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An energy method called Simplified Energy Method (MES) hasaaly been proposed to
predict energy densities repartition for structural-atmuproblems in the mid-high frequency
range. In order to illustrate but also to present one of th@iegtions of this method, this
latter is used here to solve inverse structural problems mkin application, in this paper,
is the structural forces identification thanks to energysit@s calculation and analysis. The
injected forces estimation and localization are henceioédidan the mid-high frequency range.
Internal as well as boundary sources are here detectedgth&id Kirchhoff-plate numerical
tests.

1. Introduction

Identification of forces features exciting structural caments is an important concern in struc-
tural engineering. Indeed, localization and quantificatdinput loads is of great interest and often
the direct measurements of sources reveals complicatesttorm. Indirect means to define the ex-
citation is often an alternative. A number of work have beenedand published around that question
[1,2,3,4,5,6, 7,8, 9]. The problem considered here can Amgesome applications in structural
health monitoring. The damage, whose features are oftenawrk, leads to modifications of the
vibration energy distribution of structural members. Thendge size and position detection is then a
key issue.

By and large, two ways of thinking are available in the opé&réture concerning input forces
identifications issues. The first way of thinking is roughigpired from identification issues of black-
box like behavior of dynamical systems and the use of esiomakbeories [1, 2]. The second way
of thinking consists in defining the input force that allowg tmeasured set of inputs to verify the
equilibrium equations given either in a continuous or dissed format [4, 5, 6]. The problem of
vibration input force localization was also dealt with imusttural intensity community. Moreover,
instead of using analytical model [4] or modal modal [7] i thversion process, discretized finite
element (FE) or boundary element (BE) can be introducedandéntification [9]. Ultimately, in [8]
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intensity vectors indicating the energy flow and the lodlan of the sources were used.

It should be however noticed that most of what was propos#tkifiterature concerns a limited
frequency band of interest; precisely, the so-called loegdiency region where modal overlap is
weak and the resonant behavior of the structure still domin&nergy methods are often used as
alternative methods in high and medium frequency range whererical methods like finite element
or boundary equation based formulations run to importamtédtions. Among these energy methods,
the most recognized remaifSsatistical Energy AnalysiSEA) [10] Many energy methods have been
based on SEA, attempting to enhance the Statistical Energyyais robustness and predictivity ,
leading to theSimplified Energy Metho@MES) [11, 12, 13], as a “direct” prediction tools [13, 16].

In this paper, the main concern is the use of MES to prediaiggreources [14]. Such an issue
needs the inversion of the direct formulation. The papetrigtured as follows. For a sake of clarity,
the direct MES formulation is reminded in section 2. Then ftrenulation of the inverse MES is
given. A two dimensional case is considered and the algebratrix format of the inversion problem
is offered in section 3. In order to validate the proposechmetnumerical simulations are processed
section 4, using estimated direct energies or a finite-aégimulated input energy.

2. Overview of the direct energy flow method MES

2.1 Assumptions

Simplified Energy Method is based on the description of twvaal@nergy quantities. The first
one is the total energy density’ defined as the sum of the potential energy density and théi&ine
energy density. The second energy variabig the energy flow. The energy balance of a system can
be written as follows:

6 : f+ Tdiss = Tinp (l)
whereV is the gradient operator,;,; is the dissipated power density angl,, is the input power den-
sity. MES adopts the same damping model as SEA. It has altesstydiscussed in the literature [10]
and can be expressed as follow:

Tdiss = UWW (2)

wherer is the damping loss factor andthe circular frequency. The propagating waves considered i
the MES formulation are made of partial energy quantitiesesponding to direct and reverberated
fields. As the considered fields are quadratic variablessuperposition principle can be applied:

L=y 3)

where(£, £;) are quadratic variables corresponding to global energypartal energy associated
to wave fields(W, W;) or (f, fz) In the following, an intrinsic energy law is used, which ften
introduced to define the wave velocity

I'=c¢ Wi (4)

This expression simply defines the energy velocity, whidh some cases the group velocity,
as the ratio of the energy flow and convected energy dendhig. &xpression was demonstrated in a
number of textbooks and is respected for any kind of lineasted propagative wave.

