg) # vg, then A is continuous (since
o(W)NW = @). Hence ®(v, z) is point-norm continuous. Taking a
limit in A, we obtain that ®(vg, 2)(t;) is diagonal, whence 1;(z) = 0.

In the second case, o(vg) = vo. Thus the diagonal elements of the
range of ®(vg,z) are scalars. For z fixed, the function A(v,z) and

its inverse are bounded. Therefore we can pass to subnet so that
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A(z) = limy A(vy, 2) exists in the the group of invertible upper tri-
angular matrices. As 1, . = Py © ~~1 is point-norm continuous and
A(vo, z) = I, passing to the limit we deduce that A(z)n,.(t;)A(z)™
is diagonal, hence scalar. So ®(vo, z)(t;) is scalar, which means that
¥;(z) =0.

We may now consider ¥ as a function from C* into C!. We have
U(0) = 0. As in [4, Proposition 3.21], it follows that this cannot be
an isolated zero when [ < k. Thus there is some z; # 0 such that
U(z) = 0. As in the proof of Theorem [3.2, every z € X(F) can
be written as a sum z = zo9 + Z?:l t; - f; where zy vanishes on a

neighbourhood of s;.'(vy) and f; € Co(F?). It follows from Lemma
that ®(vg, 20)(o) is diagonal. As each ®(vo, 20)(t;)P(vo, 20)(f;) is also
diagonal, we deduce that ® (v, zo) is diagonal—and hence is not a nest
representation. This contradiction shows that [ = k.

Therefore we can partition {ey,...,e,} so they agree on a common
neighbourhood W of vy, and these equivalence classes will paired with
a corresponding partition of {fi,..., f,}. In particular, ¢ = p. After
reordering, we may suppose that e; ~ f; for 1 <4 < p. Thus there are
disjoint neighbourhoods U; of of ¢; and V; of f; for 1 <4 < p such that
sp(U;) = W = sp(V;) homeomorphically,

P
sz (W) C UU" and s (W) C U Vi,

i=1 j=1

and TESEB: = TFSF|‘21~ The map ~; = SF|‘_/Z_1$E|U,L. is a homeomorphism
of U; onto V; so that

v, and rpy; =rg

SF7Yi = SE Ui-
Hence the map v = [J/_, 7 is the desired homeomorphism of s (W)
onto sz'(W) establishing local equivalence of E and F. n

5. THE CONVERSE

In this section, we discuss the converse of Theorem namely, if
two topological graphs F and F' are locally conjugate then are their
associated tensor algebras isomorphic (as Banach algebras)? We are
able to prove this converse when E° or F° has topological dimension
less or equal to 1 and E' and F! are compact. In this case, the tensor
algebras are completely isometrically isomorphic.

We begin by constructing a particularly good open cover of E.

Definition 5.1. Let £/ and F' be two locally conjugate compact topo-
logical graphs with dim(E°) < 1 via a homeomorphism 7. An open
cover U = (U;)i<, of E° is called admissible if:
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(C1) For each i, there is an integer m(i) and disjoint open sets Uy, of
E* for 1 < k < m(i) such that s3'(U;) = UpY” Uy and sp maps
each U;; homeomorphically onto U;.

(C2) For each 1 < i < n, there is a homeomorphism v; from s5'(U;)
onto sp*(7U;) such that spy; = TSE|851(UZ,) and rpy; = TTE|sE1(Ui).

(C3) U;NU; NU, =0, whenever i # j # k # i.

(C4) U; \ U; and U, \ U; are disjoint for i # j.

(C5) If U; NU; # @, then there is a permutation 7 € S,,;) so that
Uik N Ujl 7é @ if and only if | = 71'(]{)

(C6) The corresponding open cover of F° and F! obtained by setting
Vi = 7(U;) and Vi, = v;(Uix) also satisfies (C5).

Note that {Uy : 1 < i < n,1 < k < m(:)} is an open cover of
E'. The property (C1) is easily achieved in general. It implies that
m(i) = m(j) if U; and U; intersect. Thus this is a locally constant
function.

(C2) is just a restatement of local equivalence. The fact that +;
intertwines the source maps sg and sg and takes U;, onto V;; means
that

Yilv,, = (splv,) 'sely, for 1<i<nand1<k<m.

