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MINIMAL MASS BLOW UP SOLUTIONS FOR A DOUBLE POWER
NONLINEAR SCHRODINGER EQUATION

STEFAN LE COZ, YVAN MARTEL, AND PIERRE RAPHAEL

ABSTRACT. We consider a nonlinear Schrodinger equation with double power nonlinearity
4 4
i0u + Au+ |u|du + elulP"lu =0, ee {-1,0,1}, 1<p<g

in R? (d = 1,2, 3). Classical variational arguments ensure that H'(R?) data with |lug|l2 < ||Q]2
lead to global in time solutions, where @ is the ground state of the mass critical problem (e = 0).
We are interested by the threshold dynamic ||ug||2 = ||@]|2 and in particular by the existence of
finite time blow up minimal solutions. For ¢ = 0, such an object exists thanks to the explicit
conformal symmetry, and is in fact unique from the seminal work [22]. For e = —1, simple
variational arguments ensure that minimal mass data lead to global in time solutions. We
investigate in this paper the case € = 1, exhibiting a new class of minimal blow up solutions with
blow up rates deeply affected by the double power nonlinearity. The analysis adapts the recent
approach [31] for the construction of minimal blow up elements.

1. INTRODUCTION

We consider the following double power nonlinear Schrédinger equation in R?

(NLS) {

This model corresponds to a subcritical perturbation of the classical mass critical problem ¢ = 0
which rules out the scaling symmetry of the problem. It is well-known (see e.g [6] and the references
therein) that for any ug € H'(R?), there exists a unique maximal solution u € C((—=T%,T*), H*(R%))
N CH(=Tx, T*), H~1(R%)) of (1). Moreover, the mass (i.e. L? norm) and energy E of the solution
are conserved by the flow where:

10w+ Au+ [u|Tu + elulP~u =0,

4
l<p<l+4-, ec{-1,0,1}. 1
I P g { } (1)

1 2 1 244 1 p+1
E(u) = 5[|Vul; - QI\UIlﬂg T iy
Moreover, there holds the blow up criterion:
T* < 400 implies tl%gl*”Vu(t)HQ = +o00. (2)

In this paper, we are interested in the derivation of a sharp global existence criterion for (1) in
connection with the existence of minimal mass blow up solutions of (1).

1.1. The mass critical problem. Let us briefly recall the structure of the mass critical problem
e = 0. In this case, the scaling symmetry

up(t, ) = )\gu()\Qt, Ax)
acts on the set of solutions and leaves the mass invariant
Jux(t, )2 = lu(At,)]l2-

From variational argument [32], the unique ([3, 14]) up to symmetry ground state solution to

—AQ+Q-Q1Q =0, Qe H'[RY, Q>0, Q radial

Date: June 23, 2014.

2010 Mathematics Subject Classification. 35Q55 (35B44).

Key words and phrases. blow-up, nonlinear Schrédinger equation, double power nonlinearity, minimal mass,
critical exponent.



2 STEFAN LE COZ, YVAN MARTEL, AND PIERRE RAPHAEL

attains the best constant in the Gagliardo-Nirenberg inequality

2+é 4
||u||2+g < Cllull$ [|Vull3,
so that
4
1 1 244 1 Jull2 ) *
Yu € HY(RY), Euw = = ||Vaul|? - —— 4> Vw2 [1 - . 3
u e H (RY), ¢ 2H ully 2JF%HUIIHE > 2|| ull3 10l (3)

Together with the conservation of mass and energy and the blow up criterion (2), this implies the
global existence of all solutions with data ||ugll2 < ||@]|2. In fact, there holds scattering, see [10]
and references therein.

At the threshold ||ugll2 = [|@]|2, the pseudo-conformal symmetry

1 1 o]
cu (-, T ) e (4)
[t]s \t't

applied to the solitary wave solution u(t, z) = Q(x)e® yields the existence of the following explicit
minimal blow up solution

1 T _i‘-’”‘z i 1
= — —_— 4ft] e [t = ~  —,
S(t, x) " Q (|t|) e aTe, ISz = 1Rz, IVS@l2 ~ i (5)

From [22], minimal blow up elements are classified in H'(R?) in the following sense
lu(t)ll2 = [|Q[l2 and T* < 400 imply u=S9

up to the symmetries of the flow. Note that the minimal blow up dynamic (5) can be extended to
the super critical mass case ||ugl|2 > ||@]2 (see [5]) and that it corresponds to an unstable threshold
dynamics between global in time scattering solutions and finite time blow up solutions in the stable

blow up regime
log [ log [T* 1]
t ~ —_ 6
[Tz~ /e (6)

We refer to [26] and references therein for an overview of the existing literature for the L? critical
blow up problem.

1.2. The case ¢ = —1. Let us now consider the case of a defocusing perturbation. First, there
are no solitary waves with subcritical mass ||ugllz < ||@]|2 from a standard Pohozaev integration
by parts argument. At the threshold, we claim:

Lemma 1 (Global existence at threshold for ¢ = —1). Let ¢ = —1. Let ug € H'(R?) with
lluollz = [|Q|l2, then the solution of (1) is global and bounded in H'(R?).

The proof follows from standard concentration compactness argument, see Appendix A. The
global existence criterion of Lemma 1 is sharp in the sense that for all a* > 0, we can build an
H'(R?) finite time blow up solution to (7) with |lug|l2 = ||Q]|2 + @* and blow up speed given by
the log-log law (6). This is a consequence of the strong structural stability of the log log regime
and the proof would follow the lines of [28, 29, 30].

1.3. The case ¢ = 1. We now turn to the case e = 1 for the rest of the paper, i.e. we consider the
model

4
O+ Au+ Juldu + [ufP'u=0 where 1<p<1+3. (7)
First, from mass and energy conservation, using (3) and (72), H'(R¢) solutions with ||ugl|2 < [|Q]|2

are global and bounded in H'(RY). However, large time scattering is not true in general, even for
small L? solutions, since there exist arbitrarily small solitary waves.

Lemma 2 (Small solitary waves). For all M € (0,]|Q||2), there exists w(M) > 0 and a Schwartz
radially symmetric solution of

AQar — w(M)Qur +Qyf * +Qhy =0, [|Qur]l2 = M.

The proof follows from classical variational methods, see Appendix B.
The main result of this paper is the existence of a minimal mass blow up solution for (7), in
contrast with the defocusing case e = —1.
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Theorem 1 (Existence of a minimal blow up element). Letd =1,2,3 and 1 <p < 1+ %. Then for
all energy level Ey € R, there exist to < 0 and a radially symmetric Cauchy data u(ty) € H'(R?)
with

[u(to)llz = 1Qll2,  E(u(to)) = Eo,
such that the corresponding solution u(t) of (7) blows up at time T* = 0 with speed:

C(p) + 0s0(1)

[Vu(t)llz = G (8)
for some universal constants
4 1
- =1 .
o 4+d(p71)€(2’ ), C(p)>0

Comments on the result.

1. On the existence of minimal elements. Since the pioneering work [22], it has long been
believed that the existence of a minimal blow up bubble was related to the exceptional pseudo
conformal symmetry (4), or at least to the existence of a sufficiently sharp approximation of it,
see [2, 16]. However, a new methodology to construct minimal mass elements for a inhomogeneous
(NLS) problem, non perturbative of critical (NLS), was developed in [31], and later successfully
applied to problems without any sort of pseudo conformal symmetry, [4, 12, 19]. More generally, the
heart of the matter is to be able to compute the trajectory of the solution on the soliton manifold,
see [13, 18] for related problems for two solitary waves motion. The present paper adapts this
approach which relies on the direct computation of the blow up speed and the control of non
dispersive bubbles as in [15].

Observe that the blow up speed (8) is quite surprising since it approaches the self simiar blow

up speed |t|72 as p — (1+4)".

2. Uniqueness. A delicate question investigated in [4, 19, 31] is the uniqueness of the minimal
blow up element. Such a uniqueness statement should involve Galilean drifts since the Galilean
symmetry applied to (7) is an L? isometry and automatically induces minimal elements with non
trivial momentum. Uniqueness issues lie within the general question of classifying the compact
elements of the flow in the Kenig-Merle road map [11]. A more limited question is to determine the
global behavior of the minimal element for negative time, which is poorly understood in general.
Here, at least in the case Ey > 0, one can see from Virial type estimates that the solution is global
in negative time.

