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UNIQUENESS AND LONG TIME ASYMPTOTIC FOR THE
PARABOLIC-PARABOLIC KELLER-SEGEL EQUATION

K. CARRAPATOSO, S. MISCHLER

ABSTRACT. The present paper deals with the parabolic-parabolic Keller-Segel equation in the
plane in the general framework of weak (or “free energy”) solutions associated to an initial datum
with finite mass M < 8, finite second log-moment and finite entropy. The aim of the paper is
twofold:

(1) We prove the uniqueness of the “free energy” solution. The proof uses a DiPerna-Lions
renormalizing argument which makes possible to get the “optimal regularity” as well as an
estimate of the difference of two possible solutions in the critical L*/3 Lebesgue norm similarly
as for the 2d vorticity Navier-Stokes equation.

(2) We prove a radially symmetric and polynomial weighted L? exponential stability of the
self-similar profile in the quasi parabolic-elliptic regime. The proof is based on a (singular)
perturbation argument which takes advantage of the exponential stability of the self-similar
profile for the parabolic-elliptic Keller-Segel equation as established in [9, 14].
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The Patlak-Keller-Segel (PKS) system for chemotaxis describes the collective motion of cells
that are attracted by a chemical substance that they are able to emit ([31, 21]). In this paper we
are concerned with the parabolic-parabolic PKS model in the plane which takes the form

(1.1)

of = Af—=V(fVu) in (0,00) x R?
O = Au+f—au in (0,00) x R?,

which is complemented with an initial condition

(1.2)

f(0,)=fo>0 and wu(0,-)=wug>0 in R

Here t > 0 is the time variable, x € R? is the space variable, f = f(t,x) > 0 stands for the mass
density of cells while v = u(t,z) > 0 is the chemo-attractant concentration and € > 0, « > 0
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2 K. CARRAPATOSO, S. MISCHLER

are constants. We refer to [7] and the references quoted therein for biological motivation and
mathematical introduction.

The fundamental identities are that any solution to the Keller-Segel equation (1.1) satisfies at
least formally the conservation of mass

(1.3 M) = (f(t) = () = M. with (o) = [ gla) s

and the free energy-dissipation of the free energy identity

t
(1.4) F(t) +/ Dx(s)ds = Fo,

0
where the free energy F(t) = F(f(t),u(t)), Fo = F(fo,uo) is defined by

(1.5) F=F(f,u) :—/ flogfdx—/ fudx—l—l/ |Vu|2da:+g/ u?dx,
R2 R2 2 Jpe 2 Jr2

and the dissipation of free energy by
1
(1.6) Dr =Dr(f,u):= / f|V(og f) — Vu|? dz + g/ |Au+ f — aul*dz.
R2 R2

Following [7], throughout this paper, we shall assume that the initial data fo and ug satisfy
fo(1+1log(z)*) € L'(R?) and  folog fo € L'(R?);
(1.7) up € H*(R*) if a >0 or wug€ L'Y(R?), Vug € L*(R?) if a = 0;
fouo € L'(R?),

where here and below we define the weight function (z) := (1 + |z|?)'/2. We also make the
important restriction of subcritical mass hypothesis

M := (fo) € (0,8),

because a suitable global existence theory is available in that case (see [7, 27]) and that there
exists blow up (not global in time) solution when M > 87 (see [19, 29, 28] and the discussion in
[27, 1. Introduction]). We also refer to [4, 12] where a global existence theory is developed in the
possible supercritical case M > 0 and the condition that ¢ is large enough (which corresponds to
a case where the nonlinearity in (1.1) is small).

As in [7], we consider the following definition of weak solution.

Definition 1.1. For any initial datum (fo,uo) satisfying (1.7) with M < 8, we say that the
couple (f,u) of nonnegative functions satisfying

f € L>0,T; LY(R?) N C([0,T); D' (R?)), VT € (0,00),

u € L>(0,T; H'(R?)) if a > 0;
u€ L®(0,T; LY(R?)) and Vu e L>®(0,T;L*(R?)) ifa=0;
fu € L>(0,T; L*(R?))

(1.8)

is a weak solution to the Keller-Segel equation associated to the initial condition (fo,uo) whenever
(f,u) satisfies the mass conservation (1.3), the bound

T
(1.9) sup F(t) + sup f log(z)? dz + / Dr(t)dt < Cp,
[0,7] [0,7] JR2 0

as well as the Keller-Segel system of equations (1.1)-(1.2) in the distributional sense, namely
T
(1.10) fo(z) p(0,2)dx = / / f {(Vm(log f) = Vau) - Vi — Btgo} dx dt
R2 0 Jr2
T

(1.11) E/R? ug(z) (0, 2)dx = /0 Rz{u (=AY + arp — edp) — f(t,x)} dadt
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for any T > 0 and p,v € C2([0,T) x R?).

It is worth emphasizing that thanks to the Cauchy-Schwarz inequality, we have
/ fIVa(log f) — Vu|de < M2 DY?,
R2

and the RHS of (1.10) is then well defined thanks to (1.3) and (1.9).

This framework is well adapted for a global existence theory in the subcritical mass case.

Theorem 1.2. ([7, Theorem 1]) For any initial datum (fo,uo) satisfying (1.7) and M < 8w
there exists at least one weak solution in the sense of Definition 1.1 to the Keller-Segel equation
(1.1)-(1.2).

Our first main result establishes that this framework is also well adapted for the well-posedness
issue.

Theorem 1.3. For any initial datum (fo,uo) satisfying (1.7) with M < 8 there exists at most
one weak solution in the sense of Definition 1.1 to the Keller-Segel equation (1.1)-(1.2). This one
is furthermore a classical solution in the sense that

(1.12) fru € C2((0,00) x R?)
and satisfies the accurate small time estimate
(1.13) Vqe[4/3,2),  t7a|f(t)|ee =0 as t—0.

Finally, the free energy-dissipation of the free energy identity (1.4) holds.

Theorem 1.3 improves the uniqueness result proved in [11] in the class of solutions f € C([0,T7;
LY(R?)) N L*°((0,T) x R?) which can be built under the additional assumption f, € L*(R?)
(see also [17] where a uniqueness result is established for a related model and the recent works
[15, 4, 12] where the well-posedness is proved in some particular regimes). Our proof follows a
strategy introduced in [16] for the 2D viscous vortex model and generalize a similar result obtained
in [14] for the parabolic-elliptic model (which corresponds to the case ¢ = 0). It is based on a
DiPerna-Lions renormalization process (see [13]) which makes possible to get the optimal regularity
of solutions for small time (1.13) and then to follow the uniqueness argument introduced by Ben-
Artzi for the 2D viscous vortex model (see [2, 6]). It is worth emphasizing that such an argument
is also related to Kato’s works on the Navier-Stokes equation (see e.g. [20]).

From now on in this introduction, we definitively restrict ourself to the case o = 0 and we focus
on the long time asymptotic of the solutions. For that last purpose it is convenient to work with
self-similar variables. We introduce the rescaled functions g and v defined by

(1.14) flt,x) = R(t)_Qg(log R(t),R(t)_lsc), u(t,z) := v(log R(t),R(t)_la:),

with R(t) := (1 +t)'/2. For these new unknowns, the rescaled parabolic-parabolic Keller-Segel
system reads

(1.15) Btg:Ag—l—V(%:vg—ng) in (0,00) x R?
(1.16) aatvav—l—g—i—%x-Vv in (0,00) x R%

We are interested in self-similar solutions to the Keller-Segel parabolic-parabolic equation (1.1),
that is solutions which write as

1
ft,x) = ?GE(W)’ u(t,z) = Vs(m)
with

(1.17) f(t,z)de = / G:(y)dy =M € (0,87).
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Such a couple of functions (f,u) is a solution to (1.1) if and only if the associated “self-similar
profile” (G.,V;) satisfies the elliptic system

1
(1.18) AGE—V(GEVVE—?IGE):O in R?,
AVE+%:E-VVE+G5:O in R?

and thus corresponds to a stationary solution to the rescaled parabolic-parabolic Keller-Segel sys-
tem (1.15). It is known that for any € € (0,1/2) and any M € (0, 87) there exists a unique solution
(G, VZ) to (1.18) such that the mass of G, equals M which is furthermore radially symmetric and
smooth (say C?(R?)), see [30, 3, 12].

Our second main result concerns the exponential nonlinear stability of the self-similar profile
for any given mass M € (0,87) under the strong restriction of radial symmetry and closeness to
the parabolic-elliptic regime. We define the norm

g, o)l = llgllmy + llollz2, k> 7,

where the weighted Lebesgue space L (R?) for 1 < p < oo, k > 0, is defined by
LY(R?) := {f € Lie(R®); [|fllzy == If (@)*|lzs < o0},
and higher-order Sobolev spaces W,f’p (R2) are defined by the norm
e = S ) 0% 1

laf<e

Theorem 1.4. For any given mass M € (0,87), there exist e* > 0 and §* > 0 such that for any
e € (0,e*) and any initial datum (go,vo) satisfying

(g0, v0) — (G, Vo)l < 6%, /godx:/ G. dv = M,
R2 R2

the associated solution (g,v) to (1.15)-(1.16) satisfies
(g (t),v(t)) = (G, Vo)l < Cae™ Va € (-1/2,00), ¥t >0,
for some constant Cy, = Cy(go, vo).

That result extends to the parabolic-parabolic Keller-Segel equations similar results known on
the parabolic-elliptic Keller-Segel equation, see [14]. To our knowledge, Theorem 1.4 is the first
exponential stability result for the system (1.1) even under the two strong restrictions of radial
symmetry and quasi parabolic-elliptic regime (we mean € > 0 small). However, we refer again to
the recent work [12, Section 4] where some results of convergence (without rate) of some solutions to
the associated self-similar profile are established. We also refer to that work for further discussion
and additional references.

Let us end the introduction by describing the plan of the paper. In Section 2 we present
some functional inequalities which will be useful in the sequel of the paper and we establish
several a posteriori bounds satisfied by any weak solution. Section 3 is dedicated to the proof
of the uniqueness result stated in Theorem 1.3. In Section 4 we prove the exponential stability
of the linearized problem associated to (1.15)-(1.16). Finally, in Section 5 we prove the long-time
behaviour result as stated in Theorem 1.4.

