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Asymptotic-Preserving scheme based on a Finite Volume/Particle-In-Cell coupling for Boltzmann-BGK-like equations in the diffusion scaling

, we use here a particle approximation for the kinetic (micro) part, the fluid (macro) part being always discretized by standard finite volume schemes. There are many advantages in doing so: (i) the so-obtained scheme presents a much less level of noise compared to the standard particle method; (ii) the computational cost of the micro-macro model is reduced in the diffusion limit since a small number of particles is needed for the micro part; (iii) the scheme is asymptotic preserving in the sense that it is consistent with the kinetic equation in the rarefied regime and it degenerates into a uniformly (with respect to the Knudsen number) consistent (and deterministic) approximation of the limiting equation in the diffusion regime.

Introduction

Particle systems appearing in several physical applications like plasma or radiative transfer can be studied at different scales. A kinetic description is necessary when the system is far from thermodynamical equilibrium. It is based on the representation of the set of particles by a distribution function f depending on time t, space x and velocity v, f verifying a partial differential equation of Vlasov-type. When the system stays near equilibrium, the problem can be reduced using a macroscopic description, only depending on t and x. Several strategies can be used to solved multiscale problems (see for example [START_REF] Golse | A domain decomposition analysis for a two-scale linear transport problem[END_REF], [START_REF] Dimarco | Asymptotic preserving implicit-explicit Runge-Kutta methods for non linear kinetic equations[END_REF], [START_REF] Klar | An asymptotic-induced scheme for nonstationary transport equations in the diffusive limit[END_REF] or [START_REF] Berthon | A numerical correction of the M1-model in the diffusive limit[END_REF]), among them, the micro-macro decomposition introduced in [START_REF] Bennoune | Uniformly stable numerical schemes for the Boltzmann equation preserving the compressible Navier-Stokes asymptotics[END_REF] leads to a coupling of two equations: a macroscopic one for the mean part of f (in velocity) and a microscopic one for the remainder part (called perturbation).

This work is devoted to the design of an Asymptotic-Preserving (AP) scheme (see [START_REF] Jin | Efficient asymptotic-preserving (AP) schemes for some multiscale kinetic equations[END_REF]) for the following kinetic equation in the diffusion scaling

∂ t f + 1 ε v∂ x f + 1 ε E∂ v f = 1 ε 2 (ρM -f ), (1) 
where x ∈ [0, L x ], ρ = f dv is the charge density, E is the electric field given by the Poisson equation

∂ x E = ρ -1, M is either the absolute Maxwellian (in the BGK- case v ∈ R) or equal to 1 (in the radiative transport equation (RTE)-case v ∈ [-1, 1])
and ε is the Knudsen number, parameter of the frequency of collisions between particles, that may be of order one or tend to zero in the diffusion limit. The strategy will be the use of the micro-macro decomposition. However, following [START_REF] Crestetto | Kinetic/fluid micro-macro numerical schemes for Vlasov-Poisson-BGK equation using particles[END_REF], we want to use particles to discretize the micro part so that in the limit regime, the numerical cost is reduced since a few number of particles will be necessary to sample the (small) non equilibrium part. The main difficulty compared to phase space grid approaches [START_REF] Lemou | A new asymptotic preserving scheme based on micro-macro formulation for linear kinetic equations in the diffusion limit[END_REF][START_REF] Crouseilles | An asymptotic preserving scheme based on a micro-macro decomposition for collisional Vlasov equations: diffusion and high-field scaling limits[END_REF] remains in the fact that the use of particles requires a splitting between transport and source terms whereas in [START_REF] Lemou | A new asymptotic preserving scheme based on micro-macro formulation for linear kinetic equations in the diffusion limit[END_REF][START_REF] Crouseilles | An asymptotic preserving scheme based on a micro-macro decomposition for collisional Vlasov equations: diffusion and high-field scaling limits[END_REF], the stiffest (source) term is used to stabilize the stiff transport term.

The outline of the paper is the following. We derive the micro-macro model in Section 2 and its numerical discretization in Section 3. Some numerical results are given in Section 4. Section 5 is devoted to the conclusion and some perspectives.

