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ABsTrRACT. Let 2 be a C? bounded domain of R™, n > 2, and fix Q@ = (0,T) x Q with 7" > 0. We consider
the stability in the inverse problem of determining a time-dependent coefficient of order zero ¢, appearing
in a Dirichlet initial-boundary value problem for a wave equation 8t2u — Azu+ q(t,z)u = 0 in Q, from
partial observations on 9Q. The observation is given by a boundary operator associated to the wave equa-
tion. Using suitable geometric optics solutions and Carleman estimates, we prove a stability estimate in the
determination of ¢ from the boundary operator.

Keywords: Inverse problems, wave equation, scalar time-dependent potential, Carleman estimates, stabil-
ity inequality.
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1. INTRODUCTION

1.1. Statement of the problem. In the present paper we consider a C2 bounded domain Q of R, n > 2.
We set ¥ = (0,7) x 0 and Q = (0,T) x Q with 0 < T < oco. We introduce the following initial-boundary
value problem (IBVP in short) for the wave equation

O2u — Agu+ qt, x)u =0, in Q,
uw(0,-) =wvg, Owu(0,-) = vy, in , (1.1)
u =g, on X,

where the potential ¢ € L>°(Q) is assumed to be real valued. We study the inverse problem of determining
g from observations of the solutions of (1.1) on dQ. For vy = v; = 0, we associate to (1.1) the hyperbolic
Dirichlet-Neumann (DN in short) A, : g — d,u with u the solution of (1.1) and v the outward unit normal
vector to . It is well known that for 7' > Diam({2) the DN map A, determines uniquely a time-independent
potential g (e.g. [34]). In contrast to time-independent potentials, due to domain of dependence arguments,
there is no hope to recover the restriction of a general time dependent potential ¢ on the set

D= {(t,z) € @: 0<t<Diam()/2, dist(x,dQ) >t}

from the DN map A, (see [27, Subsection 1.1]). In light of this obstruction to uniqueness, it seems that the
minimal data that allows to recover globally a general time-dependent potential ¢ so far (at finite time) is
given by [27, Theorem 1] where uniqueness is stated. The main goal of the present paper is to prove stability
in the recovery of a general time-dependent potential ¢ from similar data.

Practically, our inverse problem is to determine physical properties such as the time evolving density of
an inhomogeneous medium by probing it with disturbances generated on the boundary and at initial time.
The data is the response of the medium to these disturbances, measured on the boundary and at the end
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of the experiment, and the purpose is to recover the function which measures the property of the medium.
Note that time-dependent potential can also be considered for models where the evolution in time of the
perturbation can not be avoided.

We also remark that, according to [22], the determination of time-dependent potentials can be an
important tool for the determination of a semilinear term appearing in a semilinear hyperbolic equation
from boundary measurements.

1.2. Existing papers. In recent years the problem of recovering coeflicients for hyperbolic equations from
boundary measurements has attracted many attention. Many authors have considered this problem with an
observation given by the DN map A,. In [34], the authors proved that the DN map determines uniquely
a time-independent potential and in [21] Isakov considered the determination of a coefficient of order zero
and a damping coefficient. These results are concerned with measurements on the whole boundary. The
uniqueness by local DN map has been considered in [12]. The stability estimate in the case where the DN map
is considered on the whole lateral boundary was treated by Stefanov and Uhlmann [38, 39]. The uniqueness
and Holder stability estimate in a subdomain were established by Isakov and Sun 23] and, assuming that the
coefficients are known in a neighborhood of the boundary, Bellassoued, Choulli and Yamamoto [3] proved a
log-type stability estimate in the case where the Neumann data are observed in an arbitrary subdomain of the
boundary. We mention also [31], where the stability issue have been considered for large class of coefficients.
In a recent work [26] extended the results of [34] to determine a large class of time-independent coefficients
of order zero in an unbounded cylindrical domain. It has been proved that only measurements on a bounded
subset are required for the determination of some class of coefficients including periodic coefficients and
compactly supported coefficients.

