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UNIQUENESS AND LONG TIME ASYMPTOTIC FOR THE
PARABOLIC-PARABOLIC KELLER-SEGEL EQUATION

K. CARRAPATOSO?!, S. MISCHLER?

ABSTRACT. The present paper deals with the parabolic-parabolic Keller-Segel equation in the
plane in the general framework of weak (or “free energy”) solutions associated to initial data
with finite mass M < 8w, finite second log-moment and finite entropy. The aim of the paper is
twofold:

(1) We prove the uniqueness of the “free energy” solution. The proof uses a DiPerna-Lions
renormalizing argument which makes possible to get the “optimal regularity” as well as an
estimate of the difference of two possible solutions in the critical L*/3 Lebesgue norm similarly
as for the 2d vorticity Navier-Stokes equation.

(2) We prove a radially symmetric and polynomial weighted H' x H? exponential stability of
the self-similar profile in the quasi parabolic-elliptic regime. The proof is based on a perturbation
argument which takes advantage of the exponential stability of the self-similar profile for the
parabolic-elliptic Keller-Segel equation established in [9, 14].
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1. INTRODUCTION

The Patlak-Keller-Segel (PKS) system for chemotaxis describes the collective motion of cells
that are attracted by a chemical substance that they are able to emit ([33, 22]). In this paper we
are concerned with the parabolic-parabolic PKS model in the plane which takes the form

(1.1) ohf = Af—V(fVu) in (0,00) x R?,
cdu = Au+f—au in (0,00) x R?,

(1) Ecole Normale Supérieure de Cachan, CMLA, UMR CNRS 8536, 61 av. du président Wilson 94235 Cachan,
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and which is complemented with an initial condition
(1.2) f(0,)=fo>0 and u(0,-)=wuy>0 in R2

Here t > 0 is the time variable, € R? is the space variable, f = f(t,2) > 0 stands for the mass
density of cells while v = u(t,z) > 0 is the chemo-attractant concentration and € > 0, a > 0
are constants. We refer to [7] and the references quoted therein for biological motivation and
mathematical introduction.

The two fundamental identities associated to the Keller-Segel equation (1.1) are that any solution
satisfies, at least formally, the conservation of “mass”

(1.3) M) = (f(t,)) = (fo) = M, with (g):= / g(x)dr,

and the “free energy-dissipation of the free energy identity”

¢
(1.4) F(t) +/ Dr(s)ds = Fo,
0
where the free energy F(t) = F(f(t),u(t)), Fo = F(fo,uo) is defined by

(1.5) F=F(f,u) ::/ flogfdx—/ fudx—l—l/ |Vu|2da:+g/ u?dx,
R2 R2 2 Jpe 2 Jr2

and the dissipation of free energy Dx(s) = Dx(f(s),u(s)) by
1
(1.6) Dr =Dr(f,u):= / f|V(og f) — Vu|? dz + g/ |Au+ f — aul*dz.
R2 R2

Following [7], throughout this paper, we shall assume that the initial data (fo,uo) satisfy

fo (1 +log(x)?) € L'(R?) and folog fo € L'(R?);
(1.7) up € H'(R*) if « >0 or wup € L'(R*) N H'(R?) if a = 0;

fo Ug € LI(RQ),
where here and below we define the weight function (z) := (1 + |=|?>)*/2 and the homogeneous
Sobolev space H'(R?) is defined by H'(R?) := {u € L}, (R?); Vu € L*(R?)}. We also make the
important restriction of subcritical mass hypothesis

M = (fo) € (0,87),

because a suitable global existence theory is available in that case (see [7, 29]) and that there
exists blow up (not global in time) solution when M > 87 (see [19, 31, 30] and the discussion in
[29, 1. Introduction]). We also refer to [4, 12] where a global existence theory is developed in the
possible supercritical case M > 8m and the condition that ¢ is large enough (which corresponds to
a case where the nonlinearity in (1.1) is small).

As in [7], we consider the following definition of weak solution.

Definition 1.1. For any initial datum (fo,uo) satisfying (1.7) with M < 8, we say that the
couple (f,u) of nonnegative functions satisfying
f e L>0,T; LY(R*)NC([0,T); D'(R?)), VT € (0,00),

(1.8) u € L>(0,T; H'(R?)) if a > 0;

' u e L®(0,T; LY(R?) N HY(R?)) if a = 0;

fu € L>(0,T; L'(R?))
18 a global in time weak solution to the Keller-Segel equation associated to the initial condition
(fo,uo) whenever (f,u) satisfies the mass conservation (1.3), the bound

T
(1.9) sup F(t) + sup/ f log(z)? dx —|—/ Dx(t)dt < Cp,
[0,7] [0,7] JR2 0
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as well as the Keller-Segel system of equations (1.1)-(1.2) in the distributional sense, namely

(1.10) [ B e /O ' /R 1 {(Vallog )~ Vou) - Vo — gy o

T
(1.11) 6/R2 uo(x) (0,2)de = /0 R2{u (=AY 4+ arp — edpp) — f(t, )} da dt,

for any T > 0 and ¢, € C%([0,T) x R?).

It is worth emphasizing that thanks to the Cauchy-Schwarz inequality, we have
/ fIVa(log f) — Vau|de < M2 DY?,
R2

and the RHS of (1.10) is then well defined thanks to (1.3) and (1.9).

This framework is well adapted for a global existence theory in the subcritical mass case.

Theorem 1.2. ([7, Theorem 1]) For any initial datum (fo,uo) satisfying (1.7) and M < 8x, there
exists at least one global in time weak solution in the sense of Definition 1.1 to the Keller-Segel
equation (1.1)-(1.2).

Our first main result establishes that this framework is also well adapted for the well-posedness
issue.

Theorem 1.3. For any initial datum (fo,wo) satisfying (1.7) with M < 8r, there exists at most
one weak solution in the sense of Definition 1.1 to the Keller-Segel equation (1.1)-(1.2). This one
is furthermore a classical solution in the sense that

(1.12) fru € C((0,00) x R?)

and satisfies the accurate small time estimate

(1.13) Vge[4/3,2), 75 |[f(t)ea =0 as t—0.
Finally, the free energy-dissipation of the free energy identity (1.4) holds.

Theorem 1.3 improves the uniqueness result proved in [11] in the class of solutions f € C([0,T7;
Li(R?)) N L>°((0,T) x R?) which can be built under the additional assumption fy € L*(R?)
(see also [17] where a uniqueness result is established for a related model and the recent works
[15, 4, 12] where the well-posedness is proved in some particular regimes). Our proof follows a
strategy introduced in [16] for the 2D viscous vortex model and generalize a similar result obtained
in [14] for the parabolic-elliptic model (which corresponds to the case ¢ = 0). It is based on a
DiPerna-Lions renormalization process (see [13]) which makes possible to get the optimal regularity
of solutions for small time (1.13) and then to follow the uniqueness argument introduced by Ben-
Artzi for the 2D viscous vortex model (see [2, 6]). It is worth emphasizing that such an argument
is also related to Kato’s work on the Navier-Stokes equation (see e.g. [21]).

From now on in this introduction, we definitively restrict ourselves to the case a = 0 and we
focus on the long time asymptotic of the solutions. For that last purpose it is convenient to work
with self-similar variables. We introduce the rescaled functions g and v defined by

(1.14) f(t,z) == R(t)?g(log R(t), R(t)'x), wu(t,z):=v(log R(t), R(t) 'z,

with R(t) := (1 + t)'/2. For these new unknowns, the rescaled parabolic-parabolic Keller-Segel
system reads

(1.15) Btg:Ag—l—V(%:vg—ng) in (0,00) x R?

(1.16) aatvav—l—g—i—%x-Vv in (0,00) x R%
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We are interested in self-similar solutions to the Keller-Segel parabolic-parabolic equation (1.1),
that is solutions which write as
x x

Fla) = Ce(), ult o) = Veloy),
with
(1.17) f(t,z)de = / Ge:(y)dy =M € (0,87).

Such a couple of functions (f,u) is a solution to (1.1) if, and only if, the associated “self-similar
profile” (G.,V;) satisfies the elliptic system

1
(1.18) AGE—V(GEVVE—?IGE):O in R?
AVg—i—%x-VVg—i—Gg:O in R?,

and thus corresponds to a stationary solution to the rescaled parabolic-parabolic Keller-Segel
system (1.15). It is known that, for any € € (0,1/2) and any M € (0,87), there exists a unique
solution (G¢, V) to (1.18) such that the mass of G. equals M, and which is furthermore radially
symmetric and smooth (say C?(R?)), see [32, 3, 12].

Our second main result concerns the exponential nonlinear stability of the self-similar profile
for any given mass M € (0,87) under the strong restriction of radial symmetry and closeness to
the parabolic-elliptic regime. We define the norm

g, 0)lll = llgllmy + llollz2, k> 7,

where the weighted Lebesgue space L} (R2), for 1 < p < oo, k > 0, is defined by
LY(R?) = {f € Lipe®?); || fllzy = IIf (@)*[|z» < oo},
and the norm of the higher-order Sobolev spaces W,f"p (R?) is defined by
11w = > @k o £l

laf<e

Theorem 1.4. For any given mass M € (0,87), there exist e* > 0 and §* > 0 such that for any
e € (0,e*) and any radially symmetric initial datum (go, vo) satisfying

|MMM%Q%WS&‘/%M= G dv = M,
R2 R2

the associated solution (g,v) to (1.15)-(1.16) satisfies
|||(g(t),v(t)) - (Gavv‘c‘)”l <C, e Vae (_1/27 OO), vVt >0,
for some constant Cy, = Cy(go, vo).

Coming back to the original unknowns (f,u), this theorem asserts that

f(t,z) ~ %GE (tl%) . u(t,z) ~ Ve (tl%) , as t— oo.

That result extends to the parabolic-parabolic Keller-Segel equation similar results known on
the parabolic-elliptic Keller-Segel equation, see [14]. To our knowledge, Theorem 1.4 is the first
exponential stability result for the system (1.1) even under the two strong restrictions of radial
symmetry and quasi parabolic-elliptic regime (we mean € > 0 small). However, we refer again to the
recent work [12, Section 4] where some results of convergence (without rate) of some solutions to the
associated self-similar profile are established. We also refer to that work for further discussion and
additional references. We finally refer to [37] where an exponential convergence to the equilibrium
for a somehow similar chemotaxis model is established.

Let us end the introduction by describing the plan of the paper. In Section 2 we present some
functional inequalities which will be useful in the sequel of the paper and we establish several
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a posteriori bounds satisfied by any weak solution. Section 3 is dedicated to the proof of the
uniqueness result stated in Theorem 1.3. In Section 4, we prove the exponential stability of
the linearized problem associated to (1.15)-(1.16). Finally, in Section 5, we prove the long-time
behaviour result as stated in Theorem 1.4.

Acknowledgments. We thank J.-Y. Chemin, J. Dolbeault, I. Gallagher, G. Jankowiak and O. Ka-
vian for fruitful discussions and for having pointed out some interesting references related to our
work. The research leading to this paper was (partially) funded by the French ” ANR blanche”
project Kibord: ANR-13-BS01-0004. K. C. is supported by the Fondation Mathématique Jacques
Hadamard.

