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NONLOCAL ISOPERIMETRIC PROBLEMS

AGNESE DI CASTRO, MATTEO NOVAGA, BERARDO RUFFINI, AND ENRICO VALDINOCI

ABSTRACT. We characterize the volume-constrained minimizers of a nonlocal free energy given
by the difference of the t-perimeter and the s-perimeter, with s smaller than t. Exploiting the
quantitative fractional isoperimetric inequality, we show that balls are the unique minimizers
if the volume is sufficiently small, depending on ¢ — s, while the existence vs. nonexistence of
minimizers for large volumes remains open. We also consider the corresponding isoperimetric
problem and prove existence and regularity of minimizers for all s, . When s = 0 this problem
reduces to the fractional isoperimetric problem, for which it is well known that balls are the
only minimizers.
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1. INTRODUCTION

In this paper we deal with two nonlocal isoperimetric problems, which are closely related
one with the other. To introduce them, we recall the definition and some properties of the
fractional perimeter. Given a number o € (0, 1), for a measurable set £ C RY, the fractional
perimeter P, (E) is defined as the (squared) H®/?-seminorm of the characteristic function of E,

that is,
Ixe(x) — xEB(Y) // dz dy
P, (E N d dy =
)= sl = [ [ PN = [ [

The notion of fractional perimeter has been introduced in [36, O] and it has been extensively
studied in several recent papers (see for instance [24] 33] [34, [IT] [I8] I5] and references therein).
In particular, according [10, Theorem 1] (see also [7}, [14], B]), we have that the fractional perime-
ter P,, if suitably renormalized, approaches the classical perimeter P as o /1. More precisely,
if OF is of class O™ for some v > 0, we have

(1.1) lim (1 — a)Py(E) = NwyP(E),

a—1—
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where wy denotes the volume of the N-dimensional ball of radius 1. On the other hand, the

fractional perimeter P, approaches the Lebesgue measure | - | as a N\ 0, that is,
(1.2) lim aP,(F)= Nwn|E|,
a—0t

if P;(E) < +oo for some & > 0 (see [31] and [I7, Corollary 2.6]).

In the first part of the paper we investigate the minimum problem:

(1.3) ‘g‘lin Fsi(E) m € (0,+00),

where
(1-t)P(E)—sPy(E) if0<s<t<l1

NwyP(E) — sPy(E) if0<s<t=1
(1.4) For(E) =
(1—t)P(E) — Nwn|E| if0=s<t<1

NwnyP(E)— Nwy|E| ifs=0andt=1

Notice that thanks to (L2) and (L), for all s,¢ € (0,1) we have

(1.5) f87t(E) — f871(E) — fo@(E) and f&t(E) — f07t(E) — fo@(E),
t—1 5—0 s—0 t—1

that is, F,; depends continuously on s,t € [0,1], with s < t.
Problem (3] is reminiscent of recent results about isoperimetric problems with nonlocal
competing term arising in mathematical physics, where the functionals take the form

F=P+NL

being P the perimeter and AL the nonlocal term, see for instance [28] 29, 13| 26, 22| [18] [5, 27].
We mention in particular the works by Kniipfer and Muratov [28, 29] where the authors consider
the case where the nonlocal term is given by a Coulombic potential.

In our framework, the energy in (IL5]) presents a competing effect between the term P; which
has the tendency to “aggregate” the sets into balls, and Ps, which acts in the opposite way. We
will see that, at small scales, the aggregating effect is predominant, but this does not occur at
large scales.

More precisely, as a first result we show that minimizers exist and are regular at least for
small volumes.

Theorem 1.1. For any 0 < s < t < 1, there exists mg = mo(N,t —s) > 0 such that for all
m € (0,1myg), problem (L3) has a minimizer F C RYN. Moreover F is bounded with boundary of
class CYP, for some 8 = B(N,t—s) € (0,1), outside a closed singular set of Hausdorff dimension
at most N — 2 (respectively N — 8 if t =1).

Thanks to the fractional isoperimetric inequality in a quantitative form, we also show that
the the minimizer found in Theorem [[.1] is necessarily a ball, if the volume m is sufficiently
small.

Theorem 1.2. For any 0 < s <t <1 and mg as in Theorem [I1), there exists my = mi(N,t —
s) € (0,mg)] such that for all m € (0,m1), the only minimizer of problem (L3) is given by the
ball of measure m.



NONLOCAL ISOPERIMETRIC PROBLEMS 3

We stress that our estimates, similarly to those in [18], depend only on a lower bound on the
difference ¢ — s, and pass to the limit as s — 0 and ¢ — 1 (as a matter of fact, the normalizing
constants appearing in ([L4]) has exactly the purpose of making our estimates stable as s — 0
and t — 1).

Moreover, as far as we know, our results are new even in the case t = 1.

We also point out that we do not know if a minimizer exists for any volume m. However,
we show that a minimizer cannot be a ball if m is large enough (see Theorem [63]), so the
minimization problem can be in general quite rich.

The second problem we consider is the following generalized isoperimetric problem:

1.6 in F.(E) 0<s<t<l,
(1.6) Join T (E) s

where N
((1—t)P(E)™

(sPo(E)"

fo<s<t<l1

(Nwy P(E))N=*

(SPS(E))N_l if0<s<t=1

(1—t)P(E)Y

NwN—f;(fV)j\; if s=0and t=1.
Again, thanks to (L2) and (1) we see that
FealB) = Faa(B) = Foa(B)  and  Fou(E) = Fou(B) = Foa(E).
t—1 5s—0 s—0 t—1

Since, for s = 0 and ¢t = 1, problem (L.G) reduces to the classical isoperimetric one, we can think
to it as a generalized isoperimetric problem for fractional perimeters.
We now state our main result about problem (L.Gl).

Theorem 1.3. For any 0 < s <t < 1, there exists a nontrivial minimizer Eg; of problem (L.0)).
Moreover Eg; is bounded and has boundary of class C18, for some B = B(N,t —s) € (0,1),
outside a closed singular set of Hausdorff dimension at most N — 2 (respectively N —8 if t = 1).

We point out that, for s = 0, the problem reduces to the fractional isoperimetric problem,
for which it is known that the ball is the unique minimizer [20] (see also [24] for a quantitative
version of this result). However, we do not know if the ball is still a minimizer of problem (L))
for s > 0.

The paper is organized as follows: in Section 2] we recall some general properties of the
fractional perimeters and, more generally, of the fractional Sobolev seminorms. In Sections BHal
we deal with problem (I3]). Section [B] contains the main tools exploited later to prove Theorems
[LIand The cornerstone of the section is an optimality criterion (see Proposition B.9]) which
entails density estimates for minimizers (see Proposition BI1]) and the fact that minimizers
must be close to a ball, if the volume is small enough (see Lemma BI3]). An elementary,
but important result is then provided by Proposition B.12] stating that any minimum must be
necessary bounded and, if ¢ = 1 (that is, s 1 = NwnyP—sP;), also essentially connected. Section
M contains Theorem [£2] which solves the existence part of Theorem [[LT], while in Section [l we
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prove that any minimizer has smooth boundary, out of a closed singular set. Then, in Section
we show that, if the volume m is below a certain threshold m; > 0, the ball is the unique
minimizer for problem ([3)). Eventually, in Section [1, we deal with problem (L@]). The main
result here is given by Theorem [[.3] where we show the existence and regularity of minimizers.

2. GENERAL PROPERTIES OF FRACTIONAL PERIMETERS

Before starting to prove some properties of fractional perimeters it is convenient to fix some
notation which will be used throughout the rest of the paper. Firstly, notice that we will denote
by cn a general positive constant depending only on the dimension N and by ¢y a positive
constant depending on N and §p a fixed quantity such that 0 < §y < ¢t — s, which will not
necessarily be the same at different occurrences and which can also change from line to line;
special constants will be denoted by ci, c2,.... Relevant dependences on parameters will be
emphasized by using parentheses.

As customary, we denote by B(zg, R) := {x € RV : |z — 29| < R} the open ball centered in
1o € RY with radius R > 0. We shall use the shorter notation B = B(0,1), with |B(0,1)| = wy.
Moreover, when not important and clear from the context, we shall denote by B,, the ball of
volume m, that is of radius R = (m/|B(0,1))'/V.

Finally, as usual, given two sets F and F of RY, we denote the symmetric difference between
E and F as EAF = (E\F)U(F\ E).

We begin by a simple result.

Lemma 2.1. Let E = Ey U Ey a subset of RY with |Ey N Ey| = 0. Then

dx dy
2.1 P,(FE) = Py(E1) + Py(Es) — / /
(21) (B) = Pu() MR
In particular
(2.2) P,(E) < P,(E1) + Py(Es).

Proof. Let us denote by y g the characteristic function of the set £. We have

—x£e(y))?
(B) = dxd
/RN /[RN Iw—y|N+a e

_ XE1 ) + XEz( ) — XE, (y) — XE> (y))2
B /RN /[RN |z — y[Nte ey

:/ / (e () = xB, ()% + (XBs (%) — X, (1))?
RN JRN

|z =yt

2(xE (%) — xB (¥) (B () — X, (¥))
—i—/RN /]RN dx dy

’x _ ’N-i—oe

dx dy
= Po(Ey) + P.(E / /
B e T — Jo — y[N+e

O

For further use, we also prove the following interpolation estimate (by reasoning as in [8,
Proposition 4.2 and Corollary 4.4]):
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Lemma 2.2. For any E CRY and 0 < s <t < 1 there holds

|

(2.3) Py(E) < ex » <1 - ;)_1 IE|'=1(1 — )i P(E).

