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Uniqueness of Nonnegative Tensor Approximations

Yang Qi*, Pierre Comon* Fellow, IEEE, and Lek-Heng Lim?

Abstract

We show that the best nonnegative rank-r approximation of a nonnegative tensor is almost always unique and that nonnegative
tensors with nonunique best nonnegative rank-r approximation form a semialgebraic set contained in an algebraic hypersurface.
We then establish a singular vector variant of the Perron—Frobenius Theorem for positive tensors that may be used for answering
various questions involving nonnegative tensor approximations. In particular, we apply it to show that the best nonnegative rank-1
approximation of a positive tensor is always unique and that a best nonnegative rank-r approximation of a positive tensor can
almost never be obtained by deflation.

I. INTRODUCTION

Nonnegative tensor decomposition, i.e., a decomposition of a tensor with nonnegative entries (with respect to a fixed choice of
bases) into a sum of tensor products of nonnegative vectors, arises in a wide range of applications. These include hyperspectral
imaging, spectroscopy, statistics, phylogenetics, data mining, pattern recognition, among other areas; see [20], [21], [23], [26]
and the references therein. One important reason for its prevalence is that such a decomposition shows how a joint distribution
of discrete random variables decomposes when they are independent conditional on a discrete latent random variable [20], [27]]
— a ubiquitous model that underlies many applications. This is in fact one of the simplest Bayesian network [12], [14], [15],
a local expression of the joint distribution of a set of random variables x; as

d
p(x1,...,2q) = /Hp(xl | 0) dpe (L1
i=1

where 6 is some unknown latent random variable. The relation expressed in ([.I) is often called the naive Bayes hypothesis.
In the case when both the random variables z1,...,z4 and the latent variable 6 take only a finite number of values, the
decomposition becomes one of the form

r
til,...,id = Z)\Tuil,pn-u%p. (12)
p=1

One can show [20] that any decomposition of a nonnegative tensor of the form in may, upon normalization by a suitable
constant, be regarded as (1), a marginal decomposition of joint probability mass function into conditional probabilities under
the naive Bayes hypothesis. In the event when the latent variable 6 is not discrete or finite, one may argue that becomes
an approximation with ‘~’ in place of ‘=’.

In this article, we investigate several questions regarding nonnegative tensor decompositions and approximations, focusing
in particular on uniqueness issues. We first define nonnegative tensors in a way that parallels the usual abstract definition of

tensors in algebra. We will view them as elements in a tensor product of cones, i.e., tensors in Cy ® - - - ®@ Cyq where C, ..., Cy
are cones and the tensor product is that of R -semimodules (we write R, := [0, 00) for the nonnegative reals). The special
case C = Rff_l s, Cg = Rf_d then reduces to nonnegative tensors.

It has been established in [20] that every nonnegative tensor has a best nonnegative rank-r approximation. Here we will show
that this best approximation is almost always unique. Furthermore, the set of nonnegative tensors of nonnegative rank > r that
do not have a unique best rank-r approximation form a semialgebraic set contained in some hypersurface. We then show that
for r = 1, every best rank-1 approximation is necessarily a best nonnegative rank-1 approximation. Moreover, every positive
tensor 1" has a unique best nonnegative rank-1 approximation and that if 7" has any partial symmetry under permutation of
its entries, the best nonnegative rank-1 approximation can always be chosen to preserve this symmetry. These last two results
depend on a ‘Perron—Frobenius Theorem’ for singular pairs of positive tensors that we will establish in this article. Lastly we
show that one cannot in general obtain a best nonnegative rank-r approximation by ‘deflation’, i.e., by finding r successive
best nonnegative rank-1 approximations.

* Yang Qi and Pierre Comon are with GIPSA-Lab CNRS UMRS5216, Grenoble Campus, BP.46, F-38402 St Martin d’Heres cedex, France. { Lek-Heng
Lim is with the Computational and Applied Mathematics Initiative, Department of Statistics, University of Chicago, 5734 South University Avenue, Chicago,
IL 60637, USA.