Acknowledgments. We thank J.-Y. Chemin, J. Dolbeault, I. Gallagher, G. Jankowiak and O.
Kavian for fruitful discussions and for having pointed out some interesting references related to
our work. The research leading to this paper was (partially) funded by the French ” ANR, blanche”
project Kibord: ANR-13-BS01-0004. K.C. is supported by the Fondation Mathématique Jacques
Hadamard.
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2. LOCAL IN TIME A PRIORI AND A POSTERIORI ESTIMATES

2.1. A priori estimates. In this short paragraph, we follow [7] and we explain how to obtain the
basic estimates which lead to the notion of weak solution as presented in Definition 1.1. We first
observe that the following space logarithmic moment control holds true

;lt f(=logH)dx = /RQfV(logf—us(logH)d:z:
< éD]:(f u)—l—i/ f|Viog H|? dx
= 3 TS5 Js ’
where
H(x):= L and then |Vleg H(z)| < 2,
™ ()

which together with (1.4) imply that the modified free energy functional

Fug=F(f,u)— | flogH
R2
satisfies
(2.1) if (t) + 1D ()< M
' ag” T T TN =
On the one hand, introducing the Laplace kernel ro(z) := —% log |z| and the Bessel kernel

Ka(z) = 1= [o t L exp(—|z|?/(4t) — at) dt for o > 0, so that & = Us := kq * f is a solution to the
Laplace type equation
—Ati=f—ou in R?

and introducing as well the chemical energy and the modified entropy

=5 [+ 5 [ = [ gu Hath)= [ prostr/m

one can easily show (see e.g. [7, Lemma 2.2])

(22) Falf0) = Har () + Falfwa) + 5 [ IV@= 0P+ § [0
and
2.3 Fulfita) = =3 [ [ 1) F6) ol =) oy

On the other hand, we know from the classical logarithmic Hardy-Littlewood Sobolev inequality
(see e.g. [1, 10]) or its generalization for the Bessel kernel (see [7, Lemma 4.2]) that

(2.4) V>0, / f(x)log f(x)dx — //]1&2 , Y) Koz — y) dedy
/R2 f(z)log H(z) dx > —C1 (M),

where here and below C;(M) denotes a positive constant which only depends on the mass M.
Then from (2.2), (2.3) and (2.4) together with the very classical functional inequality (see e.g.
[7, Lemma 2.4])

(2.5) HE = () = [ Sos s < Haa() - 7 [ Flogta)? + G201,

one immediately obtains for M < 8

Falfow) = (0= gomu(h+ g (man =57 [ [ £ 10 sala =) doy)

> Cs(M)}H(f)+C4(M)/f10g<w>2 = C5(M).



6 K. CARRAPATOSO, S. MISCHLER

One concludes that under the assumption (1.7) on the initial datum, the identity (1.3) and the
inequality (2.1) provide a convenient family of a priori estimates in order to define weak solutions,
namely

1 t
(26) CaM) W (F(0) + i) [ FOlosa)? + 5 [ Dr(f(5)uls))ds <
0
< Fu(0) + Cs(M) + M t,
and one remarks that the RHS term is finite under assumption (1.7) on (fo,uo), because

Fir(0) = F(fo. up) - / folog H

= F(fo,u0) + Mlogm + 2/f0 log(z)? < +o0.

It is worth emphasizing that in order to get the bounds announced in Definition 1.1 in the case
a > 0 one may use the inequality

(2.7) Fu > Cs(M) / |Vu|* + C7(M)a/u2 + CS(M)/fu — Cy(M)(1 +1/a)
which is established in [7, (3.5)].

2.2. Local in time a posteriori estimates. We start by presenting some elementary functional
inequalities which will be of main importance in the sequel. The two first estimates are picked up
from [16, Lemma 3.2] but are probably classical and the third one is a variant of the Gagliardo-
Niremberg-Sobolev inequality.

Lemma 2.1. For any 0 < f € L*(R?) with finite mass M and finite Fisher information

2
=1 = [ EL

r2 [
there holds
(2.8) Vpel,00), |fllrrme) <CpMYPI(f)I-1/P,
(2.9) Vael,2), [[Vflpame) < CqMYVaTV21(f)321/a,
For any 0 < f € LY(R?) with finite mass M, there holds
(2.10) Vpe[2,00) [fllrrire <Cp M/ (e +1) Hv(fp/2)”i/2(p+l)'

We refer to [16, Lemma 3.2] and [14, Lemma 2.1] for a proof.

The proof of (1.12) in Theorem 1.3 is split in several steps that we present as some intermediate
autonomous a posteriori bounds.

Proposition 2.2. For any weak solution, we have

I(f(t)) € L*0,T), VYT >0.
Proof of Proposition 2.2. We write
(211) Dr(f) 2 1(f)+2 [ £ A

Then by Young’s inequality it follows
/fAu = /f(a(?tu—f—i-ozu)
—(1+a/2 +£/2)/f2 — 5/2/(5tu)2 - a/2/u2.

The second and third terms belong to L'(0,7") from (1.9), so we only need to estimate the first
one.

Y
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For any A > 1, using the Cauchy-Schwarz inequality and the inequality (2.8) for p = 3, we have

/f2 1p>a /flsz v /f3)1/2
(] ) )

from what we deduce for A = A(M,H™T) large enough, and more precisely taking A such that
logA=16H C3 M(1 + a/2+¢/2)?,

IN

IN

(2.12) /f2 104 < CY% M2 % 1) < &F o‘/24+ R
Denoting ®(u) = ¢ [(0u)*+ a [u? € L'(0,T) and putting together the last estimate with (2.11),
it follows
%I(f) < Dr+C /f21f§A + ®(u)
< Dr+2M exp(CHy M)+ P(u),
and we conclude thanks to (1.3)—(2.6). O

Remark 2.3. The logarithmic Hardy-Littlewood Sobolev inequality (2.4) in the supercritical case
M > 8 does not lead to a global estimate as for the subcritical case M € (0,8w). However,
introducing the function 4 := M H of mass M and the modified free energy

1
Far(fou) ::/ (f log(f /.4 —f+///)dx—/ fudz + —/ \Vul? dz + g/ w2da
R2 R2 2 Jr2 2 Jr2
one shows that any solution (f,u) to the Keller-Segel equation (1.1) formally satisfies

d ~

IN

_%Df(fau)+M

= _%I(f)_/fA“—i/(atu)QJrM

< —%I(f) /(Btu (1+e¢) /f2 /u + M,

where we have just used (2.1), the estimate (2.11) and the ones which follow at the beginning of
the proof of Proposition 2.2. We also observe that from (2.5) and (2.7), we may deduce

7—[+(f)+/|Vu|2+a/u2§K1f'M(f,u)+K2

where K;, i = 1,2, are constants which may depend on M > 0 and o > 0. Arguing then as in the
proof of Proposition 2.2, we easily get

SHutf) < =310 -5 @2+ a+afarar i an?

(K1 Fo(f,u)'/?
1(1OJ§A)1/2 I )}

K - K
+ 5 Fu(fw) + M (VA 0)

< _if(f) -2 /(f?tU)Q + K3 exp(Kq Far(f,u)) + K5

4
by making the appropriate choice log A = K’ ]}M(f, u) for A. This differential inequality provides a
local a priori estimate on the modified free energy which can be used in order to prove local existence
result for supercritical mass. Because we will prove in Theorem 1.8 that the above resulting bound
1s suitable in order to get the uniqueness of the solution, we can classically obtain the existence and
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uniqueness of mazimal solutions (in the weak sense of definition 1.1) (f,u) € C([0,T*); D'(R?) x
D' (R?)) such that

B T
sup Far(F(0)ult)) + [ {10) + Dr(F0).u(®)} it < 00 VT € (0,7°)
[0,T) 0

and the alternative

T.=+o0o or (T.<oo, Fau(f(t),u(t)) — oo ast — T%).

As an immediate consequence of Lemma 2.1 and Proposition 2.2, we have

Lemma 2.4. For any T > 0, any weak solution f satisfies

(2.13) f e /=00, T; LP(R?)), V¥ p e (1,00),
(2.14) Vf e L?/Gr=2(0,T; LP(R?)), Vpe|l,2),
(2.15) Au € L*(0,T; L*(R?)).

Proof of Lemma 2.4. The bound (2.13) is a direct consequence of (2.8) and Proposition 2.2. The
bound (2.14) is consequence of (2.9) and Proposition 2.2. The bound (2.15) is an immediate
consequence of the equation Au = edu + au — f and the fact that each term of the right-hand
side lies in L?(0,T; L?*(R?)) thanks to (2.13) and (1.9). O

Lemma 2.5. Any weak solution (f,u) satisfies

(2.16) / B(fe,) da:—l—/ / B (fs) |V fs|* dxds

< [ Bthdo+ [ JRCEART A RS

for any times 0 < to < t1 < oo and any renormalizing function S : R — R which is convex,
piecewise of class C* and such that

1B < C(1+Eog&)s), (BE) =B/ (§)+ =C(1+E) VEER.
Proof of Lemma 2.5. Consider a weak solution (f,u), we write
Of = Af —Vu-Vf - (Au) f,

and we split the proof into three steps.
Step 1. Continuity. Consider a mollifier sequence (p,) on R?, that is p,(z) := n?p(nx), 0 < p €
D(R?), [ p =1, and introduce the mollified function fJ* := f;*,p,. Clearly, f™ € C([0,T); L*(R?)).
Using (2.13) and (1.9), a variant of the commutation Lemma [13, Lemma II.1 and Remark 4] tells
us that
(2.17) hfr=Af"—Vu -V —(Au) f" 4+ 1",
with r™ = r{ + rjy given by

M= Vu V"= (Vu-Vf)*p, =0 in LY0,T;Li.(R?)),

M= (D)~ [(Au)f] % pn 0 in L0, T; L} (R?))
The important point here is that f € L?(0,T; L?(R?)) thanks to (2.13) and Vu € L?(0,T; W12(R?))

thanks to (2.15), hence the commutation lemma holds true.
As a consequence, the chain rule applied to the smooth function f™ reads

(2.18) QB(f") = AB(S™) = B"(f") IV F" P = Vu- VB(f") — (Au)f"B'(f*) + B'(f")r"

for any 8 € C1(R) N VVfofo (R) such that 8" is piecewise continuous and vanishes outside of a

compact set. Because the equation (2.17) with u fixed is linear, the difference f™F := fm — fk
satisfies (2.17) with 7 replaced by r™* := " — 7k — 0in L'(0,T; L}, (R?)) and then also (2.18)

loc
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(with again f™ and r" changed in f™* and r™*). For any non-negative function y € C2(R%) we
obtain

BUM@WIX = [ BUTHO) / B (S IVI ) X
R2 R2
‘ /om"%»w~v><+/o/ww<fnwk<s»—fnvk<s>a<fwsws>X
- /0 R2 Bl(fn)k(s))TMk(s)X-

In that last equation, we choose 3(£) = B1(€) where B4(€) = £2/2 for [€] < A, Ba(€) = A|€]— A?/2
for [¢] > A, and using |B1] < 1 and 37 > 0 it follows

[t o < [ aert oy [ [ s vy

L1t = st eiaue i [ [ e e

Since fo € L', we have f™*(0) — 0 in L'(R?) and we deduce from the previous inequality and
the following convergences: r™* — 0 in L'(0, T; Li, (R?)); S1(f™*)|Vu| — 0in L1(0,T; L}, (R?)),
because £1(€) < €], f~F — 0in L%(0, T, L2(R2)) by (2.13) with p =2 and Vu € LQ(O,T L?(R?))
by Definition 1.1; B1(f™*)|Aul — 0 in L'(0,T; L*(R?)), because Bi(&) < [£], f»* — 0 in
L2(0,T,L?(R?)) and Au € L?(0,T; L?*(R?)) by (2.15); and f™*3;(f™*)|Au| — 0in L1(0,T; L*(R?)),
because |B1| < 1, f* — 01in L2(0,T, L?(R?)) and Au € L?(0,T; L*(R?)); that

sup [ Bi(fMM(t ) x(2)dz — 0.

te[0,T] JR2 n,k—00

L (R?)) so that f* — f in
C([0,T}; L}, (R?)), YT > 0. Together with the convergence f* — f in C([0,00); D'(R?)) and the
bound (1.9), we deduce that f = f and

(2.19) fr— f in C(0,T); L*(R?)), VT >0.