Proof. We reason as in [8, Prop. 4.2]. Letting u = xg, we can write

|u(x + h) —

u(@)
P, (E) = dxdh
(®) /R /R D
u(z + h) —u(z)|
= dxdh
/h|<1 /RN |h|N+s

(x 4+ h) — u(x)]
dedh =: 11 + Is.
/h>1 /RN ‘h’NH

We recall that, by [8, Lemma A.1] (see also [31]), there exists a constant ¢y such that

(2.4 [ et gy < e - ),

for all |h| > 0. We then estimate

w(z + h) — u(z)|
I = / / dxdh
! |h|<1 JRN |h|NFs

1

(2.5) < en(1 =) P(E) /h|<1 =t "

= ¢y Lo tPt(E)
and

u(z +h) —

(2.6) < 2IE| / - WT“ dh

_ 2NwN 18],
Putting together (23] and ([2.0) we then get
(27 PA(B) < exi— P(E) + 2 g
If we evaluate (Z7) on the set AE, with A > 0, we obtain

WP < ex AN R(E) + VRN

that is,
(2.8) M=spy(B) - a2 “8N|E < CNt(l__s D p,(B).

The expression at the left-hand side of (28] reaches its maximum at
_ (st=39)P(E) :
~ \ 2Nwnt|E| ‘
Substituting this value of X into (Z8]) we get ([23).
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Remark 2.3. If we let t — 17 in (2.3)), we recover the estimate in [8, Cor. 4.4]:

(2.9) <mm<§%;wwwwﬁ

Indeed the proof of Lemma extends to the case t = 1, by substituting (1 — t)P,(E) with
P(E) in the right hand side of ([2.4)).

We show now a version of the local fractional isoperimetric inequality. For this, we recall that
the fractional perimeter of a set E in a bounded set € is defined by

dx dy dx dy
2.10 P(E,Q ::/ / / / .
(2.10) ( ) o JrM\E |7 — |z —y[N+e oeJea T — |z — y[N+e

With this setting, we have a variant of Lemma 2.1] as follows:

Lemma 2.4. Let Q1 and Q9 be disjoint bounded sets. Then

dx dy

(2.11) Pa(E, Ql) + Pa(E, Qg) < PQ(E,Ql U Qg) + 2/ / ’x ‘N—i—a .
Qo -

Proof. We use (2.10) (omitting the integrands for simplicity) to compute
P, (E 91 UQQ) P, (E Ql) P, (E Qg)

B /Eﬂ (21U0Q2) /]RN\E /QlUQQ NE /E‘\(Qluﬂz
/;lﬁlﬁl /I%N\E /S;l\E /;\Ql /;092 /I%N\E /S;Q\E /;\Ql
/T S Ay SR S PR
ENQ ]RN\E ENQo ]RN\E Qi\E JE\(©Q1UQ2) Q2\E JE\(Q21UQ2)
- /;lﬁlﬁl /I%N\E - /S;l\E /;\Ql B /;092 /I%N\E B /S;Q\E /;\Ql
P AR S R S Sy Y
Q\E JE\(1UQ) Q2\E JE\(Q21UQ2) M\E JE\M Q\E J E\Mh
B [21\E [E\Ql)ﬁﬂg /QQ\E /(E\Qg)ﬂﬂl .

This implies (ZI1)). O
Then, we have the following local fractional isoperimetric inequality:

Lemma 2.5. Let Q be a open bounded set with Lipschitz boundary and let E C RN such that
|[ENQ| <|Q/2. Then there exists a constant C' = C(|Q|, N, «) such that

(2.12) Py(B,Q) > ClENQI™

Proof. The case t = 1 is classical. For its proof we refer to [30, Section I71.1.6]. We begin by
recalling the Poincaré-type inequality for fractional Sobolev spaces (see for instance [7, Equations
(2) and (3)]: for any p > 1 and a € (0, 1), given a function f € LP(€2) we have that

_ p
(213) [ [ > ol I = falluo,

where )
= — d
Q /Q |f] d
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and
1 1 «
2.14 1_1_ o
(2.14) Ty N
By applying 21I3) with p =1, a € (0,1) and f = xg, and by the very definition of P,(E) we
get that

’XE(UU) - XE(?J)’
2P, (E, >/
( ) alo |r—yNte

C(N, a,|0)) (/Q X ' dx) v

— C(N,a,]9) [\E na| <1 - |E|S|Q|>q FIO\E| ('Eg'g')q} v

> oo jale nae (1- E02)

=)= )

€2
N, a, Q2
> Ww N,
Since, by (21I4), ¢ = N/(N — «), the proof is concluded. O

Beside the local fractional isoperimetric inequality ([2.12]), we recall from [19] the standard (frac-
tional) one: if 0 < ¢y < o < 1 then it holds (if |E| < 4+00)

CN

E)

We now recall some basic facts on hypersingular Riesz operators on the sphere, following
18, pp. 4-5] (see also [32) pp. 159-160]). We denote by S the space of spherical harmonics of
degree k, and by d(k) the dimension of S;. For a € (0,1) we also let 7, be the operator defined
as

(2.15) (1 - a)Pu(E) > o(N,to)|E|'F",  where ¢(N,t) =

Tau(z) :2p.V./ %d?ﬂ Yy)  foru € C*(dB),

oB |7 —
(with the symbol p.v. we mean that the integral is considered in the Cauchy principal value
sense) and we let A be the Eth eigenvalue of 7, that is,

JoY = \Y for any Y € Sy.
We then have \{! — +o0 as k — +o00, and
6=0 A1 > Ay Vk € NU{0}.
If we let {Y,j}fikl) be an orthonormal basis of Sy, in L?(9B), and denote by
al.(u) ::/ wYidHN
oB

the Fourier coefficients of u € L?(0B) correspondlng to Yk, we have

lu(z) —u(y) - -

= / U Tl dHN 1
BB

(2.16) Z Z A2 at (u

k=0 i=0
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Proposition 2.6. ([I8, Proposition 2.3]) We have
Pu(B) 1
P(B) ~ ey(l—a)’

Ay =2 A\ =a(N —a)

Proposition 2.7. Let u € H%@B) and 0 < s <t <1 then the following estimate holds
_ 2 < _ 2
(2.17) (1 S)[U]Hl_;_&(aB) < en(l t)[u]H%_t(aB).
Proof. By (2.16) and using the estimate for )\k established in Proposition we get
1—8)[ul? 4. = (1-s )\a 1—s NN b (u)?
0l e 33 i >zz Lok
0o d(k)
S )\8 t Z Z )\kak
k=0 =0
< (1 — S))\lcN 1 —t ZZ)\kak
k=0 =0
Py(B) 9
= (1-— N — 1—1t :
(1= )V = ) o gpen( =Dl age

< 1—t
en(L =

O

Remark 2.8. We note that the result established in the previous proposition remains true also
in the case t = 1. Indeed, since

i 2
tlﬁl(l —t)[u ] a5t om) [U]Hl(aB)

as established in [6, Cor. 2], we can pass to the limit ¢t — 17 in (217).

3. PRELIMINARY ESTIMATES ON THE ENERGY FUNCTIONAL

In the following we shall consider parameters s,t € (0, 1) satisfying
(3.1) t—s>6>0.
All the constants in this work, unless differently specified, will depend only on N and g, so that

it will be possible to pass to the limits in a straightforward way as s — 0" or t — 1™.

Proposition 3.1. There exists co = co(N, ) such that, for any E C RY and 0 < s <t < 1

satisfying (B.11), it holds

1—-t)P(F
52 o) > L=0RE)
Proof. Set m := |E|. We apply Young inequality with exponents ﬁ and é to the right hand

side of (2.3]) getting

—CO‘E’.

~*lw

N§ (1—%)‘11E\1—%<1—t>%a<Eﬁ B -1 (1=2) "t 2 - Re)

_t
2% -1 |7 (1—t)P(E
CN—t (1 — f) miTr + 7( ; i )

N
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Thus (23) gives that
s\ 1 _s s s
FulB) = (1= 0)PAE) —sP(E) > (1~ () —ex (1= 2) T 1B H (- )i R(B)’

- f)—lml_;] - DR

> (1-t)P(E) - {ﬁCN( t

) %_ {zicNth“m

and this concludes the proof. O

Corollary 3.2. Let |E| =m. Then both P,(E) and Ps(E) are bounded above by quantities only
depending on m and Fg(E). More explicitly

)

(3.3) (1= P(E) < 2Foa(E) + com)
(3.4) and sPs(E) < cé_%ml_%(f&t(E) + com)7,
with ¢y as in Proposition [31.

Proof. We obtain (B3] easily from Proposition Bl Then [B4) follows from ([23]) and B3). O

Now we define the isovolumetric function ¢ : (0,4+00) — R as

om) = inf Fo(E)  me (0.+00).

A general estimate on ¢(m) goes as follows:

Lemma 3.3. We have

(3.5) —com < p(m) < cm N <1 - 2—2th8> ,
1
with co as in Proposition [31] and
1—-1t)P(B P,(B
(3.6) ¢ = % and ¢y = > ](\,73
Bl '~ |B|'~

Proof. Let us begin by proving the estimate from above of ¢(m). For this, we take the unit ball B

we set p := (m/|B|)"N and we consider the ball B(0, p) of radius p. Notice that |B(0, p)| =
N

P Bl =m,

_ P/(B N—t
P(B(0.p)) = oV Py(B) = TUB) e
|B|T
and
—s Ps B N-—s
P(B(0, p)) = p¥—Py(B) = LB) 2%
B

By minimality, we get, with ¢; and ¢o as in ([3.0]),
N— C —s
(m) < Fou(B(0,p)) = (1= t)P(B(0,p)) — sPu(B(0,p)) = cym v (1 - —zth> :

that proves (3.3]).
The first inequality in (B3] follows from Proposition Bl O
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Remark 3.4. We recall the fractional isoperimetric inequality, which holds true for any mea-
surable set F such that |E| < +oo:

(3.7) BI'S < ent(1—t)P(E).
For the optimal constant cy we refer to [20] (see in particular Equations (1.10) and (4.2) there).