Property (C3) is an expression of dim(E°) < 1. Properties (C4)
and (C5) may be achievable in general, but our proof will use the low
dimension in a key way.

Property (C5) means that Uy, intersects exactly one of the Uj;, not
some more complicated mixing. This seems essential in order to be able
to understand what is happening. If the sets U; N U; were connected,
then this would be automatic. But in the dimension 0 case, that can’t
happen.

The open cover of F° and F! obtained as defined in (C6) is easily
seen to satisfy (C1,3,4). However property (C5) is not automatically
transferred.

Theorem 5.2. Suppose that E is compact topological graph where the
covering dimension of E° is at most 1 and that E is locally conjugate
to another topological graph F via a homeomorphism 7. Then there
exists an admissible open cover (U;)1<i<n of E°.

Proof. The definition of local equivalence shows that for each u € E°,
there is an open neighbourhood U and a homeomorphism ~ from
s (U) onto s3'(7U) such that spy = TSE|851(U) and rpy; = T?“E|S;:1(U).
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Now sj'(u) is finite, say {e; : 1 < j < m}, and sg is a local home-
omorphism. Thus there is an open set U C U containing u and dis-
joint open sets V; containing e; so that sgly, is a homeomorphism
onto U. Let U = U\ sg(E"\ Uj~, Vj). This is open, contains u,
and s;'(U') = Uiz, V/ where V] = sz (U') NV, and sp maps each
V/ homeomorphically onto U’. The restriction of 7 to sz (U") is the
desired intertwining map.

By the compactness of E°, there is a finite subcover (U});<, of sets
constructed in the previous paragraph. Thus this cover satisfies (C1)
and (C2). Since E° has covering dimension at most 1, this cover can
be further refined so that (C3) holds as well.

Now we make another modification to obtain (C4). Let f; be a
partition of unity in C(E°) such that supp(f;) C U/. Observe that at
most two of the f;(u) can be non-zero for any u € E°. Thus for each
u € E° there is some 7 with f;(u) > 1/3. Set U; = {u : fi(u) > 1/3}.
This is a finer cover of E° with U; C UJ.

Fix i # j, and consider u € (U; \ U;) N (U; \ U;). Then

< filu) <3 and 3 < fi(u) <5
So fi(u) = f;(u) = 1/3 and f,(u) = 0 for i # p # j. This contradicts
> fi = 1, so the intersection is empty and (C4) holds and properties
(C1-3) are not affected.

Suppose that U; N U; # @&. By Tietze’s extension theorem, there
is a continuous function f in C(E°[0,1]) such that floaw, = 1 and
f ‘Uﬁ-\Ui =0.

For each 1 < k,l < m(i), let Wy, = Uy, N Uj;. Observe that for fixed
k, Uy N szt (U N U;) is the disjoint union of Wy, for 1 <1 < m(i). So
{se(Wy) : 1 <1 < mf(i)} partitions U; N U; into disjoint open sets.
Thus {sg(Wy) : 1 < k,l < m(i)} partitions U; N U; into disjoint open
sets. Likewise the sets Vi, = v;(Usx) and Vj; = 7,(U;;) determine open
sets Xj; = Vi N V. Thus we obtain a partition of U; N U; into disjoint
open sets {Y, : 1 <r <r(i,j)} determined by

{SE(Wkl),Tilsp(Xkl) 01 S /{Z,l S m(z)}
Using the function f constructed above, define
Ui ={ueU: flu) > .6} and Uj={uecU;: f(u) < 4},
and set
V={ueY,:3< f(u)<.7} for 1 <r <r(i,j ).

Replace U; and U; in the cover by these new sets. For each r < r(3, j)
and k < m(i), set Y, = s5*(Y/) N Uy. Note that if i # p # j, then
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UpynNU =U,NU;, U,NU; = U,NU; and U, NY = . In addition,
unU ]’ = @. It is clear by construction that U;, N W, is empty except
for | = k. Likewise W, N U; is empty except for a single choice of

= m(k). The same argument shows that the corresponding cover of
F satisfies (C5).

Treat all intersecting pairs U; and U; from the original cover in this
manner, and the new cover constructed satisfies (C5). This does not
affect (C1-3). If necessary, go through the construction to get (C4)
again. Reducing each open set does not affect (C1-3,5). So we are
done. n

It is clear that m(i) = m(j) if U; and U; intersect. So E° splits into
a finite number of clopen subsets on which m(i) is constant. Clearly
it suffices to deal which each set separately. So we may suppose that
m(i) = m is constant.