Since y is arbitrary, we deduce that there exists f € C([0,00); L}

Step 2. Linear estimates. We come back to (2.18), which implies, for all 0 < to < t1, all y € C%(R?),

eo0) [ s [ punivaea= [ s [ sumvesy

t1 tl
/ (8™ — F18' (1)} Aus x + / U
to R2

to

Choosing 0 < x € C2(R?) and 3 € C'(R) N W;>>°(R) such that 8 is non-negative and vanishes

loc
outside of a compact set, and passing to the limit as n — oo, we get

[ 8) x+/ / B"(f) IV fs|2x</ B(f) x+/ /{ﬂ 1) = 18/ (f)} Aug x
(2.21)

ty
/ B(f.) Vu- Vx.
to R2

By approximating x = 1 by the sequence (xg) with xr(z) = x(z/R), 0 < x € D(R?), we see
that the last term in (2.21) vanishes and we get (2.16) in the limit R — oo for any renormalizing
function 8 with linear growth at infinity.

Step 3. Super-linear estimates. Finally, for any [ satisfying the growth condition as in the state-
ment of the Lemma, we just approximate 8 by an increasing sequence of smooth renormalizing
functions Sr with linear growth at infinity, and pass to the limit in (2.16) in order to conclude. [
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Lemma 2.6. For any weak solution f and anyp > 2, there exists a constant C' := C (M, Hg, M2(0), T, p)
such that

I
(222) LI +5 [ IV e de < Clreol,

Proof of Lemma 2.6. We define the renormalizing function g : Ry — Ry, K > 2, by
p—1

K
Bre(©) =& it €< K, Br(€) = e Clog€ if €2 K.

so that B is convex and piecewise of class C!, and moreover there holds
p—1

Br ()6 = Br (&) = (p—1) P ek + IK lesk,

and
Kr—11

k(&) =pp =) leax + — JK K
Thanks to Lemma 2.5, we may write

(f ) - /tI/ | (fp/2)|2 / / | |2
15} dx + Va s> drds
, K\Jt, s , 1 K , >K

t1 K
ﬂK(ftO)dx—(p—l)/ Au fP 1y deds — Auf1f>deds.
R2 to JR2 - log K to =

On the one hand, using the Gagliardo-Niremberg-Sobolev mequahty

/g4da:§0/ dex/ |Vg|? du,
R2 R2 R2

T = (p_l)/ |Au|fp1f§}<d$d8
R2
1/2
o= Dl8ules( [ | (7 7K da)
p »/ 1/2
< Claulis([ (FaKpds [ VG AKYRE )

we have

IN

1
< Claus [ B(f)dot o [ 190 e de
R2 R2

On the other hand, thanks to the Sobolev inequality (line 2) and the Cauchy-Schwarz inequality
(line 3), we have for K large enough

T m [ I8l sds < 4l (/ (F - K/22 da) "
< IK A / VU = K/l de =5 Sulse [ 96112
<l | f;%flpx/zd +2ing [T
< Clau. 5K<f>dx+2ip1%; (& Lvwnr Gy e [T,
< Clsuls [tndes o [ 19 fp/2>|21,<de+;f§;; [y can
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All together, we have proved that there holds for some numerical constant C'

t1

2
/ Br (fe,) de + = IV (f72)? 1< dads
R2 P Ji, JRr2

ty
< [ petrdesc [isu. [ o dras

We conclude to (2.22) by applying first the Gronwall lemma, using that ||Aul|3. € L*(0,T), and
passing next to the limit K — oo. O

Lemma 2.7. Any weak solution (f,u) satisfies
Orf, 00 f, 03 ., f,0ru, 0pu, 02, u € Cyp((0,T] x R?), VT >0,

so that it is a “classical solution” for positive time.

Proof of Lemma 2.7. For any time to € (0,7") and any exponent p € (1, 00), there exists ¢, € (0, %)
such that f(t,) € LP(R?) thanks to (2.13), from what we deduce using (2.22) on time interval
(ty,T') that

(2.23) f€L>®(ty, T; LP(R?*) and V,.f € L*((ty,T) x R?).
Since u satisfies the parabolic equation
edu — Au + au = f,

the maximal regularity of the heat equation in LP-spaces (see Theorem X.12 stated in [5] and the
quoted references) and the fact that

u(t) =Y *tw [+ Ve ¥z w0 and  Vu =T o f+ 7 2 Vo
where we denote 7% = e~ v, and similarly for I', v is the heat kernel given by
vi(z) == % exp (—%) € L*(0,T; L**(R?)), Vzi,20>1, 1/21+1/2z > 1,
and
Di(z) := Vyy(x) € L¥(0,T5 L%(R?)), Vs1,80 > 1, 1/s1+1/s2 > 3/2,

provide the bound

(2.24) u € L™ (to, T; LP(R?)), Vu € L™ (ty,T; LP(R?)), 0Opu, D*u € LP((ty,T) x R?),

for all ¢t € (0,7) and p € (1,00). Since now f satisfies the parabolic equation
ohf—Af=-Vu-Vf—(Au)f = Z

with Z € L*(to, T; LY(R?)) for all ty € (0,T) and all ¢ € [1,2) from (2.23) and (2.24), the same

maximal regularity of the heat equation in L%-spaces (with the choice s; = s = (4/3)7) implies
Vf e LP(ty,T; LP(R?)),Vp € [2,4),

and then Z € LP(to, T; LP(R?)), Vp € [2,4). By a bootstrap argument of the regularity property
of the heat equation we easily get

(2.25) f € L>®(ty, T; LP(R?)), Vf € L®(ty,T;LP(R?)), 0:f, D*f € LP((to,T) x R?),

for all t € (0,7) and p € (1,00). The Morrey inequality implies then f, Vf,u, Vu € C%%((ty, T) x
R?) for any 0 < a < 1, and any to > 0. Finally the classical Holderian regularity result for
the heat equation (see Theorem X.13 stated in [5] and the quoted references) implies first u €
C*((ty,T) x R?) and next f € C*%((tg,T) x R?), which concludes the proof. O

We prove now the free energy-dissipation of the free energy identity (1.4) in Theorem 1.3.
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Proof of the free energy identity in Theorem 1.3. We split the proof into two steps.

Step 1. We claim that the free energy functional F is Isc in the sense that for any sequence (fy,, u,,)
of nonnegative functions such that (f,) is bounded in L' N L!(log(x)?) with same mass M < 8,
(u,) is bounded in H' if @ > 0 or in L' N H' if @ = 0, (f,u,) is bounded in L' and such that
F(fn,un) < Aand (fn,u,) — (f,u) in D'(R?) x D'(R?), there holds

(2.26) 0<felL'nL'(log(x)?) and F(f,u) <liminf F(fn,un).
n—oo
Because of (2.5) and (2.6), we have H'(f,) < C and we may apply the Dunford-Pettis lemma

which implies that f,, — f weakly in L(R?).
We rewrite the free energy functional as

]:(fnuun) = H(fn) + Fa(fnuun)

with
H(fn) ::/fnlogfn and  Fo(fn,un) = /|Vun|2 /u —/fnun
Case o > 0. We denote u,, = ko * [, where rk,(2) = % OOO %e*% ot Jt is the Bessel kernel.

Since f, >0, fn € L' N Llog L and u,, € H' [7, Lemma 2.2] implies that i, € H' and also that
the functional F, (fn,u,) is finite and satisfies

_ 1 B o -
Fa(fnuun) - Fa(fnaun) = §||V(un - Un)”%g + §||un — UnH%Q
Hence we can write
1 1 - a B
F(fusttn) = H(F) = 5 [ [ aehfuwhiae = 9) + 519 = alfie + G llun — a2
= H(fn) + V(fn) +Ur(un — tpn) + Uz (i, — Ty,),

where the functionals f; and Us are defined through the third and fourth term respectively. We
clearly have that U; +Us is Isc for the weak H' convergence and # is Isc for the weak L' convergence,
so we investigate the functional V. For any € € (0,1) we split V = V. + R, as

v.0) = =5 [ [ 1@ fuwale = )11
@) =5 [[ 5@ falwrale = Ly

The Bessel kernel k, is a positive radial decreasing function with a singularity at the origin:
Ka(2) = —5=1log|z| + O(1) when |z| — 0. Hence V. is continuous for the weak L' convergence and
for the rest term we obtain, for any € € (0,1) and A > 1,

IR(g)] < O// Y)Ljo U‘<€+O// y)(oglz —y[)-Lzy|<c
< O// 1y)y<ag(y) iz U\<e+o// Lg@)>29 () Lja—y|<e

+ C// g(x)>)\g )(lOg |:E - yl) 1\1 y|<e + C// g(m)>)\g(y) 10g(|:10 - y|_1)1|x7y|§5

= CA/yg(y){/%edz}*C/yg(y){ / ) log g(a }
+CA/yg(y) {/Izlge(logIZI)dZ} +0/9(I>1g<m>>A/y{g(y) log g(y) + |2 — y| ™" ey <

< C MM —i—CM%/\)#—CM)\ 3/2+C (){H() + €},
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where we have used the convexity inequality uv < wlogu + €” for all w > 0, v € R and the
elementary inequality ulogu > —u'/? for all u € (0,1). Hence sup,, |R<(fn)] — 0 as ¢ — 0 and we
deduce that F is lsc.

Case o = 0. We define i, = ko(fn — MH) where H(z) = (z)~*/m and ko(z) = — 5= log|z] is the
Laplace kernel. Since 0 < f,, € L' N L' (log(x)?), H(f,) is finite, [(f — MH) = 0 and u,, € H*,
[7, Lemma 2.2] implies that @, € H' and also that the functional Fy(f, — M H,u,) is finite and
verifies )

Fo(fn— MH, uyp) — Fo(fn — MH, uy) = iHv(un - ﬂn)H%?

Now we argue as in the case a > 0. First we write

Flfurin) =5 = 5 [[ £a@) awrola o +M//fn Dol )
+ 519 unan—M/Hun——//H Doz~ )

The functional U; is lsc for the weak H' convergence and H is lsc for the weak L' convergence.
For V we just argue as in the preceding case o > 0. In the same way (even simpler) we conclude
that W is Isc for the weak L' convergence. Finally we conclude that F is lsc.

Step 2. Now, we easily deduce that the free energy identity (1.4) holds. Indeed, since (f,u) is
smooth for positive time, for any fixed ¢ > 0 and any given sequence (t,,) of positive real numbers
which decreases to 0, we clearly have

t

F(f(tn),ultn) = F(t)+ | Dr(f(s),u(s))ds.

t’Vl
Then, thanks to the Lebesgue convergence theorem, the lsc property of F and the fact that
f(tn) = fo and u(t,) — up weakly in D'(R?), we deduce from the above free energy identity for
positive time that

F(fo,uo) < hmmf]:(f( su(tn))

< lim {F(t) /pf §)ds} = Ft /Df uls)) ds.

n—oo

Together with the reverse inequality (1.9) we conclude to (1.4).

3. UNIQUENESS - PROOF OF THEOREM 1.3

In this section we prove the uniqueness part of Theorem 1.3. In order to do so we first prove
some estimates in Lemmas 3.1 and 3.2.

Lemma 3.1. Any weak solution f to the Keller-Segel equation satisfies that for any p € (1,00),
T € (0,00) there exists a constant K = K(fo,p,T) such that

(3.1) O, <K Vie (0,T).

Proof of Lemma 3.1. Recall that we already know that ||f|/z» € C*(0,T) for any p > 1 and
Ifllze € L (to,T) for any 0 < to < T and any p € [1,00]. We have then for p > 1

/ fPo= 41— 1/p) / V(P 4 (p— 1) / (1) / (Gru + ) f7
= T1+T2—|—T3.