Lemma 3.5. There exist my = mo(N,dy) and my = mq(N,dy) such that:

(3.8) if m > my, then ¢(m) < 0;
(3.9) if m € (0,myg), then ¢(m) > CTNmNT7 > 0.
Moreover

3.10 li =0.

Proof. We have that (8.8) and (BI0) plainly follow from (B.35I).
Now we prove ([B9). For this, we use Proposition Bl and the fractional isoperimetric

inequality in the form ([B7) to obtain that, if |E| = m,

(1 t)P (E) N—t N—t
— m N m N t
Py > LZOPE) s T 2T (1 ey tm#).
s.t(E) 5 com et com et coentm
In particular, if m is small enough, we have that
N_t
m N
Fsit(E) >
S’t( ) dent
and this implies (3.9). O

Lemma 3.6. Let my be as in Lemma [3.3, and let F' be a minimizer of Fs; among sets of
measure m > mj. We have
c - c -
(3.11) TN m'N < (1—=t)P(F) <cym and TN mN < sPy(F) < ¢om,
for some ¢y > 0.

Proof. By Lemma we know that (1 — t)P,(F) < sPs(F'), hence from (23) and from the
fractional isoperimetric inequality ([B.7]) we get

N—t

N t—s s s s
m Nt < (1—BP(F) < sPy(F) < ¢y° 27 im'~%[(1 — ) P(F))
CN
with ¢y given in Proposition Bl Then (1 —¢)P(F) < ¢ 277 m. This and 23) also implies
the desired bound on sP,(F). O

Remark 3.7. By inspecting the proof of the Lemma we obtain explicit estimates for mg
and mq:

o\ ™ w
£28/0\
mo = [4COCNt]_¥ = 4(%) CNt
= [a-nR®)]F
cl t—s — t t—s
< (2 RSl S Bl.
m <2> [ SP,(B) ] 1Bl
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Moreover, the first inequality in the second formula in (BI1])
C —
S < sPy(F)

entails that |F| — oo as t — 0 (and thus 09 — 0). Indeed, letting t = s + g, and using the fact
that sPs(F) — Nwn|F| as s — 0, after an elementary computation we get that

N
c s+ég
ml}‘F‘><s—|—N5> '
0

which gives also a lower bound on m; in terms of s and dg. Notice that if ¢ — 0, then also s and
0o converge to 0 and so m; — oo. Also it is not a direct consequence of our investigation, we
stress that it is natural to expect that also if only s converges to 0, then mq diverges to +oo.

We state an elementary numerical inequality which will be useful in the proof of the forth-
coming Proposition

Lemma 3.8. Let v >0 and A = (1+ ’y)l/N. Then, for any a, b > 0, it holds
(3.12) MV Da— WAV —1)b< v (a—b).
Proof. To prove ([312]), we notice that

%%(N—s)(l%—v)tf? ~(N—t)=t—s>0,

hence we may take v small enough, such that

(3.13) (N =) (1+9)F — (N —1) > t;S

So we write
f(y) = ((1 )N - 1)(1 - ((1 +)w - 1>b = (ANt - g — (AN - 1),
and we notice that f(0) =0 and

oy = S e D) R
Nt s b(1+9)"~ .
= Tt da- ) - DTN -4 - (V1)
N N

b(14~) N (t— )

< _p) —

= (CL b) IN ’

thanks to (313)). In particular, f'(7) < (a—0b) and thus f(v) < v (a—b), that establishes (BI12]).

O

Proposition 3.9 (Non-optimality criterion). There exists ¢ = e(N, &) such that, if F C RN
can be written as F' = Fy U Fy, with |Fy N Fy| =0,

(3.14) |Fp| < emin(1, |Fy]),
Fs1(F:
(3.15) and (1= D[R(R) + Pi(Fy) — P(F) < T 2]
then there exists a set G with |G| = |F| and Fs1(G) < Fsi(F) (i-e., F' is not a minimizer).
In addition, we have that the set G is either a ball of volume m, or a dilation of the set FY,

according to the following formula:

(3.16) G = N1+@F1
| FY
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Proof. Let m := |F|, my := |F1| and mg := |F5|. We may suppose that Fs.(F) is less than
or equal than F;; of the ball of volume m, B,,, otherwise we can take G equal to such a ball,

decrease the energy and finish our proof. That is, we may suppose that
1—-t)P(B -
(317) FuotlF) < Fus(Bu) < (1= )i(Br) < (||)7()m
B

Let G = AFy, with X\ := {/T+~ and v = msy/m;. Notice that this is in agreement with (B.10]),
and also |G| = m. Moreover, by ([B.I4) we have that

emin(1,my)

TS ————— <§,
my

so that v € (0,1) can be taken as small as we like.
By applying inequality (B12]) with a = (1 —¢)P.(F1) and b = sPs(F}), we obtain that

AWV —1) (1= t)P(Fy) — (AN75 = 1) sPy(Fy) < v [(1 — t)P(Fy) — sPy(FYy)].

As a consequence we get

Fsi(G) = (1 —t)P(G) — sPs(G)

=\t —p(F ) MV=35sP(Fy)
Fsr(F1) + [AWV = 1) (1 = ) P(Fy) — (A5 — 1)sPy(Fy))]
< (L +7)Fse(F1)

Thus we have, by (Z2]) and BI5),
Fot(G) — Fsu(F) (L4 7)Foi(F1) = (1 =) P(F) + sPy(F)

(F1) -

(L+7)Fsi(F1) = (L= t)P(F) + sPy(F1) + sPs(F2)
(F1)
)= (

N

NN

(1 + ’Y)-Fs,t Fy) + SPS(F;[) + SPS(FQ)
1
2

(3.18) = ~Fs+(F1) —% 5.t (F2).

st(F2) = (L= t)B(F1) — (1 = 1) P (F2)

Furthermore by ([B.9]), since my can be chosen in (0,mg), mg as in Lemma [3.5] (up to decreasing
the value of ¢), we have

c N—t

(3.19) For(Fa) = ¢(mg) = TN m," .

Also, using again (2.2) and (310)), we have that

For(F1) = [(1 = )Pi(F)) + (1 = )P(F3) — sPs(F) — sPy(F)] — Fuy(F2)
< Fsu(F) + [(1 =) P (F1) + (1 = 1) Po(Fy) — (1 = ) P (F) — F 1(F)]

N

1
FoalF) = SFo(F) < Fo(F).
This, (BI8]) and (BI9) give that

1
Jts,t(G) - fs,t(F) S ’Y-Fst(F) - §fs,t(F2) < ’Y-Fs,t(F) ~ AL

)
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Accordingly, recalling ([B.I7) we conclude that

1—t)P(B - Nt
Furl@) — For(P) < 0B )it - O 5
vt [(1—t)P(B) ( . >NN N
_ N 1 _
s [(1=)P(B) . 1\t ey
<m — 2 N
roN—t
Nt 127N (1—t)P(B) ¢+ c¢n
=My N—t o
L [BI'® 2t
which is negative if 7 is small enough, i. e.
Nt T
CN |B|™~
7 < o
t 955 (1 - t)P(B)
The proof is concluded. U

When (BI5]) does not hold, one obtains for free some interesting density bounds.
Given a measurable set E we denote by 9" E the measure theoretic boundary of E defined
as
O"E ={z cRY: |[ENB,(z)| >0 and |E\ B.(z)| > 0 for all » > 0}.

Lemma 3.10. Let F be a set of finite t-perimeter and volume m, and let zo € RY. Assume

(3.20) either Fy := F' \ B(xo,r) and Fy := F N B(xo,7),
(3.21) or Fy := F'\ B(xg,r) and Fy := F N B(xg,r),
and suppose that |Fy| < mg, with mg be as in Lemma[33, and
Fs1(F:

(3.22) (1 —t)[P(Fy) + Pi(Fy) — Pi(F)] > #
Then

dx dy CN Nt
3.23 / / = 2
(3:25) e e L
If g € O™F and B22) holds for any r < ro, we also have the estimate
(3.24) |F 0 B(zo,7)| > cor for all r € (0,79],

where the constant co > 0 depend only on N and dg.

Proof. Without loss of generality we can assume xo = 0. Also, using either (3.20) or (B:21), (3:22])
and (Z1]), we have that

dx dy 1—-t Fs1(Fh) o(|F2])
= P(F P, (F P(F > .
o T = ) BB = RO > T >
This and ([3.9) (which can be used here thanks to the fact that we are assuming |F5| < my)

imply 323]).
Now we prove ([3.:24]). For this, we take F} and F5 as in ([B.20) and we define u(r) := |B(0,7)N
F| = |F5|. Note that by the co-area formula

i (r) =HN"YOB(0,r)NF), fora. e. T
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Then, by (323 and the fact that Fy := F'\ B(0,r) C )<,

CN NT / / dx dy / / dx dy
t(l_t Fy JF, ‘.Z'— ‘N+t F» J(B(0,r)) ‘.Z'— ‘N+t

For any x € F N B(0,7), we have

dy / dy N(,UN ¢
/(B(O,r))c &= 9" S er—ianye [T — gV (= |zl)

that leads to i
T ay CN /T / —t
<— | w(z)(r—=z)"dz.
/Fg/ B(0,r)) oz —y[NHE T (=) )

Finally we arrive at the following integro-differential inequality

p(r) & <en(l—t) /07‘ W (2)(r —2)"tdz.