Let us also mention that the method using Carleman inequalities was first considered by Bukhgeim
and Klibanov [6]. For the application of Carleman estimates to the problem of recovering time-independent
coefficients for hyperbolic equations we refer to [2, 19, 25].

All the above mentioned results are concerned only with time-independent coefficients. Several authors
considered the problem of determining time-dependent coefficients for hyperbolic equations. In [37], Ste-
fanov proved unique determination of a time-dependent potential for the wave equation from the knowledge
of scattering data. The result of [37] is equivalent to the consideration of the problem with boundary mea-
surements. In [35], Ramm and Sjostrand considered the problem of determining a time-dependent coefficient
g from the DN map A, associated to (1.1). For this purpose, they considered the problem on the infinite
time-space cylindrical domain R; x €2 instead of @ (¢ € R instead of 0 < ¢t < T' < c0) and their DN map
was associated to solutions vanishing for large negative time. Then, under suitable additional assumptions,
[35] proved a result of uniqueness. The result of [35] has been extended to more general coefficients by [36]
where stability estimate is also stated for compactly supported coefficients provided T is sufficiently large.
In [33], Rakesh and Ramm considered the same problem at finite time on @, with 7' > Diam(2), and they
proved a uniqueness result for the determination of ¢ restricted to the subset S of @), made of lines with
angle 45° with the t-axis and which meet the planes t = 0 and ¢t = T outside @Q, from the DN map A,. In |20,
Theorem 4.2], Isakov established a result of uniqueness for a time-dependent potential on the whole domain
Q from observations of the solution on 0Q. Applying a result of unique continuation borrowed from [41],
Eskin [13] proved that the DN map uniquely determines time-dependent coefficients that are analytic with
respect to the time variable ¢. In some recent work, [43] proved stability in the recovery of X-ray transforms
of time-dependent potentials on a Riemannian manifold. We also mention that [5], proved log-type stability
in the recovery of time-dependent potentials from the data considered by [33] and [20]. Finally in [27], the
author proved determination of general time dependent potentials from, roughly speaking, half of the data
considered by [20].

Let us also remark that [8, 9, 10, 14] consider the problem of determining a time-dependent coefficient
for parabolic and Schrédinger equations and derive stability estimate for these problems.
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1.3. Main result. In order to state our main result, we first introduce some intermediate tools and notations.
For all w € S" ! = {y e R": |y| = 1} we introduce the w-illuminated and the w-shadowed faces
ON_y={red: v(z) - w<0}, I ,={xed: viz) w>=0}

of Q. We associate to 004 , the part of the lateral boundary ¥ given by X4 ,, = (0,7) x 0904 . From
now on we fix wp € S"~! and we consider F' = (0,T) x F’ (resp G = (0,T) x G') with F’ (resp G’) an open
neighborhood of 99 ,, (resp 0Q_ ,,,) in OQ.

We denote by 0 the differential operator 97 — A,. According to [27, Proposition 4], we can extend the
trace maps

T0,10 = Vs, To,2V = Vjt=0, T0,30 = Ov=, v € CP(Q)
on Ho(Q) = {u € L?(Q) : Ou € L*(Q)}. Then we define
Hp(0Q) == {(70,1u, T0,3u) : v € HO(Q), To2u =0, suppro1u C F}.

We refer to [27, Section 2| (see also Section 2) for more details about these spaces and the definition of
13¢5~ In view of [27, Section 2|, we can associate to (1.1) with vg = 0 the boundary operator

Bq : HF(@Q) = (gavl) — (auu\Gvu\t:T) (12)

where u solves (1.1) with vy = 0. We refer to [27, Proposition 2] (see also Section 2) for a more rigorous
definition of this operator. In Section 2, we prove that for every ¢1, g2 € L>(Q) the operator

By, — By, : Hr(0Q) — L*(G) x HY(Q)
is bounded. Then our main result can be stated as follows.
Theorem 1. Let p >n+1 and q1, g € WHP(Q) . Assume that the conditions
@ (t,z) =qltz), (tz)ed (1.3)

||q1||W1>P(Q) + ||q2HW1‘p(Q) <M
are fulfilled. Then, there exist C and ., depending onn, p, M, T, Q, F', G', such that

a1 — a2l g-1(g) < Ch (1B, — Bl (1.4)
with
v Y=,
h(v) =14 In(jlny))~" 0<y <o,
0, ~v=0.