Using the splitting f = min(f, A) + (f — 4)4, for some A > 0, and denoting h(u) := dyu + au €
L?(0,T; L*(R?)), we have

|T5| < C/ | ()] min(f, A)P + C/ |h(u)|(f — A)Y =: T51 + Ts.
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For the term T3; we have
T51| < CA”_I/Q/Ih(U)If < CAPTV2(||h(w)l|72 + M).

For Tss, using Gagliardo-Niremberg-Sobolev inequality [|g[|7. < C|lg[%2(|Vgl/2. with g = (f —
A)H /% it follows

L] <€ [ In(wI(s - A%,
1/2
< cnles ([ (- a22)

< Cllh(o)llz2 (/(f AP )1/2 (/|V f—A p/2|2)1/2

< Calln(wl3 [(F = A% +5 [ 1972 12

for any § > 0.
For the second term we have

wusc/mmMAV“+c/u—Aﬁﬂ

the first part is easily bounded by C AP M and for the second one, using (2.10) we obtain

Ju-apr<e(fu-an)([ivu-ae) < LB (i),

Gathering all the previous estimates and choosing § > 0 small enough and A big enough, it follows

d
G2 g [ [IV0HE+ bl [ 17+ O + b)),
Thanks to the following inequalities

—1 —
(AP P < Ol fIAP D11t and  (|FIEEL < ClUALL IV (FP/2)]13

we obtain from (3.2)

d p

Z X < -CX(O)7T + CHOX (1) + C(1L+ H(B),  te(0,T),
where we denote X (t) := ||f(¢)||7, and H(t) := ||h(u)||2.(t) € L*(0,T). By standard arguments
(see e.g. [7]) we conclude to (3.1). O

We (crucially) improve the preceding estimate by showing
Lemma 3.2. Any weak solution f to the Keller-Segel equation satisfies that for any p € [2,00)
—1
(3'3) tp2_p ”f(tv -)||L2P/(p+1) —0 ast—0.

Proof of Lemma 3.2. We now prove (3.3) from (3.1) and an interpolation argument. On the one
hand, we use Holder’s inequality in order to get

/f2p/(p+1) — /fp/(p+1) (log f>p/(p+l) fp/(p+1) (log f>p/(p+l)
p/(p . 1/(p+1)
(fraosn)”™ ([ o 00s51)

IN

or in other words

/(2p)
(34) | fll L2/ < C (/ 1P (log f>,p)1 p '
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On the other hand, we observe that

tp_l/fp<10gf>_” < ! 7 (log f)7 + 77! fP (log f)F

f<R >R
Rr! !
< tH—/ f+—/ 7
(log R)P J¢<p (log R)P J¢>p
p1 MRP! K
< +
(log R)? ~ (log R)?
M+ K
(logt~1)?
where we have used the mass conservation and the estimate (3.1) in the third line and we have
chosen R :=t~! in the last line. We conclude to (3.3) by gathering (3.4) and (3.5). O

We are now able to prove the uniqueness of solutions.

Proof of the uniqueness part in Theorem 1.3. We consider two weak solutions (f1,u1) and (f2, uz)
to the Keller-Segel equation (1.1) that we write in the mild form

fi(t) = e® £:(0) — / eB=IAY  (fi(s)Vui(s)) ds
0

= etAfi(O) - Ve(tfs)A(fi(s)Vui(s)) ds

S~

and

(s—a)e—(szd) Afi(U) do,

»
I
>
<
S
—~
(@)
S~—
_|_
™ | =
O\m
(9]
|
ol

ui(s) = e < %e"

from which we also obtain

/ e =0(=9)(Ve e M fi(o) do.
0

2(0) = wp, the difference F' := fy — f1 satisfies

!
—~
~
~—
Il
|
O\:’.
<
@

=
|
&
>
~—
|
—~
V)
~—
—
(’0‘
ol
»
@
™o
>
—
<
N
(=}
~—
—
——
QU
»

t s .
. _/ Teli-9)A {F(S) E/ e E=y U7 A gy () da]} ds
) 0 0
t S
_/ Velt—9)A {fl(s) [1/ e_%(S_U)Ve@AF(J) da]} ds
0 €Jo

For any t > 0, we define

; 11 1
Zy(t) == sup 5272 [|fi(s)| 2o, A(t):= sup s7[F(s)] L.
0<s<t Lr+l 0<s<t
We recall the explicit formula for the heat semigroup
1 |22
tA
=(t,- ta) = — —L
eCg =t )% g, (t,2) 4ﬂeXp( )

and the following inequalities that will be useful in the sequel
11 1
1K * gl < [|K]|zallgll e, st rth 1Sper<o

and
3

1 1_
Iyt Ml zaqee) < Cata™, IV )l nore) < Cgta™ 2.

We fix p > 2 and we shall compute the quantity ¢7 || - || 4/ for each term of (3.6).
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For the second term we compute

ds
L4/3

t
L) s < Claye) th /
0

Velt—s)A {F(s) /OS Ve Afa(o) da}

t
SCt%/ ||V€(tis)A||L4/3
0

ds
Ll

F(s) /0 Ve (S;U)Afg(a) do

(3.7)

N[

IN

¢ 3 8 (s—0)
Ct /(t—s)_ZHF(s)||L4/3/ Ve 528 £, (0 | 1+ do ds
0 0

IN

t s
o / (t =)~ F(s)] gasa / Ve =2 fa(0)]| o dods,
0 0

where we have used Young’s inequality for convolution in the second line and Holder’s inequality
in the third line. Now we can estimate the integral over do using Young’s inequality with 1/4+1 =

1/a+ (p+1)/(2p), ie. 1/a=3/4—1/(2p), by

r

(s—
Ve =
S

S
H 2p do

‘Lp+1

P Lo | fa (o)

(s—0o)
Ve Afz(g)HH dag/o
<C

/ (s — )i 53 o0 2p do
0

< CZz(s) sT4

since the last integral is bounded thanks to —% — ﬁ > —1 from p > 2.
Gathering last estimate with (3.7) it follows

t
RO < Ctt [ =95 IFG) o 22 ds
t
2 3.1 1
SCZp(t)A(t)/O(t—s) 1t1872ds

1 3 1
<czwaw [ -yt iay

< C Z2(t) A(t).

For the term I3 we compute

(s=9)
€

t s
Aol < 01t [ Hw“-sm{fl(s) [~ AF<a>da} s
0 0

14/3

ds

t
(39) < Oti / Hve(iffs)A”LM3
0 1

fl(s)/o Ve(S;U)AF(U) do

IN

Lp+T

t s
Ctt [ A6,z [ IV2F O s dods
0 0 P
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We compute the integral over do, we have

s (s=0) s (s—o)
[ 19 2F @) ey do < [ 1952 e [1F ()]s do
0 0

<C [ (=) FFF@)pus do
0
SC’A(S)/ (S—O’)_%_ﬁ o7 do
0

< CA(s) s,

since the last integral is bounded because p > 2. Putting together this estimate with (3.9) we
obtain

t
t4{3(8) ]| pars < Ct2 / (t=8)" 2 l/1(s)l] 2e Als)s™ 2 ds
0

Lp+1
(3.10)

sl

S

NG

gc%@A@/%—g%t
0
< CZ)(t) At).

For the term I; we compute

ds

1 1 i _s s
LTI (t)|| pass < C't4/0 HVe(t )A {F(s)esAVuo}’L4/3

t
(3.11) < Cti/ Vet Lasa || F(s)es™Vuol| . ds
0

efAVu()HM ds,

t
< ctz/O (t— 5y 4 |1F () oss |

where we have used Young’s and Hélder’s inequalities, respectively. Let K > 0 to be chosen later,
we estimate
(3.12) ||€§AVUQHL4 S He?AVuO 1{|Vuo\SK}||L4 + HegAVuo 1{|Vug\2K}||L4-
Using Young’s inequality we can write
s s 1 1/2
¥4V 1 vug <y s < 22211 Vto 1wyl < CKF [[Vuol|%.
For the second term in (3.12) we have (again by Young’s inequality)

s _1
€52 | pass || Vo Ljwug >3l 12 < Cs™7 (K)

=2 Vo 1 ug) >y 2o < |
where
(K) = ||[Vuo 1{|Vuo|2K}HL2 —0 as K — 4o0,
by the dominated convergence theorem. Putting together that last estimates in (3.12) and choosing

K = s~ 7 it follows

lesAVugl|ps < Cs Te(s) with e(s):=s% + p(s™1) — 0,
s—

from which, coming back to (3.11), we obtain

t
5| I, (8)]| pas < cti/ (t— )73 ||F(s)||pass s~ 7 €(s)ds
0

(3.13) <c ( sup e(s)) A(t) /Otti(t—s)% s ds

0<s<t

< () 30

0<s<t
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Gathering (3.8), (3.10) and (3.13) we conclude

1
A(t) < C | sup e(s)+ Zy(t) + Z2(t) | A(t) < = A(t)

0<s<t 2
for ¢t € (0,7), T > 0 small enough, which in turn implies A(t) =0 on [0,7'). We may then repeat

the argument for later times and conclude to the uniqueness of the solution. 0

4. SELF-SIMILAR SOLUTIONS AND LINEAR STABILITY

4.1. Convergence of the stationary solutions. First for a given mass M € (0,87) and a given
parameter ¢ € (0,1/2), we consider the associated self-similar profile solution (G.,V:) which is
the unique solution of the system of elliptic equations (1.17)-(1.18), as well as the unique positive
solutions (G, V) to the limit case € = 0 system of equations

1
(4.1) AG—V(GVV—E:EG):O in R?, Gdr = M,
R2
AV+G=0 in R~
It is worth emphasizing that (G, V) is the unique self-similar profile associated to the parabolic-
elliptic Keller-Segel equation, see [9, 14].

Lemma 4.1. There exists a constant C' such that for any ¢ € (0,1/4]

(4.2) 0< Gelz) < Celol*/4,
1
(4.3) sup (— + (2)) [VVe(z)| < C,
r€R2 |$|
and
(4.4) sup [AV: (2)] < C.
reR2

Proof of Lemma 4.1.

Step 1. The estimate (4.2) has been proved in [3]. More precisely it is a consequence of equations
(26) and (49) in [3], and

G(0)=0b, 0< M(eb) <4m min(2,D).
Here the parametrization of G is made in function of ¢ and b = G(0) instead of € and M because

this dependence is more tractable. Observe that the estimate above guarantees that the mass is
subcritical, i.e. M(g,b) < 8.

Step 2. Since V. and G. are radially symmetric functions the equation on V. writes

1 1
(4.5) 1/'8”—1—(——}—557“)1/;’—}—(?8:0 Vr >0,
r
where we abuse notations in writing Vz(r) = Vi(x), Ge(r) = G:(|z]), r = |z|. The function V;
is smooth and the equation is complemented with the boundary conditions V/(0) = V/(c0) = 0.
Defining w = (rV)?, we find
/
% 4 C :=sup G (r)3.