We may integrate the last inequality in the r variable on the interval (0, p) and get

/ ()NdT CNl—t// (r —2)"tdzdr,

interchanging the order of integration,
p p
/ / (r—2) dzdr:/ ,u/(z)/ (r —2)"tdrdz,
0 z

P _
/ ()N dr < en p " ulp).
0

we get

Now we arrive at the desired result, indeed, following [12] (see the end of p. 9), it is possible to

prove that

(3.25) W) 900) = ||

for any r < 79 = (mo/wn)"YN, where g satisfies

P _
o) dr > 20 g(p),
0

with the same constant cy as in (3.25]).

=l

O

The combination of Proposition and Lemma [3.10] yield the following density estimate:

Proposition 3.11. There exist ro = ro(m, N,d9) > 0 such that, if F' is a minimizer for ¢(m

and g € ™F, there holds
|B(zo,7) N F| > cor™

for any r < ro, where cy is as in ([B.24]).
Proof. Let Fy and F; be as in (8.20). Up to choosing rp small enough, that is,

wNTéV < (N, dp) min(1,m),

)

we can suppose that F; and F5 satisfy the hypotheses of Proposition Thus, since F is
a minimum, we obtain that ([B.I5]) cannot hold true. Hence (8:22]) is satisfied, and so we can

apply (324)) in Lemma BT0l and obtain the desired result.

O
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Proposition 3.12. Let F' be a minimum for ¢(m). Then F is essentially bounded. Moreover,
ift =1, for any s < t, s € (0,1), F is also essentially connected in the sense of [2], that
is, it cannot be decomposed into two disjoint sets Fy and Fs of positive measure such that
P(F) = P(Fy) + P(F3).

Proof. Let F' be a minimum. First we prove that it is bounded. By contradiction, if not, there
exists a sequence zj € 9™ F such that |xg| — oo as k — oo. In particular, up to a subsequence,
we may suppose that all the balls B(xy, 1) are disjoint, hence so are the balls B(zy,r) when r €
(0,1). Hence

=|F| > |B(zk,m)NF|.
k
On the other hand, by Proposition B.IT] we know that |B(zy,r) N EF| > cor® if r is small enough,

hence we obtain that
m = Z corN = +00,
k

which is clearly not possible.

This proves that F'is bounded. Now we show that, if £ = 1, F is also essentially connected.
Suppose, by contradiction, that F' can be decomposed into two disjoint sets F} and F5 of positive
measure such that

(3.26) P(F) = P(F\) + P(F,).

Since F'is bounded, so are I and Fy, say Fy, Fy C B(0, R), for some R > 0. Hence, we consider
the translation Fyj := Fyr+(k,0,...,0) and we observe that if z € F} and y € Fj, we have that

k
lz—yl =yl - [z 2k -2R> 7

if k is large enough. Accordingly, we have that

/ / dx dy / / dedy enR*N
F ey, T — |z —y[N+s = BO,R) JBO,R)+(k0,...0) (k/2)N TS kN+s
and so

dd
(3.27) lim / / =0
k—+o00 " F2k|x_y|

Notice also that, if Gy, := Fy U Fy, we have that |G| = |F1| + |Foi| = |F1| + |Fa| = |F, for k
large, and so, by the minimality of F, (2I]), (2:2)) and ([B.28) we have that

dx d
NwyP(Fy) + NwyP(Fy) — sPy(Fy) — sPy(F») +2s/ / - ”3 Vyvﬂ
Fy -
= NwnP(F)— sP(F)
= Fs1(F)
< Fo1(Gy)
= NwNP(Gk)—SPS(Gk)
dx d
< NwNP(Fl)—l—NwNP(Fg,k)—sPs(Fl)—sPs(F27k)+2s// " xy’]yvﬂ
Fope IV 7
dx dy
= NwnyP(F1)+ NwnyP(F) — sPs(F1) — sPs(F») + 2s Ty
Fyyp 1T —
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Therefore, taking the limit as k — +oo and using (3.27]), we obtain that

dx dy
23/ / < 0.
e T — |z —y[N+s

This says that either I} or F, must have zero measure, against our assumptions. O

We conclude the section with the following estimate on the fractional isoperimetric deficit,
which will be important to localize minimizing sequences.

Lemma 3.13. There exists my = mo(N,dg) such that for any m € (0,msq) the following state-
ment holds true.

Let F C RY be a set of finite perimeter. Assume that Fot(F) < Fst(Bp). Then there exists
co > 0 such that

P,(F') — P,(Bn) t—s
<cogm N .
Pi(B) 0

(3.28) Dy(F) =

In addition, there exists a translation of F (still denoted by F for simplicity) such that
(3.29) |F A B,,| <com'Tan .

Proof. First recall that

P(B -
(3.30) Py(Bp) = t(Nl m'w
|B|™~
Also, by our assumptions,
(3.31) (1 =) Pi(F) = sPy(F) = Fsu(F) < Fou(Bm) < (1= 1) FPi(Bm).

Using ([34]) we have that

sPs(F) < c(l)_tml_%[(l — t)P,(Bp) + com]?

—: s |l(1=t)P(B _ ‘
ot [00R®) e
|B|™~
-2 | (1 -t)P(B : s
< c(l) ( )th( )—i-co mNN,
|B| ~
for small m. From this and (3.31]), we have that
H N—t
P,(F)— P(Byn) _ 1-:|(1—t)P(B) " |BI'™ N—s N—t t—s
<cy '|—F=—ta| m7—F55m Y ~ <cgm¥N
Pi(By) ’ B '] 1—0FR(B) ’

This proves ([B3.23).
To prove ([B:29) it is sufficient to use (B:28]) and the estimate

|F A B,,|?
|Bml?

which was proved in [I8, Theorem 1.1] for any ¢ > dy > 0. Together with ([B.:28]) and possibly
increasing the constant cp, this implies (3:29]). O

co D(F) >
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4. EXISTENCE OF MINIMIZERS

In order to prove the first statement in Theorem [[.I], and for further use as well, we prove
a general result on integro-differential equations:

Lemma 4.1. Let m,t € (0,1). Let ¢,p > 0 be such that

(4.1) cz(1- t)m%
and let p : [0,+00) — [0,m] be a non-increasing function such that
[ee]
3 _
(4.2) / w'( p) tdz > l Ct,u(p)% forallp>p
) —

Then, there holds
t
2m)N N
(4.3) " <ﬁ+ (L) —

Proof. Integrating (d.2]) between R > p and +o0o, we obtain

(4.4 ([ et dos £ [T o

Also, if z € [R, R + 1] we have that z — R < 1 and so, since ¢/ < 0 a. e., we get that

R+1 R+1
- / W)z — Rz < — / W (2) dz = j(R) — u(R +1).
R R

Therefore, interchanging the order of integration in (4.4]), integrating by parts and using that

w € [0,m] and (1)), we see that
[ =)o) a

—/Jj(/pwu%z)(z—p)—tdz) w=-["(

_ _% : W (2)(z — ) d2

< IU(R) Iﬁ(tR“_ 1) - 1it /RO:I M/(Z)(Z _R)l—tdz
= @ + /}:lu(z)(z —R)"dz

< % + /}:1M(Z) dz

< @—l—mﬁ/}:ou(z) N dz

Recalling ([@.4]), this gives the integro-differential inequality

(4.5) wip) = 20/ ,u(z)¥dz forall p>p
p
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Let now
)t~ So-n] " itpe [np (%(/;)t)NN]
9(p) =
0 ity 5 BHEDEN

Notice that g is continuous and it satisfies

t
o0 —t NN
(4.6) 20/ 05 dz = 29(p)  forall pe |5+ “('2)” ]
p
We now claim that
t
2u(p)) NN
(4.7) 9(p) 2 wlp) forallpe |p,p+ %] :

Indeed, we consider the set I := {p > p : pu(z) > g(z) forall z > p}. By construction,
I C [p,+00). Furthermore, if z > p + [(Z,u(ﬁ))%N]/ct then g(z) = 0 < p(z), therefore p +
[(2u(ﬁ))%N]/ct € I. As a consequence, we can define R, := inf I, and we have that

(4.8) R. € [p, p+ [(2u(p)) ¥ N]/ct].

By definition of R,, there exists a sequence R,, — R., with R,, < R., such that g(R,) > u(R,).
Then, recalling (@3] and (£G), we have

g(Rn) > pu(Ry)

o0 N—-t
> 2c/ u(z) v dz

4.9 R, -~ 00 B
(4.9) > 26/ u(z)NNtdz—i-2c/ g(z)%dz

*

B N—t
= 2c/ u(z) ¥ dz +29(R.).

Passing to the limit in (£9) as n — +oo we get g(R.) > 2¢g(R,), which means g(R,) = 0. This
implies that R, > p+ [(2u(p)) ¥ N]/ct.
This information, combined with (4.8)), gives that R, = p + [(2u(ﬁ))%N |/ct, and this in
turn implies ([@1).
Then, we evaluate ([L71) at p = p + [(Z,u(ﬁ))%N]/ct and we obtain (Z4.3)).
O

With the above result, we are able to prove the first statement in Theorem [T concerning
the existence of minimizers for small volumes.