3. Detailed structure of the singular bubble. The analysis provides the following detailed struc-
ture of the blow up bubble

wltz) = — 0 [ E ) el e ® |y
=379 (57) ol )

where @ is the mass critical ground state, and

lim [o(t)]l, =0, A(t) ~ Cylt]” ast— 07,

for some constant Cp, > 0. Note also that the dimension restriction d € {1,2,3} is for the sake of
simplicity but not essential.

The construction of the minimal blow up element for (1) can be viewed as part of a larger program
of understanding what kind of blow up speeds are possible for (NLS) type models. Let us repeat
that log-log type solutions with super critical mass can be constructed for (1), but then the question
becomes: do these examples illustrate all possible blow up types, at least near the ground state
profile? The recent series of works [19, 20, 21] for the mass critical gKdV equation indicate that this
is a delicate problem, and that the role played by the topology used to measure the perturbation is
essential. More generally, symmetry breaking perturbations are very common in nonlinear analysis,
and while they are expected to be lower order for generic stable blow up dynamics, our analysis
shows that they can dramatically influence the structure of unstable threshold dynamics such as
in our case minimal blow up bubbles.

Aknowldedgments. S. Le Coz is partly supported by the ANR project ESONSE. Y. Martel and
P. Raphaél are partly supported by the ERC advanced grant 291214 BLOWDISOL.
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1.4. Notation. Let us collect the main notation used throughout the paper. For the sake of
simplicity, we work in the radial setting only. The L? scalar product and LY norm (¢ > 1) are
denoted by

(u,v), = Re (/R u(m)v(m)dm) y ullg = (/R |u|q) q

We fix the notation:
1

1
O =lelln o) =1 s FE) = gl G = —
d

Cop+1

Identifying C with R?, we denote the differential of these functions by df, dg, dF and dG. Let A
be the generator of L?-scaling i.e.

d
A=— -V.
2+yV

The linearized operator close to () comes as a matrix

Li=-A+1- <1+§)Q3, L_:=-A+1-Q1.

(5. %)

is non-degenerate and spanned by the symmetries of the problem (see [14, 33] for the original
results and [8] for a short proof). It is completely described in HL, ;(R%) by the relations (we define
p as the unique radial solution to Ly p = |y|?Q)

L*Q = 07 L+AQ = 72@7 L*|y|2Q = 74AQ) L+p = |y|2Q (10)
Denote by ) the set of radially symmetric functions f € C>°(R?) such that

and the generalized kernel of

VYa e N 3C,, ko >0, Yo e RY, |0°f(z)| < Co(1 + |z|)*Q(x).

It follows from the kernel properties of L and L_, and from well-known properties of the Helmholtz
kernel (see [1] for the properties of Helmholtz kernel (i.e. Bessel and Hankel functions) and [9,
Appendix A] or proof of Lemma 3.2 in [27] for related arguments) that

Vgeya Ef-‘rEya L+f+:g) (11)
Vgel, (9.Q),=0,3f_ €Y, L_f_=g. (12)

It is also well known (see e.g. [23, 24, 31, 34]) that L, and L_ verify the following coercivity
property: there exists pu > 0 such that for all e = g1 + ies € HL ;(R?),

(Lyer,e1) + (L_ea,e9) > pllell7 — i ((sl,Q)S + (e1s [y2Q)5 + (%P)S) : (13)

Throughout the paper, C' denotes various positive constants whose exact values may vary from line
to line but are of no importance in the analysis. When an inequality is true up to such a constant,
we also use the notation <, > or =.

~) o~

2. CONSTRUCTION OF THE BLOW-UP PROFILE

In this section, we define the blow-up profile which is relevant to construct the minimal mass
solution — see Proposition 3 below.

2.1. Blow up profile. Let us start with some heuristic arguments justifying the construction. As
usual in blow up contexts, we look for a solution of the following form, with rescaled variables
(5,9):

LOTL ds 1 T

w(s’y)ei'y(s)—z ) = 32 Yy=

u(t,x) = )\%(S> dt 2’
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where the function w, and the time dependent parameters A > 0, b and ~ are to be determined
satisfying the following equation

iws + Aw —w + f(w) + Ag(w)

2 2
i(bJr %) Aw+(1’ys)w+(bs+b2)%wb<b+ %) %w:(), (14)

where

dip—1
% € (0,2).
Since we look for blow up solutions, the parameter A(s) should converge to zero as s — oo.

Therefore,

a=2—

As
w(s,y):Q(y), b+7:bs+b2:1775:0 (15)

is a solution of (14) at the first order, i.e. when neglecting A\*|w|P~!w. However, the first order
error term A\*QP cannot be neglected in the minimal mass blow up analysis (while it could be
neglected easily in the log-log regime where \ ~ e—et ). Therefore, starting from @, we need to
look for a refined blow up ansatz. Actually, to close the analysis for any a € (0,2), we need to
remove error terms at any order of A* and b in the equation of w. It is important to note that in
the process of constructing the approximate solution, we cannot exactly solve (14) since we need to
introduce new terms in the equation (due to degrees of freedom necessary to construct the ansatz)
that will modify the modulation equations in (15). These terms (gathered in the time dependent
function 6(s) below) are responsible for the specific blow up law obtained in Theorem 1.

Fix K e N, K > 1 (K > 20/« is sufficient in the proof of Theorem 1), and
Sk ={(,k) N’ | j+k <K}

Proposition 3. Let \(s) > 0 and b(s) € R be C' functions of s such that \(s) + |b(s)| < 1.
(i) Existence of a blow up profile. For any (j, k) € Xk, there exist real-valued functions P]fk e,

P €Y and Bjx € R such that P(s,y) = Py (y;b(s), M(s)), where Py is defined by

Pr(y;b, )= Q)+ > VIAFePE )+ Y pPHAEDaps () (16)
(4,k)eZK (j,k)ESK
satisfies

2
i0,P + AP — P+ f(P) + \%g(P) + G%P = Uy

where 0(s) = 0(b(s), A(s)),
0, A) = > bPAETDeg;
(4,k)EXTK
and

sup (e%‘ ([P r(y)| + |V\IIK(y)|)) SA” (‘b+ %

yERd

+ |bs +b° — 9|> + (|2 + A EF20ar)

(ii) Rescaled blow up profile. Let

b(s)|y|2
—ill®

Pb(say) = P(Sa y)e (18)
Then
As
10sPy + APy — Py + f(Py) + X g(Py) — iTAPb
As 2 byl
- <7 + b> AP, + (bs + b — 9)%3, FUgemiT . (19)

(iii) Mass and energy properties of the blow up profile. Let

1 T\
Pyq(s,y) = )\—%Pb (5, X) e,
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Then,

d
_ P 2
‘ds /| b1A7’Y|

d
—E(P,
‘ds ( b1A7’Y)

<
w(

Moreover, for any (j,k) € Xk, there exist n;, € R such that
(b2 +)\Q)K+2

91) + (b2 + Ax)E+2 (20)

-0+ |b|2+>\“)K+2> (21)

22
B - L L e | 5 (22)
where
b2 25 a—2 a—2 25 ko
Eb.N) =15 — 727+ > b2 Nk . (23)

(4,k)EZK ,j+k=>1

See a similar construction of a blow up profile at any order of b in [27]. One sees in (19) the
impact of the subcritical nonlinearity g(u) on the blow up law bs + b% — 6 = 0, which differs from
the unperturbed equation bs + b? = 0, and leads to leading order to A* ~ b2, see (32).