II. NONNEGATIVE TENSORS

A tensor of order d (d-tensor for short) may be represented as a d-dimensional hypermatrix, i.e., a d-way array of (usually)
real or complex values. This is a higher-order generalization of the fact that a 2-tensor, i.e., a linear operator, a bilinear form,
or a dyad, can always be represented as a matrix. Such a coordinate representation sometimes hides intrinsic properties — in
particular, this array of coordinates is meaningful only if the bases of underlying vector spaces have been specified in the first
place. With this in mind, we prefer to define tensors properly rather than simply regarding them as d-way arrays of numbers.

The following is the standard definition of tensors. We will see later how we may obtain an analogous definition for
nonnegative tensors.

Definition 1. Let V; be a vector space of finite dimension n; over a field K, s = 1,...,d, and let V; x - -- x V; be the set of
d-tuples of vectors. Then the fensor product V =V, ® - - - ® V; is the free linear space spanned by V; x --- x V; quotient by
an equivalence relation that imposes the two properties below for every «;, 5; € K:

d

(quy, aoug, . .., aqug) = (Hi_l ozi> (uy,ug, ..., uq), (IL.1)
(U1, oy Qg ey ttg) + (Ury ooy Biviy ooy ug) = (U, .oy aquy + Biviy . ooy ug). (I1.2)
A tensor is any element of V1 ® -+ - ® V3.
More details on the definition of tensor spaces may be found in [6], [13], [L7], [18].

Definition 2. A decomposable tensor is one of the form u; ® --- ® ug, u; € V3, ¢ = 1,...,d. It represents the equivalence
class of tuples up to scaling as in (ILI), i.e, u1 @ - @ ug = {(aqus,...,aquq) : H?Il a; =1}

By the above definition, it is clear that a decomposable tensor cannot in general be uniquely represented by a d-tuple of
vectors, what is often called a “scaling indeterminacy” in the engineering literature. When we use the term ‘unique’ in this
article, it is implicit that the uniqueness is only up to scaling of this nature.

From the way a tensor is defined in Definition |I} it is immediate that a non-zero tensor can always be expressed as a
finite sum of nonzero decomposable tensors. When the number of summands is minimal, this decomposition is called a rank
decomposition (the term “canonical polyadic” or CP is often also used) and the number of summands in such a decomposition
is called the rank of the tensor. In other words, we have the following:

Definition 3 (Rank decomposition). For every T' € V; ® --- ® Vj, there exist u;, € Vi, i =1,...,d, p = 1,...,rank(T),

such that
T=>

We present the above material, which is largely standard knowledge, to motivate an analogous construction for real
nonnegative tensors. We will first define nonnegative tensors in a coordinate-dependent manner (i.e., depending on a choice of
bases on Vi,...,Vy), and then in a coordinate-independent manner.

For each i = 1,...,d, let V; be a real vector space with dim V; = n;. For any fixed choice of basis {v; 1,...,v;n, } for V;,
we denote by Vﬁ the subset of vectors with nonnegative coefficients in V;, i.e.,

n;
V;J" - {szl apVip €EViton, ... 0, € R.,.}.

We will call an element in V :=V; ® --- ® V; of the form u; ® - - - ® ug where u; € V;r fori =1,...,d, a nonnegatively
decomposable tensor. The set of nonnegative tensors VT is then the subset of V defined by

rank(T")
- Uy @ @ Ugp. (IL.3)

s
V+:{Zp:1u17p®-~-®ud7pGV:ui,pEVf, i=1,...,d, p=1,...,r, TGN}.

By its definition, every element of V' has a representation as a finite sum of nonnegatively decomposable tensors. A
decomposition of minimal length then yields the notions of nonnegative tensor rank, denoted by rank (T"), and nonnegative

tensor rank decomposition. For every T' € V', there exist u; , € Vi+, i=1,...,d,p=1,...,r, such that
ranky (T)
T = szl Uty @ @ Ugyp. (IL.4)

We will call the nonnegative tensor rank the nonnegative rank and the decomposition above a nonnegative decomposition of
the nonnegative tensor 7', for short. An obvious property is that rank, (T") > rank(T") for any T € V.