Theorem 4.2. For any 0 < s <t < 1,t— s>y > 0, there exists mg = mo(N,09) > 0 such
that for all m € (0,mg), problem (L3) has a minimizer F C RN,

Proof. Suppose 0 < s <t < 1. We use the Direct Method of the Calculus of Variations. Let us
consider a minimizing sequence {F;} C R”, that is a sequence of sets of finite t-perimeter I},
with |Fj| = m such that

(4.10) kll)nolo Fsi(F) = o(m).
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Let also set 7, := (m/wy)N > 0, so that |B(0,7,,)] = m. Our goal is to show that we can
reduce ourselves to the case in which Fj lies in a large ball, independent of k. More precisely,
we claim that there exist p, > 0 and sets G, with |G| = m, such that

(4.11) Gr C B(0,p.) and Fs(Gy) < For(Fr).
To prove it, we take p > r,, and we set
(4.12) XP = F,NB(0,p) and Y, := F; \ B(0, p).
We distinguish two cases:

. p o ]:S,t(Ykp)
(4.13) either for any p > 1y, we have (1 —t)[P(X}) + P.(Y))) — P(Fy)] > 5

. p o ]:S,t(Y )

(4.14) or there exists p > 1y, such that (1 —t)[P(X}) + P,(Y)) — P(Fy)] < 5

Let us first deal with (£I3]). In this case we can apply Lemma 310 using the setting in (B21)):
accordingly, from ([B.23]) we see that

dx dy N—t
> Yp
/Xp/m:v— e 2 g T

Let us define the non-increasing function 7(p) := |Fj, \ B(0,p)| = |Y}?|. Note that by the co-area
formula

7 (p) = —HN"YOB(0,p) N F), fora. e p>0.
Proceeding as in the proof of Lemma B.10] we have

/ / dx dy / / dx dy
ye Jxe |l —y |z — y| N+t v JBop) 17—y |z — y|N+
dx
([ )
3$<(m%wwwﬁx—mN”)

Nw & _
ST T @) e e,
P

N

whence

[ TH@E-p e )
p

that is, n satisfies inequality (4.2]). We now apply Lemma Il with =7, ¢ = ¢n /3 and p = 7.
Notice that, possibly reducing mg, we can ensure that condition ([&J]) is satisfied. From (Z.3))

we conclude that .
32m)NN
T’(Tm"" (m)—N >:07
CNt

that is,
3(2m) ¥ N
F.CB(o0,r,+ 22T
CNt
This proves ([LI1]) with p, given by
3(2m)N N
cnt
in the case where (£I3]) holds (here one can take Gy := F}).

Px = Tm +
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We now deal with case (£I4]). In this case, we use ([3.29]) and we obtain (up to a translation
of FJ, that is still denoted by F}) that

|Ei\ B(O,7n)| + | B0, ) \ Fi| = |Fi A B(0,70)] < com!Tav |
co as in Lemma In particular, if p > 7, is the one given by (AI4]) we have that
[F, N B(0,p)] > [FxNB(0,rm)|
= [B(0,rm)| = [B(0,7m) \ Fil

= m— mH%
m
2 .
2
if m is small enough, i. e.
2N
4.15) <| 1|7
. m< | —
( 260

and moreover

[F \ B0, p)| < |Fi\ B(O,rm)| < com'* 5%
Therefore, for small m, recalling (412 we see that

2¢9 m3¥ min (1,1X7]) = 2¢o Mm% min (1,|Fx N B(0, p)|) = 2co moN %

t—s
=com'TW > |\ B(0,p)| = [Y].
Thanks to this and ([@I4]), we can apply Proposition B9, with ¢ := 2¢g m%, Fy := X[ and
F2 = Ykp.
Hence, from Proposition B9 we find Gj such that F;(Gi) < Fs(F)); notice also that,

in light of (BI6]), we know that G}, is either a ball or a dilation of X}, which is contained
in B(0,2p). Thus also G}, is contained in a ball of universal radius, and this establishes (41T

also in case (L.I4]).

Thus, by (@I1]), we have constructed a minimizing sequence Gy, that is uniformly contained
in a fixed ball. By Proposition B.I] we also obtain that

(1 —t)P(Gk) < 2[Fs1(Gr) + com] < 2[Fs(B(0, 7)) + com/,

hence the t-perimeter of G} is bounded uniformly in k.
t s
By the compact embedding of H2 into H2 (see [I6, Section 7]), up to extracting a subse-
quence, the sets G}, converge in W*! (hence also in L') to a limit set GG, and it holds

lim P, =P, .
The lower semicontinuity of the ¢-perimeter yields that

liminf P,(Gy) > P(G)
k—4-00

Hence, by ([{.I0) and ([&I1),
Fer(G) = (1—-1t)P(G) —sPs(G) < lngirnf[(l — t)P(Gy) — sPs(Gy)]
—+00
T < Tim i -
lim inf 7, (G) < liminf 7, (Fi) < 6(m),

hence Fs(G) = ¢(m) and so F' := G is the desired minimizer.
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In the case 0 = s < t < 1, our problem reduces to the (fractional) isoperimetric problem,
hence it is well known that there exists a minimizer F' for (L3)) and it is a ball of volume m, for
any m > 0.

When 0 < s < t = 1 the previous arguments can be easily adapted, including the analog
of Lemma [£.J] which becomes an ordinary differential inequality, and the only difference is that
one needs to use the compact embedding of BV into H 2for0<s<1. g

5. REGULARITY OF MINIMIZERS

The aim of this section is to prove the regularity and rigidity theory necessary to prove the
second statement in Theorem [[.T] and Theorem We begin with a simple observation.

Lemma 5.1. Let ¢ be the function describing problem (L3)). Then F is a minimizer of ¢(m)
if and only if F/ml/N 18 a minimizer of problem

min{(1 — )P, (U) — m'¥ sP,(U) : |U| = 1}.
Proof. Let ' C RY such that |F| = m and let U = F/m". Then
(1 —t)P,(F) — sPy(F) = (1—t)P(m"NU) - sP,(m*NU)
= Mm% (1= )RE) - m'V sPU)]
which gives the desired result. O
The previous lemma allow us to consider, in what follows, the functional
sa,t = (1 - t)Pt —eshs,

where we set £ = m(t~%)/N_ Indeed, the behavior of a minimizer of ¢(m) is the same, up to a
rescaling, to that of

(5.1) min {F,(E) : |E| =wn} .

Indeed
F' is a minimizer for problem (5.1) if and only if

(5.2) o\T , NG
(m) F is a minimizer for problem (L3)) with ¢ = <m> .

The next lemma allows us to say that if F is a set of RV such that ||F| — wy| is small enough
than the volume constraint can be dropped. Let us consider the following problem:

(5.3) min {G. A(E) : ||E| —wn| < A7'},
for some A > 0, where
Gen(E) = (1 —t)P(E) — esPs(E) + A||E] — wn|.
Letting

t—s

(5.4) €0 1= <zL—]3> ) )

with mg as in Theorem 2] we have the following result:

Lemma 5.2. There exists Ag = Ag(N,dp) > 0 such that F; is a volume constrained minimizer
of problem ([B.1)), with € < e, if and only if F. is a minimizer of problem (&3)), for any
A> A()(l + Eo).
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Proof. First, let F. be a minimizer of problem (B3] with |F.| = wy. Then, for any set G
with |G| = wy, we have that

Fi(G) = Gea(G) = Gea(Fr) = F(Fr),

which shows that F is a minimizer of problem (G.1)).

Viceversa, we prove that a volume constrained minimizer F; of problem (B.1l), with € < g,
is also a minimizer of (53] for any A sufficiently large. For this, we argue by contradiction
and we assume that there exist a sequence A, — +oo, and sets F, C RY such that, letting
Gn = Ge A, We have

(5-5) gn(En) < gn(Fa) = sa,t(Fa)-
Notice that for all n € N there holds
(5.6) on = ||En| —wn| > 0.
Indeed, if by contradiction we suppose that o, = 0 for some n € N, we would have that
|E,| = wn, thus
gn(En) = sE,t(En) > sﬁt(Fa)a
due to the minimality of F.. This would be in contradiction with (5.5]), and so (5.0)) is proved.

We also claim that there exists a constant ¢y > 0 independent of n, such that

(5.7) (1-t)P(E,) < co and sPs(E,) < ¢ for all n € N.

t
t—s

To show this, proceeding as in Proposition Bl and thanks to (5.5)), we see that, for A,, > coe;™,
we have

r _t
L-DP(E) < 2 f;t<En>+coeSS|En|]

t

For(En) +cogg”

N
)

o
|En| — wN‘ + wn e

N
)

r t
Gn(En) + wneo 685}

t

2 ;t(Fa) + wnceo ESS:|

N

r ¢
< 2 ./.";t(B)—l-wNCoEés]

r t
< 2 (1—t)Pt(B)+wNC()€OtS:|,

recalling that B denotes the ball centered in 0 and radius 1, with |B(0,1)| = wy. This gives the
bound for (1 —¢)P,(E,), and then the bound on sPs(FE,) follows from (23]). This proves (&.7).
From (53) and (57) it follows that A, o, is also uniformly bounded, that is,
o

O'ngA——>O as n — +oo.
mn

Moreover, for o, < 1/2 we have, supposing o, = |F,,| —wny > 0 (the other case can be treated

in a similar way),

N—s N—s

En N n N N — n
(5.8) <u> > <1 N 0_> S N-son
WN wWN
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and similarly

B\
- (1)
with C' = C(N, s,t). We now define

IN
7 N
—
|

|
—
i
VA
—
+
Q
‘ =
~
12

and we use (0.7), (58]) and (5.9) to obtain

N-—s
~ B\~ N —s o
sPy(Ey) = <%> sPy(Ey,) > (1 -y S§—N> sPy(Ey) = sPs(Ey) — coon,

Bl

>_N (I =t)FR(En) < (1 = t)P(Ey) + coon,
WN

and (1-t)P(E,) = <
where the constant ¢ may differ from line to line.
Therefore, since |E,| = wy, the minimality of F. gives
fsft(FE) < fsft(En) = (1- t)Rf(En) - 53PS(En)
< (1=t)P(E,) —esPy(E,) + co(l +eg)oy
= Foi(En) +co(l +e0)on.
By plugging this into (B0]) we find that
Ge(En) < fse,t(FE) < se,t(En) + co(1 + €0)on
= ge(En) — N,op, + C(](l + 60)0n.

