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e-mail: olivier.bareille@ec-lyon.fr

An energy method called Simplified Energy Method (MES) has already been proposed to
predict energy densities repartition for structural-acoustic problems in the mid-high frequency
range. In order to illustrate but also to present one of the applications of this method, this
latter is used here to solve inverse structural problems. The main application, in this paper,
is the structural forces identification thanks to energy densities calculation and analysis. The
injected forces estimation and localization are hence obtained in the mid-high frequency range.
Internal as well as boundary sources are here detected through 2D Kirchhoff-plate numerical
tests.

1. Introduction

Identification of forces features exciting structural components is an important concern in struc-
tural engineering. Indeed, localization and quantification of input loads is of great interest and often
the direct measurements of sources reveals complicated to perform. Indirect means to define the ex-
citation is often an alternative. A number of work have been done and published around that question
[1, 2, 3, 4, 5, 6, 7, 8, 9]. The problem considered here can havealso some applications in structural
health monitoring. The damage, whose features are often unknown, leads to modifications of the
vibration energy distribution of structural members. The damage size and position detection is then a
key issue.

By and large, two ways of thinking are available in the open literature concerning input forces
identifications issues. The first way of thinking is roughly inspired from identification issues of black-
box like behavior of dynamical systems and the use of estimation theories [1, 2]. The second way
of thinking consists in defining the input force that allows the measured set of inputs to verify the
equilibrium equations given either in a continuous or discretised format [4, 5, 6]. The problem of
vibration input force localization was also dealt with in structural intensity community. Moreover,
instead of using analytical model [4] or modal modal [7] in the inversion process, discretized finite
element (FE) or boundary element (BE) can be introduced in the identification [9]. Ultimately, in [8]
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intensity vectors indicating the energy flow and the localization of the sources were used.
It should be however noticed that most of what was proposed inthe literature concerns a limited

frequency band of interest; precisely, the so-called low frequency region where modal overlap is
weak and the resonant behavior of the structure still dominant. Energy methods are often used as
alternative methods in high and medium frequency range whennumerical methods like finite element
or boundary equation based formulations run to important limitations. Among these energy methods,
the most recognized remainsStatistical Energy Analysis(SEA) [10] Many energy methods have been
based on SEA, attempting to enhance the Statistical Energy Analysis robustness and predictivity ,
leading to theSimplified Energy Method(MES) [11, 12, 13], as a “direct” prediction tools [13, 16].

In this paper, the main concern is the use of MES to predict energy sources [14]. Such an issue
needs the inversion of the direct formulation. The paper is structured as follows. For a sake of clarity,
the direct MES formulation is reminded in section 2. Then theformulation of the inverse MES is
given. A two dimensional case is considered and the algebraic matrix format of the inversion problem
is offered in section 3. In order to validate the proposed method, numerical simulations are processed
section 4, using estimated direct energies or a finite-element simulated input energy.

2. Overview of the direct energy flow method MES

2.1 Assumptions

Simplified Energy Method is based on the description of two local energy quantities. The first
one is the total energy densityW defined as the sum of the potential energy density and the kinetic
energy density. The second energy variable~I is the energy flow. The energy balance of a system can
be written as follows:

~∇ · ~I + πdiss = πinp (1)

where~∇ is the gradient operator,πdiss is the dissipated power density andπinp is the input power den-
sity. MES adopts the same damping model as SEA. It has alreadybeen discussed in the literature [10]
and can be expressed as follow:

πdiss = ηωW (2)

whereη is the damping loss factor andω the circular frequency. The propagating waves considered in
the MES formulation are made of partial energy quantities corresponding to direct and reverberated
fields. As the considered fields are quadratic variables, thesuperposition principle can be applied:

£ =
∑

i

£i (3)

where(£,£i) are quadratic variables corresponding to global energy or apartial energy associated
to wave fields(W, Wi) or

(

~I, ~Ii

)

. In the following, an intrinsic energy law is used, which is often
introduced to define the wave velocityc:

~I i = c · W i~n (4)

This expression simply defines the energy velocity, which isin some cases the group velocity,
as the ratio of the energy flow and convected energy density. This expression was demonstrated in a
number of textbooks and is respected for any kind of linear elastic propagative wave.