Proof of Proposition 3. Proof of (i). For time dependent functions A(s) > 0, b(s), we set

P=Q+\"Z where Z= Y VXPH 40 Y p¥TIAeP

(4,k)eZK (j,k)ES K
0(s) = > b ()AETD(5)8; 4,
(J,k)eXK

where Pj‘f’k e, P{k € Y and ;1 are to be determined. Set

2
Uy =i0,P+ AP — P+ |P|EP+AO‘|P|P—1P+9%p

The objective is to choose the unknown functions and parameters so that the error term Wy is
controlled as in (17). First,

. .)\S « . ) — @
iPy =i >0 (k+DapAEepE b Y 24P T\ pl

(k)€ (G k)ESk
— % S (k+ DapPHANEDeaps —po N (25 + DpP Ak pe
(4,k)eK (j,k)ES K
=—i Y (k+1)ap¥TIAEDepy
(4,k)EXK

iy b2 _ Z b2j,)\(k/+1)aﬁj’7k/ Z 2jb2j71)\(k+l)apj-:rk
(3K )EXK (j,k)ESK

+ Z (k+1 ab2(3+1)>\(k+1)ap*
(4,k)eXK

+2— 3T pAEDag, ST (2 + e AR e pr gl
(4" ,K)EXTK (j,k)ESK

where
P s 2\ (k+1)a (; p+ -
WP (52 40) YD (k+Dab (P~ vP,)
(4,k)EXK

(b2 —0) Y0 BT (25iPE — (2 + VP (24)
(5,k)EXK
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We rewrite
iPo=—i > ((k+1a+2j)p¥ ke pt

(4:k)€XK
. 2j+1y (k+1)a ;pPs,— 27\ (k+1)a pPs,+ P
+i Y BT Fiom+ 3 v Foot+uh,
J,k=>0 3,k=>0

where for j,k > 0, Fﬁz*i depends on various functions ij,[ w and parameters [ s for (j', k") € X
such that either ¥ <k —1and j <j+1or k' <kand 7/ <j— 1. Only a finite number of these
functions are nonzero.

Next, using AQ — Q + Qi+l =0, we get

AP —P+|PliP=— Y p¥akthep pho—i N pprikaer po
(4,k)eSK (j,k)ESK

+M(Q+X"Z) - f(Q) — \df(Q)Z.

Let
K
U= f(Q+X2) = > d"F(QN\Z,...,\*2)
k=0
K+1 (2 2 2 n
211)(2)...(2-n+2) (xz
:@+pmag+p@_Q%JQ+§:@ )(G).. (3 )(Q))
n=1 '
A G- G ) (27
2)(2-1)...(3
x<1+z — (Q) . (25)
n’'=1
Then
AP —P+|PliP=— Y p¥aktDep ph i N pprizkaep po
(4,k)ESK (J,k)ESK
+io Y pHNEDeplm L N ke plt gl

Jj20,k2>1 §,k>0
where for j, k > 0, ij}ci depends on @) and on various functions Pf w for (4', k") € g such that
K <k—1and j <.
Using a similar argument for A%|P|P~1 P, we obtain

N PPTIP =i Y A e pe g N g2z e pot g,

720.k>1 J>0k>1
where
K+1 U
P9 — \e <|Q+ AN ZPHQ + X Z) — QEF (1 + > (5) (-1 - (5-n+1) (AQZ> )
n=1 :
x(lﬁ“%g—n@—?umg—m<m7y>>
ot n! Q

and where for j,k > 0, Fﬁ’ki depends on @ and on various functions ij,[’k, for (j/,k") € ¥k such
that k' <k —1and j' <j.

Finally,

gwp = Z p2i \(ktDeg. EQ
4 _ J 4
(4,k)€SK

+i Z b2j+lA(k+l)aFe}€* + Z ijA(k+1)aFe}€+
Js sk
j,k>0 J,k>0
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where Fje,’kjE depends on @ and on various functions Pik/ or parameters ;- for (j/,k') € Xk
such that k' <k —1 and j' < j.
Combining these computations, we obtain

Ui = - Z b\ De (L+PJ‘J,rk - FjJ,rk - 5j,k|y|2Q)
(J,k)eEXK
—i > BTN (L P = B (R a+ 2)) )
(4,k)eXK

+ UK P 4wl 4w,

where
+ _ Pt 1t + 0,+
Fe=Fem +F + L+,
and
g - Z p2i )\(kJrl)aF;’rk +i Z b2]+1>\(k+1)aF]Tk'
J:k>0, (4,k)EX K 5,k>0, (5,k)€EK

(Note that the series in the expression of ¥>¥ contains only a finite number of terms.) Now, for
any (7,k) € Xk, we want to choose recursively ij[,C € Y and ;1 to solve the system

(5 { BDE - BudP@ =0
J L_P;, — F .+ ((k+1)a+2j)P, =0,
where Fjj[]C are source terms depending of previously determined ijf w and B . We argue by a

suitable induction argument on the two parameters j and k. For (j,k) = (0,0), we see that the
system writes

Ly Py — Q" — Boolyl’Q =0
L_Pyy+aPy, =0,

(the term QP in the first line is coming from ¥9). By (12), for any fo,0 € R, there exists a unique
POTO € Y so that LJFPO",’0 — QP — Bo,oly*?Q = 0. We choose 3o € R so that

1 1 2
(P Q), = -3 (L+ Py AQ), = B (Qp +50,0%Q,AQ)2 =0
(recall from (10) that L4 AQ = —2Q), which gives
1@, AQ), _ 2dp—1) QI
(yPQ.AQ); — p+1 JyQl;

By (12), there exists Iy, € J (unique up to the addition of ¢Q) such that L_Fj, + aPOJfO = 0.
Now, we assume that for some (jo, ko) € Xk, the following assertion is true:

B = Boo=—

(26)

H (jo, ko) : for all (j, k) € ¥ such that either k < ko, or k = ko and j < jo, the system (S; 1) has
a solution (P;rk, Pj_k—vﬂj,k)7 Pjik SN

In view of the definition of ij ko
the system (S}, k,) as before. By (12), for any 3j, k, € R, there exists a unique Pj—:,ko € Y so that

L.,erJg_k0 - Fonr,ko — Bio.ko [Y)>Q = 0. We uniquely choose 3, k, € R so that
<7Fj;k0 + (ko + 1)a +2j0) P} ., Q)2 —0.

By (12), there exists P; , € Y (unique up to the addition of ¢@) such that L_P; , — Fj , +
((ko + Do+ 2j0)Pj'(':7k0 = 0. In particular, we have proved that if jo < K, then H (jo, ko) implies
H(jo+1,ko), and H(K, ko) implies H (1, ko+1). This is enough to complete an induction argument
on the two parameters (j, k). Therefore, system (S, ) is solved for all (j,k) € Xk.

It remains to estimate ¥y and VW . It is straightforward to check that

Lyl Yapw
sup (e (J07(y)] + IV @) S A ( =
y€ER?

H (jo, ko) implies in particular that F’ jf ko € Y- We now solve

+b

+ybs+b2—9\).
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Next, we claim

W] (AEFDe 4 pp2KH2) (27)
Indeed, first, if y is such that |\“ ggy; 1 then the result follows from (25) and a order Taylor
expansion of order K +1 of (1+2-Z ) 71 and (142 Z)%. Second, if on the contrary, )\O‘% > 1,

then, since Z € ), we have, for such Y,

Qy) <221 Z(y)| SA*(1+yI")Q(y) andso Q(y) + |Z(y)| S e 2",

which completes the proof of (27). The proofs of estimates for V¥, ¥, and VU, are similar.
Finally the following estimates for ¥>% and VU>¥ are clear:

K] (V0K S (AU A p2) @F,

The result follows from K > %.

Proof of (ii). This is a straightforward computation which is left to the reader.
Proof of (iii). To prove (20), we hit (19) with ¢ P, and compute using the critical relation (P, AP)s =
0:

1

d byl
HPsz (105 Py, iPp)2 = (Ve "1 ,iD)

and (20) follows from (17). For (21), we have from scaling:
1 /1 ) . 1 -
E(Pyr~) = VA VP — | F(Py) — A G(PRy) | =: FE()\’PI))

d _ 1 )\s r- nl a)‘s
—E(Pps) = 35 (—QTE()\,Pb) + <E ()\,Pb),ast> — ) T/G(Pb)) . (28)

Therefore,

Using the equation (19) of Py, we compute:

<E’()\,Pb),85Pb> - % <E’(A,Pb),APb> - <% + b) <E’()\,Pb),APb>

2 ~ ) 2
+ (bs + 0% —0) <1E’(>\ By), |y4| Pb> + <z’E’()\, P,), \IJKe*zb‘Z‘ > . (29)
We now integrate by parts to estimate
nl _ 2 d(p 7 1) oL o
E'NB), APy ) = [[VP|" =2 [ F(Py) = ——— [ G(B) =2B(A By) +aX™ [ G(B), (30)
where we have used o = 2 — @, from which:

1 ,
d [_2)\5

—E(Pxs) = 33 TEN'()\,PI,)—CY)\Q%/G(PI))‘F% |:2E~1()\an)+a)\a/G(Pb):|:|

1 As
+ 330 (‘7 +b’ + |bs + 0% — 6] + (b +)\O‘)K+2) .

The estimate (21) on the time-derivative of the energy then follows from (28), (29), (30), and (17).