We now examine an alternative coordinate-free approach for defining nonnegative tensors and nonnegative rank. This approach
is also more general, yielding a notion of conic rank for a tensor product of any convex cones. We first recall the definition
of a tensor product of semimodules. See [2] for details on the existence and construction of such a tensor product.

Definition 4. Let R be a commutative semiring and M, N be R-semimodules. A tensor product M @r N of M and N is
an R-semimodule satisfying the universal property: There is an R-bilinear map ¢ : M x N — M ®pr N such that given any



other R-semimodule S together with an R-bilinear map h : M X N — S, there is a unique R-linear map h:M®rN — S
satisfying h = h o .
Definition 5. A convex cone C is a subset of a vector space over an ordered field that is closed under linear combinations

with nonnegative coefficients, i.e., ax + By belongs to C for all z,y € C and any nonnegative scalars «, (.

Since any convex cone C; C V; is a semimodule over the semiring R, we have the unique tensor product of these convex
cones C1 ® --- ® Cy as an R -semimodule up to isomorphism. More precisely, the tensor product of cones C; ® --- ® Cy
is the quotient monoid F(Cy,...,Cq)/ ~, where F(C1,...,Cy) is the free monoid generated by all n-tuples (vy,...,vq) €

Cq X -+ x Cy, and ~ is the equivalence relation on F(C1y,...,Cy) generated by

(U1, .y au + Bl vg) ~ (v, iy va) F BU1, U g)
for all v;,v; € Cy, a, 8 € Ry, and i = 1,...,d. The commutative monoid C; ® --- ® Cy is an R -semimodule. We write
v] ® -+ ® vy for the equivalence class representing (vy,...,vq) in F(Cq,...,Cq)/ ~.

A multiconic map from Cy X --- x Cy to a convex cone C isamap ¢ : C; x Cy x --- x Cq — C with the property
(U, ..., v + fwi, ..., ug) = ap(u, ..., i, ...,uq) + Bo(ur, ..., wi, ... uq), a,f R,

forallt=1,...,d.
The tensor product space C1 ® -+ ® Cyg with v : Cy X --- x Cpp, &> C1 ® -+ - ® Cy defined by

v(v1,...,09) =01 ® - Qug € F(Cy,...,Cq)/ ~

and extended nonnegative linearly satisfies the Universal Factorization Property often used to define tensor product spaces: If
 is a multiconic map from C x - - - X Cy into a convex cone C, then there exists a unique R -linear map ¢ from C1 ®- - -®Cy
into C, that makes the following diagram commutative:

C1><---><C'd*V>C1®-~-®Cd

|

C

i.e., Yv = . Strictly speaking we should have written C1 ®g, -+ ®r,Cq to indicate that the tensor product is one of R -
semimodules but this is obvious from context. Note that Definition [4] is consistent with our earlier definition of nonnegative
tensors since VY =V ®...® Vj as tensor product of cones over R.

If C; =R}, ..., Cy = R4, we may identify

R™ @--- @R = R X"

through the interpretation of the tensor product of vectors as a hypermatrix via the Segre outer product
T T T lm,
[at, .. sar]” @ (b1, 0] @ [ers. ] = [aibjer]i L
We note that one may easily extend the notion of nonnegative rank and nonnegative rank decomposition to tensor product
of other cones.

Definition 6. A tensor 7' € C, ® - - - ® Cy is said to be decomposable if T is of the form u; ® - -+ ® ug, where u; € C;. For
T e (C1®---®Cy, the conic rank of T, denoted by rank (T), is the minimal value of r such that T' = Z;Zl Upp @+ DU ps
where u; , € C;, i.e., T is contained in the convex cone generated by u; 1®- - -®ug,1, ..., U1 & - -®uq,,r. Such a decomposition
will be called a conic rank decomposition.