1
= —§5rw—G€VE/T2§C\/EW, Sup

As a consequence
r

< (O ___
Vw < C(1AT)?,
from which the inequality sup,[(z) |[VVz(z)|] < C of (4.3) follows. O

e
S

and then
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Step 3. We rewrite (4.5) as

1 1
—(VIr) =w:= -G — 557‘1/;_.’ € L™,

[ e

This completes the estimate (4.3) and coming back to (4.5) we also obtain

VI <,

which implies

V2 (r)r| = <Cr

which gives (4.4) and completes the proof.
Corollary 4.2. There hold

Ge = G in WP Vpe(1,00),
and

VVe = VV in LY, AV —- AV in L™

Proof of Corollary 4.2. Coming back to (1.18) and using Lemma 4.1 it follows, for any p € (1, 00),
that
LG. =VG. -VV.+GAV. € LP,

where L denotes the operator LG, := AG. —V - (%xGS). By elliptic regularity we obtain that G.
is uniformly bounded (with respect to € € (0,1/2)) in W2P.

Thanks to previous estimates and Lemma 4.1 there exists (G, V) and a subsequence (still denoted
as (G, V.)) such that G. — G, V. — V. We may pass to the limit (in the weak sense) in the
system of equations, and we find

_ 1. _ _
V'+-V'+G=0, V'(0)=V'(x)=0.
r
We conclude that (G, V) is a solution to the stationary equation (4.1) and complete the proof. [

4.2. Splitting structure for the linearized operator. The evolution equation in self-similar
variables writes (see (1.15) and (1.16))

1
Org = Ag+ V(529 —gVv),
2
(4.6) 1 1
Opv = E(Av—i—g)—i—ix-Vz},

and the associated linearized equation is given by

Of = Aro(fou) == Af+V(%xf _ YV — G V),
(4.7)
O =Moolfu) = 2 (Dut ) + 5 7V

which we also denote 0;(f,u) = Ac(f,u) = (A1,e(f,u), A2.c(f,u)). We restrict ourself to a radially
symmetric setting.

We introduce the Hilbert space
(4.8) X=X1xXo, X1:=L2yNLigCLy,, k>T7, Xo=L2

rad

associated to the norm
(4.9) ICF )% = If1172 + llullZe.
We now state a property of the spectrum of A, in X that is the main result of this subsection.

Proposition 4.3. There exist €*,r* > 0 such that in X
Ve e (0,e%) Y(A) NA_y 3 C Xa(A) N B(0,7").
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We define the bounded operator A by
(4.10) Ai(f,u) == Nxrlf]l = N(xrf — xa(xrf)), A2(f,u):=0,

for some constants N, R > 0 to be chosen later and a smooth non-negative radially symmetric
cut-off function xgr(x) := x(2z/R) with x =1 on By, Suppx C Bz and (x1) = 1. We can split
the operator A. = A+ B. and we shall investigate some properties of A4 and B, in the next lemmas
before proving Proposition 4.3.

Lemma 4.4. In the above splitting, we may choose N, and R, large enough in such a way that
for any N > N., R > R., the operator B. is a-hypo-dissipative in X for any a € (=1/2,0) in the
sense that

[958, ()|l mx) < Cae™ Vit >0,
for some constant Cy, > 0.

Proof of Lemma 4.4. First of all, thanks to Lemma A.1 we see that in X the norm of L? x L? is
equivalent to the norm defined by

(4.11) 1wl = 1713 +nllu = ssl3s,

for any fixed n > 0. We now consider the equation 9,(f,u) = B:(f,u) = Ac(f,u) — A(f,u) and
split the proof in several steps.

Step 1. First of all, we write the equation satisfied by f as

o f = Af—I—V( xf—fVV.—G.Vu)— Nxg[f]

Then we compute, using that (f) =0 and the notation x% = 1 — xr.,
2dt/fz /Aff )2k 4 /v (zf) f /v (FVVL) fla)2*
S ARADITEE / Nxlf1 (@)
(4.12)

_/v.m e N/fxl i i)

oa) = (A = o Ve + 1T (wlaf) = 5V (V™) + TV Vel ) (2)

= —%(k — 1)+ k(2k + 1/2)(x) 72 — k(2k — 2)(z)™* — %AVE + k(VV. - z){z) "2

Thanks to Lemma 4.1 we have (VV - 2){z) ™2 — 0 as |z| — oo and from (1.18) we have that

1 1 €

with G. — 0 as |z| — oo from (4.2) and |z - VV,| < Cy. from (4.3). It follows then

(4.13) o) = —l(k—l—sCVE/2).

For the third term in (4.12), for any § > 0, thanks to Holder’s inequality and using that G.(x) <
Ce121*/4 < C(z)= (see (4.2)), we get

/v (G-Vu) f /Vf Vu Ge (z)?F + /Gw V((z)*) f

<8IV Iz + CONVulz: + CllfI1Za
< |IV£IZ2 + CONV (= rp)lZ2 + COIFI72 + ClFIIZ:,
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for some ¢ € (3,k). For the fourth term, we have

—N/fm@¥waw3§NMﬂm

2k—£

X% (@)~ Nz 1 F1I72
< NR™CelIf132

We conclude this step by gathering the previous estimates to obtain

1d
572z <~ =OIVFIL: + COIV(w =)l

(4.14)
+ / {p(@) +(C(0) + O N R (@)=9) — Nxn(@) } 12(@)™.

Step 2. On the other hand, from the second equation in (4.7), we get
(4.15)

N | =
Sl

/(’u—ﬁf)2 = /(u—lif) {é(Au—i—f) + %:E-V(u—fif)—i— %ZC'Vﬁf —Bmf}

— 2 [P =5 [P+ [t {GaeTns o},

and we shall estimate the last integral. Since Ok = K * Oif, we write

/(u —Kf) {%x -Vky —8mf} = %/(u— k) {z- Vis}
~ [t wpyes {7+ 3¥an) VOV - VG0 - Nl

and we estimate each of these terms. It follows that

I ::%/(u—”f){I'V”f}:%/(u_“f){x'(lc*f)}

< 8ll(w—rp)lz> + CONKL £
< 8ll(u—rp)llZz + COIFIZz,

where we have used Lemma A.2 in the last line with 3 < £ < k since f € X; C L%)l. Moreover we
get

b:—/W—wMHAﬂ:/W—wH
<= g2 + CO) [ ]2

Arguing as for the term I; and using Lemma A.2, we also obtain (we denote here K = (K;)i=1.2
and use the convention of summation of repeated indices)

I3 = —%/(u— kp)kx V(zf) = —%/(u— k) ICi * (i f)
< Oll(u = rp)llZe + COSIT,

with 3 < ¢ < k. Furthermore, since fVV, € Liyo, we can apply Lemma A.2 with the same ¢ € (2, k)
and use that VV. € L to obtain

I, := /(u — k)R *V(fVVL) = /(u— Kf) Ko * (fO;Vz)
< 8ll(u— k)22 + COFIVLI2,
< 0ll(u—rp)lZ2 + COISIZ2-
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For the next term we get, using (A.2) since G.Vu € Lj ; and the bound G. € L}°,

I5 = /(u —Kkp)k* V(G:Vu) = /(u —ky) Ki % (G O7u)

< 8ll(u — k)3 + CO)K * (G V)3

< dll(u— )32 + CO) |G Va2,

< 8ll(u — 5p) |3 + CO) Va2

< dll(u— w )3 + OOV~ wp) 32 + COF]32-

For the last term and thanks to Lemma A.1
o= N [ (= np)es (ealfl} < € lu=rglin N elflli,
< Ollu = rgl[72 + CEON?fII72.

Putting together all the estimates of this step it follows
1d

1 1
(4.16) S Zllu—rslis < —(2 = CO) IV = rpllEs = (5 = 8)lu— sl + CEONIFIZ.

Step 3. Conclusion. Gathering (4.14)-(4.16), we obtain

- LATTAOIES g/{go(:v)—i- (14 NC) + o] —NXR(:E)} FiRCOs

1 1
— (5 = 8)llu— sl = L= O)IVSIZ: — (= = CO)) V(= k)72
Taking then first § € (0,1) small enough and next ¢ € (0,1) small enough, it follows that for
n=N"2and R= N we have

1d
sl Lol < [ {on(@) - Nxa@} 7P @ + al 9]
anlu— sl +an| V- sl

for any a > —1/2 and where @n (z) = p(z) +C(1+ N1+ N27¢)(2)2(*=k) has the same asymptotic
behavior as ¢(x) when |z| — oo and @ decreases as N increases. We can choose N large enough
such that

@¢n(z) — Nxr(z) <a, VaecR?

which yields that B. is a-hypo-dissipative for any a > —1/2. (]
We introduce the space
(4.18) Y:i=Y1xYs, Yii=H,NL{ NL, Y2:=H'NL,,

endowed with the norm
(4.19) I3 = 1 w)l% + IV 125 + (Va2
A consequence of the definition of the operator A in (4.10) is the following result.
Lemma 4.5. There hold A € A(X) and A€ B(Y).
Proof. The proof is straightforward so we omit it. O

Lemma 4.6. We can choose N and R large enough such that Be is a-hypo-dissipative in Y for
any a € (—1/2,0), i.e.
1S5, ()| vy < Ce™.
Moreover we also have
1S5, (D)l mx,y) < Ct /2 e,
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Proof. We introduce the following norm,
(4.20) (£l = I(Fw)lix, +ml VAT +mlViu—rp)lZe,
which is equivalent to (4.19) for any 7, > 0 thanks to Lemma A.2. Observe that
IVullg2 < IV (u—=rp)llee + Cll fllzz,
with the same ¢ € (2,k) of Lemma 4.4, and also that
IV2ullz2 < IV (u = sp)llze + IV25plle < [V (u = sp)llee + [1f] 22
Consider now the equation 9;(f,u) = B:(f,u) = Ac(f,u) — A(f,u).
Step 1. For i = 1,2, 0;u verifies

1 1 1 1
We have then

5 3510i0 = k2 = [ 0u(u = w7)0u{0r — duy)

/8 (u—rp)A{Oi(u—rKp)}+ = /8
/8 Yo - V{0i(u—ks)} + = /8 Yo - V{0iks}
—/@(u—nf)lci*(atf)

=T +Ty+T5+T,+Ts.

For the first term we easily get

T = V{0~ )3,
moreover for the second one we obtain
Ty < C|V(u—kip)lz> + ClIVullz> < CIV(u = kp)ll72 + ClfI1Zs-
We easily see that
Ty = — 50— wp)l3: <0,
and also that, for the fourth term,
Ty < C|V(u—rp)lZs + CIID*w¢ll72 < ClIV(u = rg)ll72 + ClLFIZ2.