2.2 Direct formulation

In the following, the derivation of the MES formulation is offered considering anDimensional
space (nD) space. Considering a symmetrical waves field and equations (4) and (1), the MES ap-
proach [15] leads to the following relation:

1

rn−1

∂

∂r

(

rn−1~I
)

+ ηωW~n = 0 (5)
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which can also be written using equation (4):

−c2 1

rn−1

∂

∂r

(

rn−1W~n
)

= ηω~I (6)

Finally, the equation can be rewritten considering only theW field and provides alocal energy
equationfor symmetrical waves energies.

1

rn−1

∂

∂r

(

rn−1W
)

+
ηω

c
W = 0 (7)

Energy variables are defined as the superposition of a directfield and a reverberated field which
can be added to obtain the total field.

The elementary solutions in terms of energy density and active intensity are denotedG and ~H.

G(S, M) =
1

SM
e−

ηω

c
SM ~H(S, M) =

c

SM
e−

ηω

c
SM~uSM (8)

The kernels are determined in each point M of the considered space and created by a source
located in S. Hence, using a superposition principle the energy solution is then expressed using the
contribution of the primary sourceρ (direct field) and fictitious sourcesσ. The fictitious sources are
energy unknown parameters representing the contribution of the reverberant field. Precisely:

W (M) =
∫

Ω
ρ(S)G(S, M)dS +

∫

∂Ω
σ(P )~uSM~nP G(P, M)dP (9)

Ω is the system surface and∂Ω is the system boundaries.
The active energy flow can be described by a similar expression:

I(M) =
∫

Ω
ρ(S)H(S, M)dS +

∫

∂Ω
σ(P )~uSM~nP H(P, M)dP (10)

whereρ corresponds to internal sources to the considered domain (here a two dimensional one)
andσ corresponds to sources at the boundaries of the two dimensional space.

3. The inverse energy flow method IMES formulation

In what follows, a discretized format of the energy integralequations are employed. To that
end, we define firstlyT as the(N, N) geometric interaction matrix betweenN two dimensional edge
elements. This operator is given below referring to figure 1.

Tij =
∫

∂Ω

∫

∂Ω

1

2

1

PiPj

e−
ηω

c
PiPj~uPiPj

~nPi
dPidPj (11)

Figure 1. element/element interaction
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Referring to the same figure 1, another needed(N, k) matrix is defined and named hereQ. This
operator is representing the geometric interaction between N boundary elements andk sources. It is
expressed as follows:

Qij =
∫

∂Ω

1

2

1

SjPi

e−
ηω

c
SjPi~uSjPi

~nPi
dPi (12)

Then, we define two matrices namedY W andY I (having a dimension(k, m)) representing
a geometric interaction between sources and measurement points. These matrices are determined
respectively for the energy densityW and the energy flowI as follows:

Y W
ij =

∫

∂Ω

1

SjPi

e−
ηω

c
SjPidPi and Y I

ij =
1

c

∫

∂Ω

1

SjPi

e−
ηω

c
SjPi~uSjPi

dPi (13)

Ultimately, we defineA andB as follows (Id being the identity matrix andρ injected power
vector):

A = Id − T and B = Qρ (14)

The power vectorσ can thus be readily expressed as a function of injected powervectorρ as:

σ = A−1B = A−1Qρ (15)

Combining equations (9), (10) and (15), the energy density vectorW and the energy flow
vectorI can be obtained from:

W = SW ρ = RW ρ + Y Wσ and I = SIρ = RIρ + Y Iσ (16)

whereRW andRI are defined as follows:

RW
ij =

1

SiMj

e−
−ηω

c
SiMj and RI

ij =
1

SiMj

e−
−ηω

c
SiMj~uSiMj

(17)

SW andSI given by:

SW = RW + Y W A−1Q and SI = RI + Y IA−1Q (18)

Finally, bothW and~I fields can be expressed thanks to a linear operator denotedF :

(

W, ~I
)

= F (ρ) (19)

The IMES formulation aims at inverting operatorF proposed in equation (19). Sources have to
be detected thanks to measurements made on the plate. As the number of measurements is not equal
to the number of sources, the problem is not directly invertible. Thus, we look for theG operator that
givesσ andρ as a function ofW and~I.