Next,
NE(Pyy,) = /|VP|2 /( ) — /\a/G(Pb)

=5 [rvee+ & [uee - [re)-x [aw),
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Thus, replacing P = Q + \*Z,

2B =3 [Iver - [F@+ % [wrer-x [a@

+ 2 /(fAQ — f(Q))ReZ — N\ /g(Q)ReZ + b—2)\“ / ly|?QReZ

LA /|VZ|2 A /| 2122 - /{F Q+A\"Z) — F(Q) — \"f(Q)ReZ)
e / (G(Q+2"Z) — G(Q) — X"g(Q)ReZ} .

On the one hand, we recall that from Pohozaev identity,

5 [1vQr - [F@ =0,

and from the definition (26) of 5y,o,
6@ = 5= [ = 5= [ k@

AQ+ f(Q)=Q.
On the other hand, we observe, since [ POTOQ =0,

A / ZQ=x* > vy

(4,k)EXZK ,j+k>1

and moreover

for some 77;,1@ eR;
e [zg@ = 3wl
(4,k) €T K k=1
for some 77;,11@ eR;
)\O‘b2/|y|2QReZ -\ Z bQJ)\kaUHI
(J,k)EXK,j>1

for some 7} € R;
2 2 DEA 272 o 2% \ka, IV
Ly L O SR
(4,k)EXK,j>1,k>0

for some 77?,2 € R. Moreover, by Taylor expansion as before, for some n}’k, 77?2 eR

/ FQ+XZ) = F(Q) = M f(QReZ — > Y p¥rropy 4| < AKFe

(J,k)€SK,k>1

N / G(Q + )\Oéz) _ G(Q) _ )\O‘g(Q)ReZ 2\ Z ij)\kaU;{;Ic 5 )\(K+2)oz.

(4,k)€TK k>2

Gathering these computations, we obtain (22). O

2.2. Approximate blow up law. For simplicity of notation, we set
1
2d(p—1) HQIIiL
5
p+1 o lyQll;
First, we find a relevant solution to the following approximate system
As
bs + b2 — BAY =0, b+7‘5=0. (31)
Indeed, for |b] + A < 1, SA% is the main term in 6, and the only term in 0 that will modify at the
main order the blow up rate.

B = oo =
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Lemma 4. Let

2
o

Aapp (s) = (%\/ 22_ﬂa> 57%7 bapp(s) = é- (32)

Then (Aapp($), bapp(s)) solves (31) for s > 0.

b2 b by + b As oo
=92~ = —2825 N
() 25—

Proof. We compute:

A2 A
and so )
b 28 4o
F_Q—a)\ = Cp. (33)
Taking the constant ¢y = 0, and using b = —% > 0, we find
As 25
AT V2 —af
Therefore,
o [28 ) ° _: s 21
Me) = (5\/ m) S M) =X =55
is solution of (31). O

Remark 1. We now express this solution in the time variable £, related to A\app. Let

_4
(6% 26 “ _ 4
dtapp = Aoppds = <§,/2 — a) 5™ ds.

Therefore (with the convention that tap, — 07 as s — 400)

_i-a a a [28) °
tapp = —Css™ = where C = i—a <§ 5 a) . (34)
As a consequence, we obtain for t,,, < 0,
2 4—o 7 3
Aapp (tapp) = Chltapp|™= where C)\ = - Cs , (35)
= 2 i
bapp (tapp) = Chltapp| ==, where Cj = ECS . (36)

Now, we choose suitable initial conditions b; and Ay for b(s) and A(s) at some large time s,
first to adjust the value of the energy of P, 5, (up to the small error term in (22)) and second
to be able to close the perturbed dynamical system of (A, ) at the end of the proof (see proof of
Lemma 16 below). Let Fy € R and

8Eo
Cp= 20
°T TlyPQ?

Fix 0 < Ao < 1 such that 522 + CoAZ™® > 0. For X € (0, Ao, let

A

0 d

FO) = / H . (37)
Aopetly 2L+ Cop?—=

Note that the function F is related to the resolution of the system (33) for ¢y = Cp, see proof of
Lemma 16.

Lemma 5. Let s1 > 1. There exist by and A1 such that
69\715 — 1 —+ bl

2 bapp(sl)
.7()\1) = 81, 5([)1,)\1) :C(). (39)

4

S e (38)

~

, 1‘ <
)‘azpp(sl)
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Proof. First, we choose \;. Note that F is a decreasing function of X\ satisfying F()\g) = 0 and
limy o F(A) = +oo. Thus, there exists a unique A\; € (0, Ag) such that F(A1) = s.
For A € (0, Ao,

2 Yo g 1 1
FO - —— | 514 [ | -
Ve =2 r M \/% + Gz \f
A() d
Sl +/ H%@fa)
AOHTT2
Thus,
9 1 for a € (0, %),
FA) — ———| < |log)| for =3,
ay/52ENE A% fora € (3,2).
To simplify, we will use the non sharp but sufficient estimate
2 _a 2_3a
FA)— ——— | SA 14X 2. (40)
@ 22—,(3(1)\%
Applied to Aq, it gives
2 _a _3a )\% _1 4
81— —F/——2 5)\14—1—)\? > and thus |—&2+— —1 58124—8? “.
o %)\f Adpp(51)

Second, we choose b;. From the definition of £, we have

2 2 2 o a o )\ —ka
h(B) i= XE (b da) = ¥ - (a—sl) T 2-a (AT = Adpp(51)) + AT ‘ Z BN
(J,k)€EK, j+k>1

2 2 _5 _4
_ 12 _ 2 «
=b (—asl) +O0(s; 2)+O(s; ©).
Observe that

|h(bapp(s1))] S 81 %, |hl(bapp(51))| > 2bapp(s1) + O(SIB) > Sfl-
_a
Since \? ~ s, *, it follows that there exists a unique b; such that

_3 _4
b1 — bapp(s1)] S 572 +5, °,  h(by) = CoAl,
and so E(bl,)\l):C(). ]

3. EXISTENCE PROOF ASSUMING UNIFORM ESTIMATES

This section is devoted to the proof of Theorem 1 by a compactness argument, assuming uniform
estimates on specific solutions of (7). These estimates are given in Proposition 7.

3.1. Uniform estimates in rescaled time variable. The rescaled time depending on a suitable
modulation of the solution u(t), we first recall without proof the following standard result (see e.g.
[24]).

Lemma 6 (Modulation). Let u(t) € C(I, H'(R?)) for some interval I, be such that

sup inf )\(%u(t, Aoy)eo — Q(y)HH1 <9, (41)

tel 20>0,7%
for § > 0 small enough. Then, there exist C1 functions A € (0,+00), b € R, v € R on I such that
u admits a unique decomposition of the form

u(t,z) = %(t) (Pyey +e(t,) €70, y= 2 (42)

where € satisfies the following orthogonality conditions on I (py(t,y) = p(y)e
(e,iAPy), = (e, |Z/|2Pb)2 = (e,ipp)y = 0.

2
PLIGI )

(43)
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See (18) for the definition of P.

Let Ey € R. Given t; < 0 close to 0, following Remark 1, we define the initial rescaled time s;
as

S1 = ’C;ltl‘iﬁ .
Let A\; and b; be given by Lemma 5 for this value of s1. Let u(t) be the solution of (7) for t < ¢,
with data

1 x
u(ty,x) = — Py, (/\—) . (44)
A !

As long as the solution u(t) satisfies (41), we consider its decomposition (A, b, 7, ) from Lemma 6
and we define the rescaled time s by

toq
§=8] — /t IS dr. (45)

The heart of the proof of Theorem 1 is the following result, giving uniform backwards estimates
on the decomposition of u(s) on [sg, s1] for some sy independent of s;.