For the last term 75 we use the equation satisfied by f to write

- [ostu= o {ar+ 59 - VYTV - V(G0 - N1}
=: T51 + T2 + Ts3 + T54 + Tss,
and we estimate each term. We have
T51 < C|IV(u = k)72 + CIIV 72
and
Ts2 < C|V(u—&p)lZ2 + ClIVZ (2 f)|22 < CIV(u—&7)[Z2 + C|l flI72-
Moreover, using that VV, € L> we get
Tya < ClIV(u— rp)|2 + O V25 5 (FVV.) 2
< OV (- k)2 + CIIVV
< OIV(u = rp)lz2 + ClflZs,
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and arguing as above with G- € L™ we also obtain

Tsa < OV (u = rp)lZ2 + ClIV2h (G V)72
< CIV(u—p)lLz + CllGVul L,
< CIV(u—rp)l7s + ClIVullZs
< CIV(u—rp)lzs + ClAZ:-

For the last term, using Lemma A.2 we have
T55 < OV (u — #ig)lIZ2 + CN?IK * xr[f]]17-
< OV (u—w)[3 + ON?| f%

Gathering previous estimates we finally obtain

(4.21)
1d

1
57 IV =rp)lZe < =21V (u = kp)lZe + CUL+ NI FITz + CUVIlZe + CIV(w = 5172,

Step 2. The equation satisfied by 0, f is
1
00 f) = Bea(0if, 0u) = 50if = V(fV(0iVe)) = V(9;GeVu) = N(9ixr)f + N{xrf)dixa,

hence it follows

d
5 10:1 13 = [ Bea(@is.0m) 008 @ = J10f1; — [ VUT@V)Oif (2 ~ [ V(0,6.5u)0uf ()
=N [@oxr)fouf @ + Nixad) [@oa)ouf (o)

:ZA1—|—A2+A3—|—A4—|—A5—|—A6.
Arguing as in Lemma 4.4 (step 1) we obtain for any § > 0,
A1 < =1 =8)IV(Oif)lI7z + CONIV(u — rp)lI7
+ [ {o@) +100) + O N RIY@2H - Nxw(o) s @)
Next we compute
Avi= [ 19070 V@nE* + [ 1901 Voo
< <CO)I 125 + 31V |22 +61VES |2,
using that AV, = =G, — (¢/2)z - VV, and Lemma 4.1. We also have
Ay = /aicgvu-waifx@% —i—/BiGgVu-V(@% o f
<COVuliz +olVFlzs +0lIV3FI
< OOV~ )l + CONFIE, +IVSIZ | +3IV2F1%,
and we easily get
As < g 2 2k g i) 2 2k
5 < NR 1g/o<|z|<2r [ ()" + NR 1R/2<|z|<2r [0i f | (2)™".
For the last term
Ap < N<XRf>/(3iX1)3if<I>%
SON | flle210if NIz < CON?|IflZ2 + dll0if117:-
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Finally, putting together the above estimates, we obtain
(4.22)

1d
S IV AR < (= 8)IVA 12 + COIV (= rp)l[3 + CO)IVA( — ) 3

+ [{e00)+ NG Lnjacican + COWHD + CONy > 110

1 c _ _
+ [{o0) = 540+ N dnciacan + 00) + VR0 = Ny | 1970

Step 3. Gathering previous estimates (4.21) and (4.22) together with (4.17) it follows that
(4 23)

5 dtH( u)ll3,
N 2 —2k
< {w(ﬂﬁ) +meC(0) + nlcﬁlRﬂg\z\gQR +mC(0)N*(z)

+InCO) + MmO+ N?) + CE)(1+aN) + C oo [0 — N b2 )

[ {ol0) = 5 +6+ O nachican +[C0) + O )04 4 Clay ™ = Ny 197 )

2
1
(=91 =0 (5= 6) Iu sl = ml1 - I

— (2= €0) - Le®) IV - )l —m (£ - €0)) 1950 = rp)l,

Now we conclude as in step 3 of the proof of Lemma 4.4. We choose first § € (0,1) small enough
and next ¢ € (O 1) small enough, then for 7 =7 = N~3 and R = N it follows

SN < [{eh@ - Nxrd 2@ +m [ (k) - N} V7P

+al| V135 + anllu — wpl3a + am |V
+am 1V (u— rp) 2 + am [[V2(u — w13,

2 dt
(4.24)

for any a > —1/2, where
o (2) = () +CN 3 +CN g p< |z <or+(CHCN T +CON P +ON> ) (@) >R L ON~Ha) ~2*
and

¥ (@) == @(x) + Clgjo<|zj<ar + (C + CN?*~ ()20 4 C(z)~2*

have the same asymptotic behaviour as p(z) when |z| — co and @', is decreasing as a function of
N. Hence picking N large enough such that

¢ (z) — Nxg(z) <a, VzeR?

we deduce that, for some constant K > 0,

1d
sl (Fwll. < al(fwlls, = KAVIL; + 1V = 5)l72),
from which B, is a-hypo-dissipative in Y. Moreover, using the interpolation inequality

(4.25)

gl < llgllmzllglcz
it follows from (4.25) that

SNl < all (7). — KU, w17 0) 152

hence by standard arguments we get the estimate
1S5, (&) (f,w)lly < Ct72 e (f,u)llx,
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concluding the proof. O

Proof of Proposition 4.3. The domain D(A.) of the operator A, : D(A;) C X — X is given by

D(A.)=H{NLYgN L2y x H*NLZ,,
and we recall that X = L} N L7, x L2, and Y = Hy N L} , N LZ,, x H' N L7, (see equations
(4.8) and (4.18)). We define a family of interpolation spaces
X"i= lenﬁLz,OﬁLzad XHQnmLiadu ne [071]7

so that X° = X, X! = D(A.) and X'/2 = Y. Thanks to classical interpolation results we have
Y = X/2 C D(A?) for any 1 € [0,1/2), see [22, 23, 26]. Now we fix some 7 € (0,1/2) and we have
Y Cc D(AT) C X.

Recalling the results from Lemma 4.4, Lemma 4.5, Lemma 4.6 and (4.10) we have, for any
a>—1/2,

Sp.(t): X — X, with ||SBE(t)||gg(X) < Ceat,

Sp.(t): Y =Y, with [|S5.(t)][zn) < Ce™,

Sp.(t): X =Y, with [|Ss. (1)l sxy) < Ot /% e,
moreover A € B(X)NA(Y) and

ASp.(t): X =Y, with [ ASs.(t)|zx.y) < Ct™ e
First of all, we already obtain from previous estimates that
(4.26) V20, IS5, * (AS5) ") (1)]mx) < C e,
Moreover, from [18, Lemma 2.17] there exists n € N such that
1(ASB.)*™ ()| #(x,v) < Ce™,

which together with the fact Sp,_(t) : D(A?) — D(AZ?) with [|Sp. (t)[| zn(az)) < Ce* (by interpo-
lation of the same results in X and Y'), yield

(4.27) 155, * (ASE.)*™ ()] @(x.pn) < Ce.

Gathering that last estimate with (4.26), we can apply [26, Theorem 2.1] which yields, for some
r* >0,

Y(A)NA, C B(0,7*) on X.

Now we define Y = H} N L ;N L2, x HI NL? ,CY. From previous estimates we also obtain

(4.28) | 1488 0l et <

where Y C X with compact embedding. Hence, thanks to (4.26)-(4.27)-(4.28), we are able to
apply [26, Theorem 3.1] that implies

SA)NA, CEg(As) on X,

and that concludes the proof. O
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4.3. Localization of the spectrum for the linearized operator in a radially symmetric
setting. We recall that we consider a radially symmetric setting and we have already defined the
space X in (4.8). We establish in this subsection the following localization of the spectrum of A..

Theorem 4.7. There exists €* > 0 such that in X there holds
S(A)NA_3=0 forany e (0,e).
As a consequence, there exists C' such that
1Sa. )l zx)y < Ce /3 Vi>0, Ve € (0,€%).

The difficulty is that A. is not a perturbation of some fixed operator A and we cannot apply
directly the perturbation theory developed in [25, 32]. However, we are able to identify the limit
of Ra. as € — 0 which is enough to conclude.

We introduce the notations

Af = Af—i—V(%xf—fVVs), Bu := —V(G: Vu)

Cu:=Au, Du:= %x -Vu,

so that the linearized equation writes
(4.29) o f = Af + Bu, O = é(C’u + f) + Du.
The important point is that at a very formal level, the limit system (as ¢ — 0) is the linearized
parabolic-elliptic system
(4.30) of=Aof+ Bou, Cu=—f,
where .

Aof = Af + V(§ xf—fVV), Bou:=-V(GVu),
with G and V defined in (4.1), which simplifies into a single equation
(4.31) Onf = (Ao + Bo(—C) ") f = QF.

Observe that the last equation is nothing but the linearized equation associated to parabolic-
elliptic Keller-Segel equation which has been studied in [8, 9, 14] and it has been proved therein
that the associated semigroup is exponentially stable in several weighted Lebesgue spaces. In the
sequel we explain why the linearized parabolic-parabolic system inherits that exponential stability
at least for ¢ > 0 small enough.

We recall the following result which is an immediate consequence of [9, Section 6.1] and [14,
Theorem 4.3].

Theorem 4.8. There exists a constant C such that
Vhe Li,o Hemh”Li < O€7t|\h|\L§7

hence it follows
Ra € H(A_1; B(X1)) and then Z(Q)NA_; =0.

In order to formalize the link between the linearized parabolic-parabolic equation and the lin-
earized parabolic-elliptic equation we write the linearized parabolic-parabolic system (4.29) into

the matrix form g ; ; A
B
(0 )2 () (Al )

In order to analysis the spectrum of A., for any z € C, we denote
a b
As(z)—As—z—<c d)

a=A(z)=A—2 b=B, c:=¢'I, d:=e'C+D(), D()=D -z

with
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One can readily verify that for z € C such that d = d(z) is invertible as well as its Schur’s
complement

se =5.(2):=a—bd 'c=A—B(C+eD)!
is invertible, the resolvent of A. is given by
-1 —1p 7—1 A A
_ -1 _ Se S bd . le ,R'125
Rac(2) = Ae(2)™ = ( —d7tes7t d7t+dtessthd ! > o < Rgf Ré‘g ’

Then at least formally, we see that

(4.32) Ra. (z)—>( B 07%?7(;3(2) 8 >

e—0
Indeed, on the one hand, we have
Ry =s'={A—z2-B'C+D—z)tetr} !
={A—2-B(C+eD—¢ez)"'}! — (Ao - BoCt—2)7t = Rg(2).

E—

and Ré‘f — d s = — (e O+ D= 2) e {A— 2~ B(C+eD —e2) 1)
= (C+eD—e2) " {A—2—-B(C +¢e(D—-2))"'}!
=0 —C7Y (4o = BoC™" = 2)7' = —C7'Ra(2).

In the same way, we have

R = —s7Wd ' = —e{A—2—B(C+¢eD—c2) "'}V 'B(C+eD —ez)7!
as well as
R =d ' +dtestbd™?
=e(CH+eD—ez2) ' +e(C+eD—e2) H{A—2—-B(C+eD —ez) '} 'B(C+eD —e2) !,
and then both last terms vanishes in the limit ¢ — 0.

In fact, we will not try to prove that convergence (4.32) rigorously holds, but we will just prove
the following result. We define
Op = A_1/3 n B(O, p)

Proposition 4.9. For any p > 0 there exists e, > 0 such that in X there holds
Ra. € H(Op; B(X))  for any € € (0,¢}).
Before proving Proposition 4.9 we establish some estimates on the terms involved in Ry, .

Lemma 4.10. Define
5(z) := B(C +¢eD(2)) Y (-=D(z))C™ .