Let U = (U;)1<i<n be an admissible open cover of E°. Note that if
U; NU; # 0, then there is a unique permutation 7TZE] € S, defined by
Wf](k) = [ if and only if Uy, N Uy # (0. We denote I1gy, the function
defined on a subset of {1,...,n} x {1,...,n} by lgy(i,j) = 7, when
U; and Uj intersect. Obviously, 7} = (7).

First we record an easy lemma to set the stage.

Lemma 5.3. Suppose that E and F' are two locally conjugate compact
topological graphs, and that E° has dimension at most 1. Let U =
(U)1<i<n denote an admissible open cover of E° with m(i) = m for
1 <i<n, and letV be the corresponding cover for F'. We assume that
gy = py. Then X(E) and X(F) are unitarily equivalent as C*-
correspondences; and T (E); and T (F); are completely isometrically
1somorphic.

Proof. The map v = [J,<,,, Vi is a well defined homeomorphism of
E' onto F' because the assumption Iy = Ilpy means that ~; and
v; agree on s (U; N U;). Moreover spy = 7sp and rpy = Trp.
This induces a unitary isomorphism I' from X(FE) onto X (F') given
by I'(z) = x o~~!. To see that ' is a bimodule map, note that 7
induces a *-isomorphism p of C(E®) onto C(F°) by p(f) = for L
Moreover, 7~ 'sp = spy; ' and 77 'rp = rgy; ' Thus if g € C(E°) and
x € X(E), then

Dz g) = (£077 g0 sen7))
=T(z)(go7 'sp) =T (z) - p(g).
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Similarly, I'(g - ) = p(g) - I'(x). Finally this map is isometric because
if v € E° and s5'(v) = {e; : 1 <i < m}, then

sp (Tv) = {fi =7(e;) 1 1 < i <m}.
S0

(L(x), T(2))(1v) = Z T(x)(f)]?

= Z |z(eq)|* = (z, 2)(v)

Thus (I'(z),['(x)) = p({x,x)). It follows that this is a unitary equiva-
lence of C*-correspondences. Hence T (E); and T (F'), are completely
isometrically isomorphic. n

Now we modify this proof to get the key step in the proof of the
converse.

Lemma 5.4. Suppose that E and F' are two locally conjugate compact
topological graphs, and that E° has dimension at most 1. Let U =
(Ui)1<i<n denote an admissible open cover of E° with m(i) = m for
1 <1 < n, and let V be the corresponding cover for F'. We assume
that llgy = gy where theyre defined, except for a single pair iy, jo
at which the permutations differ by a single transposition (kolo):

E = 7TF o} (k’olo)

Tio,do 10,J0

Then X(E) and X (F') are unitarily equivalent as C*-correspondences.

Proof. Let V = {V; = 7U; : 1 < ¢ < n} be the corresponding cover
of FU and let Vi = 7;(Uy,) for 1 <i <m and 1 < k < m. Since the
labelling is arbitrary, we can suppose without loss of generality that
1o = ko = 1 and jo = lp = 2 and that 7T1E72 = id and so 7{2 = (12); while
ij = 7TZEJ when {i,j} # {1,2}. Thus the sets Uy N Uy, Uiy N Uso,
Vi1 N Ve and Vip N Vay are all non-empty.

Except for this one flip, we have that V;; NV} # @ if and only if

Usx N Uy # @ if and only if 7/ (k) = I. Thus
'VilUikﬁsz = (SF|Vikajl)_1sE|UikmUjl = /yj|UikﬁUjl'
To describe what happens on the remaining four intersections, let

g = (SF‘V120V21>71$F‘V110V22

be the canonical homeomorphism of Vi1 N Vay onto Vio N Vo, Then

'71’U11WU21 - (3F|V11WV22)_18E|U110U21
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whereas

'72|U11WU21 - (3F|V12WV21)_13E|U110U21 = 0-'71|U11WU21'

Similarly, v1|vy,n0,, 18 @ homeomorphism onto Vig N Vo, while

-1
72’U12QU22 =0 71|U120U22

is a homeomorphism onto Vi1 N Vas.