Derivation of the micro-macro equations

This section is devoted to the derivation of the micro-macro model. Let us first introduce a velocity-set V = R in the Vlasov-Poisson-BGK-case and V = [-1, 1] in the RTE-case and define the null space of the linear collisional BGK-operator

Q ( f ) = ρM -f by N = Span {M} = { f = ρM, with ρ = f }, where h := hdv and M (v) = 1 √ 2π exp -v 2 2
is the absolute Maxwellian in the Vlasov-Poisson-case or M = 1 in the RTE-case. We now define the orthogonal projector Π in L 2 M -1 dv onto N as Π h := h M. Following [START_REF] Lemou | A new asymptotic preserving scheme based on micro-macro formulation for linear kinetic equations in the diffusion limit[END_REF][START_REF] Crouseilles | An asymptotic preserving scheme based on a micro-macro decomposition for collisional Vlasov equations: diffusion and high-field scaling limits[END_REF], we decompose f as f = ρM + g, where ρ := f and g := f -ρM, and rewrite the kinetic equation (1) into the equivalent micro-macro model

     ∂ t ρ + 1 ε ∂ x vg = 0, ∂ t g + 1 ε (I -Π )[v∂ x (ρM + g) + E∂ v (ρM + g)] = - 1 ε 2 g. (2) 
The micro equation on g makes appear stiff terms that need a particular treatment in order to get an AP scheme. The strategy of [START_REF] Lemou | Relaxed micro-macro schemes for kinetic equations[END_REF] is used and recalled here. We rewrite the flux term of the micro equation

(I -Π )(v∂ x (ρM + g)) = vM∂ x ρ + v∂ x g -∂ x Π (vg), (I -Π )(E∂ v (ρM + g)) = E∂ v (ρM + g) = -vMEρ + E∂ v g,
so that the micro equation becomes

∂ t g + 1 ε [vM∂ x ρ + v∂ x g -∂ x vg M -vMEρ + E∂ v g] = - 1 ε 2 g. (3) 
Starting from (3), we rewrite it as

∂ t (e t/ε 2 g) = - e t/ε 2 ε [vM∂ x ρ + v∂ x g -∂ x vg n M -vMEρ + E∂ v g].
Integrating in time between t n and t n+1 leads to

e t n+1 /ε 2 g n+1 = e t n /ε 2 g n - 1 ε t n+1 t n e t/ε 2 dt [vM∂ x ρ n + v∂ x g n -∂ x vg n M -vME n ρ n + E n ∂ v g n ] ,
and multiplying by e -t n+1 /ε 2 gives

g n+1 = e -∆t/ε 2 g n -ε(1 -e -∆t/ε 2 ) [vM∂ x ρ n + v∂ x g n -∂ x vg n M -vME n ρ n + E n ∂ v g n ] .
By using the discrete time derivative, we finally get

g n+1 -g n ∆t = (e -∆t/ε 2 -1) ∆t g n -ε (1 -e -∆t/ε 2 ) ∆t [vM∂ x ρ n + v∂ x g n -∂ x Π (vg n )M -vME n ρ n + E n ∂ v g n ] ,
which we approximate, up to terms of order O(∆t 2 ), by

∂ t g = e -∆t/ε 2 -1 ∆t g -ε 1 -e -∆t/ε 2 ∆t [vM∂ x ρ + v∂ x g -∂ x Π (vg)M -vMEρ + E∂ v g] .
(4) Let us remark that this equation does not contain any stiff term. Moreover, the two following properties are verified:

• consistency: ∀ε > 0 fixed, as ∆t → 0, we recover the initial micro equation (3),

• AP property: ∀ε > 0 fixed, as ε → 0, we get g = -ε(vM∂ x ρ -vMEρ), which injected in the macro equation provides the right limit model given by ∂ t ρ -∂ x (∂ x ρ -Eρ) = 0 (see [START_REF] Crouseilles | An asymptotic preserving scheme based on a micro-macro decomposition for collisional Vlasov equations: diffusion and high-field scaling limits[END_REF]).