For any p > 0, there exists €, > 0 such that

sup sup |[|5(2)[|zx,) < C.
2€0, e€(0,¢3)

Proof of Lemma 4.10. On the one hand, from Lemma A.1 and Lemma A.2 we have
(—D(z))C™": L%,o NLZq = Liga
is bounded uniformly for z € O,. More precisely, for f Li,o we write
f=lfo+ it fs fi=NFi, i=12,

where we define the coefficients by

Al_/ooof(r)r?rdr, /\2—/000f(r)7"47"d7",
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and the functions F; by

1 1 1 1
Fi(r) = <—§r4 + ZTQ — g) 677«2/2, Fy(r) = <—r4 ——r? 4 —) 67T2/2,

so that it holds
/ Fi(r) (1,72, 7Y rdr = (0,1,0), / Fy(r) (1,72, ) rdr = (0,0,1),
0 0
and hence fo € Lj 5.
We may solve the equation
Cu=Au=f, wuradially symmetric, u'(0)=u'(c0) =0,

by writing
u=ug+u +uz, Au;=f;, u,(0)=ui(c0)=0

where u;, 1 = 1,2, is defined by the relation
rug(r) = / ofi(o)do,
0

so that (r)luj| < C and |u] < Clog(l + (r)), and ug € L2, N L%, Vuy € L2 is the unique
solution to the above Poisson equation as given by Lemma A.1 and Lemma A.2. As a consequence,
go = D(2)ug € L3, and g; := ru} + zu; satisfy the estimates g; e~"/2 € L* for i = 1,2. Thanks
to Lemmas B.1 and B.2 and using the notation of appendix B, we have v; := LZ1g; which satisfy
llvoll grippe < C ||go||Li1 while v; satisfy the estimates, for i = 1,2,

lvg e~ CFEEDT o 4 [Jof e DT o < Ol gy 772 v
Finally we solve the equation w; := Bv; which means

1
w; = GeAv; + VGe - Vv, = Ge(v) + . v) +rGLy;

eV

then the previous estimates together with the bound (4.2) yield w = wo +wy +wp € L{ (N L2, =
X;. O

Lemma 4.11. With the above notations, for any p > 0, there exists C, such that
(4.33) sup [[d™(2)l|z(x,) < Cp
2€0,
Proof of Lemma 4.11. Consider the equation
(4.34) d(z)v=c"1Av + %x Vv —zv = u,
for z € A, N B(0, p). Multiplying the equation by v and the conjugated equation by v, we find

[ R
(4.35) €/|Vv|+(2+3‘ﬁez)/|v| = 5 | vi—g [ u

[ullz2 [0l 2

IN

and then
1
(5 +Rez) ollzs < fullse.

Lemma 4.12. With the above notations, for any p > 0, there exists Cyq,, > 0 such that

(4.36) sup (b ()lan x) < i VE = 0.
z€0,
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Proof of Lemma 4.12. Consider the equation (4.34) again. Coming back to (4.35), we have

(4.37) [Vol[L2 < l[ull 2

_c

% + Rez

Next, multiplying the equation (4.34) by z - Vv and the conjugated equation by z - Vv, we find
/ |z - Vo|? = /(u — zv)(z - Vo) + (@ — z0)(z - Vv)

which in turn implies
|z Vol|lrz < Cqr.
Coming back to (4.34) and together with (4.37), we have proved

(4.38) |Av 2 + [Volle < Capv/Elulze.
We then immediately conclude to (4.36). O
Lemma 4.13. With the above notations, for any p > 0, there exists Cy , > 0 such that
(4.39) sup lled™ ()| (x1,%2) < Chp-
z€0,
Proof of Lemma 4.13. We use appendix B. O

Proof of Proposition 4.9. We split the proof into four steps.
Step 1. We prove that

(4.40) Vee (0,e]) Rif =s' €H(O, B(X1)).
We write
5:(2) = A(z) = BO™' = [B(C + eD(2))"! — BC™1] =: 59(2) — €5(2)
and then
se(2) = Q(2) = [s0(2) — Q(2)] — £5(2)
with

s0(2) = A(z) = BC™', Q(2) =Q—2= Ag(2) — BoC™', 3(2):= B(C+eD(2)) " (=D(2))C~ .
Remark that
s0(2) = Q(2) = 50— = ~V(-V(Vz = V) = V((G. — G)V(A™1)
does not depend on z, and thanks to Corollary 4.2 we easily get
[so = Qllz(vi,x1) <nle) with n(e) = 0ase =0,
where we recall that Y, = H} N Li,o N L2, see (4.18). Moreover, using Lemma 4.10 we get that

rad’

sup  sup |[Sllz(x,) < C
2€0, c€(0,e3)

from which we deduce, for any z € O, and ¢ € (0,¢}),
l[s¢(2) = Q2) (v x1) < n(e) + Ce,
Then, arguing as is [32, Lemma 2.16], the operator
Te(2) i= (=1)"(sc — QRa(2) (AuRT ()",

satisfies
1Tz(2) | zx) <n'(e) YzeO,, 1n'()—0 as =0,

RB: RE: A 0
Ry —: 11 12 _. 11
5 (Rff R%)’ A < 0o o0)

and the integer n is defined in the proof of Proposition 4.3. As a consequence, the operators
I +7-(z) and s.(z) are invertible for any z € O, and furthermore

Rt (2) = s:(2) 7 = U(2) (1 + Te(2)

where
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where
Us(z) = D> (-1 RF; (2)(AnRT; (2)) + (—1)"Ra(2)(AnRE; ()"
j=0

We immediately conclude to (4.40) because ¥(Q2) N A, = 0 on X; and ||Ra(2)||s(x,) < C for any
z € O, from Theorem 4.8.

Step 2. We have

(4.41) Vee (0,e5) Ry = —s:'bd"" € H(Op; B(X2,X1))

as an immediate consequence of Lemmas 4.10 and 4.12.

Step 3. We also have

(4.42) Vee (0,e]) Ryf = —d 'es;t € H(Op; B(X1, X2))

as a consequence of Lemmas 4.10 and 4.13.

Step 4. We finally have

(4.43) Vee (0,e]) Rps=d ' +d 'es;'bd " € H(O,; B(Xa))

as an immediate consequence of Step 1 together with Lemmas 4.12 and 4.13. 0

Proof of Theorem 4.7. The proof is a consequence of Proposition 4.3, Proposition 4.9 and Theo-
rem 4.8 together with [26, Theorem 2.1]. O

5. NONLINEAR EXPONENTIAL STABILITY OF SELF-SIMILAR SOLUTIONS

5.1. Linear stability in higher-order norms. Define
1 2 2 2 2
(5.1) Z=Z1yX 2y, Zr:=HpyNLjoN L Z2:=H"NL,,

associated to the norm

(5.2) (£ wl% = 1wl + [V2ulZ..

We shall prove that the same linear stability estimate in X from Theorem 4.7 also holds in Z,
as stated in the following result.

Proposition 5.1. There exists €* > 0 such that there holds in Z
YA)NA_3=0, Vee(0,&").
As a consequence we have
[1Sa. ()| (z) < Ce™ 3, ¥t >0, Ve € (0,7).

Lemma 5.2. (1) A€ B(Z).
(2) There exist N, R large enough such that the operator B. is a-hypo-dissipative in Z, i.e.

1S5, ()| (z) < Ce®.
Moreover we have the following estimate
198, ()| #(x,2) < Ct~ " e

Proof. Point (1) is straightforward from (4.10) and we omit the proof. For point (2), consider the
equation 0y (f,u) = B.(f,u). First of all, observe that the norm || - ||z is equivalent to

(5:3) Il = [I(f, )

for any 12 > 0. We write

V. Tl VA (u = k)2

1 1
O (Oju) = EA(&-J- (u = ky)) + Oiju+ 5z - V(95u)
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and then we compute

335 [ ot = ) = [0uitu— )0 (010~ 1))
= /aij(“_“f)_ (03 /@J diju
/au Lo V(0 sp) /aw (1~ rig) gz - V(D)
/ Oy (1 — 1)y 55+ (90 f)
=: By +---+ Bs.

We easily obtain
1
By = ——[IV{9y(u = £)} e,

moreover
By < C|IV?(u = #¢)lI72 + CV?ull7 < ClIV(u = kg)l72 + ClfII72,
by integration by parts B3 < 0 and also
By < ClIV2(u— w3 + ClIVP = |2 < CIIV?(u = k) [32 + CIV £

For the last term we get

/ 03— k)= {AF 4 5V (af) = TUVV) - V(G50 - Nlf]}
=: Bs1 + -+ + Bss.
We have
Bs1 < C(8)[IV(u — ky)l 72 + 8 V2 £l
and
Bsz < C[|V2(u = s¢)l[72 + ClIVZk V(@ f)l[2 < CIIV(u = kp) 122 + CIV T2 + ClFIIZ-
Moreover, using that VV,, AV, € L™ we get
Bsy < ClIV*(u = k)72 + ClIVZEx V(fVVo) 72
< OV (u = rp)llZ: + CIV(FVVR)IIL:
< CIV(u—rp)ll7e + CIVEIZ: + ClAL,
and arguing as above with G, VG, € L™ we also obtain
Bsa < CIIV2(u — k)2 + C|[ V2 % V(G V) |2
< OV (u = kp)ll72 + CIV(G:Vu) |17
< CIIVE(u = kp)lI72 + ClIV?ul 22 + Ol Vul 2
< OV (u = sp)ll72 + CIFILs,
where we recall £ € (2, k) is the same as in Lemma 4.4. For the last term we easily obtain
Bss < O[|V?(u— kf)ll72 + CIINXRIANIZ: < CIVZ(u— rp)ll72 + CN?[| 72

All the above estimates yield

1d

(5.4) gV =)l < ——HV% — )32 + COV(u— k)32

+CIfNIZz + CN?FIZ2 + CIV L + 61V FIIZa-
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Putting together last equation with (4.23) we get
(5. 5)

=Nl
N 2/ \—2k 2/, \—2k
S/{80(17)+771€C(5)+7710§1R/2g\m\g2R+7710(5)N ()" + n2CN=(x)
+ C @) +mC(1 + N?) + CO)(1 +aN?) + Oy +mCl(w) ™9 — N £ ()

J(z)*H)

Rfl

1 N
+771/{sp(x)_5+6+C§1R/2S\z\§2R+[C(6)+C

0@ 4 RO — Ny VS )
1

Rfl

— (=091 =0 (5= ) Iu= sl = (16 - 26) 9211
1 771 T2 2 2
—n (— - cs) - Lo )) IV k)2 —mi (— - o) - 2 0<5>> 12— )12

— IV~ )l
We can now conclude exactly as in the proof of Lemma 4.4 and Lemma 4.6, and we obtain that
for any a > —1/2,

1d
57wz, < alltf )z, = KVAILz + V3 = £0)l72),

for some constant K > 0, from which B, is a-hypo-dissipative in Z.
From (5.6) and the interpolation inequalities

4/3 2/3
I S 0z 1Lz NalFee S Hlull sl 75

(5.6)

it follows that

7. — Kl wlx 1wl

SNl < al(f.w)
from which we obtain by standard arguments
IS5 (1) (f, )z < Ct=" e ||(f,u)]lx.
O

Proof of Proposition 5.1. From Lemma 4.4, Lemma 4.5, Lemma 5.2 and [18, Lemma 2.17] it follows
that there is n € N such that

1(ASB.)" (t)ll(x,2) < Ce™
Then the proof of the linear stability result in Z is a consequence of last estimate, Lemma 5.2,

Theorem 4.7 and the “extension theorem” [24, Theorem 1.1].
O

5.2. Dissipative norm. We define the new norm

ICF % =l (fwl% + /OOO 18, (7)(f w)l|Z dr

for some 7 > 0. Thanks to Proposition 5.1, the norm || - ||z is equivalent to || - ||z for any n > 0.
Moreover, considering the equation 9;(f,u) = A:(f,u) we obtain from Proposition 5.1, Lemma 5.2
and arguing as in [18, 14] that, for some 1 > 0 small enough, it holds

d
(5.7) ZNF w7 < =K wllz = KAV L + 1Vullz:} = =Kl w3,

for some constant K > 0.