Proposition 7 (Uniform estimates in rescaled time). There exists so > 0 independent of sy
such that the solution w of (7) defined by (44) exists and satisfies (41) on [so, s1]. Moreover, its
decomposition

1 : x
u(s, ) = —— (Py+¢) (s,y) €7, Y=<
(5:8) = 335 (P2 o0 e
satisfies the following uniform estimates on [so, $1],
A% b 1
el e 5570, |5 ) | Ot o (46)
Adop(8) bapp (s)

In addition,
|E(Pyx(5)) — Eo| < O(s7°).

Let us insist again that the key point in Proposition 7 is that sy and the constants in the
estimates are independent of s; — +o0.

3.2. Proof of Theorem 1 assuming Proposition 7. First, we convert the estimates of Propo-
sition 7 in the original time variable t. We claim:

Lemma 8 (Estimates in the ¢ variable). There exists to < 0 such that under the assumptions of
Proposition 7, for all t € [to,t1],

b(t) = Cylt|3=a (1 + oi0(1)), A(t) = C/\|t|ﬁ (1 + 0410(1)) (47)
le(O] e S 11 (48)
|E(Po,x4(t)) — Eo| = ot10(1) (49)

Proof of Lemma 8. Using (46), (45), for all large s < sq,

t1 —t(s) = /:1 N (o)do = /:1 )\ipp(a) {1 +0(672) + O(c> )| do.

Recall that tapp given by (34) corresponds to the normalization

—+o0
tap(5) = — / X2 (0), tapp(s1) = t,
from which we obtain
H(s) = tapp(s)(1 + 0(1)) = —Cus™ 5" [L+0(1)].

The estimates of Lemma 8 now follow directly follow from (32) and Proposition 7 (see the definition
of Cy and Cp in (35) and (36)). O

Now, we finish the proof of Theorem 1 assuming Proposition 7.
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Proof of Theorem 1. Let (t,) C (to,0) be an increasing sequence such that lim,_,. ¢, = 0. For
each n, let u, be the solution of (7) on [to,t,] with final data at ¢,

1 T
Up (tn, T) = mpb(tn) (m) : (50)

where A(t,) = A; and b(t,) = by are given by Lemma 5 for s; = |C't,| 7 a, so that w,(t)
satisfies the conclusions of Proposition 7 and of Lemma 8 on the interval [tg,t,]. The minimal
mass blow up solution for (7) is now obtained as the limit of a subsequence of (u,,). In a first step,
we prove that a subsequence of (u,(tg)) converges to a suitable initial data. Indeed, from Lemma
8, we infer that (u,(to)) is bounded in H'(R?). Hence there exists a subsequence of (u,(to)) (still
denoted by (un(tg)) and us(to) € H'(RY) such that

Un(to) — Uso(to) weakly in HY(RY) as n — +oc.

Now, we obtain strong convergence in H* (for some 0 < s < 1) by direct arguments. Let x :
[0, +00) — [0,1] be a smooth cut-off function such that x =0 on [0,1] and x = 1 on [2,+00). For
R > 0, define x : R? — [0,1] by xr(z) = x(|z|/R). Take any & > 0. By the expression of u,,(t,)
in (50), we can choose R large enough (independent of n) so that

/Rd [y (tn)|? xRz < 0. (51)

It follows from elementary computations that
d
rn |un|2XRdiE =2 Im/ Vxr - Vu, tpde.
dt Rd Rd

Hence from the geometrical decomposition

1 )
Un(t, :C) = ~a an, + 5n>(t, y) emn(t)v y= 5
)\% ) ( (t) ) An (1)

and the smallness (47)-(48) of e, and A, we infer

d 2 C ___R 2 C (—3+K+1) o
— n(t dr| < —— 2Xn (%) nl(t ) < =t a i—o,
G [ O xade| < 50 (7700 + en0ln) < e

Integrating between tg and t,, we obtain
C _2 _a
/ |tn(to)|*xrdz < E't()'( e +/ |tn (tn)[* X R
R4 Rd
Combined with (51), for a possibly larger R, this implies

/ (o) [Py < 20.
Rd

We conclude from the local compactness of Sobolev embeddings that for 0 < s < 1:

Un(to) — Uso(to) strongly in H*(R?), as n — 4oo.

Let ux(t) be the solution of (7) with us(tg) as initial data at ¢ = t5. From [6, 7] there exists
0 < so < 1 such that the Cauchy problem for (7) is locally well-posed in H*°(R%). This implies
that un exists on [tg,0) and for any ¢ € [to,0),

Un(t) — uso(t) strongly in H*°(R?), weakly in H'(R?), as n — 4o0.

Moreover, since lim,_, [ uZ(t,) = [ Q% we have [u2 = [ Q> By weak convergence in H'(R%)
and the estimates from Lemma 8 applied to u,,, us(t) satisfies (41), and denoting (o0, Moo, Doos Yoo)
its decomposition, we have by standard arguments (see e.g. [24]), for any ¢ € [to,0),

An(t) = Aso(t), bu(t) = boo(t), () = Yso(t),  en(t) = eo(t) H'(RT) weak, as n — oo.

The uniform estimates on w,, from Lemma 8 give, on [tg,0),

_a 2 (K+1)a
boo(t) = Colt| ™7 (14 0110(1)) ) Aoc(t) = Caltl == (1+0i10(1)) . llewo(®)llmn S 1t o, (52)
boolt) _ Cbyzazt _ 21 o
/\go(t> = C_§|t| (1 + OtTO(l)) - 4— o |t| (1 + OtTO(l)) - |t| (1 + OtTO(l)) ) (53)
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which justifies the form (9) and the blow up rate (8). Finally, we prove that F(us) = Fy. Let
to <t < 0. We have by (49) and (22),

8Ey
where the o440(1) is independent of n, and thus
8Ey
E(boo(t), Ao (1)) — TIPQ® = orro(1)

Using (22), we deduce
E(Po Ao 7o (8)) — Eo = 010(1)
and thus, by (52),
E(uss(t)) — Eo = og10(1).
Thus, by conservation of energy and passing to the limit ¢ 1 0, we obtain E(u(t)) = Ep. |

3.3. Bootstrap estimates. The rest of the paper is devoted to the proof of Proposition 7. We
use a bootstrap argument involving the following estimates:

A2 b
()l < 5=, | g ] 0 1’ < 579 (54)
Adop(8) bapp (s)
for some small enough universal constant §(«) > 0. The following value is suitable in this paper
1 2
0() =min | -, — —1 .
() = min (4, - ) >0 (55)
For sy > 0 to be chosen large enough (independently of s1), we define
s« = Inf{T € [s0, 51]; (54) holds on [, s1]}. (56)
Observe from (38) that
A7 b -1 —4 —5(a
——— 1|+ : —1’5512—1—3?“«516(),
Adop(51) bapp(s1)

for s; large, and hence by the definition (44) of u(s1), s« is well-defined and s, < s1. In §5, §6 and
87, we prove that (46) holds on [s., s1]. By a standard continuity argument, provided that sg is
large enough, we obtain s, = sg which implies Proposition 7. The main lines of the proof are as
follows: first, we derive modulation equations from the construction of P, second we control the
remaining error using a mixed Energy/Morawetz functional first derived in [31].

4. MODULATION EQUATIONS

In this section, we work with the solution u(¢) of Proposition 7 on the time interval [s., s1] (see
(54)-(56)). We justify that the dynamical system satisfied by the modulation parameters A, b is at
the main order given by (31). Define

b+ 3
Mod(s) = | bs +b*— 0
1— 7y,
Lemma 9 (Modulation equations and additional orthogonality). For all s € [s., s1],

| Mod(s)| < ! (57)

~ SK+27

|65, @ | S (59)




16 STEFAN LE COZ, YVAN MARTEL, AND PIERRE RAPHAEL

Proof of Lemma 9. The proofs of the two estimates are combined. Since £(s1) = 0, we may define
Sux = Inf{s € [s.,51]; | (£(7), Py)y| < 7~ 5+ holds on [s,s1]}.