2. LOCAL IN TIME A PRIORI AND A POSTERIORI ESTIMATES

2.1. A priori estimates. In this short paragraph, we follow [7] and we explain how to obtain the
basic estimates which lead to the notion of weak solution as presented in Definition 1.1. We first
observe that the following space logarithmic moment control holds true

%/sz(—logH)dx = /RQfV(logf—UWV(logH)d:z:

IN

5 1 ,
3D+ 55 [ fIV IR TP e

where L1
H(x):=— i and then |Vlog H(z)| < 4,

which together with (1.4) imply that the modified free energy functional

szf(f,u)—/R2flogH

satisfies
(2.1) i]:H( t) + 1Df(lt) < M.
dt 2 -
On the one hand, introducing the Laplace kernel ro(z) := —5=log|z| and the Bessel kernel

Ka(z) = 1= [o t L exp(—|z|?/(4t) — at) dt for o > 0, so that & = Ui, := kq * f is a solution to the
Laplace type equation
—Ati=f—ou in R?

and introducing as well the chemical energy and the modified entropy

=5 vk 3 [ [ru Hutn)= [ sty

one can easily show (see e.g. [7, Lemma 2.2]) that

(2.2) Fulfon) = Hu(f) + Falfota) + 5 [ IV@- @)+ 5 [ a)?
and
(2.3 Fulfita) = =3 [ [ 1) F6) ol =) oy

On the other hand, we know from the classical logarithmic Hardy-Littlewood Sobolev inequality
(see e.g. [1, 10]) or its generalization for the Bessel kernel (see [7, Lemma 4.2]) that

(2.4) V>0, / f(x)log f(x)dx — //]1&2 . Y) Koz — y) dedy
/R2 f(z)log H(z) dx > —C1(M),

where here and below C;(M) denotes a positive constant which only depends on the mass M.
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Then from (2.2), (2.3) and (2.4) together with the very classical functional inequality (see e.g.
[7, Lemma 2.4])

(2.5) He = M) = [ fos s < Haa() - 7 [ Flogta)? + Ca(01),

one immediately obtains, for M < 8,

Fu(fiu) > (1- S%W)HH(][)-F% Hu(f //sz Y) Ka(r —Y) d:vdy)

> C3(M)He(f) + Ca(M) / Flog(z)? — Cs (M),

One concludes that under the assumption (1.7) on the initial datum, the identity (1.3) and the
inequality (2.1) provide a convenient family of a priori estimates in order to define weak solutions,
namely

(2.6) Cy (M) HF (f(1) + Ca(M / f(H) log( / Dr(f(s), u(s)) ds <
< Fu(0)+C5(M) + Mt,

and one remarks that the RHS term is finite under assumption (1.7) on (fo,uo), because
Fua(0) = F(fouo) ~ [ alog

= F(fo,u0) + Mlogm + 2/f0 log(z)? < 4o0.

It is worth emphasizing that in order to get the bounds announced in Definition 1.1 in the case
a > 0 one may use the inequality

(2.7) Fu > Cs(M) / |Vu|* + 07(M)a/u2 + CS(M)/fu — Cy(M)(1 +1/a)
which is established in [7, (3.5)].

2.2. Local in time a posteriori estimates. We start by presenting some elementary functional
inequalities which will be of main importance in the sequel. The two first estimates are picked up
from [16, Lemma 3.2] but are probably classical and the third one is a variant of the Gagliardo-
Niremberg-Sobolev inequality.

Lemma 2.1. For any 0 < f € L*(R?) with finite mass M and finite Fisher information

2
o [

there holds

(2.8) Vpe[loo), [flliame) < Cp MYPI(f) =17,

(2.9) Vagel,2), [[Vflpame < CqMYVaTV21(f)3/2-1/a,

For any 0 < f € LY(R?) with finite mass M, there holds

(2.10) Vpe€[2,00) ||fllzrrimey < Cp MY/ (1) Hv(fp/Z)Hié(P-i-l)'

We refer to [16, Lemma 3.2] and [14, Lemma 2.1] for a proof.

The proof of (1.12) in Theorem 1.3 is split into several steps that we present as some intermediate
autonomous a posteriori bounds.

Proposition 2.2. For any weak solution (f,u), we have

I(f(t)) € L'0,T), VYT >0.
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Proof of Proposition 2.2. We write

(2.11) Dr(f) 2 1(f)+2 [ £ A

Then, by Young’s inequality, it follows

[ rau

/f (edru — f + au)
> —(1+a/2+5/2)/f2—a/2/(3tu)2—oz/2/u2
The second and third terms belong to L'(0,7") from (1.9), so we only need to estimate the first

term.
For any A > 1, using the Cauchy-Schwarz inequality and the inequality (2.8) for p = 3, we have

/f2 1p>a /flsz 1/2 /f3)1/2
(f ety ety

from what we deduce for A = A(M,H™T) large enough, and more precisely taking A such that
logA=16H; C3 M(1 + a/2+¢/2)?,

IN

IN

Ho(f)V? 1+a/2+¢/2)7!
 Tog iz 1) < i

(2.12) / P lpaa < CY2 A 1(5).

Denoting ®(u) = ¢ [(0u)* + a [u? € L'(0,T) and putting together the last estimate with (2.11),
it follows

IN

S £ et [ Plcatow

< Dr+2M exp(CHy M)+ D(u),

and we conclude thanks to (1.3)—(2.6). O

Remark 2.3. The logarithmic Hardy-Littlewood Sobolev inequality (2.4) in the supercritical case
M > 8w does not lead to a global estimate as for the subcritical case M € (0,87). However,
introducing the function 4 := M H of mass M and the modified free energy

Fu(f,u) ::/R2(flog(f/,//é’)—]‘—l—,//{)dgc—/R2fudgc—|—%/}Rz |Vu|2dac+%/ u? d,

R2

one shows that any solution (f,u) to the Keller-Segel equation (1.1) formally satisfies

%fM(fa u) < _%Df(fu u) + M

—%I(f)—/fAu—E/(atu)Q—i-M
—%I(f) 4/(8tu (1+¢) /f2 /u + M,

where we have just used (2.1), the estimate (2.11) and the estimates at the beginning of the proof
of Proposition 2.2. We also observe that from (2.5) and (2.7), we may deduce

IN

IN

H+(f)+/|VU|2+a/u2 < K1 Fun(f,u) + Ko,
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where K;, i = 1,2, are constants which may depend on M > 0 and o > 0. Arguing then as in the
proof of Proposition 2.2, we easily get
d 1 €

a]}M(fvu) < _§I(f)_4

(K1 For(f,u)t/? I f)}

2 3/2 3 r1/2
/((%u) +(1+a){MA+03 M o 172

+%fM(f, u) + % M (VA>0)
< _il(f) - Z /(6tu)2 + Ky exp(Kg Far(f,u)) + K,

by making the appropriate choice log A = K’ fM(f, u) for A. This differential inequality provides a
local a priori estimate on the modified free energy which can be used in order to prove local existence
result for supercritical mass. Because we will prove in Theorem 1.8 that the above resulting bound
1s suitable in order to get the uniqueness of the solution, we can classically obtain the existence and
uniqueness of mazimal solutions (in the weak sense of Definition 1.1) (f,u) € C([0,T*); D' (R?) x
D'(R?)) such that

. T
sup Far(£(0)u(®) + [ {170+ De(s@)u(e) }dt <0 T € (0.17)
[0,T) 0

and the alternative

T.=+o0o or (T.<oo, Faur(f(t),u(t)) = oo as t— T%).

As an immediate consequence of Lemma 2.1 and Proposition 2.2, we have

Lemma 2.4. For any T > 0, any weak solution (f,u) satisfies

(2.13) feLP/®=Y(0,T; LP(R?)), Vpe (1,00),
(2.14) Ve L?/Cr=2(0,T; LP(R?)), Vpell,2),
(2.15) Au € L*(0,T; L*(R?)).

Proof of Lemma 2.4. The bound (2.13) is a direct consequence of (2.8) and Proposition 2.2. The
bound (2.14) is a consequence of (2.9) and Proposition 2.2. From (1.9) we have Dz € L'(0,T),
which implies Au + f — au € L?(0,T; L?(R?)) and then, using (2.13), we obtain (2.15). O

Lemma 2.5. Any weak solution (f,u) satisfies

t1
(2.16) [ otydes [ 5191 dds

< [ Btdo+ /tt [ 800 = 18 (1)} b s,

for any times 0 < ty < t1 < oo and any renormalizing function B : R — R which is conver,
piecewise of class C' and such that

1B < C(1+&(ogg)r), 18 —Ef' () =CE VEER.

Proof of Lemma 2.5. We consider a weak solution (f,u) to the Keller-Segel equation, and we write,
in the distributional sense,

hf=Af—YVu-Vf—(Au)f.
We split the proof into three steps.

Step 1. Continuity. Consider a mollifier sequence (p,,) on R?, that is p,(z) := n?p(nz), 0 < p €
D(R?), [ p =1, and introduce the mollified function fJ* := f*,p,. Clearly, f* € C([0,T); L*(R?)).
Using (2.13) and (1.9), a variant of the commutation Lemma [13, Lemma II.1 and Remark 4] tells
us that

(2.17) O f™ = Af™ — Vu- V" — (Au) f" + 1",
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with " = r{" + 7y given by
= Vu V" — (Vu-Vf)*p, =0 in LY0,T;Li,.(R?)),
Y= (Au)f" = [(Au)f] * pn — 0 in L0, T; L},.(R?)).

The important point here is that f € L?(0,T; L?(R?)) thanks to (2.13) and Vu € L?(0,T; W12(R?))
thanks to (2.15), hence the commutation lemma holds true.
As a consequence, the chain rule applied to the smooth function f™ reads

(2.18) QB(f") = AB(S™) = B"(f*) IV F" P = Vu- VB(f") — (Au)f"B'(f*) + B'(f")r"

for any 8 € CY(R) N V[/lzofo (R) such that 8" is piecewise continuous and vanishes outside of a
compact set. Because the equation (2.17) with u fixed is linear, the difference f™F := fm — fk
satisfies (2.17) with r™ replaced by r™* :=r" — % — 0 in L'(0,T; L}, .(R?)), and then also (2.18)
(with again f™ and 7" changed in f™* and r™F). For any non-negative function y € C2(R%) and

any time ¢ € (0,7, we obtain

n,k nk // nk n,k
[ sumsanx = [ sumsonx- [ [ 8 nv st or

/RQB (F™4()) {Ax + Vals) - V)

+

+

/ / (BU™(3)) — ™ (s)8 (7% (5))} Auls) x

/ B/(F7E(5)) 7™ (s) x.
0JR2

In that last equation, we choose 3(£) = B1(£) = &2/2 for €] < 1, B1(€) = [¢] — 1/2 for [£] > 1.
Using that |51] < 1 and 87 > 0, it follows

Lo < [ aomronxs [ 80 e) 1ax+ 9us) vy

|1 = st eniaue i [ [ e

Since fo € L', we have f™*(0) — 0 in L'(R?) and we deduce from the previous inequality and
the following convergences: r™* — 0 in L'(0,T; L}, .(R?)); B1(f™*)|Vu| — 0in L1(0,T; L}, (R?)),
because £1(€) < €], f*F — 0in L%(0, T, L2(R2)) by (2.13) with p =2 and Vu € LQ(O,T L3(R?))
by Definition 1.1; B1(f™*)|Au| — 0 in L'(0,T; L*(R?)), because Bi(¢) < [£], f»* — 0 in
L2(0,T,L?(R?)) and Au € L?(0,T; L?(R?)) by (2.15); and f™*3;(f™*)|Au| — 0in L1(0,T; L*(R?)),
because |31| < 1, f* — 0in L2(0,T, L?(R?)) and Au € L?(0,T; L*(R?)), that

+

sup | Bu(f"(t ) () de — 0.
t€[0,7] JR2 n,k—o0

Since y is arbitrary, we deduce that there exists f € C([0,00); Li,.(R?)) so that f* — f in
C(jo,7); L},

loc(R?)), VT > 0. Together with the convergence f™ — f in C([0,00); D'(R?)) and the
bound (1.9), we deduce that f = f and

(2.19) fm—f in C(j0,T); L}(R?)), VT >0.

Step 2. Linear estimates. We come back to (2.18), which implies, for all 0 < ¢y < t1, all y € C%(R?),

(2.20) [ [ summaia= [ sum [ s vaevg

//{M” o f"}Ausx+//Bf"
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Choosing 0 < x € C2(R?) and 8 € C'(R) N W, °(R) such that 5 is non-negative and vanishes
outside of a compact set, and passing to the limit as n — oo, we get

[ a) x+/ / B(£2) Vs fs|2x</ B(fs) x+/ /{ﬁfs 1B ()} Aus x
(2.21)

/tl/ B(fo) {Ax + Vu - V).

By approximating x = 1 by the sequence (xg) with xr(z) = x(z/R), 0 < x € D(R?), we see
that the last term in (2.21) vanishes and we get (2.16) in the limit R — oo for any renormalizing
function 8 with linear growth at infinity.

Step 3. Super-linear estimates. Finally, for any 8 satisfying the growth condition as in the state-
ment of the Lemma, we just approximate 8 by an increasing sequence of smooth renormalizing
functions Sr with linear growth at infinity, and we pass to the limit in (2.16) in order to con-
clude. O

As a first application of the previous lemma we obtain the following estimate.