Here || By, — By, || stands for the norm of By, — By, as an element of B(Hp(0Q); L*(G) x H'()).

Let us observe that this stability estimate is the first that is stated with the data considered in [27],
where uniqueness is proved with conditions that seems to be one of the weakest so far. Moreover, it appears
that with the paper of [5], this paper is the first where stability is stated for global determination of general
time dependent potentials appearing in a wave equation from boundary measurements.

The main tools in our analysis are suitable geometric optics (GO in short) solutions, Carleman estimates
and results of stability in analytic continuation. More precisely, following the approach of [27] combined with
arguments used by [4, 11, 16] (see also [7, 24, 32| for the original aproach in the case of elliptic equations),
we consider suitable geometric optics solutions for our problem associated to Carleman estimate with linear
weight. In contrast to [27], we recover the time dependent potential not from its Fourier transform but from
its light-ray transform (see the proof of Theorem 1). This approach make it possible to derive stability even
in the case n = 2. Note also that contrary to [27], for the stability issue it is necessary to consider GO lying
in H%(Q) (and not only in H'(Q)).
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1.4. Outline. This paper is organized as follows. In Section 2 we treat the direct problem. We recall some
properties of solutions of (1.1) and we give a result of smoothing for the difference of boundary operators
B,, — By, associated to this problem. In Section 3, using some results of [8, 17, 18], we build GO solutions,
similar to [4, 27|, associated to (1.1) and lying in H?(Q). In Section 4, we recall some results of [27] about
Carleman estimates for the wave equation with linear weight and GO solutions vanishing on parts of the
boundary. Then combining these tools with the GO solutions of Section 3 we prove Theorem 1.

2. FUNCTIONAL SPACES
In this section following [27] we recall some properties of the IBVP (1.1). According to [27, Proposition
1], for any (g,v1) € Hp(0Q) the IBVP (1.1) with ¢ = vo = 0 admits a unique solution Py(g, v1) and we can
define ||-[l3;,.(5q) by
1(g: vD)ll3¢, a2y = I1Po(g5 01l L2y -
Applying [27, Proposition 4], we can extend the map

Ti0 = OUjs, T2V = Up—p, vECT(Q)
on H(Q). Then, in light of [27, Proposition 2], we can define the boundary operator
By : Hp(0Q) 3 (g,v1) = (Trauj6, T1,20)

with u € L?(Q) the unique weak solution of the IBVP (1.1) with vg = 0. Moreover, in view of [27, Proposition
2], B, is bounded from Hp(8Q) to H=3(0,T; H™ = (G')) x H~2(Q).
Now consider the operator By, — By, for g1, g2 € L>(Q). We have the following smoothing result.

Proposition 1. Let g1, g2 € L>(Q). Then the operator By, — By, is a bounded operator from Hp(0Q) to
L?(G) x HY(Q).

Proof. For j = 1,2, let u; be the unique solution of the IBVP (1.1) for ¢ = ¢;, vo = 0 and suppg C F. Then,
u = u1 — Uy solves

Hu—Dputqu = (2 —qug, (t,2)€Q,
Ujy—o = Opup—g = 0,
'I.I,|E = 0.

Since (¢2 — q1)uz € L?(Q), in view of [3, Theorem A.2| (see also |28, Theorem 2.1] for ¢ = 0), u €
CH([0,T]; L3(2)) N C([0, T); HE () with d,u € L*(X). Moreover, we have the following energy estimate

”u”Cl([O,T];Lz(Q)) + ”’U'HC([O,T];H(%(Q)) + ||8VU’||L2(E) <Cllgr = q2||L°°(Q) ||U2||L2(Q) :
It follows 71 1u) € L*(G), T1,0u € H'(2) and (27, Proposition 2| implies
||7'1,1UHL2(G) + ||7'1,2UHH1(Q) <C H(g7vl)”’HF(8Q) )
where C' depends on Q, T and M > [|q1[| () + |¢2]| () Finally, we complete the proof by recalling that