The next section is devoted to the numerical discretization of the modified micromacro model

∂ t ρ + 1 ε ∂ x vg = 0, ∂ t g = e -∆t/ε 2 -1 ∆t g -ε 1 -e -∆t/ε 2 ∆t [vM∂ x ρ + v∂ x g -∂ x Π (vg)M -vMEρ + E∂ v g]
(5) by an hybrid scheme, that couples finite volumes for the macro part ρ to a particle method for the micro part g. As in [START_REF] Crestetto | Kinetic/fluid micro-macro numerical schemes for Vlasov-Poisson-BGK equation using particles[END_REF], where the hydrodynamic limit was studied, we expect a reduction of computational time when ε → 0, related to the few number of particles needed to represent g at the limit.

Finite Volumes/Particles discretization

We present in this section the Finite Volumes/Particle-In-Cell (PIC) coupling developed for solving [START_REF] Crestetto | Kinetic/fluid micro-macro numerical schemes for Vlasov-Poisson-BGK equation using particles[END_REF]. Such a coupling is explained in more details in [START_REF] Crestetto | Kinetic/fluid micro-macro numerical schemes for Vlasov-Poisson-BGK equation using particles[END_REF] for the hydrodynamic limit.

Let us consider a classical uniform discretization of the spatial domain x ∈ [0, L x ] denoted by (x i ) 0≤i≤N x and the following approximations:

ρ n i ≈ ρ(t n , x i ) and E n i ≈ E(t n , x i ). The Poisson equation ∂ x E = ρ -1 for E is
solved thanks to finite volumes without difficulty. We now focus on the two other equations (5).

Particle approximation for g

Our goal is to extend the particle discretization developed in [START_REF] Crestetto | Kinetic/fluid micro-macro numerical schemes for Vlasov-Poisson-BGK equation using particles[END_REF] to the diffusion scaling. To that purpose, we exploit the reformulation (4). As already said in [START_REF] Crestetto | Kinetic/fluid micro-macro numerical schemes for Vlasov-Poisson-BGK equation using particles[END_REF], we have to use a splitting procedure between the transport part and the source part. Then, the algorithm is the following

• solve ∂ t g + ε (1-e -∆t/ε 2 ) ∆t v∂ x g + ε (1-e -∆t/ε 2 ) ∆t E∂ v g = 0, • solve ∂ t g = (e -∆t/ε 2 -1) ∆t g -ε (1-e -∆t/ε 2 ) ∆t [vM∂ x ρ + ∂ x vg M -vMEρ].
In the PIC method (described for example in [START_REF] Birdsall | Plasma physics via computer simulation[END_REF]), the distribution function g is represented by a set of N particles of position x k , velocity v k and weight ω k and ap- proximated by g (t,

x, v) = ∑ N k=1 ω k (t) δ (x -x k (t)) δ (v -v k (t)).
Then, the transport part is solved with the (non stiff) characteristics

ẋk = ε (1 -e -∆t/ε 2 ) ∆t v k , vk = ε (1 -e -∆t/ε 2 ) ∆t E(t, x k ), (6) 
E(t, x k ) being computed by a deposition step knowing E n i on the mesh. The source part is solved using the equation satisfied by the weights

ωk = (e -∆t/ε 2 -1) ∆t ω k -ε (1 -e -∆t/ε 2 ) ∆t [v k M(v k )(∂ x ρ(t, x k ) -E(t, x k )ρ(t, x k )) + ∂ x vg (t, x k )M(v k )] . (7) 
In more details, from an initial repartition of the N particles

(x 0 k , v 0 k ) in the phase- space domain of size L x × L v , with ω 0 k = g(t = 0, x k , v k )L x L v /N, (6) is approximated by x n+1 k = x n k + ε(1 -e -∆t/ε 2 )v n k , v n+1 k = v n k + ε(1 -e -∆t/ε 2 )E n (x n k ). (8) 
Then, we compute the momentum vg n+1/2 of g n+1/2 using this new position:

vg n+1/2 | x=x i ≈ N ∑ k=1 ω n k B ℓ (x i -x n+1 k )v n+1 k , (9) 
B ℓ ≥ 0 is a B-spline function of order ℓ:

B ℓ (x) = (B 0 * B ℓ-1 )(x), with B 0 (x) = 1 ∆ x if |x| < ∆ x/2, 0 else. ( 10 
)
We rewrite the weight equation as

ω n+1 k = ω n k + (e -∆t/ε 2 -1)ω n k -ε(1 -e -∆t/ε 2 ) [α n k + β n k ] , (11) 
with α n k = v k M(v k )[∂ x ρ n (x k ) -E n (x k )ρ n (x k )] L x L v N and β n k = ∂ x vg n (x k )M(v k ) L x L v N . To compute α n k (resp. β n k ), since ρ n (resp. vg n
) is known on the spatial grid, we approximate ∂ x ρ n (resp. ∂ x vg n ) by centered finite differences:

(∂ x ρ n ) i ≈ ρ n i+1 -ρ n i-1 2∆ x (resp. (∂ x vg n ) i ≈ vg n i+1 -vg n i-1 2∆ 
x

) and evaluate at x = x k using an interpolation. Remark. We have now a new approximation of g n+1 given by its particle discretization. We have to ensure that the micro-macro structure f = ρM + g with ρ = f dv is preserved numerically. To do that, we correct the weights ω n+1 k , adapting an idea of [START_REF] Degond | The moment guided Monte Carlo method[END_REF]. We do not detail this procedure here but refer the reader to [START_REF] Crestetto | Kinetic/fluid micro-macro numerical schemes for Vlasov-Poisson-BGK equation using particles[END_REF].

Chapman-Enskog expansion. When ε goes to zero, we immediatly observe that ω

n+1 k = -εα n k + O(ε 2 ) (since ω n k = O(ε) ∀n ≥ 1)
. Computing the momentum of g n+1 means that we use [START_REF] Golse | A domain decomposition analysis for a two-scale linear transport problem[END_REF] with g n+1 , or in the limit regime

vg n+1 | x=x i ≈ -ε N ∑ k=1 α n k B ℓ (x i -x k )v k + O(ε 2 ), ≈ -ε v 2 M (∂ x ρ n -E n ρ n ) | x=x i + O(ε 2 ) ≈ -ε(∂ x ρ n -E n ρ n )(x i ) + O(ε 2 ).
Injecting in the macro equation then leads to a discretization of ∂ t ρ -∂ x (∂ x ρ -Eρ) = 0, which corresponds to the right asymptotic model (see [START_REF] Crouseilles | An asymptotic preserving scheme based on a micro-macro decomposition for collisional Vlasov equations: diffusion and high-field scaling limits[END_REF]).

Coupling strategy

After the computation of g n+1 by the PIC method, we compute ρ n+1 thanks to a standard finite volume method. We use for example the following scheme:

ρ n+1 i = ρ n i - 1 ε ∆t ∆ x vg n+1 i+ 1 2 -vg n+1 i-1 2 , ( 12 
)
where vg n+1 i+ 1 2 is computed with [START_REF] Golse | A domain decomposition analysis for a two-scale linear transport problem[END_REF]. Finally, the algorithm reduces to: • Initialization of (x k , v k ) and ω k .

• 1) Advance micro part: -advance the characteristics with [START_REF] Dimarco | Asymptotic preserving implicit-explicit Runge-Kutta methods for non linear kinetic equations[END_REF],

-compute vg n with ( 9), -advance the weights equation with (11). • 2) Correction step for preserving the micro-macro structure as in [START_REF] Crestetto | Kinetic/fluid micro-macro numerical schemes for Vlasov-Poisson-BGK equation using particles[END_REF].

• 3) Advance macro part: -compute vg n+1 with (9), -compute ρ n+1 with (12).