We work on the interval [s.4, s1].
Since P, verifies equation (19), we obtain the following equation for e:

tes+ Ae —e+ibAe + (f(Py+¢) — f(By)) + X*(g(Py + ¢) — g(Fp))

A 2
Si(p4 ) A =B + 0 - 0)n,

where ¥ := Wg. Recall that equation (59) combined with the orthogonality conditions chosen on
€ — see (43) — contains the equations of the modulation parameters. Technically, one differentiates
in time the orthogonality conditions for &, then uses the equation (59) on € and the estimate (17)
on the error term W. Here, as in [31], the orthogonality conditions are chosen to obtain quadratic
control in e. Since it is a standard argument (see e.g. [25, 28, 31]), we only sketch relevant
computations.

Consider for example the orthogonality condition (e,4AP,), = 0. Differentiating in s, we obtain
(es,iAPy) + (€,105(APy)) = 0. Since

~(AR) = (<AP>S - i%yFAP) eI,

s
and

As ke _
(AP), = \* <a7 (Z + Y RPN 4 ij,k))

(4,k)eXK
(X e 3 )
(4,k)eTK (4,k)ESK

proceeding as in the proof of Proposition 3, and using the properties of the functions ijfk, we note
that

sup (e | AR ) £ IMod()] +87(5) + 3°(s)
Thus, by (54),
[ (2,i0,(AP3)); | S I2(6) 2 (IMod(s)] + B2(s) + X (s)) < 5~ Mod(s)| + 5~0+2)

Next, we write (e5,iAP,) = — (ics, AP,) and we use the equation of . We start by the contribution
of the first line of (59). Remark that by (54),

FPy+2) = 1) = (1 (P o) - g(2)) = () () 4 (e

ly|?

= e‘ib%df(P) (eib45) +O(s7 %)),

X" (g(Py +e) = g(Py)) = O(\[e]) = O(s™[e]),

and

. 2 . 2 2 ) 2 2
Ae +ibAe = e~ A (abis) + bQME, AP, = e~b" (AP — z‘b%P) :
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Therefore, using (54) and P = Q + Oy (s72) (see the definition of P in (16)), we have
(—Ae+e—ibAe — (f(Po+¢) — f(P)) + X (9(Po +¢) — g(Fy)), ADy)

2 y2 . 2
= <—A (e“’y4€> + ezb%a —pQP1 (eZ 5) ,AQ — ib%@> + 0(872”6”2)
‘2

= <LJr e“’yTZE) ,AQ> — g <L_ (eibyT(E) ,i|y|2Q> +O0(s72|le]l2)

_ <e“’yTzs,L+(AQ)> . <eib#e,w<|y|2@>> L O(s2ell2)

-2 (s,eibiQ> +2b <€,z‘eiby4AQ) +O(s72|ell2)
2

2
=—2(e,Py)y + 2b(g,iAP), + O(s72|ell2) = O(Sf(KJrQ)).

Note that we have used algebraic relations from (10), then (54), (¢,¢AP;), = 0 and the definition
of Sux.
The part corresponding to the second line of (59) gives

As 2
(i <b + 7) APy +e)+ (1 —7s)(Py+¢) + (bs +b* — 9)%Pb,APb>
2

= —(bs + 1% = 0) |y Pyl + O(| Mod(s)][e]|,)
= —(bs +5° = 0)(lyQl5 + O (s7%)) + O(s*| Mod(s)|).

Finally, from the estimate (17) on ¥, we have

2
‘(\P,APiblm P)
2

5P | £ 577 Mod(s)| + 5722,

Combining the previous estimates, we find
bs + 1% — 0] < 572 Mod(s)| 4+ s~ E+2),
Using the other orthogonality conditions in (43) in a similar way, together with (10), we find
| Mod(s)| < s72| Mod(s)| 4+ s~ E+2),
We deduce that for all s € [s., $1],
| Mod(s)| < s~ (E+2), (60)
By conservation of the L? norm and (44), we have
lu(s)ll5 = llu(s)llz = | Po(sa)ll5-

Thus, by (42),
(€. 1)y = 2 (@) ~ 1B ~ 1e)12) = 211 + & (1B~ I)I2)

, (54) and (60),

|~

Moreover, by (20

~

d
Il P 2 < 7(K+4).
= [ness
Integrating and combining the previous estimates with (54), we obtain, for all s € [s., 1],
| (), Po)y | S 57 5F. (61)

Therefore, s,, = s, and the estimates (60) and (61) are proved on [s., s1]. Since |P,—Q| < Qzs™ 1,
we obtain (58). O



18 STEFAN LE COZ, YVAN MARTEL, AND PIERRE RAPHAEL

5. THE MIXED ENERGY MORAWETZ MONOTONICITY FORMULA

In this section, following [31], we introduce a mixed Energy/Morawetz functional to control the
remaining part of the solution in H!(R?). First, define the energy of ¢

1 1
H(s.) =3IVl + el — [ (F(PL+2) = F(P) - dF(R)=)dy

e / (G(Py + ) — G(Py) — dG(Py)e)dy.
Rd

Note that as in [31], the time derivative of the linearized energy H for ¢ cannot be controlled alone,

ly[?

and one has to add a virial type functional such as gIm f]Rd \Y% ( S

) Veédy. In practice, due to

the lack of control on |ye||,, we replace 3|y|> by a function whose gradient is bounded, which we
introduce now.
Let ¢ : R — R be a smooth even and convex function, nondecreasing on RT, such that

1
—r? for r < 1,

¢(r) = 2

3r+e " forr>2
and set ¢(x) = ¢(|x]). Let A>> 1 to be fixed. Define ¢4 by ¢a(y) = A%¢ (%) and

1
J(e) = §Im y Voa - Veedy.

Finally, set
1
S(s,e) = )\4—(8)(1{(876) +b(s)J(e(5)))-
The relevance of the functional S lies on the following two properties.

Proposition 10 (Coercivity of S). For any s € [s«, s1],

1 ) L
> (K+1)
S(s,2(5)) 2 557 ()l + O(=D).
Proposition 11. For any s € [s., s1],
d b 2 -2
- >_ - (K+1)
3 156:2) 2 3775 (@) +0(s7HY)

The rest of this section is organized as follows. We first prove Proposition 10 in §5.1. In §5.2
we compute the time derivative of H and in §5.3, the time derivative of J. We finish the proof of
Proposition 11 in §5.4.

5.1. Coercivity of S. We prove Proposition 10. We first claim a coercivity property for H,
consequence of the properties of Ly and L_ (see (13)) and of the orthogonality conditions of € (see

(43)).
Lemma 12 (Coercivity of H). For all s € [s4, s1],
H(s,e) 2 [lell% + O(s™205+D),
Proof. From the orthogonality conditions (43), (58), and estimates (54), the following holds:
(:[y*Q), = (e, lwI*Py), + O(Iblllelly) + O elly) = O(s™ lell 1),
(e,ip)y = (eipp)y + O(I0lllell,) = O(s™ el ).
(,Q), = O(s~ D),

From (54), we have
3 [ (GUR+2) - GUR) - dG(P)eds = O™ el ).
R
Next, (denoting & = &1 + iea),

S e TP 4 g2 4 (e 2(Jb] + A9).

~

F(Py,+¢e)— F(Py) — dF(Py)e — <1+ g) Q%g% — %Q§€§
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Thus, from (54),

4 4 1 4
[ Fr e - F) - arge - (14 5) @Fet - Qe £ O el ),

and

1 1
H(s,6) = g (Laeren) = 5 (Lo £ 06 el

Combining these estimates with the coercivity properties of Ly, L_ (see (13)), we obtain the
result. O

Since
b7 ()| < [blIVoallollelfn S OG ellzn)

~

(from (54)), Lemma 12 implies Proposition 10.

For future reference, we also claim the following localized coercivity property (see similar state-
ment in [17] and [31]).

Lemma 13. There exists Ay > 1 such that for any A > Ay,
1 1
3 / Vel V29 aVady + S lell; - / (F(Py+¢) — F(P) — dF (Py)e)da 2, ||| + O(s K+,
R4 Rd
For now on, we consider A > Ajp.