(71,1U|G,T1,2U) = (T1,1U1|G,T1,2U1) - (71,1162\@771,2“2) = (Bih - Bq2)(9701)~
(]

3. SMOOTH GEOMETRIC OPTICS SOLUTIONS WITHOUT BOUNDARY CONDITIONS
The goal of this section is to build GO solutions u € H?(Q) associated to the equation
OPu— Agu+q(t,z)u=0 in Q. (3.1)

More precisely, for A > 0, w € S" 1 = {y e R" : |y| = 1}, p € C*°(R"™) we consider solutions of this equation
of the form
w= e (1 1)+ w(t, 7)) (3.2)
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with u € H?(Q) and x(t,z) = ¢(z + tw). Here w is the remainder term in the asymptotic expansion of u
with respect to A and we have

C

Wl < 5

with C > 0 independent of A. In order to build such GO solutions, we first introduce some well known
results of Hormander about solutions of PDEs with constant coefficients of the form P(D)u = f in @ with
P a polynomial of n + 1 variables with complex valued coefficients and D = —i(9;, 0z).

3.1. Solutions of PDEs with constant coefficients. We start this subsection by recalling some properties
of solutions of PDEs of the form P(D)u = f with constant coefficients. For P a polynomial of n+ 1 variable,
let P be defined by

P(u,€) = (Z > !8’;8§P(u,5)\2> , HER, £ER™
keN aeNn

Theorem 2. (Theorem 7.3.10, [17]) For every P # 0 polynomial of n+1 variables one can find a distribution
of finite order Ep € D'(RY*™) such that P(D)Ep = §.

Such distributions E'p are called fundamental solutions of P. Note that
Ep* (P(D)u) =u, ucé& (R,

P(D)(Ep*f):f, fegl(Rl+n)v

where £'(R*™) is the set of distributions with compact support. Thus, for all f € &'(R'™), u = Ep = f
is a solution of P(D)u = f . Let us give some information about the regularity of such a solution. For this
purpose we need the following definitions introduced in [18].

Definition 1. A positive function x defined in R™™ will be called a temperate weight function if there exist
positive constants C and N such that

K(C+n) SCA+[C)YR(), CneRM™
The set of all such functions k will be denoted by K.
Notice that, for all polynomial of n + 1 variables P, P € K.

Definition 2. Ifx € K and 1 < p < oo, we denote by By,  the set of all temperate distribution u € S'(R**™)
such that its Fourier transform 4 is a function and

1 0
ol = (s [, [ 160890 O dud)” < o

When p = oo we shall interpret [|ul[, . as ess. sup|r(p, §)i(p, §)|. We denote by B¢ the set of u € S'(R'™)
such that for all x € Cg°(R™™) we have xu € By, .
Remark 1. Let
1 7
(€)= L+ ()2, neR, EeR™
Then, in view of [18, Example 10.1.2], one can easily show that k; € K and By, = H'(R*").

Remark 2. In view of [18, Theorem 10.1.12|, for ki, k5 € K, k = K} - K3, u1 € By .1 N & (RY™) and
Uz € Bog xy, we have uy xuz € By, and

s * el < Nl Mzl (3.3)
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Theorem 3. (Theorem 10.21, [18]) Every polynomial of n + 1 variables P # 0, has a fundamental solution

Ep e Bigfﬁ, such that m € Boo,ﬁ and
Ep

cosh(| (¢, z)|)

N
Q

(3.4)

Boo,P
with C' > 0 a constant depending only on the degree of P.

Such a fundamental solution will be denoted by regular fundamental solution. Let us remark that in
our construction of geometric optics solutions we need to consider an operator E such that P(D)E = Id for
some polynomial of n+1 variables P # 0. Using the properties of regular fundamental solutions, Hérmander
proved in [18, Theorem 10.3.7] that such a operator exists and it is a bounded operator of L?(X) for X a
bounded open set of R!*™. In contrast to elliptic equations and parabolic equations (see [8, Subsection 2.1
and 3.6]), for hyperbolic equations we can not build GO lying in H?(Q) by applying the result of [18]. What
we can actually build from this result is GO lying in H'(Q) (e.g. [26, Proposition 3]) . Therefore, we need
to consider the following.