2.2 Direct formulation

In the following, the derivation of the MES formulation iSefed considering aDimensional
space D) space. Considering a symmetrical waves field and equafnand (1), the MES ap-
proach [15] leads to the following relation:

1 0/, .
o (r 113 +nwiWn =20 (5)
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which can also be written using equation (4):

1 0 -
2 n—1 =\
" (r W n) = nwl (6)

Finally, the equation can be rewritten considering onlylthdield and provides &cal energy
equationfor symmetrical waves energies.

e () + ™)

Energy variables are defined as the superposition of a dieddtand a reverberated field which
can be added to obtain the total field.
The elementary solutions in terms of energy density andeaattensity are denoted and H .

G(S, M) = SLMe%&SM H(S, M) = e Mgy, ®)

The kernels are determined in each point M of the considgpadesand created by a source
located in S. Hence, using a superposition principle theggnsolution is then expressed using the
contribution of the primary source (direct field) and fictitious sources The fictitious sources are
energy unknown parameters representing the contribufitreaeverberant field. Precisely:

W (M) = /Q p(S)G(S, M)dS + /8 o(P)isuiipG(P, M)dP 9)

Q2 is the system surface aid? is the system boundaries.
The active energy flow can be described by a similar expressio

(M) = /Q p(S)H(S, M)dS + /a o(P)isuitpH(P, M)dP (10)
wherep corresponds to internal sources to the considered domeaia éitwo dimensional one)
ando corresponds to sources at the boundaries of the two dimeadspace.
3. The inverse energy flow method IMES formulation

In what follows, a discretized format of the energy integrquations are employed. To that
end, we define firstl{/” as the(V, N) geometric interaction matrix betweéntwo dimensional edge
elements. This operator is given below referring to figure 1.

_hwp 1p]
/m/mwp “PPitp p iip, dPAP; (11)

Figure 1. element/element interaction
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Referring to the same figure 1, another need€dk) matrix is defined and named hepe This
operator is representing the geometric interaction betwédoundary elements aridsources. It is
expressed as follows:

1 1 _egp.
i = — c FIT T D, dR 12
Then, we define two matrices nam&d” and Y’ (having a dimensiorik, m)) representing
a geometric interaction between sources and measuremens$.pdhese matrices are determined
respectively for the energy density and the energy flow as follows:
1

1 _hw g p. ]- _hv g p.
yw :/ c%iPigp, and Y= _/ c%iPigy b dP; 13
" 09 SjB€ Y e Jaa SjR€ 18P 13)

Ultimately, we defined and B as follows (d being the identity matrix angd injected power
vector):
A=1d—-T and B=Qp 14

The power vector can thus be readily expressed as a function of injected peactorp as:
c=A"'B=A"'Qp (15)

Combining equations (9), (10) and (15), the energy dengttor W and the energy flow
vector/ can be obtained from:

W=5S"p=RVp+Y"s and I=8p=Rp+Yls (16)

whereR" andR! are defined as follows:

1 —wwgay 1 _—nega o
Rivjy _ SZ-—Mje —2SiM;  and Rfj — &—Mje —Z—SzMyuSiMj a7
SW andST given by:
SW =RV 4+yWA'Q and S'=R'+YIATIQ (18)

Finally, both1V/ and! fields can be expressed thanks to a linear operator derfoted

(W.1) =F(p) (19)

The IMES formulation aims at inverting operatérproposed in equation (19). Sources have to
be detected thanks to measurements made on the plate. Agrtiieenof measurements is not equal
to the number of sources, the problem is not directly inlaéetiThus, we look for thg operator that
giveso andp as a function otV and/.

p=G(W.I) (20)
Let now introduce the quantiti® (X') defined as follows:
R() = (1) - 7o (1) @)

We now have to minimize the quantify (X') among operato®’. In the following, the IMES
will be applied to a 2D plate. Thus) corresponds to the surface of the plate, wher#asorre-
sponds to the boundaries. In this case, only surface soaredseated. In what follows, The access
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to structural intensities experimentally being a hard taskchieve, simulations have been made con-
sidering only energy densitid¥ measurements in some locations of the structure. Thus, We wi
replaceS" by S for the sake of clarity. MES equation (9) is discretized tovide the following
matrix formulation:

Wi S Sz ... S P1
Wm Sml SmQ cee Smk Pk

wherem is the number of the measurements @& the number of the sources. To invert the
formulation, as explained in equation (21), we have to findadrix X that minimize the quantity
R(X):