In the remainder of this paper, we focus our attention on the case V+ = V1+ Q- Q® Vj, the convex cone of nonnegative
d-tensors although we will point out whenever a result holds more generally for arbitrary cones. For any given positive integer

r, we let
Df ={XeVt® - @V, :ranky(X) <r}

denote the set of tensors of nonnegative rank not more than 7.



III. UNIQUENESS OF RANK DECOMPOSITIONS
From the standpoints of both identifiability and well-posedness, an important issue is whether a rank decomposition of the
form (II.3) is unique. It is clear that such decompositions can never be unique when d = 2, i.e., for matrices. But when
d > 2, rank decompositions are often unique, which is probably the strongest reason for their utility in applications. There
are well-known sufficient conditions ensuring uniqueness of rank decomposition [16], [22], [3], [5], notably the two following
results.

Theorem 7 (Kruskal). The rank decomposition of a d-tensor T is unique if

1+ 30 (ki — 1)
2

where k; denote the Kruskal rank of the factors w1, ... ,U; ank(T), Which is generically equal to the dimension n; when
n; < rank(T).

rank(7T") <

Theorem 8 (Bocci—Chiantini—Ottaviani). The rank decomposition of a generic d-tensor T’ of rank-r is unique when

d d
Hi:l n; — (n1 +ng +ng — 2) Hi:g n;
v .
L+ (i — 1)
Theorem 9 (Chiantini—Ottaviani—Vannieuwenhoven). The rank decomposition of a generic d-tensor T of rank-r is unique

when 4
< [[izy n )
L+ Y0 (i = 1)

if H;izl n; < 15000 except for some exceptional cases.

r <

The authors of [S]] also strengthened the above result by a prior compression of tensor 7. The consequence is that the
dimensions n; in Theorem [9] may be replaced by the multilinear rank of 7', which allows significant tightening of the upper
bound for low multilinear rank tensors.

Nevertheless these results do not apply to nonnegative decompositions over R, (as opposed to decompositions over C) nor
to rank-r approximations (as opposed to rank-r decompositions). The purpose of this paper is to provide some of the first
results in these directions. In particular, it will be necessary to distinguish between an exact nonnegative rank-r decomposition
and a best nonnegative rank-r approximation. Note that when a best nonnegative rank-r approximation to a nonnegative tensor
T is unique, it means that

min [T — X||
rank (X)<r
has a unique minimizer X*. The nonnegative rank-r decomposition of X* may not however be unique.

A nonnegative rank decomposition X = E;:1 Uy @ - @ Ugp € Viie---® Vj is said to be unique if for any other
nonnegative rank decomposition X = Y7 _, v1 ,®- - -®@vq,p, there is a permutation o of {1,...,d} such that uy ,®- - ®uq, =
V1,0(p) @ "+ & Vg 0(p) forallp=1,...,r.

IV. EXISTENCE AND GENERIC UNIQUENESS OF RANK-r APPROXIMATIONS

Given a nonnegative tensor 7' € V+, we consider the best nonnegative rank-r approximations of 7', where r is less than
the nonnegative rank of 7. We will assume that each V; has a given inner product, which induces an inner product (-,-) on
Vi ®---® Vg that restricts to C7 ® - - - ® Cy. We let

O(T) =infyp+ T — X[ = infrane, ()< |7 — XI|,

where || - || is the Hilbert-Schmidt norm, i.e., the [>-norm given by the inner product. Henceforth any unlabelled norm || - ||
on V1 ® - ® V; will always denote the Hilbert—Schmidt norm with respect to some fixed choices of orthonormal bases on
Vi,..., Vs (which induces an orthonormal basis on Vi ® --- ® V). When d = 2, the Hilbert—-Schmidt norm reduces to the
Frobenius norm of matrices and when d = 1, it reduces to the Euclidean norm of vectors.

Proposition 10. D;f = {X € C; ® --- ® Cy : rank (X)) < r} is a closed semialgebraic set if each C; C Vf is a closed
semialgebraic cone.