Proposition 2. Let P # 0 be a polynomial of n + 1 variables. Then there exists an operator
E: HY(Q) — H'(Q)
such that:

(1) P(D)Ef =f, feH'(Q),

(2) for all polynomial of n + 1 variables S such that 2 is bounded, we have S(D)E € B(H'(Q)), and

S(u, €
IS(D)Bllsgn@y < s SOl gy (35)

(n&)erxrr P(p,§)
where C' > 0 depends only on the degree of P, Q and T.

vl o]

Proof. Let f € HY(Q). In view of [40, Theorem 5, p 181], there exists an extension operator £ €
B (H*(Q), H*(R'*")) such that £fjq = f. Set x € C§°(R'*") and R > 0 such that x = 1 on a neigh-
borhood of @ and suppy C Br with By the ball of radius R and of center 0 of R'*". Let Ep be a regular
fundamental solution of P. Now consider the operator

E:fr— (Ep*(XES)) g -
Clearly we have
P(D)Ep x (XEf) = xEf
and it follows that
P(D)Ef = (xEf) = f
which proves (1). Now let us show (2). For this purpose, let ¢ € C§°(R'™) be such that ¢ = 1 on the
closure of B — Bgp = {z —y: x,y € Br} and notice that

(Ep+ (€M), = (0Ep) * (€M) (3.6)
Moreover, the Fourier transform F(S(D)yEp) of S(D)yEp satisfies

8(.6)] 5 o B
F(SD) B Ol < F L P06 F (weosh((ta)) ot ) ()

Here F denotes the Fourier transform in the sense of S&’(R'™™). Then, since 9 cosh(|(¢,z)]) € Cg°(RIT™),
from [8, Lemma 2.1] we deduce that

, LER, £ R".

Ep

Y cosh(|(t, x)\)m €B,p
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and
Ep Ep

cosh(|(t, z)|) cosh(|(t, z)|)
with C’ > 0 a constant depending only on the degree of P and x. It follows that S(D)$Ep € Bo 1 and

S,
IS(D)YEp|g_, <C"  sup M
’ (m&erxrr P(p,§)
In view of Remark 2, since x&f € H(R'™) = By ., with 1 introduced in Remark 1, we have S(D)(¢yEp) *
(XE[f) = (S(D)YEp) * (XEf) € Bz, and
IS(DYWEP) * (XEN g1 greny = I1S(D)WEP) x (XEf) g,
<|S(D)YEP| g, , IXEfll iy ieny

15, &) (1.€)

(n)ekxmn P, )

with C' > 0 a constant depending only on the degree of P, x, Q and T. Thus, in view of (3.6), we have
S(D)Ef € HY(Q) and

<
B, p

<G
B p

choshu(t,wm

|
<C 111 e (@)

1S(1,€)|
SDYES| 10y < NWEP) = EN oy <C sup 2 Fll o -
ISD)ES i ) < I ER) 5 (NN <€ sup LS o

Armed with this result, we are now in position to build GO of the form (3.2) lying in H?(Q).

3.2. Construction of geometric optics solutions. The goal of this subsection is to apply the results of
the previous subsection in order to build geometric optics of the form (3.2). For this purpose, for all s € R
and all w € S*!, we consider the operators P ., defined by P, ,, = e—s(ttrw)es(t+2w)  Ope can check that

P =psw(Dy,Dy) =0+25(0 —w - Vy)

with Dy = —i0;, D, = —iV, and ps (1, €) = —p —|—\§| +2is(u—w-§), p € R, £ € R™. Applying Proposition
2 to P_),, we obtain the following intermediate result.