Lemma 2.6. For any weak solution (f,u) there exists a constant C := C(M,Hg, Fo,T,p) such
that, for any 0 <tg <ty <T, there holds

(2.22) [ ultog 12 / |5 VP g £1p0. < [ fution 2

Proof of Lemma 2.6. Let K > e? and define the renormalizing function Bx : R, — R, by

£ if & <e;

51 (€) 1= { €(log €)% ite << K
(2+1logK)¢logé — 2K log K, if £ > K;

so that Br is convex and piecewise C'. Moreover it holds

1Bk () — B (E)E] < 1£<e +28logélececk +4€log K 1en i
< 4{5 lece+€logéloceck +Elog K 1es i} =: 4y (§),

and

log ¢ log K
%(5) _1£<e+2 5 1e<g<K+ 5 15>K'

We deduce from Lemma 2.5 that

RzﬁK fu) + / / IVfI? 1f<e+2/ /
wrogre [ < [ ﬁK<fto>+4/t:1/Rz ()|,

On the one hand, for any 6 > 0, we have

t1 t1
/t /11&2 v (f)|Aul < 5/t /11&2 i (f)? +0(5)HAU||2L2(0,T;L2(R2))~

On the other hand, defining lgv/gKf = 1e<e +log€ lece<i +log K 1¢5 i, we have

Loz < [ 7+ [ rowery

10gf lecfer
(2.23)
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and thanks to inequality (2.8) with p = 2

cz ([ rioexcs ) </R'V%‘iv$”'2>
cor+w ) ([ G 1+ 10).

Coming back to (2.23), Estimate (2.22) follows by taking § > 0 small enough, using Lemma 2.4
and Proposition 2.2, and then letting K — co. 0

IN

[ (g
R2

(2.24)

IN

2

Lemma 2.7. For any weak solution (f,u), any p > 2 and any ty € [0,T) such that f(ty) € LP(R?),
there exists a constant C := C(M, Ho, Fo,T,p, || f(to)|lL») such that, for allty < t; < T, there holds

I
(2.25) £+ 5 [ 1925 e de <
to

Proof of Lemma 2.7. We split the proof into four steps.
Step 1. We define the renormalizing function Bx : Ry — R, , K > €2, by

&r .
Br (&) == " if §<K, Pk(§):= 1

p—1 KP KP
1 —&) — — if £€>K
o Eloge— &) — -+ o i €2 K,
so that B is convex, increasing and piecewise of class C''. Moreover the following estimates hold
1 _
B (€) — B (€)E] < 1751) leck +3KP 7 E1enk,
" p—2 Kr11 1-p, —17-p—1
w(&) = ( - 1)5 leck + o K §1£>K and  Bgr(§) =22 PpT K §1£>K/2'

Thanks to Lemma 2.5, we may wrlte

t1 Kp 1
[ty + = [ VAP e+ g /
R2

to

/ B (fu) + / / Au| P15k + 3K / / Aul f 1ok
to JR2 to JR2

Step 2. For the second term on the right-hand side of (2.26), using the Gagliardo-Niremberg-

Sobolev inequality
/ g4d:17§0/ dex/ |Vg|? d,
R2 R2 R2

1
P JRr2
1 5\ 1/2
Sl ([ (7 ax)
919 1/2
< Clau([ aKr [ 90 aKreE)
R2 R2

1
< CllAulPa / Br(f) + — / V()P Lk
* JR2 PP Jr2

1fZK
(2.26)

we have

IN

Step 3. Let us define the convex function ® by ®(&) := 52(1/075 €)? for any € > 0, with lgt/gﬁ =
le<e +logé&les.. We observe that ® is a N-function so that we may associate to ® the Orlicz
spaces Lg (see Appendix A.1). We have already obtained that [|Aul7, € L'(0,T) in Lemma 2.4

and we claim that we also have
(2.27) 1®(|Aul)|| Ly € L' (to, T).
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Indeed, passing to the limit K — oo in Estimate (2.24), and using Proposition 2.2 and Lemma 2.6,
we immediately deduce

(2.28) f € La((to, T) x R?).

We now consider the linear operator f — U(f) := Au where u is the solution to the linear parabolic
equation edyu — Au + au = f. Thanks to standard results (see e.g. Theorem X.12 stated in [5]
and the quoted references therein)

U: LP((ty,T) x R?) — LP((to,T) x R?)

is a bounded operator for any p € (1,00). Since Lg((to,T) x R?) is an interpolation space between
L32((to,T) x R?) and L%?((ty,T) x R?) (see Appendix A.2) we also get

(2.29) U: La((to, T) x R?) = Lg((to, T) x R?)

bounded. We then deduce (2.27) from (2.28), (2.29) and the fact that ® satisfies the As-condition
(see Appendix A.1).

Step 4. Now we estimate the last term in (2.26). We denote by ®* the conjugate function of ® and
we observe that ®* (1) < Cn2(logn)~2 for any 1 > 0 and for some fixed constant C' € (0,00) (see
Appendix A.3). We introduce the notation fx := flysx and Ag(f) == (fgo f1p>r/2)/?. Using
Young’s inequality &n < ®(&) + ®*(n), we obtain

= 9oKP1 Au
Tz /R2| | f1l>k
< zK{ [ etaxtpisu+ [ @*(AK<f>-1fK>1fZK}=:7a,1+75,2-
R2 R2

For the term 75,1, using that Ag (f) < M'/? and the elementary inequality lgf/g(fn) < I/OVgS + lAO;gn,
we may write

Tan = 2KP™! /RQ D(Ak (f)|Aul)
<Ot [ 18P Ak (D (oe(Ax (1) Au)

<orr ([ f1pma) ([ 18uP@omae ()2 + [ 1auP Gaglaul?)
<o ([ sen) (CONIauE; + I0GauDl)
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For the term 75, using that fx > K on {f > K}, we obtain, for K > eM'/2,
Toz =267 [ @8 (fi/Ar(£) 11k
R2

1 (fK/AK(f))2
< CKP - 1>
- / (log(fr/Ax(F))2 ="

KP ' Ag(f)|? _ 2
C (log%)Q /R?(f K/2)+

KP1|A 2
< C|—K (/ IV /] 1j>K/2)
(lOg ]ul/2

S (o7 2rwe) ([ 57 2rem0)
C———~——
n (10g A11/2 / f 1 /R? f 1f2K/2

Kr! fP? V] >
<c 1 4 / NIy
= log M1/2)2 (/ K/2< f<K/2 e f f>K
Kr! ( - V£
—— (K'Y [ V()21 +/ 1
(log 122 . V(PP 1p<k LK

where we have used the elementary inequality f% < C(f — K/2)3 in the second line, Sobolev’s
inequality in the third line and Cauchy-Schwarz inequality in the fourth line. Hence, for K big
enough, we have

1 Kr—t IV fl
Too <C—or— V(PP 1lici +C / 1ok
o (1og 1\111(/2 )? Jr2 ¥ s (log MKT/_z )2 Jre S 1=
1 KP! IVfI2
(fP)2 1< 1iok.

Gathering 71, 72,1 and 7'272, it follows that

2 [h
2 /227 .
RzﬂK(ftl)ﬂLpp, /to /Rz Ve (fP9)" 1y<k

(2.30) N
[ Bt +0 [ (18ul; +1908u)l:) [ 8
0
Using the fact that h(t) := [p. |Aul* + ®(|Aul) € L'(to,T) from Lemma 2.4 and Step 3, we
can conclude to (2.25) by applying first the Gronwall’s lemma and by then passing to the limit
K — oo. 1

Lemma 2.8. Any weak solution (f,u) satisfies
O f, 00 f, 07, f, Oru, 0pu, 02, u € Cyp((0,T) x R?), VT >0,

[ 77 ZTj

so that it is a “classical solution” for positive time.

Proof of Lemma 2.8. For any time to € (0,T) and any exponent p € (1, 00), there exists ¢}, € (0, o)
such that f(t() € LP(R?) thanks to (2.13), from what we deduce using (2.25) on time interval
(ty, T) that

(2.31) f € L®(ty, T; LP(R?)) and V,f € L*((ty,T) x R?).
Since u satisfies the parabolic equation
el — Au + au = f|

the maximal regularity of the heat equation in LP-spaces (see Theorem X.12 stated in [5] and the
quoted references) and the fact that

u(t) = Ve *ta £+ Ve ka0 and Vu =Ty xeo f+ 9 2 Vo,
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where we denote 7% = e~*® 7, and similarly for I', ; is the heat kernel given by

v (z) == % exp ( |4|:> € L*(0,T; L**(R?)), VYz1,20>1, 1/21 +1/23 > 1,

and

Ti(x) := Voye(w) € L*(0,T; L*2(R?)), Vs1,80 > 1, 1/s1 +1/s2 > 3/2,

provide the bound

(2.32) u € L™ (to, T; LP(R?)), Vu € L™ (ty,T; LP(R?)), 0Owu, D*u € LP((ty,T) x R?),

for all ¢ty € (0,T) and p € (1,00). Since now f satisfies the parabolic equation
Of—Af=-Vu-Vf—(Au)f=2Z

with Z € L*(to, T; LY(R?)) for all ty € (0,T) and all ¢ € [1,2) from (2.31) and (2.32), the same

maximal regularity of the heat equation in L?-spaces (with the choice s; = so = (4/3)7) implies
Vf e LP(ty, T; LP(R?)), Vp € [2,4),

and then Z € LP(to, T; LP(R?)), Vp € [2,4). By a bootstrap argument of the regularity property
of the heat equation, we easily get

(2.33) f € L®(ty, T; LP(R?)), Vf € L®(ty,T;LP(R?)), 0:f, D*f € LP((to,T) x R?),

for all t € (0,7) and p € (1,00). The Morrey inequality implies then f, V f,u, Vu € C%((to,T) x
R?) for any 0 < o < 1, and any to > 0. Finally the classical Holderian regularity result for
the heat equation (see Theorem X.13 stated in [5] and the quoted references) implies first u €
C?%((tg,T) x R?) and next f € C%%((to,T) x R?), which concludes the proof. O

We prove now the free energy-dissipation of the free energy identity (1.4) in Theorem 1.3.

Proof of the free energy identity in Theorem 1.3. We split the proof into four steps.

Step 1. We claim that the free energy functional F is lower semi-continuous (Isc) in the sense
that for any sequences (f,,) and (u,) of nonnegative functions such that (f,) is bounded in L' N
L'(log(z)?) with same mass M < 8, (u,) is bounded in H' if @ > 0 or in L' N H' if o = 0,
(fnun) is bounded in LY, (F(fn,uy,)) is bounded and (f,,u,) — (f,u) in D'(R?) x D'(R?), there
holds

(2.34) 0<feL'nL'(log(z)?) and F(f,u) <liminf F(fn,un).
n—00
Indeed, because of (2.5) and (2.6), we have H*(f,) < C and we may apply the Dunford-Pettis

lemma which implies that f, — f weakly in L'(R?). We then rewrite the free energy functional
as

]:(fnuun) = H(fn) + Fa(fnaun)u

H(fn) : /fnlogfn and  Fo(fn,un) := /|Vun|2 /ui—/fnun,

and we consider separately the case a > 0 and o = 0.

with

Step 2: Case a > 0. We denote @, = Kq * fr, where ko(2) = 1 0 T

kernel. Since f, >0, f, € L* N LlogL and u, € H*, [7, Lemma 2.2] 1mphes that @, € H! and

also that the functional F,(f,,u,) is finite and satisfies
Folfos ) = Falfnsin) = 31V = )3 + 5 Jum = 73
Hence, we can write
F(furttn) = H(F) = 5 [ [ aehfuwhae = 9) + 519 = @l + G llun — a2
H(fn) + V(fn) + Un(un — Un) + Uz (un — Un),
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where the functionals Uy and Us are defined through the third and fourth term respectively. We
clearly have that U/, +Us is Isc for the weak H' convergence and H is Isc for the weak L' convergence,
so we investigate the functional V. For any € € (0,1) we split V =V, + R, as

(0= =5 [[ 9090 Rl = ) Vo
9= =3 [[ s@a) ale =) 1y

The Bessel kernel K, is a positive radial decreasing function with a singularity at the origin:
Ka(2) = —5=log|z| + O(1) when |z| — 0. Hence V. is continuous for the weak L' convergence and
for the rest term we obtain, for any € € (0,1) and A > 1,

IR-(g |<c// Y)Ljem y‘<€+0// y)(oglz = yl)-Lizy|<c
< C// g(ac)<)\g 1‘1 y‘<€+c// g(ac)>)\g )1\I*y\§€

+ C// g(x)>)\g )(lOg |:E - yl) 1\1 y|<e + C// g(x)>)\g(y) 10g(|:10 - y|_1)1|x7y|§5

SC)\/yg(y){/KE }+C/ {log)\ =) logg(z }
+C/\/yg(y){/lzl<e(loglz| }+C/ <x>>A/y{g(y) log g(y) + [ — y| ™"} jo—y <

H(9) H(g)

< 2 g 3/2 9
< C MM+ CM—log/\ + O MMN? 4+ C Tog A {H(g) + ¢},

where we have used the convexity inequality uv < wlogu + € for all w > 0, v € R and the
elementary inequality ulogu > —u'/? for all u € (0,1). Hence sup,, |R-(fn)| — 0 as ¢ — 0 and we
deduce that F is lsc.