Proof. The closedness follows from [20]], and the fact that it is semialgebraic follows from Tarski—Seidenberg Theorem [7]. [

By the closedness of D;f, for any T ¢ D", there is some T* € D;" such that |7 — T™*|| = (7). The following result is
an analogue of [10, Theorem 27] for nonnegative tensors based on [10, Corollary 18].

Proposition 11. Almost every 7" € VT with nonnegative rank > r has a unique best nonnegative rank-r approximation.



Proof. Forany T, T € V1®---@Vy, |0(T)—=6(T")| < ||T' = T"||, i.e., ¢ is Lipschitz and thus differentiable almost everywhere
mV =V, ®:.-®V,; by Rademacher Theorem.

Consider a general ' € V*. Then in particular T lies in the interior of V¥ and there is an open neighborhood B(T,d) of
T contained in V. So 4 is differentiable almost everywhere in V' as well. Suppose ¢ is differentiable at 7' € V*. For any
U €V, let 952.(U) be the differential of §2 at T' along the direction U. Since ||T — T*|| = §(T) we obtain

ST + tU) = 6*(T) + tdd%(U) + O(t?)
<||T +tU — T*|)> = 63(T) + 2t(U, T — T*) + ¢* |U||* .
Therefore, for any ¢, we have t06%(U) < 2¢(U, T — T*), which implies that
06%(U) = 2(U, T — T*).
If T" is another best nonnegative rank-r approximation of 7', then
20U, T —T*) = 962.(U) = 2(U, T - T,

from which it follows that (7" — T*,U) = 0 for any U, i.e., T’ = T*. O

We note that Proposition |11/ holds more generally for arbitrary closed cones C1, ..., Cy in place of V{1, ..., Vd+.

Proposition 12. The nonnegative tensors which have nonnegative rank > r and do not have a unique best rank-r approximation
form a semialgebraic set which does not contain an open set and is contained in some hypersurface.

Proof. Observe that D} is the image of the polynomial map
G (VT x o x VI 5 VT
(’LL1$1,...,ud’1,...,ul’r,.. Udr i—)z ul’j '®Ud’j.

Hence D,JF is semialgebraic by the Tarski—Seidenberg Theorem [7]] and the required result follows from [11, Theorem 3.4]. [J

Proposition [I2] remains true for arbitrary closed semialgebraic cones C1, ..., Cy.

Now we examine a useful necessary condition for Z;:l T}, to be a best rank-r approximation of 7' € V; ® --- ® V3. We
will borrow a standard notation from algebraic topology where a hat over a quantity means that quantity is omitted. So for
example,

Ul @us @uz =Us U3, U QU R Uz =1u @ug, U ®Us DU = U D Ug,
U1®"'®ﬂ\i®"'®ud:U1®"'®Ui71®ui+1®"'®Ud-

The notation (T, X) denotes tensor contraction in all possible indices [18]. When T and X are of the same order, (T, X)
reduces to inner product and our notation is consistent with the inner product notation. When 7" is a d-tensor and X is a
(d — 1)-tensor, (T, X) is a vector — this is the only other case that will arise in our discussions below.

Lemn:a 13. Let rank(T") > 1 and A >__1 Ty be a best rank-r approximation, where Ty, = uy p®- - -@uap and |37 Tp|| = 1.
Qo1 Doy @ @Up @ @ugyp) # 0 for some i € {1,....d}, then
(Tyurp® - Ry ® - ®Ugyp) = /\<Zp:1Tp,u1,p®~-®m®m®ud,p>, aIv.1)

with A = (T, 0 _, Ty).

Proof. Let L denote the line in V; ® - - - ® V; spanned by 22:1 V1p® -+ ®vq,p, and L+ denote the orthogonal complement
of L. Denote the orthogonal projection of T" onto L by Proj; (T'). Then

2 . 2 . 2
1T = [[Proj (T)II” + [[Proj . (T)]I",

s
minHT—aE lvl’p®~--®vd,p
p=

a>0

2 . 2 . 2 2 . 2
= ||T' = Proj, (T)|I" = [[Proj . (T)|” = |T|I" — [[Proj,(T)|".