We simplify the term G.(E,) and we divide by o, which is possible thanks to (5.6]), we conclude
that

0<—=Apn+co(l+e).
This gives a contradiction for A, large enough, and proves that F. is a minimizer for prob-

lem (&3)). O

Lemma 5.3. Let F. be a minimizer of problem (53] with e < g9 and A > Ag, €9 and Ay as in
Lemma[5.2, and let E. be a set of finite perimeter with ||E.| — wy| < 1/A. Then,

(-0P(F) < (0-OR(E) +eex (1-2) 7 IRAB (1~ )A(RAE)):
(5.10) +A||E:| — wn]|-

Proof. Notice that, denoting by fU = fU f for a non-negative function f, the following compu-
tation holds

U S S P S R S P S
€ ¢ E\EE sUEs ¢ s\Es E\FE smEs EUEE ¢ smEs E\FE
(s+

N)

By interchanging the roles of F. and E., and setting f(x,y) = | — y|~ ) we get

( 5\ 5 5 5 5\ 5 5 s 5 5 E\ 5 5 5 5\ 5
5\ 5 5 5 5\ 5 5 EE

(5.11)
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Therefore, by the minimality of F, we get
(1= t)P(F.) < (1 —t)Py(E:) + e [sPs(F.) — sPs(E.)] + A(HEEy —wn| - ||Fe| - wN|>
< (1= t)Pi(E:) + esPs(F-AE:) + A||E| — wn|.
Hence the desired result follows from (2.3)). O

We point out that from Lemma [5.3] it follows that F. is a multiplicative w-minimizer for the
t-perimeter. In the sequel, as customary, the fractional perimeter of a set F in a ball B(z, R)
will be denoted by P,(E, B(x, R)).

Corollary 5.4. Let gy and Ag be as in Lemmal52 Let F. be a minimizer of (5.1) with € < &g,
let x € O™F,, and let E. be a set of finite t-perimeter with

(5.12) F.AE. C B(z,R).

There holds
1 Rt—s

(5.13) P.(F.,B(z,R)) < —% __ p(E.,B(x,R))
1-— C()Rt §

for some ¢y > 0 and for any R < Ry = Ro(N,dp).

Proof. We observe that, by direct calculations, from (512]), follows
Pt(F€) - PI‘/(EE) = PI‘/(F& B($7 R)) - PIf(E€7 B(ﬂj‘, R))

(5.14) and  PJ(F.AE.) < PJ(F.,B(z,R)) + P,(E., B(z,R)).

Furthermore, thanks to Lemma we know that F_ is also a minimizer of (&.3]), with A = Ay.
From (5.10) and the fractional isoperimetric inequality (3.7, we then get
(1-t)P(F.,B(z,R)) < (1-t)P(E:, B(z, R))
teoew (1-2) 7 len 1 HRAE'T (1 - ) PAR.AE)
(5.15) +Aol|Ec| — wy|.
Moreover, again from the fractional isoperimetric inequality and using (B.12]),
NollEe —won| = Ao|lIEc] —wn] = |IF| - w||
Mol FeAE| "N | FLAE.|¥
en Aot (1= t)P(FAE,) |F.AE|W
en Mot (1 —t)P(F.AE:)R".
From this, (5.14) and (B.15]) we arrive at
(1= O)P(F., B, R) < (1—t)P(E-, Bz, R))
Feoen (1 - 9_1 len 1] F R5(1 — £) Py (FLAE)

+Agen tRY (1 —t)P(F.AE,)
< (1-t)P(E., Bz, R))
+coR"™*(1 —t)[Py(F., B(x,R)) + P;(E., B(x, R))]

INCININ
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1
which gives (513)), if R < min{1,1/¢j™"} =: Ry, with

Co i= EQCN <1 — ;) [en t]l_% + Agent.
]

Lemma 5.5. There exists © = O(N,dy) > 0 and Ry = Ro(N,d0) > 0 such that, for any
x € OMF. and R < Ry, there holds

(5.16) (1 —t)P,(F., B(z,R)) < © RN

Proof. Let E. = F. \ B(z, R), and observe that P,(E., B(xz,R)) < P/(B(z,R)). From (5.13),
possibly reducing Ry, we then get

(1 —t)Py(F., B(x,R)) < (1+co R™%)(1 —t)P(B(x,R)) < © RN .

From Lemma it follows that Fi is also an additive w-minimizer for the ¢-perimeter.

Corollary 5.6. Let g be as in Lemma 52 Let F. be a minimizer of (B.1l) with ¢ < &g, let
x € OMF,, and let E. be a set of finite t-perimeter with

(5.17) F.AE. C B(z,R).
There holds
(5.18) (1—t)P(F.,B(x,R)) < (1 —t)P,(E., B(z,R)) + co RN ¢

for any R < Ry, with Ry, cqy depending only on N, &.

Proof. By (B.13)) and (5.I6]), possibly increasing the constant ¢y we have

(1=t)P(E:, B(z,R)) > (1 — coR"™®) (1—t)P,(F%, B(z, R)) > (1—t)Py(F., B(z, R)) — cg® RN~

for any R < Ry. O
The following result can be proved exactly as in [I8, Theorem 3.4].

Proposition 5.7. Let tg € (0,1), there exist 7,0,q € (0,1), depending only on N, ty, such that
if F is an additive w-minimizer of P, for any t € [tg, 1], with 0 € O™F and

O"FNBO,1)C{yeRY: |(y—a)-e| <1},
for some e € SN, then there exists eg € SV ' such that
OmFNB(0,n) C{yec RN : |(y—x) - e] < qoT} .

From Corollary and Proposition 7] we derive the C1# regularity minimizer of (5.I)
following standard arguments that can be found in [I2, Theorem 1] (see also [I8] Corollary 3.5]).

Corollary 5.8. There exists 5 = B(N,d0) < 1 such that any minimizer F. of (B.I), with
€ < g9, as in LemmalZ2, has boundary of class C™P outside of a closed singular set of Hausdorff
dimension at most N — 2.

Remark 5.9. If t = 1, by the general regularity theory for w-minimizers of the classical perime-
ter developed in [4, B35] we have that F. has boundary of class C1# outside of a closed singular
set of Hausdorff dimension at most N — 8.
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We are in the position of completing the proof of Theorem [Tl

Proof of Theorem [I1l. The existence follows from Theorem The regularity of OF follows
from Corollary 5.4l and Corollary (.8 O

6. RIGIDITY OF MINIMIZERS FOR SMALL VOLUMES
We now develop the rigidity theory needed to prove Theorem

Theorem 6.1. For any n > 0 there exists £ = &(n, N,d9) > 0 such that any minimizer F. of
ET), with e < &, can be written as

(6.1) OF; = {(1 4+ uc(x))z : x € 0B},
where B is the ball of radius 1 having the same barycenter of F,, and u: : 0B — R satisfies
[uellcr@my < -

Proof. From Lemma B.13] putting m = 5%@\/ there, it follows that |F.AB| — 0 as ¢ — 0.
From the density lower bound proved in Proposition [3.11] it then follows that 0F. — 0B in the
Hausdorff topology. The result now follows via a standard argument based on the w-minimality
of F. and on the regularity of the limit set B (see [18], Corollary 3.6] and, for ¢t = 1, [35, Theorem
1] and [30, Theorem 26.6]). O

Theorem 6.2. There exist 1y, c1,co > 0 depending only on N, with ¢; < co, with the following
property. Suppose that E, is such that, for T € [0,719], OF; takes the form

OE: ={(1+71u(x))z : x € 0B},
where u : OB — R satisfies
ullcrom)y < 1/2.
Suppose moreover that the barycenter of E; is the same of that of B, say 0, and that |E;| = |B).
Then, for all o € (0,1) it holds true that

6.2) T <[U]Zl_gg( +04Pa(B)||UH%2(aB)> < Pol(Br) = Po(B) < ca7°[u)? 14 .

dB) H™2"(0B)

Proof. The first inequality in ([€.2]) has been proved in [I8, Theorem 2.1]. It remains to prove
the second inequality.
As in [I8, Formula (2.20)], after some calculations we get that
72 P,(B)

(6.3) Po(Er) = 5g(7) +

where we set

hﬁ):iéBu—%WA@Y“ﬂdHN‘%@,

u(z)  ru(z)
and g(1) := / / </ / Jia—y|(L + 71,1 4 7p) dr dp> dHN 7 (z) dHY (),
0B JoB \Ju(y) Ju(y)
being

aN—le—l
(la—bJ2 + abh2)" ="
We observe that  and p in the definition of g range in [~||ul|z @By, l[UllL=@r)] € [-1,1],
since [|ul|r@p) < 1. Hence, comparing with the definition of g, we notice that a and b in (6.4)

(6.4) fola,b) :=
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range in [1 — 7,1 4+ 7|, and therefore they are bounded and bounded away from zero. As
consequence, we get

Cq Ch Cy
fo(a,b) < - < - = ;
(Cy + C362) "2 (C302)"2% OVFe
for suitable constants C1,...,Cy > 0. Therefore, up to renaming the constants, we have

u(x)
drdp | dHN"Y(z)dHY Y y) = en [u]? 11w .
/63 /63 </(y / \x—y\NJ”’ p) (@) ) v ]Hl%(ﬁB)

Thus, since h(0) = P(B), by (6.3]) we get

Pa(B)
, Po(E;) — Po(B) < en T2 [u)? 11a > -
(65 (B2) = PalB) < o Pl s+ T (1) = 0))
Now we want to estimate h(7) — h(0). Since |E;| = |B]|, using polar coordinates, we get
(6.6) / (1+7u)N dHY~! = N|E,| = N|B| = P(B).
OB
Thus

27

(anfwﬂ—hmy:ABu+TwNﬂﬂHN4_J%By:ABQ+TMN«1+Tw—a_ndHN*.