Step 3: Case o = 0. We define @, = ro(fr, — M H) where H(z) = (z)~*/m and ro(z) = — 5 log|2|
is the Laplace kernel. Since 0 < f, € L' N L*(log(z)?), H(f,) is finite, [(f — MH) = 0 and
u, € H', [7, Lemma 2.2] implies that @, € H' and also that the functional Fy(f, — MH,uy) is
finite and verifies

1
FO(fn —MH,un) _FO(fn - MHvﬂn) = §Hv(un _ﬁn)H%?

Now we argue as in the case a > 0. First we write

Flfurun) =5 = 5 [[ £a@) a@ola v +M//fn Yol — 1)
+ 5V, unan—M/Hun——//H Yol — 1)

The functional U is lsc for the weak H' convergence and H is lsc for the weak L! convergence.
For V we just argue as in the preceding case & > 0. In the same (even simpler) way we obtain that
W is Isc for the weak L' convergence. Finally we conclude that F is Isc.

Step 4. Now, we easily deduce that the free energy identity (1.4) holds. Indeed, since (f,u) is
smooth for positive time, for any fixed ¢t > 0 and any given sequence (¢,) of positive real numbers
which decreases to 0, we clearly have

F(f(t)ult)) = F(t) + / D (f(s), uls)) ds.

n
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Then, thanks to the Lebesgue convergence theorem, the lsc property of F and the fact that
f(tn) — fo and u(t,) — ug weakly in D'(R?), we deduce from the above free energy identity for
positive time that

F(fo,uo) < hmmf]:(f( s u(tn))

< nhﬁrr;o{f / Dr(f s))ds} = F(t / Dr(f(s),u(s))ds.
Together with the reverse inequality (1.9) we conclude to (1.4). O

3. UNIQUENESS - PROOF OF THEOREM 1.3

In this section we prove the uniqueness part of Theorem 1.3. In order to do so, we first prove
some estimates in Lemmas 3.1 and 3.2.

Lemma 3.1. Any weak solution (f,u) to the Keller-Segel equation satisfies that for anyp € (1,00),
T € (0,00) there exists a constant K = K(fo,p,T) such that

(3.1) O, <K Vie (0,T).

Proof of Lemma 3.1. Recall that we already know that ||f|/z» € C'(0,T) for any p > 1 and
| fllLe € L (to,T') for any 0 < to < T and any p € [1,00]. For for p > 1, we have

S [ = —aa-y [REE -1 [0 - e- 1) [Gusans
= T1—|—T2—|—T3.

Using the splitting f = min(f, A) + (f — A)4, for some A > 0, and denoting h(u) := dru + au €
L?(0,T; L*(R?)), we have

T3] < C/ [h(w)| min(f, A)P + C/ |h(u)|(f — A)Y =: T51 + Tao.
For the term T3;, we have
|T| < CAPT!/2 / [h(u)| £/ < CAPH2(||h(w)|F2 + M).

For T3, using Gagliardo-Niremberg-Sobolev inequality [|g(|7:rz) < Cllgll72z2)Vll7 22y with
g=(f - A)p/2 we have

Tl < C / Ih(u)|(f — A%

< C|h(e)| ( / (f - A)i”)m

<l ( [ - ) </|Vf Ap/2|2)

< Collh(u)lEs (7 =A% +6 [ [P 12

/2

for any § > 0.
For the second term T5, we have

|Ty| < C/min(f,A)p+l +C/(f—A)T1.

At the right-hand side, the first term is easily bounded by C AP M, and using (2.10), the second
one is bounded as follows

/(f—A){;“gc(/(f A) )(/lVf AP/2|2> logA (/|Vf”/2 |21f>A)
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Gathering all the previous estimates, choosing § > 0 small enough and A large enough, we get

d
62 5 (<= [INHE+ Clhl [ £+ o+ ).
Thanks to the following inequalities
—1 1 —1
(IO < Ol fIAP VIR and (125 < CUFI V(2212
we obtain from (3.2) the differential inequality

d

= X(1) < ~CoX ()77 + CLHOX () + Co(1+ H(), 1€ (0,7),
where we denote X (t) := || f(¢)||}, and H(t) := ||h(u)||2:(t) € L*(0,T). By standard arguments
(see e.g. [7, Proof of Theorem 5.1]) we conclude to (3.1). O

We (crucially) improve the preceding estimate by showing

Lemma 3.2. For any p € [2,00), any weak solution (f,u) to the Keller-Segel equation satisfies:

p—1
(33) t 2 ||f(t, .)||L2p/(p+1) —0 ast—0.

Proof of Lemma 3.2. We prove (3.3) from (3.1) and an interpolation argument. On the one hand,
denoting log, f := 2 +log, f, we use Holder’s inequality in order to get

/ /) / PP (Ig )P gp/ D) (1og )P/ D)

(froes)™" ([ dosonr) ™,

)1/(217)'

IN

or in other words

(3.4) £l canrosn < COLHL) [ G0, 1)

On the other hand, we observe that

o R B N R T
f<R f>R
< tp—lifp_l / eriip_1 / fr
B (log,R)» Jy<r™  (log,R)P Jy>r
p—1
< ! MR, &
(log, R)?  (log, R)P
M+ K
o Toge 1z

where we have used that s — s(log, s)~? is an increasing function, the mass conservation of the

solution of the Keller-Segel equation and the estimate (3.1) in the third line, and we have chosen
R :=t"! in the last line. We conclude to (3.3) by gathering (3.4) and (3.5). O

We are now able to prove the uniqueness of solutions.

Proof of the uniqueness part in Theorem 1.3. We consider two weak solutions (f1,u1) and (fa, u2)
to the Keller-Segel equation (1.1) that we write in the mild form

fi(t) = e £(0) — / Velt=92 (£,(s)Vus(s)) ds

0

and
(o3 S 1 s o sS—o
uils) = e~ 2ui(0) + = / 2N A fi (o) do
0
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from which we also obtain

Vui(s) = e %2 (Vu;(0)) + % / e =579 (Ve (SZG)A)fi(U) do
0
When we assume f1(0) = f2(0) and u1(0) = u2(0) = ug, the difference F := fo — f; satisfies

F(t)= —/0 Velt=s)A {F(s) [efgsegA(Vuo)}} ds

¢ A 1 @ (s—o) A
- Velt=) { [— s e e d]}d
(3.6) / e A e fo(o) do S

/Vets {fl E e%”>v AR )d]}ds
0

t) + L (t) + I3(t).

For any t > 0, we define
i 1_ 1 1
Zy(t) = sup 5272 ||fi(s)| 20, A(t):= sup s7[|F(s)] s

0<s<t Lr+ 0<s<t

We recall the explicit formula for the heat semigroup

tA 1 |z[?
€ g= 7(t7 ) *z 9, ’Y(t,l’) = R EXp\ —— | >

4t
and the following well-known inequalities that will be useful in the sequel
11 1
(3.7) K gllor < [[K]|Lallgllzr, st rTh 1<par<o,
and

1 13
Iyt Mpaey < Cqta™, [Vt M page) < Cqta 2.
We fix p > 2 and we compute the quantity 3| - || 4/s for each term of (3.6).

For the second term, we compute
1 1 (t—s) * (=) A
t7]| L2 (t)|| pass < Claye)ts Vel F(s) | Ve = “fao)do
0 0

ds
L4/3

t S e
< Ct%/ [Vet=92| Lays F(s)/ Ve T2A fy(0) do||  ds
(3.8) 0 N Lt
1 _3 (s—o)
< (Ct1 / (t—8)"1||F(s)||pass / Ve = Afg(a)||L4 do ds
0 0
t S
1 _3 (s—0o)
< Cti / (t—s) 4 ||F(s)| pass / Ve = 2 fa(0)| g do ds,
0 0

where we have used Young’s inequality for convolution (3.7) in the second line and Holder’s in-
equality in the third line. Now we can estimate the integral over do using again Young’s inequality
(3.7) with 1/44+1=1/a+ (p+ 1)/(2p) ie.1/a=3/4—-1/(2p), b

r

(s—0)

ve A o)) d0</ Ve E)Anmnh( M, 2, do

p+1
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since the last integral is bounded thanks to —% - ﬁ > —1 from p > 2.

Gathering that last estimate with (3.8), it follows
t
ﬁmmmmscﬁ/u—w%fwﬂﬂmmﬁww
0
t
< CZf)(t) A(t)/o (t— s)_% #1577 ds

1 3 1
<czwan [ a-p iyt
< CZ2(t) A(t).

For the term I3, we have

t
t5 || I3(t)| pass < Cti/ B
0

L4/3

’w(t—sm {fl(s) / Ve T2 (o) da}
0

t
(3.10) gcti/ ZGOI
0

ds

fi(s) /OS Ve(S;U)AF(J) do

n
(s—o)

t s
< i _ )i 2p = A 2p .
<ot [ =0 oI,z [ IV s, dods

We compute the integral over do in the following way

l/ HVe“?”APwan|sm,mTSl/‘HVe“?”An w |F(0)] /s do
0 Lpr—1 0 L

< c/ (s — o)~ 17 % ||F(0)|| pass do
0
SC’A(S)/ (s—a)_%_ﬁ o7 do
0

< CA(s) s,

since the last integral is bounded because p > 2. Putting together this estimate with (3.10), we
obtain

t
2 ()| pars < C'17 / (t=8)" T [ fr(s)ll 2o A(s)s™ 20 ds
0

Lrpt+1

(3.11) )

ENE
[N

gc@@A@/%—g%t
0
< CZ(t) A(t).

For the term I;, we compute

ds

t
L) | s < Cti/o [vet=2 {F(spetavun} |

t
5.12) <0t [ 1Tt [Pl ds
0

t
<ctt [ POl |

where we have used Young’s and Holder’s inequalities. Let K > 0 to be chosen later, we estimate

efAVuOHDJL ds,

(3.13) le=2Vugl| s < leZ2Vuo Lijvuo <y lpa + [le52 Vo 1 jvug> 1yl 14

Using Young’s inequality, we have

s s 1
122 Vo Lgvuoi<rcylloe < €22 01 [ Vuo 1w i<ieyllzs < CK? [[Vuo| 5™
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Using Young’s inequality again for the second term in (3.13), we have
El s _1
€2 2Vuo Lyvugizrylloe < 11622 ass | Vo 1jwug > iy 122 < Cs™ 7 (K,
where
QD(K) = HVUO 1{|VU«0|ZK}HL2 — 0 as K—>+OO,
by the dominated convergence theorem. Putting together that last estimates in (3.13) and choosing
K= s*%, it follows
ez A Vug| L2 < Cs i a(s) with «a(s) = %+ cp(s_i) — 0.

Coming back to (3.12), we obtain

t
3| L (8)]| pas < Ct1 / (t—8)"T | F(5)]| pars 57T e(s)ds
0

(3.14) <c ( sup a(s)> NG /Otti(t_s)—i 5% ds

0<s<t
<C ( sup a(s)> A(t).
0<s<t
Gathering (3.9), (3.11) and (3.14), we conclude to

1
Alt)<C [ sup a(s) + Z,(t) + zg(t)] A(t) < = A(t),

0<s<t 2
for t € (0,T), T > 0 small enough. That in turn implies A(t) = 0 on [0,7). We may then repeat
the argument for later times and conclude to the uniqueness of the solution. (I

4. SELF-SIMILAR SOLUTIONS AND LINEAR STABILITY

4.1. Convergence of the stationary solutions. First, for a given mass M € (0, 87) and a given
parameter € € (0,1/2), we consider the self-similar profile (Ge, V) which is the unique solution of
the system of elliptic equations (1.17)-(1.18). We also consider the unique positive solution (G, V)
to the system of equations corresponding to the limit case € =0

1
(4.1) AG—V(GVV—§:CG)=0 in R?, Gdr = M,
R2
AV+G=0 in R
It is worth emphasizing that (G, V) is the unique self-similar profile associated to the parabolic-
elliptic Keller-Segel equation, see [9, 14].