Wi
Wa
R(X) = |[[(Im —SX)| : (23)
Wi
In fact, we choose matriX as a pseudo-inverse of matrix S:
X = (s75) 5" (24)

The inverse formulation can then be performed. From a setmitienergy parameters, the
inversion can be achieved in order to characterize inputcgsu

4. Numerical simulations and Results

In what follows, a number of numerical tests are performeafder to validate the formulation.
The first considered test case is very simple. It consistehreaing the inverse energy flow approach
when a set of energy prediction using the direct energy flothoteare used. This is an MES/IMES
simulation. A more realistic test case is then considerege ifiput variables are in this situation
computed from a full finite element model.

4.1 MES/IMES simulation

A first simulation named MES/IMES simulation is made. IMES3coéations are processed
using energy densitidd” coming from the direct MES formulation. The model studiedehis a thin
plate whose characteristics are mentioned in table (1).

Table 1. plate caracteristics

parameter unit value
Length m 1
Width m 1
Height m 2e — 3
Young’s modulus of elasticity Pa 2.1ell
Poisson’s ratiov 0.3
Solid densityp, Kg/m? | 7800

This plate is excited by an input power bfi’/m?. ConsideringV to be the number of edge
plate elements, IMES result found fof = m = 64 is presented in figure 2.
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Figure 2. MES/IMES simulation for the plate

Table 2. Error on the input power

¢ | Error
0.06| 30 %
0.14| 25%
0.5 |18%

It appears that the source are correctly identified in tmsugation (localization and level). So,
the inversion of( S7S) is validated. To illustrate the effect of the number of meamentsn, we
repeated the MES/IMES simulation while decreasing Let’s then introduce the factgr = ; to
guantify the efficiency of the method & 1 corresponds to a square matrix to be inverted).

It appears that by increasing the number of measuremesisread over the plate surface and
corresponding tg = 0.06, £ = 0.14 and{ = 0.5 respectively, the source is well located and the error
on the input power summarized in Table (2) decrease. Neslesb, the input power of the source is
equal to0.7 W/m? for & = 0.06, 0.75 W/m? for ¢ = 0.14 and0.82 W/m? for ¢ = 0.5 whereas it
should bel W/m?2. The right value of the input power is obtained for higheueal of¢. The IMES
seems to correctly localize the input structural force mgearestimates the injected power.

4.2 FEM/IMES simulation

The IMES/MES subsection allowed mainly the vaIidat(cﬁ’TS inversion. In this subsection
the validation of approach from a FEM simulated energie®rsitered. In fact, IMES calculations
are processed using energy densitiésoming from a finite element software (Comsol in the present
study). An FEM model of the plate (characteristics providedow) are processed withi//m?
excitation and the same number of elements Given the input powep, the forceF applied to a
point of the plate is recalculated by:

L 5
P = o8 /Dpih
WhereD is the plate stiffness defined dy = _Eh’ _ FEM calculation is processed on the plate,

12(1—v2)"
and provides energy density field used as an input for IMES algorithm. FEM calculations ar

first averaged first space and frequency averaged. Octavis lzae considered and various center
frequenciesf. are considered. The valuesdf recovered by FEM calculation and realized around
f. feed the IMES algorithm. Results found for= 0.06, ¢ = 0.14, ¢ = 0.5 and¢ = 1 are presented
in figure 3.

Moreover, the influence of. is also studied. Results found foér= 1 and for different values
of f. are given in figure 4. This figure shows a good localizatiorhefsource whatever the value of
f. belonging to the range of medium and high frequencies.
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Figure 3. FEM/IMES simulations fo = 0.06 (a),£ = 0.14 (b), £ = 0.5 (c), £ =1 (d)
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Figure 4. FEM/IMES simulations:f. = 950H z (a) andf. = 1500H z (b)
5. Conclusion

The aim of this paper is to analyze the effectiveness of theplfiied Energy Method (MES)
to identify sources from a set of given measured energiebarptate. The MES formulation and
assumptions were first detailed. Then, the Inverse fornamadentifying sources through data energy
recovered from the plate is given. After that, the MES isdetied with FEM/IMES simulations taking
numerical data from FEM software.

Validation of the strategy for 3D acoustic cavities is unideestigation.
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