So computing

min mlnHT—a g vlp R Vg
Tyeeny ’Ud r a>0 ’
is equivalent to computing

max Proj;(T) = max <T Z Vp @ ® vd,p>.

V1,150-,Vd,r V1,15+,Vd,r



If at least one (ET Tp,u1p ® - @Up -+ @ ugq,yp) is nonzero, then the Jacobian matrix of the hypersurface defined

p=1
by Hzp (V1 @ ®Ude =1 around (U 1,--.,Ud1,--,Ulr---,Ud,) has constant rank 1, i.e., this real hypersurface is
smooth at the point (w1 1,...,Ug1,--, UL r;---,Udr), SO We can consider the Lagrangian
L= <T, Zp:1 VIp® - ® ud7p> Y (Hzpzl VIp @ ® vd,pH - 1) : (IV.2)
Then 0L/0v; , = 0 at the point (u1,1,...,Ud 1, -, Ul,r;---,Ud,r) giVES
(Tou1p ®  ®Uip @+ @ Uap) = A<Zp_1Tp,u1,p®---®@®---®ud,p> (IV.3)

with)\:(T,Zglep> foralli=1,...,d,andp=1,...,r
[

V. UNIQUENESS OF RANK-ONE APPROXIMATIONS

We have established in Section that the best nonnegative rank-r approximation of a nonnegative tensor is generically
unique. In this section we focus on the case » = 1, where we could say more. In particular, we will investigate some sufficient
conditions under which a nonnegative tensor has a unique best nonnegative rank-1 approximation.

We begin with the following simple but useful observation: for a nonnegative tensor, a best rank-1 approximation can always
be chosen to be a best nonnegative rank-1 approximation.

Lemma 14. Given T € V', Let u; @ -+ Qug € V1 ® - - - ® Vy be a best rank-1 approximation of T, then ui,...,uq can be
chosen to so that u, € V1+, s, Ug € Vd+.

Proof. Let T = (T}, ;,) and u; = (u;(1),...,u;(n;)), where we have denoted the jth coordinate of a vector u; € V; by
ui(4), j=1,...,n;. Then
2 N1,...,Nd i n,.. . 2
HT—’U,1®®UdH :Zil,_“,idzl(Th’m’id _ul(ll)"' > le, ia= 1 11’ i ‘u1<21)‘ |Ud(Zd)|) .
Since u; ® -+ @ uq is a best rank-1 approximation, then we can choose w;(j;) = |u;(4;)|, i.e., u1 @ -+ @ ug € V+. O

Motivated partly by the notion of singular pairs of a tensor [19]] and partly by Lemma[I3] we propose the following definition.

Definition 15. For T € V1 ® --- @ Vy, (A, u1 ® - -- @ ug) is called a nonnegative singular pair of T if X\ > 0 and there exist
nonzero vectors u; € V; with

(Tyu1 @ -+ @U; @+ - Q@ug) = Auy, fori=1,...,d.

I would suggest to denote the singular value by o, for two reasons: it is the usual practice for matrices, and A has been
already used earlier in the paper. If you are OK, I make the change.

The next two lemmas give an analogue of the tensorial Perron—Frobenius Theorem [4], [9]], [19] for nonnegative singular
pairs (as opposed to nonnegative eigenpairs).

Lemma 16 (Existence). A nonnegative tensor T has at least one nonnegative singular pair.