Lemma 4.1. There exists a constant C' such that for any ¢ € (0,1/4]

(4.2) 0< G.(z) < Celol*/4,
1
(4.3) sup (— + (2)) [VVe(z)| < C,
r€R? £L'|
and
(4.4) sup [AV:(2)] < C.
rER?

Proof of Lemma 4.1. We split the proof into three steps.

Step 1. The estimate (4.2) has been proved in [3]. More precisely it is a consequence of equations
(26) and (49) in [3], and

G(0)=b, 0< M(eb) <4m min(2,b).
Here the parametrization of G is made in function of € and b = G(0) instead of € and M because
this dependence is more tractable. Observe that the estimate above guarantees that the mass is
subcritical, i.e. M(g,b) < 8.
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Step 2. Since V; and G, are radially symmetric functions, the equation on V. writes
1 1 1 !
(4.5) Va+(;+§5r)V€+G5:O Vr >0,

where we abuse notation in writing V.(r) = V.(z), Ge(r) = Ge(|z|), 7 = |z|. The function V;
is smooth and the equation is complemented with the boundary conditions V/(0) = V/(c0) = 0.
Defining w := (rV)?, we find

4 C :=sup G (r)3.

w/
2 (r)®’ >0

1
= —§£rw—G€V;.’T2 < Cvw

As a consequence

d T
—Ju < C ——
dr w_0<7°>3’

and then
Vw < C(AT)?,
from which the inequality sup,[(z) [VVz(z)|] < C of (4.3) follows.

Step 3. We rewrite (4.5) as

which implies

VZ(r)r| = <Cr’

/OT sw(s) ds

This completes the estimate (4.3). Coming back to (4.5), we also obtain

V() <C,
which gives (4.4) and ends the proof. O
Corollary 4.2. As e — 0, there hold
Ge = G in WP Vpe(1,00),

and
VV. - VV in LY, AV: = AV a.e. and bounded L°°.

Proof of Corollary 4.2. Coming back to (1.18) and using Lemma 4.1, for any p € (1, 00), we have
LG, =VG: -VV.+GAV, € LP,

where L denotes the operator LG, := AG, —V - (%sz). By elliptic regularity we obtain that G,

is uniformly bounded (with respect to ¢ € (0,1/2)) in WP, Thanks to previous estimates and
Lemma 4.1, there exists (G, V') and a subsequence (still denoted as (Ge, Vz)) such that G. — G,
Ve — V. We may pass to the limit (in the weak sense) in the system of equations, and we find

o1, _
V" + ;V’ +G =0, V'(0)=V'(c0)=0.

We conclude that (G, V) is a solution to the stationary equation (4.1), so that (G, V) = (G,V). O
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4.2. Splitting structure for the linearized operator. The evolution equation in self-similar
variables writes (see (1.15) and (1.16))

1
Og=Ag+V(zxzg—gVv),
2
(4.6) 1 1
Ov = E(Av+g)+§x~VU,

and the associated linearized equation around the self-similar profile (G, V;) is given by

- 0f = Avelfu)i= Af + V(50 f = [TV, = G. V),
4.7
Ou = Ao o (f,u) = é(Au—i—f) + %x - Vu,

which we also denote 0,(f,u) = A.(f,u) = (A1,(f,u), A2o(f,u)). From now on, we restrict
ourselves to a radially symmetric setting.

We introduce some classical notation of operator theory. Let X be a Banach space and consider
a linear operator A : X — X. We denote by Si(t) = e the semigroup of operators generated
by A, by X(A) its spectrum and by X4(A) its discrete spectrum. Moreover, for two Banach spaces
X,Y we denote by Z(X,Y) the space of bounded linear operators from X to Y and by || - [|(x,v)
its norm, with the usual shorthand #(X) = #(X, X). We also define the subset A, C C for any
a € R by

(4.8) Ay :={z€C | Rez > a}.

We fix k > 7 and we introduce the Hilbert space

(4.9) X =X1xXy, X1:=L2yNLioCL{y, Xo=L2y,

associated to the norm

(4.10) I, Wl = 11172 + lull7.

Here L?,,; denotes the L? space of radially symmetric functions and L3 ;, j < k, the following

space
Li_’j = {geLi | /xo‘g:(), Va e N2 |oz|§j}.
We now state a property of the spectrum of A, in X that is the main result of this subsection.
Proposition 4.3. There exist €*,r* > 0 such that in X
Ve e (0,e%) B(A) NA_y 3 C Xa(A) NB(0,r").
We define the bounded operator A = (A;,A42) : X — X by
(4.11) Ai(f,u) == Nxg[f] == N(xrf — x2{xr/f)), A2(f,u) =0,

for some constants N, R > 0 to be chosen later and a smooth non-negative radially symmetric
cut-off function xgr(x) := x(2z/R) with x = 1 on By, Suppx C Bz and (x1) = 1. We can split
the operator A, = A+ B. and we shall investigate some properties of A4 and B in the next lemmas
before proving Proposition 4.3.

Lemma 4.4. In the above splitting, we may choose N, and R, large enough in such a way that
for any N > N, R > R., the operator B, is a-hypo-dissipative in X for any a € (=1/2,0), in the
sense that

1S5, ()|l z(x) < Cae™, Vt=0,

for some constant C, > 0.
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Proof of Lemma 4.4. First of all, thanks to Lemma B.1 and using the notation of Appendix B, we

see that in X the norm of L} x L? is equivalent to the norm defined by

(1.12) 1)l = 1713 +nllu — ]2,

for any fixed n > 0. We also observe that, thanks to Lemma B.2, we have
IVEsllL: = 1K fll2 < Cllfllpz, VE>2,

and
[Vl = 1K fllz < Cllfllz, VE€>3,

thus we fix some ¢ € (3, k) from now on.
We consider the equation

(413) Bt(f,u)zBa(f,u)zAa(f,u)—A(f,u)
and split the proof into three steps.
Step 1. We write the equation satisfied by f as

o f = Af—I—V( xf— fVV.—G.Vu) — Nxg[f]

Using that (f) = 0 and the notation x§ = 1 — x g, we compute

N N
(4.14) / (GeVu) fa)™ —/NXR[f]f<x>
. /|Vf| )2k 4 /{80 ~ Nyg(a)} f2z)?*

—/V-(GEVu )2 N/fX1 Hda (Xzf),

1
2 2 4

ola) = (GAW* = o V™ 4 19 (@) = 57+ (TVelaf) 4 TV, - V) ) (1)

= —%(k — 1)+ k(2k + 1/2)(x) 72 — k(2k — 2)(z) ™" — %AVE + k(VV. - z){z) "2

We observe that, thanks to Lemma 4.1, we have (VV - x)(z) ™2 — 0 as |z| — oo. From (1.18), we

also have that
1 1 €

with G. — 0 as |z| — oo from (4.2) and |z - VV,| < Cy, from (4.3). All together, it follows

(4.15) lim sup p(z) < —l(k —1-e0),

|z|— 00

[\

where C' > 0 is the constant exhibited in (4.3).

For the third term in (4.14), for any § > 0, thanks to Holder’s inequality and using that

Ge(z) < C{x)~™® from (4.2), we get

—/V-(GEVu)f@)% = /Vf~qu5 ()% +/G5VU-V(<x>2k)f
<OV fll7z + CO)|Vullfz + Cllf72

<OIVIZ: + CONV (= rp)lZs + CO)IVEsZ2 + Cllf 12

< 0|[VFIlZz + CONIV(u—rp)lzz + CONSIT2 + ClFIIL,
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where we recall that we have fixed some ¢ € (3, k). For the fourth term in (4.14), we have

—N/fm@¥waw3§NMﬂw

2k—£

X% (@)~ N2 1 F1I72
< NR7Co|fl32
We conclude this step by gathering the previous estimates to obtain

1d

57l <~ =OIVFIL: + COIV(w = k)l

(4.16)
+ [ {ote) + (€0 + ONR@2H - Nxala) } ).

Step 2. From the second equation in (4.7), we have

d
%E/(u—nff Z/(U—Iif) {%(Au—i—f)—i— %;C-V(U—Iif)—l— %:E-me—amf}

2 [V wp =g [+ [ np { 5o Ty o |

and we shall estimate the last integral. Since Ok = & * O, f, we may write

/(u —Kf) {%x -Vks —8mf} = %/(u— k) {x- Vis}
~ [t {a5 + 5900 - V) - VGV - Nuals]

and we estimate each of these terms separately. First, we have

I 5:%/(u—”f){I'V”f}:%/(u_“f){x'(lc*f)}

< 8ll(w—rp)lZ2 + CONK = flI72
< 8ll(w—rp)lz> + COIFIL:,

where we have used Lemma B.2 in the last line since f € X3 C L%l. Next, we have

= [w=npns{af) = [w-npf
< 8 l(u— )3 +C(@) 1712

Arguing as for the term I; and using Lemma B.2, we also have (we denote here K = (K;);=1,2 and
use the convention of summation of repeated indices)

I3 = —%/(u— kp)kx V(zf) = —%/(u— k) ICi x (i f)
<6l (u = k)72 + COFIT.

Furthermore, since fVV; € Liﬁo, we can apply Lemma B.2 and use that VV, € L™ to obtain
I, = /(u —kp)k*V(fVVL) = /(u — k) K * (fO:V2)

< bl — rp)l3a + CONSTVE2
< 6l — w3 + CONSIZ:-
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For the next term, using Lemma B.2, since G.Vu € Li,()a and the bound G, € L§°, we have

I5 := /(u —kf)k* V(GeVu) = /(u —kyf) i (G: O;u)

< Bl(u— K )32 + CO)IK * (CeVu) |32
< dll(u— ) + CO)GeTul2,
5)[Vul2:
)

< 0ll(u—kp)lIZ2 + CONVu—rp)lZs + CEOVasT
<8l (u—rp)lZe + CONIV(u— kg7 + CEONSZ2-
For the last term and thanks to Lemma B.1, we finally have
o= N [ (= np)es (ealfl} < € lu=rgle N elflliz,
< 8llu— r¢ll7e + CEON?| 17

(

) (

< 6ll(u = rp)l 72 + O
) (

(

Putting together all the estimates of this step, we deduce
1d 1 1
(417) S 2lu—rslie < —(2 = CO) IV =l = (5 = 8)lu— sl + CEONI S

Step 3. Conclusion. Gathering (4.16) and (4.17), we obtain

sl ol < [{o@+ [04nv2em + £2] @2 - Nato) | 1P

1

(5 = 8)lu = wsll3 = (L= DIV — (2 — @) IV~ wp)l-

Taking then first § € (0,1) small enough and next ¢ € (0,1) small enough, it follows that for
n=N3and R=N

1d _

sl Lol < [ {on(@) - Nxa@} 7P + al 9]

+anu—rslZz +anl|V(u—rp)Ze,

(4.18)

for any a > —1/2, where ¢y (z) = p(z) + C(1 + N~ + N27¢)(2)2(~*) has the same asymptotic
behaviour as ¢(z) when |z| — oo and @y decreases as N increases. We can choose N large enough
such that
on(r) — Nxr(z) <a, VacR?
which yields that B. is a-hypo-dissipative for any a > —1/2. (|
We introduce the space
(4.19) Yi=Y1xYs, Yi:=H{NL} NLy Y2:=H'NLZ,,

endowed with the norm
(4.20) ICFwIF = 1 w)lk + VT2 + 1 VullZa.
For the operator A defined in (4.11), the following result holds true.
Lemma 4.5. There hold A € A(X) and A€ B(Y).
Proof of Lemma 4.5. The proof is straightforward so we omit it. O

Lemma 4.6. We can choose N and R large enough such that B. is a-hypo-dissipative in 'Y for
any a € (—1/2,0), i.e.
198 (t)|| vy < Ce™, ¥Vit>0.
Moreover, we also have
1195, ()l z(x,y) < Ct 12, vi>o0.
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Proof of Lemma 4.6. We introduce the following norm
(4.21) ICF IR, = 1w, +mlVAIZ: +ml Ve = sp)ll7,

which is equivalent to (4.20) for any n; > 0 thanks to Lemma B.2. We recall that, as in Lemma 4.4,
we have

IVullze < [[V(u=rp)llz + [ Vaslle < V(e =rp)llee + Cllf Lz,
for the same fixed £ € (3, k), and moreover we observe that
IVullze < IV(u = sp) L2 + IV llze < (V2 (= sp)llze + (/] 22

We consider now the equation (4.13) and we split the proof of the announced results into three
steps.