Lemma 1. For every A > 1 and w € S ! there exists a bounded operator Ey ., : HY(Q) — H'(Q) such
that:

Pf)\,wE/\,wf = f7 f € HI(Q)7 (37)

1Bx el g g)y <CAY (3.8)

Exw € B(H'(Q); H*(Q)) and ||EA,W||B(H1(Q);H2(Q)) <C (3.9)
with C > depending only on T and §).

Proof. In light of Proposition 2, there exists a bounded operator Ey ., : H'(Q) — H'(Q), defined from a
fundamental solution associated to P_j ,, such that (3.7) is fulfilled. In addition, for all differential operator

Q(Dy, D,.) such that 15?(7“’5)5) is bounded, we have Q(D;, D,)E\ ., € B(H'(Q)) and

Aw (1)
1Q(D1 Do) Byl garnigy <€ sup 12Ul

= s 3.10
(&) R+ P—xw(tt; &) (3.10)

where p_» ., is given by
1

p (ZZ gD Awﬂ§)|>2

keN aeNn
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and C' > 0 depends only on Q, T'. Note that p_x (1, &) = |IJ0up—x.w(p, §)| = 2X. Therefore, (3.10) implies
1
Ey o <C sup —F< CA !
|| ||B(H1(Q)) (11,6)€R1+n p_)\}w(u’g)
and (3.8) is fulfilled. In a same way, we have p_y ,(,§) = [ROup—rw(p, &) = 2|p| and p_y (@, &) >
|ROg, p—x (&) =2|&],i=1,...,nand £ = (&,...,&,). Therefore, in view of condition (2) of Proposition
2, for all h € HY(Q), we have 8;Ex ,h, Oz, Ex wh, ..., 0:, Ex ,h € HY(Q) with

( l + 6] + -+ €]

sup

100 r bl )2 192, Exslll g < © (1,€) ER1H7 Prw(pt,€)

J=1

) 17l g1 gy < Cnt1) Al g1 ) -
Thus, we get Ey,, € B(H'(Q); H*(Q)) with

e+t 6

HE}\’WHB(Hl(Q);H?(Q)) <C sup |:u| |§1‘ |£ |

(1,6) R+ Paw(p, &)
and (3.9) is proved. O

<C(n+1)

In light of this result, we are now in position to build geometric optics solutions of the form (3.2) lying
in H2(Q).
Theorem 4. Let g € WHP(Q), with p > n+ 1, be such that ||q||W1,p(Q) <M,weS" !, X\>1. Then, there
exists Ao > 1 such that for A = Ao ||| gs(q) the equation (3.1) admits a solution u € H?(Q) of the form
(3.2) with
HwHHk(Q) < ON2 ||X||H3(Q)7 k=1,2, (3.11)
where C' and \g depend on Q, T, M, n, p.

Proof. We start by recalling that
Oe Aty (t, ) = e AT Oy (1), (K, 2) € Q.
Thus, w should be a solution of
O2w — Agw — 200y — w - Vo)w = — (O + q)x(t, ) + qu) . (3.12)

Note that since ¢ € W1P(Q) with p > n + 1, using the Sobolev embedding theorem (e.g. [15, Theorem
1.4.4.1]) and Holder inequality, one can check for all w € H*(Q), qw € H'(Q) with

quHHl(Q) <CM ||w||H1(Q) (3.13)

with C' depending only on T, Q, n, p. Therefore, according to Lemma 1, we can define w as a solution of
the equation

w=—Ex, (O+ax(t,z) +qu), weH(Q)
with By, € B(H*(Q)) given by Lemma 1. For this purpose, we will use a standard fixed point argument
associated to the map

G: HY(Q) — HYQ),

F = —E\, [0+ q@x(t z)+qF].
Indeed, in view of (3.8), fixing M; > 0, there exists Ag > 1 such that for A > Ao [[x|| 3, the map G admits
a unique fixed point w in {u € HY(Q) : [ull g1y < Mi}. In addition, condition (3.8)-(3.9) imply that
w € H?(Q) fulfills (3.11). This completes the proof. O

4. STABILITY ESTIMATE

This section is devoted to the proof of Theorem 1. We start by collecting some tools of [27] that will
play an important role in the proof of Theorem 1.
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4.1. Carleman estimate and geometric optics solutions vanishing on parts of the boundary. The
goal of this section is to recall some useful tools for the proof of Theorem 1. We first consider the following
Carleman estimate.