34 K. CARRAPATOSO, S. MISCHLER

5.3. The nonlinear problem : Proof of theorem 1.4. We focus now on the nonlinear parabolic-
parabolic Keller-Segel system (1.15)-(1.16) in self-similar variables and we prove Theorem 1.4.
Consider (g,v) solution to (1.15)-(1.16) and define f := g — G, and u := v — V_, which satisfy

hf=Aca(fiu) =V - (fVu)
Oru = Aco(f,u),
together with the initial condition (f,u)|;.—o = (fo,u0) := (go,v0) — (Gk, Vz), that satisfies moreover
(g0, v0) — (Ge, Ve)llz < 6™
We split the proof into three parts.

(5.8)

5.3.1. A priori estimate.
Lemma 5.3. The solution (fi,us) to (5.8) satisfies the following differential inequality

d
(5.9) ZE Wz < (K +Cli(L wll2) 1(F i,
where || - || 5 is defined in (5.7).

Proof. Since
ICF )l = 117 + llullze,
we obtain from (5.8) that, denoting Q(f,u) = (=V - (fVu),0),

3 1 = w0 A + [T ISE ) SOA ) dr
Sl QU + [ (S SOQU ) dr = 1+ 1o

For the first (linear) term we have already obtained in (5.7) that

B= nf(feah ) + [ SO0, SO w)dr

< =K (I + 192113 + IVl } = K7l
For the second (nonlinear) term we use the linear stability in Z from Proposition 5.1 to obtain
B = 0((fu) Q) + [ (S 0). SO ) dr
<l llz + [ ISz ISR Wl dr

<nll(f, W)z 1Q(f; w)llz + C/O e[|(f w)llz e |Q(f, w)llz dr
< OIS Wiz 1R w2

Now we have to compute
QU W% = 1=V - (fVu), 0| = IV - (fVu)Zz + IV (fVu)ll,.
We split V- (fVu) = fAu+ V- Vu and compute
If Aullz, = /f2|Au|2<$>2k SIV2ullZs ()" flIZ~
SIVZullz: 1172 S I olZ 1w,
where we have used the embedding H?(R?) — L°(R?). Moreover we get
V5l = [ [9IPIVaP ) S [Vul 1911

S lllzs IVFIZ: S N wlZ I wllZ-
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Furthermore we obtain
Va0 S [ PITSuP@ 4 [ 197219 w2
< IVl 1) £ + 1 @)V A V22
< IVl 110 + 11z 1l 970l 2 9%l
S Wl

where we have used Glagliardo-Niremberg-Sobolev inequality ||k[7 ®2) S S Rllz2 @2y VR 2 ®2)-
For the last term we get

V7Vl S [ 19792l @ + [ 1925Vl
S K@) VAL IV2ullZa + 1 Vullis V2 £117
S 1z IVl V20l Ze + llullZs 192 £ 117
SNl
Finally, gathering the above estimates, the solution (f,u) of (5.8) verifies

%Ill(ﬁ wllz < =KII(£,w)ll5 + CINFwlz I(f, w)lG < (K + Ol wll2) 1, w1

which concludes the proof.
O

5.3.2. Existence. In this section we prove the existence of solutions to (5.8). They are solutions to
the Keller-Segel equation (1.1) which satisfy some strong and uniform in time estimates.

Proposition 5.4. There is § > 0 such that if || (fo,wo)l|z < d then there exists a solution (f,u) €
C([0,T); Z) to (5.8) that verifies, for any t € [0,T],

(5.10) o |||(f, |||z+K/ I, u)(7)] dr < 26°.

Proof. We split the proof into several steps following the argument presented in [18, Theorem 5.3].
Step 1. Consider the iterative scheme
O (™, u™) = Ac(f",u™) + Q(f" 1 u™), Vn>1
and
A (f%,u’) = A (f%,u),
with initial condition (f™,u");;—o = (fo,u0) for all n € N and ||(fo,u0)|z < ¢ for some § > 0

small enough to be chosen later. For any n > 0, (f™,u") is well-defined in C([0,T]; Z) thanks to
Proposition 5.1. For any n > 0 we claim that the following estimate holds true

(5.11) V>0, A1) = [I(f"umONZ + K/ I(f (Tl dr < 26°.

It is true for n = 0 from (5.7). Now we assume that (5.11) holds for some n — 1 and we shall prove
that it implies (5.11) for n. From the proof of Lemma 5. 3 we obtain

d
NGz < =K wIZ + CUE w)llz 1 wlz 10 el

then integrating from 0 to ¢ and using Holdér’s inequality it follows that

0 <Mool +C s 1wl ([ 10 ar) (10 o)

< I fo, uo) % + CA™(#) [A"~1(2)] /2
< 1(fo, wo)lIZ + CaA™ (1),

1/2
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from which we conclude if § > 0 is small enough such that C6 < 1/2.
Step 2. Denote (F™,U™) := (f*Tt — f* u™tl —u™) that verifies
Q(F™,U™) = A(F",U") + Q(F" ' u"™) + Q" ", U"), Vn=>1

and
at(F()’ UO) - AE(FOa UO) + Q(fovul)v
with initial condition (Fp, Uy) = (0,0) for all n > 0. For any n > 0 we claim that

t
(5.12) V>0, B"(t):=[|(F",U")0)Z + K/O I(F", U™ ) (1)1 5 dr < (C8)*".
When n = 0, arguing as above we obtain

d
ZNETOY@NZ + KNE TG < CNE Tz 1wz 1% 0]z
which together with the bounds on (f*,u') and (f°,u") obtained before yield

B(t) < Cé* <5, Vt>0,

for 6 > 0 small enough. We now assume (5.12) for some n — 1 and prove it for n. Arguing in a
similar way as before, we estimate

B"(t) < |l[(Fo, Uo)(1)IZ + C/O IE LT NG u" O g0, IE U™ ()2 dr

+0 [ 1w 1 Ol N 0 )l dr
< C8[BM 0]V [B" (1) +CoB(1),
and using the induction hypothesis
B"(t) < C 6" [B™(1)]Y/? + C 6 B"(t),

from which we conclude to (5.12) if § > 0 is small enough.

Therefore the sequence {(f™,u")}, is a Cauchy sequence in C([0,T]; Z) for any T > 0. The
limit (f, ) := limy, o0 (f™, u™) is a solution of (5.8) in a weak sense. Passing to the limit n — oo
in (5.11) we get the stability estimate for the solution (f,u) constructed above

t
sup [|(f,w) (®)IZ + K/ (£, u)(7)]5 dr < 26°.
t>0 0
O

5.3.3. Sharp exponential convergence to the equilibrium. We now complete the proof of Theorem 1.4
following [18]. Applying Lemma 5.3 to the solution (f,u) constructed above and using the estimate
(5.10) we obtain

d

ZNE Wz < (K +CliEwll2) [(fwlF < (=K + C9)I(fwlf < (=K + ") ClI(f )z,
and if § > 0 is small enough so that —K + C"§ < —K /2, this implies an exponential decay to the
equilibrium

IOl < e 5 l(fo, o)l

Finally, we can recover the optimal decay rate O(e®) of the linearized semigroup in Proposition 5.1
by performing a bootstrap argument as in [18, Proof of Theorem 5.3], which concludes the proof.
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APPENDIX A. ESTIMATES ON THE SOLUTIONS TO THE POISSON EQUATION

In this section, we give some technical (and we believe standard) estimates on the solutions to
the Poisson equation in R? that are useful in the paper. We recall the notations

1 =z
27 |z]?

k(z) = —% log|z|, K(z):=Vk(z)=—

and
kpi=nrx*xf, Kp:=Kxf,
so that there holds
kp € CERE), |ngl < C(1+logla), —Any = f.
Lemma A.1. For any k>3, j > 1, k> j+2, there exists Cy ; such that
(A.1) H“*fHLg < C|fllze VfELi,J

Proof of Lemma A.1. Consider f € Lk], k > 3, so that f € C2, and B?f(O) =0 for any |a| < j
thanks to the moments condition, hence '

flo= Lorime
|al=j+1

for some 1 between 0 and ¢. In Fourier variables the Laplace equation writes [£]24¢(£) = £(€), and

then .
2
K 22/ Rel? = —|f| .

/| = [l = [

e s
/ AL S/Bc oL +/Blie£1'pj Flml” de

<I£1Z + ClFIL,,

< IFI3: + CUFIZ; < CIFI2,,
where we used [|g||1 < |||z for r > 1 with g = (2)7*! f in the last line, which gives k > j+2. [

All together, we have

Lemma A.2. For any k> 2, j >0, k> j+ 2, there exists Cy, ; such that
(A.2) H’C*fHL§ < C|fllze VfELi,g

Proof of Lemma A.2. The proof is similar to the Lemma above, writing in Fourier variables |¢|?& ¢ (€) =

f(€), observing that
z lis
[1ved = [ieeie = [

and using the moments conditions.

APPENDIX B. ESTIMATES ON THE ¢~ 'd OPERATOR
With the notations of section 4.3, we consider the equation
(B.1) Lew:=c tdu= Au+ %x-Vu—azu:f
with 2 € A_y /5.

Lemma B.1. For any f € Li,o: k>2, 2€ A_y, there exists a solution u € H? to the equation
Leue = f and there exists a constant C' (which does not depend on e >0 and z € A_y 5\{0}) such
that

IVullL2 + |Aull: < Ol 2-
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Proof. Multiplying equation (B.1) by @ and Au and its conjugate by v and Au, we find

/|Vu|2+a(%+3?ez)/|u|2 = —%/(fﬁ—l—fu)
and

(B.2) /|Au|2+(€%ez)/|Vu|2 /fAu+ L /fAu

Writing

+/0 Vu(zs) (x —y)ds, zs:=y+s(y—x),

1
= (uhy + /B . / Vu(z) (z — y) dsdy, (u)y = /B s

and then from the first equation and the moment condition

we have

frow < [ [ /lf(w)W(zs)-(w—y)dsdydw
< /R/O/ @) (@)% |z — y[? dsdyda
E/RZ /1/2 / o |vu(sx+(1—s)y)|2dy}ds<;%
/B(O 1)/1/2 [ IVu(sz+ (1= s)y)P da} dsdy
< a{/m v} | F@F ()2 da

1/2 ds ,
d
/R2 / T [ IVuC)Pa
H / S [ v
B(0,1) 1/2 57 Jr2

Jrwe<c [ P

by choosing £ = k — 1 and a > 0 small enough. We conclude by gathering that last estimate
together with (B.1).

and we deduce that

O

Lemma B.2. There erists a constant C such that for any e € (0,1), any z € A_y/5 and any
radially symmetric function f the equation

Leu=f, w radially symmetric, u(0) ='(0) =0,
has a unique solution which furthermore satisfies
(B.3) lue” DT o 4 [l e DT o < Ol f €772 o

Proof. We may write the equation as

1
(B.4) u'+ (=ter)u +ezu=f, Vr>0,
T
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with the additional boundary conditions u(0) = u’(0) = 0. Defining U := |u|? + |u’|?, we have

U/ — ua/+u/a+u/a// +U”’l_1,/
1
< 2(1+elz]) ful Ju'| - (; +er) WP +2]|f]
< Q2+el)U+If

from which we immediately get (B.3) thanks to Gronwall lemma.
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