Step 1. L? differential inequality. For i = 1,2, O;u verifies
1 1 1 1
We have then

/8Z(u — /@f)at{[)iu — &-nf}

_ /au_an{a Ot s /a
/8 Yo - V{0i(u—ks)} + = /8 Yo - V{0iks}
—/@(u—nf)lci*(atf)

=T +T+T5+T,+T5.

For the first term, we easily have

2
o~ w3

T = V{0 — )}
For the second term, we have
Ty < C|V(u—kip)lZ> + ClIVulli> < ClIV(u = kp)ll72 + ClFI1Zs-
We also easily see that
Ty = — 50— p) 3 <0,
and, for the fourth term, that
Ty < OV (u— w) 3 + CIDy 2 < CIV (= k)3 + ClLF 1.

For the last term T5, we use the equation satisfied by f and we get

= [aitu— s {as + 5Van) - VTV - 9(G.T0) - Nl |
=:T51 + T2 + T53 + T54 + T55.
We estimate each term separately. We have
T51 < O|V(u — k)72 + ClIV f]122
and
T52 < OV (u — kg)lz2 + C|V2hx (2 f)|22 < OV (u — )|z + Ol f]1Za-
Using that VV, € L*°, we have
T53 < C|V(u—&g)|22 + C| V2 (FVVE)|[7
< ClIV(u—kp)lZ2 + ClFVVe|2
< OV (u— kg)llz2 + Cl fl1Ze,
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and arguing as above with G. € L*°, we also obtain

Tsa < C|V(u = kp)|72 + ClIVE * (G V)|
< CIV(u—rp)l7s + CllGVul 1,
< ClIV(u—rp)lzs + ClIVulg:
< CIV(u—rp)lZs + ClFI-

For the last term, using Lemma B.2, we have

Tss < ClIV(u— rp) |72 + CN? | K # xr[ /1172
< C|V(u—kp)llLz + CN?[|fIIZ;-

Gathering these previous estimates, we finally obtain

(4.22)

1d 1
S IV = k)2 <~ 92 (= rp)l[3 + O+ N £

+CIVIIIZe + ClIV(u = kg)ll7-.

Step 2. H' differential inequality. We write the equation satisfied by ; f which is nothing but

0¢(0; f) = Be,1(0; f, O7u) — %@f = V(fV(9;Vz)) = V(0;G-Vu) — N(9ixr)f + N{(xrf)0ix1,

and then we can write

1d
2dt

10,712 = [ Baal@if.0m)ouf @ = 1031, ~ [ VU@V Of ()

- / V(0,G.Vu)dif ()% — N / (Do) fOu] (@)% + N(xrf) / (@x1) O f ()
=: A1+ As+ A3+ Ay + As + Ag.

Arguing as in the first step of Lemma 4.4, for any § > 0, we have

A1 < == 0)[V(@:f)IT; + COIVZ(u— rp)]Z2

+ [ {o@) +100) + O N RI9@2H - Nxw(o)}0s @)

We next compute

Avi= [ 19070 V@nE* + [ 1901 Voo
< cCOIFI2: + 81V 122 + 61V |2,

using that AV, = —G. — (¢/2)x - VV, and Lemma 4.1. We also have

Ay = /aicgvu-waifx@% —i—/BiGgVu-V(@% o f
<COVuliz +olIVFizs +0lIIV3FI
< COV(u—rp)lis +CEOIFIT: + 5||Vf||i§71/2 +0[V2fII72

and we easily get

C C
As < Nﬁ / Lrjo<ie|<2r [2(2)% + Nﬁ/lR/2§\z\§2R |0: | ().

For the last term, we have

As < Nixaf) / (Oxa) 0 f ()2
< ON fl12 1951122 < CON2 I FI2s + 610111122
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Finally, putting together all the above estimates, we obtain

||vf||L2 < - =8)IV2 Iz + CONIV(u— kg7 + COIV(u — rp)lI7

2 dt
(4.23)
+ [0 @R + [ 0@ 9P
where c
(x) :==eC(0) + NﬁlR/zg\m\gm + C(6)(2)>R) 4+ C(6)N?(z) 2
and
PH(z) == o(x) — % +i+ N%lR/QS‘I‘SQR + [C(8) + CNR*™)(z)*“"®) — Nxg.

Step 3. Conclusion. We gather estimates (4.22), (4.23) and (4.18), and we get

3l G0l < [ {e@) + m@) - N

+ [mC(6) +mC(1L+ N +C)(1+nN?) +C

(1.24) tm [ @) VRGP - (1= DIV,

Ol Yk

1
—n <_ - 5) lu—rgllzs = m@=O)[VfI7.

—n (2 00) = Ze®) IV - )l = m (£ - €0 ) 195wl

Now we conclude as in Step 3 of the proof of Lemma 4.4. We choose first 6§ € (0,1) small enough,
next € € (0,1) small enough and then ; =7 = N3 and R = N in the above inequality. For any
a > —1/2, we obtain

Sl 0l < [(oh@) - Nxrh P+ m [ (k@) - Nxe) (917

+al| V135 + anllu — wpl3a + am V2112
tam |V~ wp) 3 + am |92~ wg) 32,

(4.25)

where
o (2) == @(2)+CN 3 +CN g9 |p)<or+H(CHCN T +CN 3 HCNZH) (2) 2R L ON ) =2
and

ox () = ¢(z) + Clpg/a<ja|<2r + (C + CN? ) (2)2=R) + O (z) 2
have the same asymptotic behaviour as ¢(x) when |z| — oo and are decreasing as a function of
N. Picking N large enough such that

on(x) — Nxr(z) <a, VazeR?
we deduce from (4 25) that, for some constant K > 0,

(1.26) ST I, < all(f )l - K921, + V%~ sp)l2)
We first conclude that B, is a-hypo-dissipative in Y. Moreover, using the interpolation inequality
lgliZ: < Cligllmzllgll 2.

it follows from (4.26) that

d
%Ew,u)n; < all(f, )l = Kl (f,0)]l3:

By standard arguments, we get the estimate
1S5 () (f, w)lly < Ct=2e||(f,0)]x,

(f, )%
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concluding the proof. O

Proof of Proposition 4.3. The domain D(A.) of the operator A, : D(A;) C X — X is given by

D(AE) = Hl? n Li,O n Liad X H2 N Liad
and we recall that X = Li,o NL2,,;x L2 ,andY = Hl N Li,o NL2,,x H' NL?, , (see equations
(4.9) and (4.19)). We define a family of interpolation spaces
XM= HlfnmLi,OmL?ﬂad XH2nmL72"ada ne [051]5

so that X® = X, X' = D(A.) and X'/2 = Y. Thanks to classical interpolation results we have
Y = X1/2 ¢ D(A?) for any 1 € [0,1/2), see [23, 25, 28]. Now we fix some 7 € (0,1/2) and we have
Y CcD(A?) C X.

Recalling the results from Lemma 4.4, Lemma 4.5, Lemma 4.6 and (4.11) we have, for any
a>-1/2,

Sp.(t) : X = X, with [[S5.(t)]lzx) < Ce™,

Sp.(t):Y =Y, with |Ss. (t)”gg(y) < Ceat,

Sp.(t): X =Y, with [Sg.(t)|axy) < Ct™ /e,
moreover A € Z(X)NA(Y) and

ASs.(1): X Y, with [|ASs, (8)] a0y < CEY2 e
First, from the previous estimates, we immediately obtain, for any a > —1/2,
(4.27) V>0, |Sp. * (ASE.) (1)l ax) < Ce.
Moreover, from [18, Lemma 2.17] there exists n € N such that
1(ASB.)* ™ ()| ax vy < Ce™,

which together with the fact Sz, (t) : D(AZ?) — D(AZ) with [|Sp. (t)||zmaz)) < Ce™ (by interpo-
lation of the same results in X and Y), yield

(4.28) 155, * (ASB.) "™ ()] mx,p(azy) < Ce™.

Gathering that last estimate with (4.27), we can apply [28, Theorem 2.1] which yields, for some
r* >0,

Y(Ae)NA, C B(0,7*) on X.

From the previous estimates together with the fact that A € #(X, L, x L{ ), we also obtain
(429) | IS8 0O gy et <
0

where Y :=Y N (L, x L ;) C X with compact embedding. Hence, thanks to (4.27)-(4.28)-
(4.29), we are able to apply [28, Theorem 3.1] that implies

SA)NA, CEy(As) on X,

and that concludes the proof. (|
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4.3. Localization of the spectrum for the linearized operator in a radially symmetric
setting. We recall that we consider a radially symmetric setting and we have already defined the
space X in (4.9). We establish in this subsection the following localization of the spectrum of A..

Theorem 4.7. There exists €* > 0 such that in X there holds
SA)NA_3=0 forany €€ (0,e%).
As a consequence, there exists C' such that
1Sa. )l zx) < Ce™/3 V>0, Ve € (0,€7).

The difficulty is that A, is not a perturbation of some fixed operator A and we cannot apply
directly the perturbation theory developed in [27, 36]. However, we are able to identify the limit
of Ra, as € — 0 which is enough to conclude.

We introduce the notations

Af = Af—i—V(%xf—fVVs), Bu := —V(Ge: Vu)

Cu:=Au, Du:= %x -Vu,

so that the linearized equation writes
(4.30) O0«f = Af + Bu, Ou = é(Cu + f) + Du.
The important point is that at a very formal level, the limit system (as ¢ — 0) is the linearized
parabolic-elliptic system
(4.31) O f = Aof + Bou, Cu=—f,
where )

Aof = Af 4+ V(§ xf—fVV), Bou:=-V(GVu),
with G and V defined in (4.1), which simplifies into a single equation
(4.32) Ohf = (Ao + Bo(—C) ™M) f = Qf.

Observe that the last equation is nothing but the linearized equation associated to parabolic-
elliptic Keller-Segel equation which has been studied in [8, 9, 14] and for which it has been proved
therein that the associated semigroup is exponentially stable in several weighted Lebesgue spaces.
In the sequel we explain why the linearized parabolic-parabolic system inherits that exponential
stability at least for € > 0 small enough.

We recall the following result which is an immediate consequence of [9, Section 6.1] and [14,
Theorem 4.3].

Theorem 4.8. There exists a constant C such that
Vt>0,Vhe L, [e”hlz <Ce'|hllz,

hence it follows
Ra € H(A_1; B(X1)) and then Z(Q)NA_; =0,
where Xy = L2,,N Li,o is defined in (4.9).

In order to formalize the link between the linearized parabolic-parabolic equation and the lin-
earized parabolic-elliptic equation, we write the linearized parabolic-parabolic system (4.30) into

the matrix form
d f\ S . A B
alh)=n() (A din)

For the analysis of the spectrum of A, for any z € C, we denote

Ag(z):AE—zz((CL Z)
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with
a=A(z)=A—2 b=B, c:=¢ ', d:i=e'C+D(), D(z)=D -z
One can readily verify that for z € C such that d = d(z) and its Schur’s complement
se =5.(2):=a—bd"'c=A—B(C+eD)!

are invertible, the resolvent of A, is given by

-1 —s~1pd—1 RAE RAE
R =80 = (5 g D ) = ().
e —dles;t dl 4 dtesTtbd ! Ry Rbs
Then, at least formally, we see that

(4.33) R (2)—>( _07%?7(55(2) 8 )

e—0
Indeed, on the one hand, we have
Ry =s7'={A—z—B(E'C+D—-2)"tetr}!
={A—2-B(C+eD —ez)" '} — (Ao - ByC™1 —2)7! = Ra(2).
E—r
and
Ry =—dles ' =—('C+D—2)"te ' {A—2—B(C+eD—ez)"'} 7}
= —(C+4eD—cz) " H{A—2—B(C+¢e(D—2)" '}t
—— —C Ay — BoC™' —2)7 = —C7'Ra(2).
e—0
In the same way, we have
R = —s7d ' = —e{A—2— B(C+eD —¢e2) '} 'B(C+eD —ez)?
as well as
Ros =d ' +d tes™tbd™!
=e(C+eD—cez) ' +e(C+eD—ez) {A—2—-B(C+eD —e2) '} 'B(C +eD —ez)™,
and then both last terms vanish in the limit ¢ — 0.