ρ = G
(

W, ~I
)

(20)

Let now introduce the quantityR (X ) defined as follows:

R (X ) =
∥

∥

∥

(

W, ~I
)

− FoX
(

W, ~I
)
∥

∥

∥ (21)

We now have to minimize the quantityR (X ) among operatorX . In the following, the IMES
will be applied to a 2D plate. Thus,Ω corresponds to the surface of the plate, whereas∂Ω corre-
sponds to the boundaries. In this case, only surface sourcesare treated. In what follows, The access
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to structural intensities experimentally being a hard taskto achieve, simulations have been made con-
sidering only energy densitiesW measurements in some locations of the structure. Thus, we will
replaceSW by S for the sake of clarity. MES equation (9) is discretized to provide the following
matrix formulation:























W1

W2
...

Wm























=













S11 S12 . . . S1k

S21 S22 . . . S2k

...
...

. . .
...

Sm1 Sm2 . . . Smk



































ρ1

ρ2
...

ρk























(22)

wherem is the number of the measurements andk is the number of the sources. To invert the
formulation, as explained in equation (21), we have to find a matrix X that minimize the quantity
R(X):

R(X) = ‖(Im − SX)‖

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥























W1

W2
...

Wm























∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

(23)

In fact, we choose matrixX as a pseudo-inverse of matrix S:

X =
(

ST S
)

−1
ST (24)

The inverse formulation can then be performed. From a set of input energy parameters, the
inversion can be achieved in order to characterize input sources.

4. Numerical simulations and Results

In what follows, a number of numerical tests are performed inorder to validate the formulation.
The first considered test case is very simple. It consists in achieving the inverse energy flow approach
when a set of energy prediction using the direct energy flow method are used. This is an MES/IMES
simulation. A more realistic test case is then considered. The input variables are in this situation
computed from a full finite element model.

4.1 MES/IMES simulation

A first simulation named MES/IMES simulation is made. IMES calculations are processed
using energy densitiesW coming from the direct MES formulation. The model studied here is a thin
plate whose characteristics are mentioned in table (1).

Table 1. plate caracteristics

parameter unit value
Length m 1
Width m 1
Height m 2e − 3

Young’s modulus of elasticityE Pa 2.1e11
Poisson’s ratioν 0.3
Solid densityρs Kg/m3 7800

This plate is excited by an input power of1W/m2. ConsideringN to be the number of edge
plate elements, IMES result found forN = m = 64 is presented in figure 2.
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Figure 2. MES/IMES simulation for the plate

Table 2. Error on the input power

ξ Error
0.06 30 %
0.14 25 %
0.5 18 %

It appears that the source are correctly identified in this simulation (localization and level). So,
the inversion of

(

ST S
)

is validated. To illustrate the effect of the number of measurementsm, we
repeated the MES/IMES simulation while decreasingm. Let’s then introduce the factorξ = m

N
to

quantify the efficiency of the method (ξ = 1 corresponds to a square matrix to be inverted).
It appears that by increasing the number of measurementsm spread over the plate surface and

corresponding toξ = 0.06, ξ = 0.14 andξ = 0.5 respectively, the source is well located and the error
on the input power summarized in Table (2) decrease. Nevertheless, the input power of the source is
equal to0.7 W/m2 for ξ = 0.06, 0.75 W/m2 for ξ = 0.14 and0.82 W/m2 for ξ = 0.5 whereas it
should be1 W/m2. The right value of the input power is obtained for higher values ofξ. The IMES
seems to correctly localize the input structural force but underestimates the injected power.