Numerical results

We validate our model, denoted by MiMa-Part, on two classical test cases and compare it to a full particle method ( f is discretized by particles and not only g, see [START_REF] Birdsall | Plasma physics via computer simulation[END_REF]) denoted by Full-PIC and to a micro-macro scheme using a Eulerian discretization of phase space, denoted by MiMa-Grid (which corresponds to the scheme developed in [START_REF] Crouseilles | An asymptotic preserving scheme based on a micro-macro decomposition for collisional Vlasov equations: diffusion and high-field scaling limits[END_REF]). We first consider the linear Landau damping case, where f is initially given by f (0,

x, v) = 1 √ 2π exp -v 2
2 (1 + α cos (kx)), x ∈ 0, 2π k with periodic conditions in x and v ∈ R (cut to [-10, 10], assuming that the number of gas particles having a larger absolute velocity is negligible). We take here k = 0.5 and α = 10 -2 . The hybrid MiMa-Part scheme is compared to MiMa-Grid for different values of ε, from 10 -2 to 1, in Figure 1. We look at the time evolution of log ||E(t)|| L 2 which is known to decrease linearly in time. The kinetic regime (ε = 1 -on the left) is well described but the number of needed particles is quite big: N = 5 × 10 5 . For ε = 0.5 (on the right), we note that the boundary layer is captured by both methods. For small values of ε (for example 10 -2 but decreasing ε does no more change the curves -on the right), MiMa-Part leads to the diffusion limit, as well as MiMa-Grid. But here, 200 particles are sufficient to represent in a good way the perturbation g and to capture the limit. The cost of MiMa-Part then reduces as ε → 0, whereas MiMa-Grid keeps the same complexity.

We then consider the RTE-testcase given by f (0,

x, v) = 1 + cos 2π x + 1 2 , E = 0 ∀t, x ∈ [0, 1] with periodic conditions in x and v ∈ [-1, 1].
Results obtained at t = 0.1 are presented in Figure 2. On the left, MiMa-Part is compared to MiMa-Grid for ε = 1 and ε = 10 -2 . In both regimes, our hybrid scheme gives a good representation of the density ρ(x). These results can also be compared to those of [START_REF] Lemou | Relaxed micro-macro schemes for kinetic equations[END_REF]. On the right, we compare MiMa-Part to a full PIC method when ε = 1. From the PIC point of view, our hybrid scheme can be seen as a δ f method (see [START_REF] Brunner | Collisional delta-f scheme with evolving background for transport time scale simulations[END_REF] for example). We thus take the same advantages: the noise due to the probabilistic character of the particles discretization is reduced since it affects only the perturbation g, and not the whole function f . This noise appears on the representation of ρ when N is too small, and for example in the black curve obtained with Full-PIC and N = 5 × 10 4 . With the same order of N, the black line labeled with crosses corresponding to MiMa-Part and N = 4 × 10 4 is not affected by this noise. Finally, for obtaining a smooth curve with Full-PIC, we have to take N = 5 × 10 5 (see the dashed line). The cost of the model is directly linked to N. To obtained the two smooth curves for ε = 1, the computational time is 0.12s for MiMa-Part and 0.47s for Full-PIC. 

Conclusion and perspectives

A first extension of the AP hybrid method developed in [START_REF] Crestetto | Kinetic/fluid micro-macro numerical schemes for Vlasov-Poisson-BGK equation using particles[END_REF] is presented in this paper, concerning the diffusion scaling. Same conclusions are observed: the scheme is AP and the number of needed particles to represent g in a good way decreases as ε → 0. The cost of the hybrid method reduces then at the diffusion limit, whereas it does not depend on ε in standard phase-space grid methods. Other possible extensions may be considered and will be the subject of future works. First, it would be interesting to deal with Dirichlet boundary conditions (instead of periodic ones) for enlarging the application field. For the same reason, more general collision operators should be considered, combining this approach with relaxation techniques as in [START_REF] Lemou | Relaxed micro-macro schemes for kinetic equations[END_REF]. Extension to higher dimensions of the phase-space is also possible and a comparison with semi-Lagrangian schemes would be interesting.

Fig. 1

 1 Fig. 1 Landau damping test case. MiMa-Part compared to MiMa-Grid. Electric energy as a function of time t for ε = 1 on the left and ε = 0.5 and 10 -2 on the right.

Fig. 2

 2 Fig. 2 RTE-testcase. Density ρ as a function of x at time t = 0.1. MiMa-Part compared to MiMa-Grid for ε = 1 and 10 -2 on the left and compared to a full PIC method for ε = 1 on the right.
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