5.2. Time variation of the energy of ¢.

Lemma 14. For all s € [s., s1],

d As _ -
—[H(s,2(9)] = 5 (IVel3 = (F(P +2) = (). Ae) ) + O(s~F4) 4+ O(s72 e ).
Proof of Lemma 14. The time derivative for H separates into two parts:
d

E[H(S’ e(s))] = DsH(s,e) + (D-H(s,¢),e5) ,

where Dy (respectively, D.) denotes differentiation of the functional with respect to s (respectively,
¢). In particular,

D H(s,) = - / (B)e (F(Py +€) — F(By) — df (Py)e) — A / (By)s (9P + ) — 9(Py) — dg(Py)e)

As
ol / (G(Py + ) — G(Py) — dG(Py)e).
Note that
iy _ . : 2 vy WP 2 gyey 1Y
€ (Pb)s—Ps_lbsTP—Ps_l(bs‘f'b _ﬁ)\)TP-F’L(b —BA)TP
By (24), (54) and Lemma 9, we obtain
y As
[(Po)s] S s72e%  and ‘T A <578
Thus,
[DsH(s,)| < 572 |lellp-
Now, we compute (D.H(s,¢),e5). Note that (59) rewrites
As o ul?
ies — DH(s,e) + Modop(s) Py — iTAE + (1 —s)e+ ey = 0, (62)

where

As 2
Modop(S)Pb = —1 (b + 7) AP, + (1 — ’Ys)Pb + (bs +b2— 9)%Pb.
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Using (62), since (iD.H(s,¢), D-H(s,€)) = 0, we have
As . .
(D:H(s,e),e5) = (iDH(s,€),ies) = — (iD-H(s,e), Modop(s)Pp) + 5N (iD.H(s,¢),iAe)

. 2
— (1= ~,) (iD-H(s,¢), &) — <z‘D€H(s, £), e bt \1:> . (63)
From the proof of Lemma 9
D-H(s,e) = —Ae+e— (f(Po+e) — f(P)) = A" (9(Po +¢) — g(P))
2 it It 2
— omiblY- (L+Re (eleE) +4iL_TIm (ele5>) + ibAe + bQ%E +O(s72¢|).
Therefore, using the orthogonality conditions (43), (58) and estimates (54), we have (see also proof
of Lemma 9),
(D=H(5,2), APy} = =2 (e, Pb)y + b (5,ihPy)y + O(s7?le]ly) = O(s™ D).
Thus, from Lemma 9,
As
5 0[5, 4R £ 0259,
Using similar arguments we get
(D-H(s,€),iPy) = —4 (e, APy), + O(s ™ |lelly) = O(s ™ flell) = O(s~H+Y)
and
2
Y _ _ _
(Do (5,257, ) = )y + 06 ell) = O~ el = O(s~ (),
Using Lemma 9, we obtain in conclusion for this term
(iD.H(s,€), Modop(s)Py) = O(s~(2K+3)),
Next, we have
(iD.H(s,€),iAe) = (D H(s,€), Ae) =
(mAete—(f(B+e) = f(B)) = A"(9(Py + ) — g(1)), Ae) -
Note that (by direct computations)
(—Ae, Ae) = | Ve|2, (e, Ae) =0,
and by (54),
(A (9(Py + €) = 9(By), Ae)| S O(s el ).
Thus,

As
A
For the third term in the right-hand side of (63), we claim

(iD.H(s,e),iAe) = % (Hvsui —(f(Py+¢) - f(Pb)aA5>) +O(s%|lell7n)-

(1 =) (iDH(s,2).2) | = |(1 =) (F(Bo +€) = F(B) + X (9P +2) = 9(Fp)). <) |
< 1Mod(s)|(Jlely + llel7:4) = O™ lellf).

Finally, the fourth term in the right-hand side of (63) is estimated by (17) combined with
Lemma 9 and (54)

| (iD=H(s,), ¥) | < O(s™®* Vel 12) < O(s™CFF) 1+ O(s7°[lellzn).

Gathering these estimates, we have proved the lemma. O
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5.3. The time derivative of the Morawetz part.
Lemma 15. For all s € [s., s1],

d
E[J(E(S))] = /]Rd Vel V2, Veady — %/Rd le|>?A% ¢ ady
- <f(Pb +e) = f(P), %Ame + V¢Av5> +O(s~FF2) + O(s ™2 ellzn)-

Proof. From the definition of J(¢), we have

d
Ewwm=m/

1
igs (§A¢AE + V¢AVE) dy.
R4

We replace ies using (59). First, from standard computations

1 1
Re/ —Ae | ZAPAE+ Vs VE dy:/ Vel V2 aVedy — —/ le|> A% ady,
Rd 2 Rd 4 Rd

1
Re/ € <—A¢A§+ V(bAVE) dy =0,
Rd 2

. 1
ERe/ iAe (—Aqus—i— VqﬁAVE) dy = 0.
)\ Rd 2

Next,
1
A"Re /R (9B +2) — g(Py) (§A¢Aa+ vmw) dy = O(X*[le]ljys) = O(s 2 [lell ).
The term corresponding to the second line of (59) is estimated as follows.

2
\<z'<b+ 2ONB 4 ) + (13 (B 2) — (b 45 - 0) LR, LAgac v¢Av€>‘

< [ Mod(s)[lell 71 < O(s~F+2).
Finally, by (17) and Lemma 9,
;o2 1 _ _
<\Ile T ,§A¢A€+V¢AV€>

The result follows. O

< O(s™ el ) < O(s~BEHY),

5.4. The Lyapunov property.

Proof of Proposition 11. By definition of S, we have

d 1 As d d

180526 = 5 (<45 (H(5:2) 4 D) + L 1H(sse(6)] + U] +.7(6))
First, we claim the following estimate

TN+ = b [ VETT20aVedy=bIVel+ £O(l] 7+ 0. (64)

Proof of (64). It is essential to see from Lemmas 14 and 15 that the main nonlinear terms are
cancelling. Indeed, by integration by parts,

~Re [ (f(Py+2) - F(A)Acdy
Rd
——5Re [ (7(Pi+2) ~ [(A))edy —Re [ yV(F(R+2) — F(R) - dF(R)2)dy
R4 Rd
+Re /R B+ )~ J(P) — df () Pady
= nge/ (f(Py+¢)— f(Py))édy + dRe/ (F(Py+¢)— F(Py) — dF(Py)e)dy
Rd

Rd

+ Re/Rd(f(Pb +) — f(Py) — df (Py)e)yV Pydy,
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— Re /Rd(f(Pb + E) — f(Pb)) (%AQﬁAE-i- V¢AV€) dy
- ,%Re/ (F(Py+¢) — f(P)Adacdy + Re/ Apa(F(Py + ) — F(Py) — dF(Py)e)dy
R4 Rd

+ Re /Rd(f(Pb +e)— f(Py) — df (Py)e)VaV Pydy.

Writing these two terms as above, it becomes clear that when y or V¢ 4 appear, they are multiplied
by VP,, which is exponentially decaying in space (see Proposition 3). Therefore, such terms are
controlled by expressions involving only ||e||g1.

Therefore, combining Lemma 14 and Lemma 15, we have

S )]+ b = b [ VeTV204Vedy — Vel

+ <b+ %) <|vs|§ ~IRe /Rd(f(Pb—i—s)—f(Pb))édy—i—dRe/Rd(F(Pb—ks)—F(Pb)—dF(Pb)s)dy

+ Re /]Rd(f(Pb +e)— f(P) — df(Pb)E)yVPbdy>
1 —
R »
+ Re /Rd(f(Pb +e)— f(Py) —df(Py)e)(Voa — y)VPbdy>
—bg [ P AR ady+ O + 02 el

By [b+ 3| £ O(s™), we have

R4 Rd

(H %) <||v5|§ gRe/ (f(PbJrs)ff(Pb))s‘dynLdRe/ (F(Py +¢) — F(P,) — dF (Py)e)dy

< s elldn-

+Re /]Rd(f(Pb +e)— f(P) — df(Pb)E)yVPbdy>

Next,

pl|-gRe [ 0P+~ £ADAGA - e

A
e 2

2 - 2+4
lel3 + 0 (s~ Nellzi)

dy <
S

1 4 4
S5 [ |IPIHEPIAca — d + o+
S JRrd

and similarly for bRe [Rd (F(Py+¢e)—F(Py) —dF (Py)e)(Apa —d)dy and bRe [, (f(Py+e)— f(Py)—
df (Py)e)(Vpa — y)V Pydy. Next,

b
2 A2 2
-0 [ lePatoads| 5 gllel?