Proof. Let D = {(u1,...,uq) € V;" x --- x VI : Zle |lus]]1 = 1}. Then D is a compact convex set. Define the map
¢: D — D by

(T,us ® - - @ ug) (Tyu1 ® --- @ ugq_1)
d(ut, ... ,uq) = 7 — R — .
Vi (T @ @64 ® - @ua)lh Yic (T ® @4 @ua)lh
Note that each term (T, u; ® --- ® @; ® - - - ® uq) in the denominator is a the contraction of a d-tensor with a (d — 1)-tensor
and therefore the result is a vector. We then normalize by the sum of the I!-norms of these vectors so that ||¢||; = 1.
Now if X (Tyu1 @ - @G ® - @ug)|ly =0, then (T,uy ® --- @G @ --- @ ug) = 0 for all i, which implies that
A = 0. On the other hand, if Zle {T,u1 ® -+ @ U; @ -+ @ ug)|l1 > 0, by Brouwer’s Fixed Point Theorem, there is some

U @ -+ ®ug such that (T,u; @ -+ @G @ - @ ug) = Aug, where A= 30 |[(Tyu1 @ -+ @G @ - @ ug)]|x. O
Lemma 17 (Uniqueness). If T is positive, T has a nonnegative singular pair (A, u1 ® -+ Q@ ug) with A > 0. If u1 ® - - - @ ugq
has unit 12-norm, then u; ® - -- @ ugq is unique and v; > 0, i.e., every coordinate of u; is positive, for every i =1,...,d.

Proof. We assume that a choice of bases has been fixed for Vi,..., Vy. We denote the jth coordinate of a vector v; € V; by

vi(5), 7 =1,...,n; Let I, = {j : u;(j) # 0} be the support of u; and set « = min{w;(j):¢=1,...,d, j € I}. For any i
and 7,
/\ui(j)=<T,u1®--~®@® ®ud a®” IZl e, 1 Lic1jlivr. ld>0'



Suppose T has two positive singular vector tuples u; ® - -+ ® uqg and v1 ® - - - ® vg corresponding to A,

(T @ QU@ @ug) = My, i=1,...,d,
(T @ QU; @+ ®vg) = Avy, i=1,...,d.

Let a; = max{a € Ry : u; — av; > 0} and ; = max{ € Ry : v; — au; > 0}. Since ||u;|| = |lvs|| = 1 and u;,v; > 0, we
must have 0 < ay, 5; < 1. Therefore

/\uz:<T,u1®-~-®ﬁi®~-~®ud>2<T,a1v1®---®@®~-~®advd>=>\H,¢.aj-vm
YED)
i = (Tn @ ©B® - ®va) > (T, frur @+ @ fu; @ -+ @ faua) = A[[ 8w

By the maximality of a;,

., Ol
Hg;ﬁz JS].
a;
for each i =1,...,d. Thus a; = 1, and similarly, 5; =1 for:=1,...,d. [

A consequence of Lemmas [I6| and [T7) in the context of best nonnegative rank-1 approximation is as follows.
Theorem 18. A positive tensor T' of nonnegative rank at least one has a unique best nonnegative rank-1 approximation.
Proof. Let S*~! denote the unit [2-sphere in V;. Since the smooth function

@: SmTlx . x ST SR,
(ugy .. uq) = (Toug @ -+ @ ug),

attains its maximal value at some (uy, ..., uq) € V;© x --- x Vj, the critical points of the Lagrangian

d
L={T u Q@ - Quq) — Zi:l Ai(fluill = 1)

satisfy
(Tyu1 @+ U ® -+ @ ug) = A\l

for any ¢ = 1, ..., d. Furthermore, since (T,u1 ® ---Qug) = \; forall : = 1,...,d, we get Ay = --- = Ay = A, where we
let A denote the common value.

Since A is maximal, A > 0 and u; ® - - - ® uq is unique by Lemma Hence this unique critical point u; ® - - - ® uq yields
the best rank-1 approximation, which is necessarily also the best nonnegative rank-1 approximation by Lemma [T4] O

The positivity requirement on 7' cannot in general be relaxed to nonnegativity. For example, the symmetric 3-tensor x ®
r®xr+y®y®y, where x and y are orthonormal, has three best rank-1 approximations: z ® z ® z, ¥y ® y ® y, and
((1/2)32 + (1/2)/3y)®2.

Our mention of symmetric tensors naturally prompts the question: Could the best nonnegative rank-1 approximation of a
nonnegative symmetric tensor be chosen to be symmetric? In the absence of nonnegativity, the answer is known to be ‘yes’
over R and C [1], [8].