Using property (C4) and Tietze's extension theorem, there exists
a continuous function g € C(F?, [0,7/2]) such that gy, = 0 and
9lvan = /2. Let h = gosp. For z € X(F) and a € F', we define
['(x) € X(F) by setting I'(z)(a) to be

277 (a) a€ Vi, ag Vii NV or VipaNVy
cos(h(a)):cfy1 (a) + sin(h(a))zy, ' (a) a€ Vi1 NV
2thla (c Ny a) — sin(h(a))x%_l(a)) a € Via NV

By the calculations in the previous paragraph, I'(x) is well defined on
Ft

It is easy to verify that I'(z) is a continuous function on F'. As
before, there is an induced *-isomorphism p between C(E°) and C(F?)
given by sending f € C(E) to p(f) = f o771 The relations 77 sp =
sEyi’l and 77 rp = TE’)/;1 allow us to show that I' is a bimodule map:
if fe C(EY), r€ X(E)andae F'\ ((V11 N Va) N (Vi N Vgl)), then
the argument is as in Lemma . While if a € Vi1 N Vag, then

C(x - f)(a) = (cos(h(a))ayi (@) + sin(h(a))ery ' (a)) f(s57 ' (a))
— (a)(a) f(r () = () - p(f)(a).

A similar calculation works on Vis N Vo, so I' is a right module map.
Similarly, it is a left module map.

Finally we show that I' is isometric. We will prove that for every
v e E° (T(z), () (tv) = (x,z)(v). It is clear from the definition
of I' and the argument in Lemma that the only place a problem
might arise is when v € U; N Uy. If s3'(v) = {e; : 1 < i < m}, then
spr(tv) = {fi == m(e;) : 1 <i <m}. So
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and

(I'(x), T Z IT(x)(71(e))

= Z T(@)(fi)l* + Z J(eq)[*

Thus we can ignore the terms 3 <7 < m. We compute
D) (f)* + () (f2)* =
= | cos(h(fi))a (f1) +sin(R(fi)er " ()]

o+ [0 (cos(h(fo))ar H(f2) - sm< () (f2)) [
= cos?(g(7v))|z(er)|” + sin(2g(7v)) Re z(er)x(ez) + sin®(g(r2)) |z (e2)

+ cos(g(Tv))|z(e2)[* — sin(2g(7v)) Re z(e1)z(e2) + sin’(g(rz)) |z (e1) |
= |z(er)|” + |z (e2) |

Hence I' is a unitary.
It follows that X(FE) and X (F) are unitarily equivalent as C*-corr-
espondences. n

2

Now we make the routine extension to the general result.

Theorem 5.5. Let E = (E°, E', sp,rg) and F = (F° F' sp,rr) be
two compact topological graphs with dim E° < 1. Then the following
are equivalent:

(i) T(E)+ and T(F) are algebraically isomorphic,

(ii) E and F are locally conjugate,

(ili) T(E)+ and T(F)4 are completely isometrically isomorphic.

Proof. We established (i) implies (ii) in Theorem [{.5] As (iii) clearly
implies (i), it remains to establish (ii) implies (iii).

Let U be an admissible cover. Let us write o,; = (7TIFJ)*1 mE for
1 <i,j <n. Fix k and set 7TZE](/€) =1,k =xl" 1(l) and ' = 7; (k:’)
so that o;j(k) = k’. Then ~; carries Uy, N Uy onto Viw 0 Vi, wh1ch is
carried by 7; ' onto Uy NU. . By the local equivalence (C2), it follows

that

—1
UnUy and TEY;

SEY;
It follows that we can build a new topological graph by changing 7r5-
by the transposition ([,1') and leaving the rest the same. That is,

we declare that Uy, intersects Ujy and Uy intersects Uj;, leaving all
other intersections unchanged. This defines a new topological graph,

UgNUy = SE UgNUy = TE|U#NUy -
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which by Lemma[5.4] determines a C*-correspondence which is unitarily
equivalent to X(E).

Repeated use of this procedure a finite number of times yields an
equivalent topological graph E for which II pu = Ury. By Lemma ,

the two C*-correspondences X' (E) and X (F) are unitarily equivalent.
It follows that X(FE) and X (F) are unitarily equivalent, whence T (E)
and T (F'); are completely isometrically isomorphic. ]
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