Theorem 5. (Theorem 2, [27]) Let ¢ € L>=(Q), w € S*~ ! and u € C?(Q). If u satisfies the condition
ux =0, U= = U= =0 (4.1)
then there exists Ay > 1 depending only on Q, T and M > ||Q||Loo(Q) such that the estimate

A Joe P THee) latu|t:T|2 de+ X[y, | e~ 2w ) g ul? |w - v(z)| do(z)dt + A2 Joe i) |u|® dadt
<C (fQ e 2A(t+wx) (07 — Az + q)u|2 dzdt + X3 [, e~ 2T +w-2) ‘u|t:T’2 dz + X [ e T+w-2) ‘Vzu‘t:ﬂz dm)
HON [y, e 20D 9 u? w - v(z)| do(x)dt
' (4.2)
holds true for A\ > A1 with C and A\ depending only on Q, T and M > ||q||Loo(Q),

We precise that this Carleman estimate has been proved in [27] following some arguments of [4].
From now on, for all y € S"~! and all r > 0, we set

Oy ry={2€0Q: v(x)- y>r}, 00 ,,={xecd: viz) -y<r}

and X4 ., = (0,T)x0Q4 . Here and in the remaining of this text we always assume, without mentioning it,
that y and r are chosen in such way that 0€4 , 1+, contain a non-empty relatively open subset of 9Q2. Without
lost of generality we can assume that there exists 0 < & < 1 such that for all w € {y € S"™1 : |y — wp| < &}
we have 0Q0_ . _,, C F’. We consider u € Ho(Q) satisfying

(07 — Ay +q(t,2))u=0 inQ,

Ult=0 = 07 (43)

u =0, on E+78/27—w7
of the form

u(t,z) = XD (y(t2) +2(t, ), (Ho) €Q. (44)

Here w € {y € S* ' : |y —wo| < e}, x(t,2) = @(z + tw), z € e A2 Ho(Q) fulfills: 2(0,z) = —x(0,2) ,
r€Q, z=—x(t,r)on X, ./ _, and

1
I2llz2 @) < CATZ Xl g2 (q) (4.5)
with C' depending on F', Q, T, p, n and M. Since ¥\ F' C ¥, . _, and since ¥ ./ _,, is a neighborhood
of ¥1 ¢, in %, it is clear that condition (4.3) implies (70,1u, 703u) € Hp(9Q) (recall that for v € C=(Q),
T0,10 = V|s, T0,3V = OyU4=0). Repeating some arguments of [27, Theorem 3|, we prove the following.
Theorem 6. Let g € L>®(Q). For all X > Ay, with Ay the constant of Theorem 5, there exists a solution
u € Ho(Q) of (4.3) of the form (4.4) with z satisfying (4.5).
Proof. Note first that z must satisfy

z € L*(Q)
(07 = Ay + q)(XH0)2) = — AR (O 4 g)x(t,2) in Q
2(0,z) = —x(0,z), z€Q,
z=—x(t,x) on ¥y /o .
Let ¢ € C§°(R™) be such that suppyp NN C {x € 9N : w-v(r) < —¢/3} and ¥ = 1 on {z € 9N :
w-v(z) < —g/2} = 004 /9, . Choose v_(t,x) = —eMHw @y (2)y(t, z), v(t,z) = -T2 (O + g)x(t, z)
and vg(r) = —e**¥x(0,z). Then, in view of [27, Lemma 3|, there exists w € H(Q) such that
(8t2 — Az + Q)w = U(t7 .’I}) = _e)\(t+w~x)(|:] + Q)X(ta 3'}) in Q,
w(0,z) = vo(z) = —e %X (0, ), x €,
w(t,r) = v_(t,7) = —e @ D(2)x (L, 2), (t,z) € X_ .

(4.6)
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For z = e~ (t+«@)y condition (4.6) will be fulfilled. Moreover, in light of [27, Lemma 3], we have (4.5). O
Armed with these results we are now in position to complete the proof of Theorem 1.