In fact, we will not try to prove that convergence (4.33) rigorously holds, but we will just prove
the following result. We define, for a given p > 0,

O, :=A_1,3NB(0,p).
Proposition 4.9. For any p > 0, there exists £, > 0 such that in X there holds
Ra. € H(Op; B(X))  for any € € (0,¢}).
Before proving Proposition 4.9 we establish some estimates on the terms involved in Ry, .

Lemma 4.10. Define
5(z) := B(C +¢eD(2)) Y (=D(z))C™".
For any p > 0, there exists €}, > 0 such that

sup sup |[|3(2)]zx,) < C.
2€0, e€(0,¢3)

Proof of Lemma 4.10. On the one hand, from Lemma B.1 and Lemma B.2 we have

—-D(z)C™ ! L;O NnL2,,— L?

rad

is bounded uniformly for z € O,. More precisely, for f € Li,o we write
f:f0+f1+f27 fl:)\l‘FZuZ:lu27
where we define the coefficients \; € R by

/\1—/000f(7“)7"27"d7", /\2—/000f(7“)7"47"d7",
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and the functions F; by

1 1 1 1
Fi(r) = <—§r4 + ZTQ — g) 677«2/2, Fy(r) = <—r4 ——r? 4 —) 67T2/2,

so that it holds
/ Fi(r) (1,72, 7Y rdr = (0,1,0), / Fy(r) (1,72, v rdr = (0,0,1),
0 0
and hence fj € Li75.
We may then solve the equation
Cu=Au=f, wuradially symmetric, u'(0)=u'(c0) =0,

by writing
w=ug+u +uz, Au;=f;, u;(0)=ui(c0)=0,

where u;, 1 = 1,2, is defined by the relation
rui(r) = / ofi(o)do,
0

so that (r)|u}| < C, |Ju| < Clog(1 + (r)), and ug € L?,, N L%, Vug € L? is the unique solution
to the above Poisson equation as given by Lemma B.1 and Lemma B.2. As a consequence, gg :=
D(2)ug € L3, and g; == ru} + zu; satisfy the estimates g;e~"/2 € L* for i = 1,2. Thanks to
Lemmas C.1 and C.2 and using the notation of Appendix C, we have v; := L_'g; which satisfy
lvoll graprz < C ||90||L§,1= while for ¢ = 1,2, v; satisfy the estimates

lvg €™ A0 oo 4 (o e DT oo < Ol gs 77/ .
Finally, we solve the equation w; := Bwv;, which means
1
w; = G:Av; + VG, - Vo, = G (v’ + - vi) +r Gl

and the previous estimates together with the bound (4.2) yield w = wo +wy +ws € Li,o NLZ,, =
Xi. O

Lemma 4.11. With the above notation, for any p > 0, there exists C, such that

(4.34) sup [[d7 ()]l z(x) < Cp-
z€0,

Proof of Lemma 4.11. Consider the equation
1
(4.35) d(z)v=c"1Av + 3% Vv —zv=u,
for z € A, N B(0, p). Multiplying the equation by v and the conjugated equation by v, we find

s (L S
(4.36) E/|VU|+(2+%62)/|U| = —5 [vi-5 [Tu

l[ullz2 llvll 2,

IN

and then
1
(5 +Rez) lollz2 < llull 2,
which is nothing but (4.34). O

Lemma 4.12. With the above notations, for any p > 0, there exists Cy.q,, > 0 such that

(4.37) sup b ()llans x1) < g VE = 0.
z€0,
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Proof of Lemma 4.12. Consider the equation (4.35) again. Coming back to (4.36), we have

(4.38) [VollL2 < l[ull L2

_c

% + Rez

Next, multiplying the equation (4.35) by - Vo and the conjugated equation by z - Vv, we find
/ |z - Vo|* = /(u —zv)(z - VO) + (u — 20)(z - Vv),

which in turn implies
- V|2 < Ca,p-
Coming back to (4.35) and together with (4.38), we have proved

(4.39) [Av][L2 + [[Vo] L2 < Carvellul e
We then immediately conclude to (4.37). O
Lemma 4.13. With the above notations, for any p > 0, there exists Cy , > 0 such that
(4.40) sup [led ™! (2)l| (1, x2) < Chop-
2€0,
Proof of Lemma 4.13. 'We just have to use appendix B. O

Proof of Proposition 4.9. We split the proof into four steps.
Step 1. We prove that

(4.41) Vee (0,e5) Rif =s-' € H(OyB(X1)).
We write
5-(2) = A(z) = BC™! — [B(C 4+ eD(2))"! — BC™'] =: 50(2) — £3(2),
and then
se(2) = Q(2) = [s0(2) — Q(2)] — €5(2),
with

s0(2) = A(z) = BC™', Q(2) =Q—2= Ag(2) — BoC™', 3(2):= B(C+eD(2)) " (=D(2))C~ 1.
We remark that
s0(2) = Q(z) = 50— Q= -V(V(V. = V)) = V((G: - G)V(A™!))
does not depend on z, and thanks to Corollary 4.2, we easily get
[so = Qllz(vi,x1) <nle) with n(e) > 0ase =0,

where we recall that Y; = H N Li,o N L2, is defined in (4.19). Moreover, using Lemma 4.10, we
get,

sup sup ||8]|zx,) < C,
2€0, e€(0,e3)

from which we deduce, for any 2z € O, and € € (0,¢}), the bound
l[se(2) = Q2) | (v x1) < 1(e) + Ce.
Then, arguing as is [36, Lemma 2.16], the operator
Te(2) i= (=1)"(sc — QRa(2) (AuRF (2))"

satisfies
1Te(2)zx) <n'(e) Yz2€0, 1n'(e) =0 as e =0,

RB: RE: A 0
Rp —=: 11 12 —.
5 (Rff R%)’A <0 0)

where
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and the integer n is defined in the proof of Proposition 4.3. As a consequence, the operators
I+ 7.(z) and s.(z) are invertible for any z € O,, and furthermore

Rif(2) = se(2) ' = U(2) 1+ To(2) 7Y,

where
n—1
Us(2) = Y (1R (2) (AR (2)) + (=1)"Ra(2) (AnRE ()™
=0

We immediately conclude to (4.41), because ()N A, = 0 on X;, and |[|[Ro(2)||zx,) < C for any
z € O, from Theorem 4.8.

Step 2. We have
(4.42) Vee (0,e)) Ris = —s'bd " € H(Op B(X2, X1)),

as an immediate consequence of Lemmas 4.10 and 4.12.
Step 3. We also have

(4.43) Vee (0,e]) Rpyp=—d 'es;t € H(Op B(X1, X2)),

as a consequence of Lemmas 4.10 and 4.13.
Step 4. We finally have

(4.44) Vee (0,e5) Rps=d ' +d les;'bd! € H(O,; B(Xa)),
as an immediate consequence of Step 1 together with Lemmas 4.12 and 4.13. O

Proof of Theorem 4.7. The proof is a consequence of Proposition 4.3, Proposition 4.9 and Theo-
rem 4.8 together with [28, Theorem 2.1]. O

5. NONLINEAR EXPONENTIAL STABILITY OF SELF-SIMILAR SOLUTIONS
5.1. Linear stability in higher-order norms. Define the space
(5.1) Z:=171x2Zy, Zy:=HyNL{,NL? Zy:= H*N L2

rad> rad>

associated to the norm

(5.2) (£ wlZ = 1wl + [V2ulZ..

We shall prove that the same linear stability estimate in X established in Theorem 4.7 also
holds in Z, as stated in the following result.

Proposition 5.1. There ezists €* > 0 such that there holds in Z
SA)NA_3=0, Vee(0,e).
As a consequence we have
1Sa. (D)l z(2) < Ce '3, Vt>0,Vee (0,e).
Before proving Proposition 5.1, we state and prove an auxiliary technical result.

Lemma 5.2. (1) A€ B(Z).
(2) There exist N, R large enough such that the operator B, is a-hypo-dissipative in Z, i.e.

198, (W)l () < Ce®, Vit >0.
Moreover, we have the following estimate

S8, ()| mx,2) < Ct ' e™, Vt>0.
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Proof. Point (1) is straightforward from (4.11) and we omit the proof. For proving point (2), we
consider a solution (f,u) to the equation 9;(f,u) = B.(f,u). First of all, observe that the norm
| - |z is equivalent to

(5:3) 1(f;w)]

for any 7o > 0. We write

7. = I(f Wi, + mll V2 (u = kp)lZ2,

1 1
O (0iju) = EA(@‘J‘(U = Kf)) +Oijut g V(9iju),

and then we compute
335 [ ot =) = [0yt )0 (010~ 1))

:/&j(u—ﬂf)l (01 /&J — Ky)0iu

/8” — Ky 3: V(05 (u —Ky)) /8” u—/qj)lx V(0ijkf)

/aw K£)0ijk * (O f)

=: By +---+ Bs.

We estimate each term separately. We easily obtain
1
By = == [[V{0i(u = £ )}Ze,
moreover
By < O||V2(u— f)ll72 + ClIVullZ2 < CIV?(u— kp)l|72 + ClIfll72,
by integration by parts Bs < 0 and also
By < C|V2(u— ¢)ll2 + ClIVPk * fll72 < CIV(u — kp)|I22 + CVfI72

For the last term we get

/ 0= k)0 { ] + 5V (af) = TUVV) = V(G50 - Nlf]}
=: Bs1 + -+ + Bss.
We have
By < C(0)[|V?(u — kg)ll72 + OV £l
and
Bz < ClIV*(u— rp) 32 + ClIV2k 5 V(@2 < CIV?(u— rp)l2 + CIVFI22 + Ol 120
Moreover, using that VV_, AV, € L*>°, we get
Bss < C|[V*(u — kp)l|72 + C|V2k * V(FVVL)|[7
< CIV2(u—rp)|2 + CIV(FVVL) 2
< CIV(u - k)2 + CIV 2 + CUF I,
and arguing as above with G¢, VG, € L*, we also obtain
Bss < C|[V2(u — #)|[22 + Cl[V2k % V(G V) 22
< OV (u = rp) |22 + CIIV(G. V)22
< CIIV2(u = kg |22 + CIV2ull3z + C[Vul 2
< CIV(u—rp)lize + Cl I,
where we recall that ¢ € (3,k) is fixed in Lemma 4.4. For the last term, we easily obtain

Bss < C||V*(u = #p)|I72 + ClIINXrIfIIIZ: < ClIVZ(u— kp)[[72 + CN| £l 22
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All the above estimates yield

LIV = A < IV = )R+ COIT s~ w1
+ CIUf I + ON?f I + CIV I3 + 6192 F .

(5.4)
Putting together that last equation with (4.24), we get

L)l
N _ _
S/{go(x)+771€C(5)+’lthlR/QSmSQR+7710(5)N2<$> 2k+7720N2<$> 2k

+InOE) + MmO+ N?) + CE)(1 +7N) + Oy + maCla e — Nyn } £2(z)*

1 N _
+771/{Sp(x)_5+6+C§1R/2S\1\S2R+[C(é)+CRg T (@ a) 2k

0@ 4 RO 0D — Nxa IV )
1
2 1 2 2
= 0 (- 0) = wsle = (16— 20) 9212,
— (200 - L0)) 19 - wmpl - (- 0) - 2o IV - wl

1
SV — )l

We can now conclude exactly as in the proof of Lemma 4.4 and Lemma 4.6, and we obtain that
for any a > —1/2,

1d
(5.5) 571G wlz < al(fw)llz. = KAV £l + 1V = sp)l1Z2),

for some constant K > 0, from which B is a-hypo-dissipative in Z.
From (5.5) and the interpolation inequalities

4/3 2/3
A3 < CUF Nz 1Lz, Tl < Cllullys Il
it follows that
1d
§E||(fau)|2z* <al|(f,u)|%

We obtain by standard arguments

1S5 () (f. w)llz < Ct=F e ||(f,u)]x,
which concludes the proof. ([

— K||(f )%

(f )l

Proof of Proposition 5.1. From Lemma 4.4, Lemma 4.5, Lemma 5.2 and [18, Lemma 2.17], it
follows that there is n € N such that

1(ASB.)™ ()|l z(x,z) < Ce®

Then the proof of the linear stability result in Z is a consequence of last estimate, Lemma 5.2,
Theorem 4.7 and the “extension theorem” [26, Theorem 1.1]. O

5.2. Dissipative norm. We define the new norm

ICFwlZ =l (fwlZ + /000 18, (7)(f w)l|Z dr
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for some n > 0. Thanks to Proposition 5.1, the norm || - |||z is equivalent to || - ||z for any n > 0.
Moreover, considering a solution (f,u) to the linearized equation 0;(f,u) = Ac(f,u), we obtain
from Proposition 5.1, Lemma 5.2 and arguing as in [18, 14], that

d
(5.6) ZNF w7 < =K wllz - KAV + 1Vullz:} = =Kl wl,
for n > 0 small enough and some constant K > 0.