By a Taylor expansion, we know that for any x > 0 small enough, it holds
(A+2) =11 +a) )

(am+ alatl) +a6(:p)> <1+Nx+w&+v(x)>,

with |B(z)| + [v(z)| < enx?, so that

ala+1)

(I+2) =11 +2)V) < —az+ < 5

— Na> z? —I—ochx?’.
By applying such an inequality to (G.1)), and using the fact that ||u|z~@pp) < 1, we get

a+1
[m+<N— )22]%N1+MWTMMME
B 2

(6.8) mﬂ—mmg—a/

0
Also, from (6.6)), we have

0:/(u+mW—n&W4</(Nm+NW')Tu+m7ume1
oB 0B

Hence, since [[ul|r=@p) < 1, we obtain

_ N-—-1
—/63 TUdHN 1 < TT2HUH%2(8B) —|—CN ’7'3||UH%2(83),

so that ([G.8) gives
2

(1) = h(0) < —5a (N - a)[[ul72op) + aen T |[ul72gp) <O

for 7 < 79(N). By inserting this into (G.5]) we obtain the second inequality in (G.2)).



28 A. DI CASTRO, M. NOVAGA, B. RUFFINI, AND E. VALDINOCI
We now complete the proof of Theorem

Proof of Theorem[I.4. We have to show that there exists e1 = £1(N, dp) € (0, 0], €0 as in (B4,
and so my = m1(N,dy) € (0,mg], such that the ball B is the only minimizer of problem (G.1])
for e < 1. Let £ < g1 and let F. be a minimum of problem (51I), which exists by Theorem [L1]
By the minimality of F. we have

(6.9) (1 =t)P(Fz) = (1 =) B(B) < & (sPs(Fz) — sPy(B))

where B has the same barycenter of F.. Possibly reducing € we can assume that dF. can be
written as in (GJ)), with |lu||c1(9p) < 70/2, where 79 is as in Theorem Then, from (6.9)
and ([6.2)) it follows

A=< a0 ([0 Rl
< (A=R(F) - (1-1)P(B))
< e (sPs(F:) — sPs(B))
: < 2 e .
(6.10) £8Cy [ua]H%(aB)
From (2I7) it then follows
o 2 < ES _ 9
Al = Ol e < evg s (Dl

which implies u. = 0, that is F. = B, whenever ¢ is sufficiently small. U

We conclude the section with the following counterpart to Theorem

Theorem 6.3. For all 0 < s <t < 1, there exists a volume ms = ma(N, s,t) = my such that,
for m > mgy, the ball is not a local minimizer of problem (L3)).

Proof. We have to show that there exists 5 > 1 such that the ball B is not a local minimizer
of problem 1] for £ > 9. We look for a competitor F. # B which can be written as in (6.1I),
with u # 0 and and |ul[c1(9p) < 70/2, where 7g is as in Theorem As above, from ([G.2)) it
follows

(1=DP(F) — (1= OF(B) < el - 1

H'% (9B)
11 2.
(6.11) < ecls[u]Hl_g_(aB)
< e(sPs(F.) — sPs(B)),
as soon as
1—t)[u)® 1.,
(= Ol e
£ >E9 = p 8[’LL]2 .
R ()

This shows that F. has lower energy than B, so that the ball cannot be a local minimizer of

problem ([L3]). O

Notice that lims_,gma(N, s,t) = +oo for all ¢ € (0, 1], which is consistent with the fact that
the ball is the unique minimizer of the ¢-perimeter, with volume constraint.
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7. A FRACTIONAL ISOPERIMETRIC PROBLEM

We recall from the Introduction the definition of the functional j:; given by

(=) P (E)N*

PACILE fo<s<t<1

(Nwn P(E)N—*

P (BN fo<s<t=1

For(E) =
% ifo=s<t<l1
Nwa;(‘% ifs=0andt=1.

In this section we consider the generalized isoperimetric problem

7.1 in F.,.(B), 0<s<t<l1.
(7.1) Join Foi(E) s

Remark 7.1. Notice that the quantity in (7.I]) is scale invariant, hence without loss of generality
we can look for minimizers E satisfying a volume constraint |E| = wy.

The main aim of this section is the following existence theorem.
Theorem 7.2. There exists a minimizer of problem (1.

To prove it, we need some preliminary results, namely a suitable version of the isoperimet-
ric inequality (Lemma [4)) and an existence result with uniform estimates for a constrained
minimization problem (Lemma [7.5)).

Remark 7.3. In what follows, with a slight abuse of notation, we extend the functionals (1 —
t)P(-) and sPs(-) to t = 1 and s = 0 respectively, meaning that for ¢ = 1 it equals NwyP(-),
while for s = 0 it equals Nwy| - |.

Lemma 7.4. Let s <t € [0,1] satisfy B). For any E C RY there holds

(L= tRE)NTT
GR®)

(7.2)

for some ¢ = ¢(N,dp) > 0.

Proof. Let s <t € [0,1] and let 5o =t — s. Notice that

t s 1
=1 <1+ —.
t—s + t—s + do

Then from (2.I5]), and since 0y < ¢, it follows

(7.3)

s N(t—s)
|B['7¢ < C(N,60) (1 — ) P(E) = .
Plugging this estimate into [23]) (or (Z9) if t = 1) we get

2

SPUE) < C(N,8) —— (1= )Pi(B) ¥ |

which, together with (Z3]) gives (T.2). O

We notice that, if s = 0, the claim is an immediate consequence of the the fractional isoperimetric

inequality (Z.I5]).
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Lemma 7.5. Let s <t € [0,1] satisfy B1). For R > 1 let Qr = [-R, R]N. Then, there exists
a minimizer Er of the problem

(1 —t)R(E)N

v4) pednlbion GRE)
Moreover
(7.5) (I -t)P(ER) <C

where C' is independent of R.

Proof. We recall that, thanks to the notation introduced in Remark we can deal at once
with the cases t < 1 and ¢t = 1. By Lemma [.4] we know that

N—s

, ((L—t)P(E)) N
OB = R

is a strictly positive quantity. Clearly the map R+ C(R) is non-increasing. Let C' = C(1) +1

and let F,, be a minimizing sequence for (Z4)), so that for n big enough it holds (1 —¢)P,(E,) <

C(sPy(E,))N=8/(N=5) " Possibly increasing the constant C, from @3) (or @) if t = 1) it

follows

s(N—t)

(1 =P (En) < C((1 —t)P(Ey)) =2
which gives
(7.6) (1-t)P(E,) <C  for all n.
The existence of a minimizer now follows by the direct method the calculus of variations, since

the compact embedding of L'(Qr) and H*(Qgr) into H'(Qr) and the estimate (TH) directly
follows from (IZ.4]). O

We now prove Theorem

Proof of Theorem[7.3 1f s = 0 then the claim of the theorem is equivalent to that of the isoperi-
metric inequality (the fractional isoperimetric inequality if ¢ < 1). Thus we consider just the
case s > 0. Again, we shall always write (¢ — 1) P, meaning that such a functional is equivalent
to the classical perimeter if ¢ = 1 (see Remark [Z.3]).

Let E,, be a minimizer of () with R = n € N and m = 1/2. We divide Q,, into (2n)" unit
cubes with vertices in ZV, and we let {Qm}{;l be the unit cubes with non-negligible intersection
with E,, that is, z;, = |E,NQ;n| € (0,1/2] for alli € {1,...,1,}, for some I,, € {1,...,(2n)"}.

We remark that, from 210 (and omitting the mtegrands for simplicity), we have that

SLIEACRID 97 NN Y A AVUEY AU AVeS M A
i=1 anz n RN\En Qz n\En n\Qz n ann RN\En n\En n

which implies that

(7.7) ZPt(En,Q,;n) <2 / /R —2R,(E,).

N\En

Now, up to reordering the cubes Q); , we can assume that the sequence {z;, n} .| is non-increasing
in ¢, and we set x; ,, := 0 for 7 > I,,. We have that

(78) ixm = %
=1
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and, recalling ([2.12), (5] and (77), and the fact that z;, < |E,| =1/2 =|Qin|/2, we get
o0

N-t ©
(7.9) d N <CY (1-1)P(Ey,Qin) <2C (1 —t)Pi(Ey) < C,
up to renaming C. As in [25] Lemma 4.2], from (78] and (7.9)) it follows that
(7.10) Swin < ChN

for all k¥ € N, where C' depends only on (N, s,t).