We show below that for the case of positive tensors, a nonnegative tensor with any symmetry under permutation of its
indices has a unique rank-1 nonnegative approximation with the same symmetry.

Definition 19. Let d = d; + --- + dj be an integer partition of d. We set S(dl“'"d’“)(V) = ShY, @ ... ® 8™V, C
VEh .. ~<§§Vk®d’c to be the subspace of tensors that are symmetric with respect to the partition (dy, . . ., dy,), and S(@-dk) (Y +)
be the subset of nonnegative tensors of (k) (V).

Note that for the special case k = 1, we get S¢(V), the space of symmetric tensors on V.

Proposition 20. Each positive 7' € S(%1:~x)(V/+) with rank > 1 has a unique best nonnegative rank-1 approximation that
is (dy,...,dy)-symmetric.

Proof. By [8], T has a best rank-1 approximation that is (dy,...,d)-symmetric. By Lemma [14] and Theorem this
approximation is unique. O



VI. DEFLATABILITY

The relation between best rank-r and best rank-1 approximations of a matrix over R or C is well-known: A best rank-r
approximation can be obtained from 7 successive best rank-1 approximations — a consequence of the Eckhart—Young Theorem.
It has been shown in [24] that this ‘deflation procedure’ does not work for real or complex d-tensors of order d > 2. In fact,
more recently, it has been shown in [25] that the property almost never holds when d > 2.

We will see here that the ‘deflatability’ property does not hold for nonnegative tensor rank either.

Proposition 21. Let r > 1. For almost every positive tensor T of nonnegative rank > r 4 1, a best nonnegative rank-(r + 1)
approximation of 7' cannot be obtained from a best nonnegative rank-1 approximation of 1" — T(;, where T(, is a best
nonnegative rank-r approximation of 7.

Proof. We will proceed by contradiction. Suppose 7}, and T, p=1,...,7r+ 1, are of rank 1 and satisfy

S Tp] ~ min |7 X].
r+1 ~
T— = mln T-X|,
|r=u>" min |17 X|
where || T, = |05 7| = 1oand A Y0 T =nd, . T, Hence we can assume 1), = oI, and T} = u1 , ® - --
uqp for each p € {1,...,r}, where ap = A, and Tr+1 = QUL @ Ud i1
By Lemma [[3] we have for every j =1,...,7, and { = 1,...,r+1,
<T )\Z (U @ D Uap, Uy ®---®@®-~-®ud,j> =0, (VL)
7"+1 o
<T - “Z Qulp @ @ Udp, QULL D DU @+ @ Ud,l> =0. (V12)
p=1
We may simplify (VL2) to get
(T- AZ U ® Dy, U ® DT O D uar) =0, (VL3)

For ¢ = j, we subtract (VLI) from (VL3) to get
(U1 @ QUIr41, U1 Q- QU ; @ Qug,) =0
fort=1,...,d, and j =1,...,r. By the nonnegativity of the vector w; ,11,
I1, (s ue ) =0, (VL4)
and

_— r+1 _—
(Tyurpg1 @ @Uipi1 @+ QUgryr) = (A Zp_l ULp @ @ Udpy Ut 1 @+ @ Uil @ @ Udry1)

- )\Hk;éi et 1 - a1

d Ul ri1 Ud r4+1
(AT okl 20

Ll vl
is a singular pair of 7. So by Lemma w41 > 0 for all k=1,...,d, which contradicts (VL4). O

In other words,

Following [23]], we say that a tensor 7' € VT with nonnegative rank s admits a Schmidt—Eckart—Young decomposition if
it can be written as a linear combination of nonnegatively decomposable tensors 1" = Zp LU1p ® -+ ® ugp, and such that
Zp 1ULp @ -+ ® ugy is a best nonnegative rank-r approximation of T' for all » = 1,...,s. Proposition [21{ shows that a
general nonnegative tensor does not admit a Schmidt—Eckart—Young decomposition.
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