5.3. The nonlinear problem : Proof of theorem 1.4. We focus now on the nonlinear parabolic-
parabolic Keller-Segel system (1.15)-(1.16) in self-similar variables and we prove Theorem 1.4.
Consider a solution (g,v) to (1.15)-(1.16) and define f := g — G. and u := v — V;, which satisfy

Of=Mq1(f,u)— V- (fVu)
Ou = Ac2(f,u),

together with the initial condition (f,u)|;—o = (fo,u0) := (go,v0) — (G, V) € Z.

(5.7)

We split the proof into three parts.

5.3.1. A priori estimate.

Lemma 5.3. The solution (ft,u:) to (5.7) satisfies, at least formally, the following differential

iequality
d

(5.8) priLe wllz < (K +ClI(fwllz) 1(f )%

where || - || 5 is defined in (5.6).

Proof of Lemma 5.3. Because
ICF % = 117 + llulle,
and denoting Q(f,u) = (=V - (fVu),0), we obtain from (5.7) that,

3 IOl =0l At ) + [ TS SO ) dr
0l QU ) + [ SO0 SR ) dr =+ I

For the first (linear) term, we have already obtained in (5.6) that

B=nl(fu) Ao} + [ (SO0, ST ) dr

< K {0l + IV 12 + 973} = ~K (A w2
For the second (nonlinear) term, we use the linear stability in Z from Proposition 5.1 to obtain
= ({0, Q) + [ (S u) SO w) dr
<t wllz QU wlz + [ IOl ISEQU Wl

<nll(f, W)z 1Q(f; w)llz + C/O e[|(f, w)llz e |Q(f, w)llz dr
< OIS Wiz QM w2z

Now, we have to compute

QU W% = 1=V (fYu), 0|1 = IV - (fVu)Zz + IV (fV)ll,.
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We split V- (fVu) = fAu+ V- Vu and compute
If AulZ; = /f2|AU|2<iL’>% < C|V2ullZe [(2)* Il
< CIV2ull2 I£172 < ClIE)lZ I, w)lIZ,
where we have used the embedding H?(R?) — L°(R?). Moreover, we have
V5 Vully = [ IV5PVul 0 < CIvuli~ 19513

< Cllulls 194133 < CI(. 0l 1012
Furthermore, we have
Va0, <€ [ LI +C [ 95Vl
< CITulle ) 11 + Ol ) 12 T2l
< CITula 171 + N2z 17 g [Vl [ 923
<l

where we have used the Gagliardo-Niremberg-Sobolev inequality ||h||%4(R2) < Olh|| 2wy [ VR L2 (R2)-
For the last term, we have

IV V3 < [[DIPT2PE + 0 [ 1922 up
< Cl @)V FIIZa (IV2ullfs + ClIVullie V2 £1172
< Clf ez ez 1Vull 2 VPl Ze + Cllulls [1V2£113
< Cll(f, w3
Finally, gathering the above estimates, the solution (f,u) of (5.7) verifies
d
T Ewllz < =Kl + Clwllz ()l < (K +ClIwll2) 1wl
which concludes the proof. g

5.3.2. Regularity. We prove that starting close enough to the self-similar profile, the solution to
the Keller-Segel equation (1.1) satisfies some strong and uniform in time estimates.

Proposition 5.4. There is 6 > 0 such that, if |||(fo,wo)||z < 9, there exists a solution (f,u) €
C([0,00); Z) to (5.7) (and thus to the Keller-Segel equation (1.1)) that verifies

(5.9) ve>0, I/ w)Ol% + %/ I(f,w)()]1 dr < 26°.
0

Proof of Proposition 5.4. At least formally, taking § := K/(2C) in (5.8), we see that t — [||(f, w)(®)|| z
is decreasing if [|( fo, u0)||z < d, and then the a priori estimate (5.9) immediately follows from (5.8).
We refer to [18, Theorem 5.3] for a completely rigorous proof based on an iterative scheme. (I

5.3.3. Sharp exponential convergence to the equilibrium. We now complete the proof of Theorem 1.4
following [18]. Applying Lemma 5.3 to the solution (f,u) constructed above and using the estimate
(5.9), we obtain

%Ill(f, wllz < (=K + ClI(fw)ll2) 1wl
< (K + @) [(fu)llf < (=K +C'8) ¢ |I(£wlZ-

If § > 0 is small enough so that —K + C’§? < —K/2, this differential inequality implies the
exponential decay

(£ ) (Bl < e 5l (fo, o)l
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Finally, we can recover the optimal decay rate O(e®) of the linearized semigroup in Proposition 5.1
by performing a bootstrap argument as in [18, Proof of Theorem 5.3], and that concludes the proof.

APPENDIX A. ORLICZ SPACE, INTERPOLATION AND A CONVEX FUNCTION

We describe here some classical and technical results on Orlicz spaces and interpolation spaces.
We then apply these results to the function & — £2(log&)? used during the proof of Lemma 2.7.

A.1. Basic notions. We recall some basic notions of the theory of Orlicz spaces, and we refer to
[24, 34] for more details. We say that a function ® : R* — R* is a N-function if it is continuous,
convex, ®(t) > 0 for any ¢ > 0 and satisfies

o(t)

P(t
limﬁz(), lim — =
t—0 t t—oo

For such a function ®, we define the Orlicz space Lg by
fe€Ls < 3IXA>0such that /<I><§> < 00,

and we endow L, with the Luxembourg norm

IfllLe :==inf{\ >0 : /<I> ({) <1}.

Moreover, when ® satisfies the following As-condition,
Je,s>0, Vi>s, @(2t) <cd(t),
we have

Ifllz, <00 & VA>0,/¢(_)<OO.

A.2. Interpolation. We state an interpolation result on Orlicz spaces from [35] (see also [20] and
the references therein) which is used in Lemma 2.7.

Theorem A.1. Consider an N-function ® such that

. sP(s) sP’(s)
1< f <
SPEE0as) S o)
Then the Orlicz space Lg is an interpolation space between LP and L?. In other words, if U : L™ —
L™ is bounded for r = p,q, then U : L — Lo is bounded.

< g < o0.

A.3. The function s — s2(logs)?. With the notation of the proof of Lemma 2.7, we define
®(s) := s%(log s)?, as well as ®* the conjugate function of ® by

®*(t) = sup{ts — ®(s)} Vit >0.

We show below that there exists a constant C' > 0 such that

(A.1) *(t) < Ct*(logt) 2.

In order to prove such a claim, we first observe that, for any ¢ > 0, the above supremum is
reached at some unique point s; € (0, 00), which is implicitly given by the equation ¢t = ®'(s;). In

particular, s, — oo when ¢t — oo (because @' is increasing and bijective from R onto R¥ ) so that
there exists t* > 0 such that s; > e for any t > t*. For t > t*, we have

4s1(logss)? >t = @' (s) = 2s¢(log s¢)? + 257 (log 5¢)% > 2s4(log 5¢)?.
We then compute
t 2St (10g St)Q
(logt)? ™ (log[4s¢(log s¢)%])

S
S St
2
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for t > t**, t** large enough. We conclude that
2
(log)?

for any t > t**. We then easily conclude to (A.1) by observing that ®*(¢) = 4¢2 for ¢ small enough.

(I)*(t) = tSt — (I)(St) S 2

APPENDIX B. ESTIMATES ON THE SOLUTIONS TO THE POISSON EQUATION

In this section, we give some technical (and we believe standard) estimates on the solutions to
the Poisson equation in R? that are useful in the paper. We introduce the notations

1 =z

1
K(z) = o log |z|, K(z):=Vk(z) = 3 TP

and
Kpi=hrx*xf, Kp=K=xf,
so that there holds
kp € C*(R?), |ky| <C(1+log(x)), —Ary=f.
Lemma B.1. For any integer j > 1 and real number k > j + 2, there exists Cy ; such that

(B.1) I fllze.

Proof of Lemma B.1. Consider f € L? j» SO that fe Cg“ and 8?f(0) = 0 for any |o| < j thanks
to the moments condition. For a multi-index o € N2, |a| < j — 1, we may thus write the Taylor
expansion

< Crjllfllee Yfeli

1

1
05O = [ (1= DRz s 167 s

In Fourier variables the Laplace equation writes |£[247(€) = f(€), and then for a multi-index

a € N?
02 f |2
2 a2
7 |k 0 .
[l B = [roes = [ S
All together, we have

) Di—1i 12 A
Jraroossp < [ S [ sup 1077 jpp ag
B

b IR b,
<IfIBs +CIfIE,,, < CIFIZ

where we have used [|gll;1 < Cllgllz2 for r > 1 with g = (z)7*!f in the last line, which gives
k> j+2. 0

Lemma B.2. For any integer j > 0 and real number k > j + 2, there exists Cy ; such that
fHLi Vf € Li,]

Proof of Lemma B.2. The proof is similar to Lemma B.1. In the case j = 0 for instance, we write
in Fourier variables |£|?& (&) = f(£), we observe that

£12
1wk = [1epiase = [

and we use the moments conditions to conclude. O

(B.2) 1K * fllrz < Crjl
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APPENDIX C. ESTIMATES ON THE ¢~ 'd OPERATOR
With the notations of Section 4.3, we consider the equation
(C.1) Lew:=c tdu= Au+ %x-Vu—azu:f
with z € A_y /5.

Lemma C.1. For any f € Li,m k>2,z€ A_y, there exists a solution u € H? to the equation
Leu = f and there exists a constant C' (which does not depend on € >0 and z € A_;5\{0}) such
that

I9ullz2 + | Aul ez < C I flzs.

Proof of Lemma C.1. Multiplying equation (C.1) by 4 and A% and its conjugate by v and Au, we
find

(C.2) /|Vu|2—|—5 4 Rez) /|u|2 /fu+fu)
and

(C.3) /|Au|2+(a§Rez)/|Vu|2 /fAu+ /fAu
Writing

1
+/0 Vu(zs) (x —y)ds, zs:=y+s(y—x),

we have

~(un+ [ . / V) (2~ g)dsdy, {u)r = /| o

From the above equation (C.2) and the moment condition, we obtain

/|Vu|2 < /R2/01 / f(@)Vu(zs) - (z — y) dsdydz
< /R/O/ @) (@)% |z — y[? dsdyda
E/RZ /1/2 /01 |vu(sx+(1—s)y)|2dy}ds<;%
/B(O 1)/1/2 [ Vusr+ (1= sy )P d} dsdy
< ALt LR e

1/2 ds ,
Vu dz
/R2 / T [ Ivut)

« bds
+— d / — Vu(z)|? dz,
2{/B(o,l) y} 1/2 52 R2| =)l
[rva <c [ i
R2

by choosing £ = k — 1 and a > 0 small enough. From (C.3), we have

and we deduce that

9
|Aule < SIVallfs + 1l Aulzz,
2

and we conclude the proof thanks to the above estimate on ||Vu||2 and Young’s inequality. O
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Lemma C.2. There erists a constant C such that for any e € (0,1), any z € A_1/5 and any
radially symmetric function f the equation
Leu=f, w radially symmetric, u(0) ='(0) =0,
has a unique solution which furthermore satisfies
(C.4) lu e CHEDT ) o -l e HFEDT o < O I 772

Proof of Lemma C.2. We may write the equation as

(C.5) u”+(%+er) u 4ezu=f, Vr>0,
with the additional boundary conditions u(0) = u’(0) = 0. Defining U := |u|? + |u’|?, we have
U = wt +u'a+u'a" +u"a
< 201 +elz) ful [u'] - (% +er) [u'] + 2] |f]
< @Fel)U+IfP
from which we immediately get (C.4) thanks to Gronwall’s lemma. O
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