4.2 FEM/IMES simulation

The IMES/MES subsection allowed mainly the validation
(

ST S
)

inversion. In this subsection
the validation of approach from a FEM simulated energies is considered. In fact, IMES calculations
are processed using energy densitiesW coming from a finite element software (Comsol in the present
study). An FEM model of the plate (characteristics providedbelow) are processed with1W/m2

excitation and the same number of elementsN . Given the input powerρ, the forceF applied to a
point of the plate is recalculated by:

ρ =
1

2

F 2

8
√

Dρsh
(25)

WhereD is the plate stiffness defined byD = Eh3

12(1−ν2)
. FEM calculation is processed on the plate,

and provides energy densityW field used as an input for IMES algorithm. FEM calculations are
first averaged first space and frequency averaged. Octave bands are considered and various center
frequenciesfc are considered. The values ofW recovered by FEM calculation and realized around
fc feed the IMES algorithm. Results found forξ = 0.06, ξ = 0.14, ξ = 0.5 andξ = 1 are presented
in figure 3.

Moreover, the influence offc is also studied. Results found forξ = 1 and for different values
of fc are given in figure 4. This figure shows a good localization of the source whatever the value of
fc belonging to the range of medium and high frequencies.
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Figure 3. FEM/IMES simulations forξ = 0.06 (a),ξ = 0.14 (b), ξ = 0.5 (c), ξ = 1 (d)
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Figure 4. FEM/IMES simulations:fc = 950Hz (a) andfc = 1500Hz (b)

5. Conclusion

The aim of this paper is to analyze the effectiveness of the Simplified Energy Method (MES)
to identify sources from a set of given measured energies in the plate. The MES formulation and
assumptions were first detailed. Then, the Inverse formulation identifying sources through data energy
recovered from the plate is given. After that, the MES is validated with FEM/IMES simulations taking
numerical data from FEM software.

Validation of the strategy for 3D acoustic cavities is underinvestigation.
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6 C. Pezerat, Q. Leclére, N. Totaro and M. Pachebat,Identification of vibration excitations from
acoustic measurements using near field acoustic holographyand the force analysis technique,
Journal of Sound and Vibration, 326, Pages 540-556, 2009.

7 L. Perotin and S. Granger,An inverse method for the identification of a distributed random ex-
citation acting on a vibrating structure: Part 2, flow induced vibration application, Mechanical
Systems and Signal Processing, 13, Issue 1, Pages 67-81, 1999.

8 G. Pavic,Measurement of structure borne wave intenisty: Part I, formulation of the methods,
Journal of Sound and Vibration, 49, Issue 2, Pages 221-230, 1976.

9 M. R. Bai,Application of BEM-based acoustic holography to radiationanalysis of sound sources
with arbitrarily shaped geometries, Journal of Acoustical Soc. Am. 92, 533-549, 1992.

10 R. H. Lyon, Statistical Energy Analysis of Dynamical Systems: Theory and Application, Cam-
bridge, Massachusetts, MIT Press, 1975.

11 D. J. Nefske and S.H. Sung,Power Flow Finite Element Analysis of Dynamic Systems: Basic
Theory and Application to Beams, NCA Publication, 3, 1987.

12 J. C. Wohlever and R. J. Bernhard,Mechanical Energy Flow Models of Rods and Beams, Journal
of Sound and Vibration, 153, 1619, 1992.

13 Y. Lase, M. N. Ichchou and L. Jezequel:,Energy Analysis of bars an beams: Theoretical Formu-
lations, Journal of Sound and Vibration, 192, 281-305, 1996.

14 P. Hardy, L. Jezequel and M. N. Ichchou,Absorption coefficient and energy flow path identification
by means of inverse local energy method, The Journal of the Acoustical Society of America, 2320-
2320, 112, 5, 2002.

15 M. N. Ichchou and L. Jezequel,Comments on simple models of the energy flow in vibrating mem-
branes and transversely vibrating plates, Journal of Sound and Vibration, 195, 679-685, 1996.
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