In conclusion for this term, we have obtained (64)
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Using f% = b+ O(s™?) and the expression of H we have

_ 4%}1(5, 6 + d%[H(s, e())] + b%[J(a(s))]

b
2 4bH(s,€) + b/Rd Ve V2paVedy — bl|Vell; + O(s2[lellin) + 5 Olellzn) + O(s~ K+

>b (/ Vel V2paVedy + Hsﬂg — 2/ (F(Py+¢)— F(P) — dF(Pb)s)dz>
Rd

+ 2bH (s,¢) + O(||€||H1)+O( (2K+3))

Thus, and the coercivity properties Lemma 12 and Lemma 13, we obtain (for A large enough)

As d d _
—AS H(s, ) + —-[H(s,2(s))] + b——[J(=(s))] Z bllellFp + O(s~ K+,
A ds ds
Since b = O(s71), bs = O(s72) and J(g) = O(||€H§{1), we have
As _
(5] o+ 101) v@1 5 57200605
and thus p .
il > 2 —(2K+2)
—[8(s,2(9) 2 57 (Ilellf +O(s=3+2)).
This finishes the proof. ]

6. END OF THE PROOF OF PROPOSITION 7

In this section, we finish the proof of Proposition 7. Recall from §3.3 that our objective is to
prove s, = so by improving estimates (54) into (46). Therefore, it is sufficient to prove the following
lemma which closes the bounds (54) provided 6(a) > 0 has been chosen small enough (e.g. as in

(55)).

Lemma 16 (Refined estimates). For all s € [s., $1],

le() S 5~ Y, (65)
/\: (5) _ 1 bs) 1‘ ST 482w, (66)
Adpp (8) bapp (3)

Proof. First, we prove (65). From Proposition 10, and the expression of S, there exists a universal
constant £ > 1 such that for any s € [s,, 1],

11 _ K
5 (Il = 1257200 < S(5,) < Flell (67)
From Proposition 11, poss1b1y taking a larger x,
d 15 2 _
865,290 = - 55 (Ielf = r2s7255D) (68)
Define
st = inf{s € [s.,51], [|e(7)]l g1 < 2627~ EFD for all 7 € [s, 1]}

Since £(s1) = 0, by continuity st is well-defined and st < s1. For the sake of contradiction, assume
that s; > s.. In particular, ||e(st)| g = 2&23;(1(“). Define

sy i=sup{s € [sy,51], [e(m)|| g >k~ ETY for all 7 € [s4, 5]}
In particular, st < sy < s1 and ||e(sy)||; = ns;(KH), and from (68), S is nondecreasing on
[st,51]. From equations (67)-(68) and the estimates on A (see (46)), we obtain

le(si) I3 — w257 25D < kXt (54)S (st €(s1)) < KN (51)S (51, (1))

)

M (sy) A (s ) _ s _ _
2 i t 2(K+1) 4 (3% 2(K+1) 4 —2(K+1)
<k X (sy) le(sp) I3 < & N (sp) 8y <2k ” Sy < 2K7s;
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since K > 4/«. Therefore ||€(5T)||§11 < 3kls
(65) is proved.

;Z(KH), which is a contradiction. Hence st = s, and

Now, we prove (66). The main idea is to use a conservation law on (b, \) which can be found from
the differential system satisfied by (b, A), but that we rather derive from energy properties of the
blow up profile. Recall that A(s1) = A1 and b(s1) = by are chosen in Lemma 5 so that F(A(s1)) = s1
and £(b(s1),A(s1)) = flil—EZOQ?' In particular, we deduce from (22) that |E(Py, x, ~,) — Fol < s7°.
Using (21) and (54), (57), for all s € [s4, 1],

d _ 4
‘%E(Pb,)\,'y)‘ S s (K+2)+a.

In particular, by integration, we find, for all s € [s., s1], |E(Pyr(5))—Eo| < s7° (recall K > 20/«)
and using (22) at s,

8Ey
EMB().A(5)) = a5 | S 570
’ JlyPQ?
We obtain from the expression (23) of £ with Cy = ﬂil—%:
2 A
b2 — —ﬂ/\o‘ -GN | S =
2 -« s

where the error term O(AS—:) comes from 6 and cannot be improved. In this estimate, since A\? ~ s~
and E—Z ~ s~* whether or not CyA? is controled by the error term depends on the value of o. We
address both cases at once in what follows. Since b~ A%,

28 A2
b— Ao | < —
5o T CoN| S —» (69)
and with |3 + b < s~ &+ | we obtain (see (37) for the definition of F)
)‘S ! -2
5 +1|=|F(s) -1 Ss7=. (70)
A3+l /% + CpA\2—«
Integrating (70) on [s, 1], we obtain
[F(A(s1)) = F(A(s) = (s1 = 8)| S 577
and thus, by the choice F(A(s1)) = s1, we obtain
F(A(s)) =s+0(s1).
Therefore, using (40) and the definition of A\app(s) in (32),
)\zfgp(S) _1|<sh st
Az (s)
We reinject this estimate into (69) and use the definition of bapp to conclude:
b(s) = bapp(s) + O(s ™% +57757),
This finishes the proof. O
APPENDIX A. PROOF OF LEMMA 1

By contradiction, assume that there exists a blow up solution u(t) of (1) with e = —1 and
lu®)ll2 = ||Qll2. Let a sequence ¢, — T* € (0,+o0] with ||Vu(t,)|l2 — +oo and consider the
renormalized sequence

0n (@) = Atn) S u(tn, A(t2)T), Atn) = %.

Then, by conservation of mass,

[onllz = [|Ql2
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and conservation of energy and € < 0,

Ecri Un,
EO = E(Un) > Ecrit(un) - %

Therefore, the sequence v,, satisfies:

ol = 11Qll2, IVonllz = V@2, lim sup Eorie(vn) < 0,
n—+00

From standard concentration compactness argument, see [24, 32], there holds, up to a subsequence,
for some z,, € R% ~, € R,
(. —xp)e = Q in HY(R?).

n—-+o0o

In particular,

u(ta)llp+1 = % — +00 as n — 0o,

A 2(+1D) (tn)
which contradicts the a priori bound from the energy conservation law and (3):

1 1
Ey = E(u) > Eg i (u) + —— up+1>—/up+1.
o= Bw) 2 Busnl) + — [l = — [

APPENDIX B. PROOF OF LEMMA 2

For the sake of simplicity, we give the proof only for d > 2. The case d = 1 would require an
additionnal (standard) concentration compactness argument (see [32]). For M < ||Q]|2, set
An = {u € Hyq(RY) with [lull> = M}
and consider the minimization problem

Iy = inf E(u).
=2, B

First, we claim
—oo < I <0. (71)
Indeed, from (3) and

1_ d=1)
/IUI’”*1 < Con()IVull, ™ lully” (72)

with 1 <p <1+ %, we note that Ip; > —oo and that any minimizing sequence is bounded in
HY(R%). Let u € Ay and vy (z) = Afu(Az), then vy € Ay and

1 1
— )2 . _ p+1
Bon) = 3 | Euss(10 = <oy [ 1ol
In particular, for 0 < A < 1 and u # 0, E(vy) < 0 and (71) follows.
Second, let uy = Aot u(Az), so that

1 1 )\p 1 2+d) d
E(U)\) = )\ﬁJerd |:§ / |VU|2 — m / |u|p+1:| — 2 n /|u|2+d_
d

‘We observe that

Lot = (o e2-a) [1 fivur - L frupn] - TS [
U Ry

Together with [Juyll2 = APTTE |lue]l2, which implies ﬁ”UAHQl)\:l > 0, this proves that

I(M) is decreasing in M. (73)

To finish, let (u,) be a minimizing sequence. Up to a subsequence and from the standard radial
compactness of Sobolev embeddings (see [3])

4
up, —u in H'(RY), w, »u in LY, 2<q§2+3.



26

STEFAN LE COZ, YVAN MARTEL, AND PIERRE RAPHAEL

Hence

Ew) <Iy and Juls <M.

From (73) and the definition of Ip;, we deduce ||ul]z = M and E(u) = Ips. From a standard
Lagrange multiplier argument, u satisfies

Au + |u|1+%u + [uP~u = wu

for a constant w € R. The sign w > 0 now follows from a standard Pohozaev type argument.

(1]
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