Up to extracting a subsequence (using either a diagonal process or Tychonoff Theorem), we
can suppose that x;, — «; € [0,1/2] as n — +oo for every i € N, so that by (Z8) and (ZI0)
we have

1
(7.11) Z ai =5
1
Fix now z;,, € Q;n. Up to extracting a further subsequence, we can suppose that d(z;n, 2jn) —
cij € [0,+00], and (recalling (TH)) that there exists G; C RY such that
(7.12) (E, — zin) — G; in the L -convergence

for every i € N. We say that i ~ j if ¢;; < 400 and we denote by [i| the equivalence class of 1.
Notice that G; equals G; up to a translation, if ¢ ~ j. Let A := {[¢] : i € N}. We claim that

(7.13) ZPt(Gi)gliglJirnfB(En) and ZP minf Py (Ey).
[i]eA

To prove it, we first fix M € N and R > 0. We take different equivalent classes i1,...,iy and
we notice that if iy # 4; then the set z;, , + Qg is drifting far apart from z;, ,, + Qr, and so

. dx dy
lim TN = 0.
n—+oo Zig, nt+Q@r Z@ n+QR "T - ’

Accordingly, by (21I1)), (ZI2) and the lower semicontinuity of the perimeter,

M M
ZPt(GiaQR) < limianPt(Eny (Zip,n + QR))
1

n—-+0o0o
i=1

N
dx dy
lim inf P, ) Zien +QRr) | +2 / /
n—+400 t( n U( g,m Z ot Qn it Qn |$_y|N+t

k=1 1<k, j<M Y Zi
zkyéz

N

< liminf P(E,).
n——+0oo

By sending first R — +o00 and then M — +o0, this yields (Z13).
Now we claim that

1
(7.14) > 1Gil=5
[ileA

Indeed, for every i € N and R > 0 we have

|Gi| > |GiNQR| = 115{1 (B, — zin) N QR
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If j is such that j ~ i and ¢;; < %, possibly enlarging R we have Q;,, — 2, C Qg for all n € N,
so that

|(E — Zin ﬁQR| Z| — Zin mQRﬂ(an_Zi,n)|

2 Z |(En — zi,n) NQrN(Qjn — 2zin)| = Z |(En = 2in) N (Qjin — Zim)|

VE c”<— J: Clj<_
.7 C’LJ<7
and so
Gil > lim [(En—2in)NQrl> lm > [E.NQinl= D, o
J: Clj<7 J: ng<*

Letting R — 400 we then have
Gil = ) aj=) aj,
jiing jelil

hence, recalling (1)),

l\')l»i

> 1G>

[i]eA

thus proving (7I4]) (since the other inequality is trivial).
We now claim that

(7.15) > Pi(Gy) = limsup Pu(By).
[i]EA n——+00

Indeed, by (ZI4)) we have that for any ¢ > 0 there exist R, ¢ such that there exist ¢ distinct
equivalence classes [i1],..., [i¢] € A such that

l

—e< > |G, NBg|= Jim Zy — %, ) N Bg|.
k=1

(7.16)

DO | =

For p > 0 we let
¢

E =By | (i +By) By =En\Eny.
k=1
For n sufficiently large we have that the balls z;, , + Br are disjoint (since the z;, ,, are drifting
far away from each other, being each i; in a different equivalence class). Therefore (ZI6]) gives
that

1
(7.17) Ef|>-—2 and |EF,| <2

[\

if n is large enough. We claim that

dx dy CN 5 (N-s _ _1
. < p [
(7.18) /EP /E” Ty S - By ol N for some p € | R, R+ (26)

where the constants ¢y, § depend only on V.
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Indeed, if this is not the case, we would have that

Ef,| >0 and

(719) / / dﬂj‘ dy CN o N—s L
el JEr, |33 — y|N+5 > s(l — s) ‘En,2‘ N for every p € [R7R+ (25) ~

So we let
wip) = |EZ,1| = |En| — |EZ,2| B |E£,2|

and we obtain

CN 1 () N - / / dx dy
S(]. — S) 2 e EP EP ‘.Z' — ‘N+S
/ / dx dy
10 _ o [N+s
B JRN\UZy (2iyn+By) lz -yl

NwN/ dx
S Efl,l (p - ‘.Z' - Z’ik(x),N‘)

_ New [P 4G
= /O(P—Z)sd

for all p € [R,R + (25)_%}, where k(z) € N is such that z € z;, ) n + B).

From (Z20) and Lemma ET] (used here with m := 1/2 and p := R), we obtain that
u(p) = 1/2 (and so |E} ,| = 0) for p = R+ (25)_%, which leads to a contradiction with (Z.19]).
We thus proved ([CIEI) Notice that inequality (Z.I8]) holds also with ¢ instead of s. So, by (Z.I8])
and the fact that |EJ ,| < 2¢ (recall (ZIT)), we obtain that

dx dy dx dy Nt
. < )
(7.21) /E” /E” P |N+S CEN and /E” /E” P— |N+t Ce~

for some C' > 0, possibly depending on n, s and ¢.
From this, (Z1]) and () we obtain

5 5 dx dy
p p
Pt(En,1)+Pt(En,2) +2/Ep /Ep ‘.Z'— ’N-‘,—t

< Py( n)+CsT <C.

N

(7.20)

N

(7.22)

Now, by (23], we get
Py(Ep ) < CLE | T P(ER )7,

up to renaming C'. Using this, (7.22]) and then (Z.I7) once more, and possibly renaming C' again,
we conclude that

P(Ey) < CIEL, [ (P(EL) + A(EL,))"

< C|Erp;2|1_%

< Celh
Consequently, using (2] and (Z.2I]), we conclude that
_ dx dy
P,(E’ ) = P,(E +2/ /
(7.23) ) = ) = BB 22 | g Tyl

> P(E,) — Ce'~i.



34 A. DI CASTRO, M. NOVAGA, B. RUFFINI, AND E. VALDINOCI

Also, from (T5]), (T12)) and the compact embedding of H 3 into H3 (see [16, Section 7]), we
see that

(7.24) lim P, ((Eyp — 2,n) N By) = Pu(Gi, N By).

n—-4o0o

Now we recall that if K is a convex set, then P(ENK) < Pi(F) (see for instance [18, Lemma
B.1]). Together with (2.2) and (Z.23)), this implies

¢
Y P(Gi) = ) PGy N Bp)
[ileA

> lim Py(ES,)

> limsup Py(E,) — C(N,s,t)e ¢ ,

which gives (ZI5) by letting e — 0%.
From (ZI3]) and (ZI5]) we obtain that
. 1-t)P(G; _
(7.25) 2eald = DR Nl < limjnf A=DFP(E)
(SZMEAPS(GZ)> N—s (SPS(En))Nfs

Let us now prove that the there exists j such that

(7.26) (L=P(G) _ 2ineall _t)Pt(Ciiz

(PG (3 2lileA Ps(Gi)) o

=: 5.

B

Indeed, if it is not the case, we get

(1=t) P (Gy) et

B

o= Nt © Nt
N_t
. sps GZ N—s
g > 1i1ea(sPs(Gi)) ~ .

<S 2jijeA Ps(Gz’)> o

which is impossible. To get the last estimate we used the elementary inequality (3, ¢;)* <Y, ¢
which holds true for ¢; > 0 and a € (0,1).

Now, let j be the index satisfying (Z.26]). Then, by (Z.25) we get
(1 —1)R(Gy) g (L= P (En)

- < limin — .

(7.27) N
(SPS(Gj))m e (sPs(Ey)) ™=

2

Then, given any set E, fixed any € > 0, we intersecate E with a big ball Bg, in such a way that
(L-OPA(ENBr) _ (L-1)P(E)

N—t
s

(sPy(EN Bp))V=+  (sPy(E)~
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Then, by the minimality of F,,,
(1-OR(ENBg)  (1-R(E)
(sPs(ENBR )N (sPs(En))~=
for any n > ne. Thus, by (21,
A=OPE) | e (=DRE) | (1= OA(G)
(sPs(E))N=+ T (sPy(Bn)) Ve (sP(G)) N

By sending € \, 0 we see that G is the desired minimizer, which concludes the proof. O

2

»

Proposition 7.6. Let F' be a minimizer of (). Then F is a multiplicative w-minimizer of
the t-perimeter, that is, for any set E such that FAE C B(x, R), there holds

P(F,B(z,R)) < (1+CR"®) P(E, B(z,R)) for any R < Ry,
where Ry, C' depend only on N, dy and |F|.
Proof. First, if a € (0, 1), by graphic the functions, one sees that, for any r > 0,
(7.28) 1—r* <1 =7l
Also, from (5I1I), we know that

P,(F) - P,(E) < P,(FAE),

for any sets ¥ and F', and so, by possibly exchanging the roles of F and I’ we obtain
(7.29) |Ps(E) — Ps(F)| < Ps(FAE)

Now, letting F be such that FAE C B(xz, R), using the minimality of F, (Z.28]) and (7.29]) we
see that

F(E) > Py(E) = P](D;()Flzgz
_ P(F)+ (ig; - 1) P,(F)
> P(F) - ‘ig; 1| R(F)
> Py(F) - ZEQ\PS(E) — Py(F)]
> P(F) - ]fjigg(mm

Hence, by applying the fractional isoperimetric inequality (2.I5]) to Ps(F'), we obtain that
P,(E) > Pi(F) — C(N,6)|F|~ "% Py(FAE).
As in ([BI5]), by means of (Z3]) and again the fractional isoperimetric inequality we then get
P(E,B(x,R)) > Pi(F,B(z,R)) — C(N,6)|F| "~ |FAE|'N P(FAE)
= (1-CWV.8)IF|~"F R'™) P(F, B(z,R)),

which gives
N—s

|F|~~
1— C(N, )Rl

P,(F,B(z,R)) <

P.(E,B(x,R)).
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0

Reasoning as in Section [ from Proposition (Z.6]) we obtain the following regularity result.

Corollary 7.7. There exists B = B(N,0p) < 1 such that any minimizer F of (1) is bounded
and has boundary of class CY#, outside of a closed singular set of Hausdorff dimension at most
N — 2 (respectively N — 8 if t =1).

Proof of Theorem [I.3. The existence claim is a consequence of Theorem and the regularity
follows from Corollary [ O
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