4.2. Proof of Theorem 1. In this subsection we complete the proof of Theorem 1. We start with two
intermediate results. From now on we set ¢ = ga —¢; on @ and assume that ¢ = 0 on R**"\ Q. Without lost
of generality we assume that 0 €  and that for all w € {y € S"! : |y —wp| < e} we have IQ_ ., C G’ with
¢ introduced in the previous subsection (see 2 lines before (4.3)). Let us consider the light-ray transform of
q (see [35] and [37]) given by

Rq(z,w) = / q(t,z +tw)dt, zcR" wesS"
R

Using the Carleman estimate introduced in (4.2) and the geometric optics solutions of Theorem 4 and
Theorem 6, we obtain the following estimate of Rgq.

Lemma 2. Assume that the conditions of Theorem 1 are fulfilled. Then, there exists Ao > 1, such that for
all A > o, we€ {y €S" 1 |y —wo| < €}, we have

IR ()l gy < C(ATF5 + e[| By, — By |)) (4.7)
with o =1 — ”T'fl and d,C depending only on Q, M, T, F', G', p, n.

Proof. Let ¢ € C§°(R™) be such that 0 < ¢ < 1, suppp C {z € R" ¢ [z <1}, |9l f2(gny = 1. For 0 <d <1,
we set
xs(t,x,y) = 5_”/2<p (5_1(y —x— tw)) , teR, zeR" yeR"
Note that
15l ) < C6F, y € R (4.8)
with C independent of § and y. We fix Ay = max(CXo + 1,/\1)QT+3 with Ag the constant introduced in

Theorem 4, A; the constant introduced in Theorem 5 and C' the constant of the previous estimate. Let
wel{yeSti|y—wo| <e}andlet A > Ny with A > 57273 we {yeS"!:|y—wy| <e}. Then, we have

A>ATTATE > 20057 > o Ixs (o W)lls gy, ¥ € R”
and, in view of Theorem 4, we can introduce
uy(t, ) = e NP9 (ys(t,xy) + w(t, x)), (tx)eQ, ye R,

where u; € H?(Q) satisfies 02u; — Ayug + gru; = 0 and w satisfies (3.11). Moreover, in view of Theorem 6,
we consider us € H(Q) a solution of (4.3) with ¢ = g2 of the form

us(t,x) = ) (x5t w,y) + 2(8, 7)), (Ha) €Q, y €RT
with z satisfying (4.5), such that suppry1us C F and 79 2us = 0. Let wq be the solution of
02wy — Aywy + qrwy =0 in @,
w1|t:0 = 0, 8tw1|t=0 = T073’U,2 on Q, (49)
Wiz = T0,1U2-
Then, u = w; — ug solves
OFu— Agu+ qu= (g2 — q1)up inQ,
u(0,2) = Oyu(0,z) =0 on Q, (4.10)
u =0 on X

and since (g2 — q1)us € L2(Q), in view of [3, Theorem A.2], we deduce that u € C([0,7]; L?(2)) N
C([0,T); H} (2)) with d,u € L*(X). Moreover we have

lullerfo,r1 2202y + Nulleqo,mma ) + 10vull 2 sy < 20M luzl| g2 g -
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Applying the Green formula with respect to x € Q and integration by parts with respect to t € (0,7, we
find

/ quoudrdt = / (02 — Ay + q1)uuy dadt
Q Q

= —/ Oyuurdo(x)dt — Oyuuydo(x)dt (4.11)
G o\G@

—I—/ (T, x)uy (T, z)dx — / w(T, x)0puy (T, z)dx.
Q Q
Combining (4.8) and (3.11), we find
[t ]l g2y < CO % (4.12)
with ¢ = T + Diam(Q) + 1, C depending on M, T, Q, n, p. Moreover, in view of estimate (3.11), we have
||wHL2(E) <C ||wHL2(O,T;H1(Q)) <C ”w”Hl(Q) <G,
where C' depends on Q, T, n, p and M. Applying this estimate, (4.8), (4.12) and the Cauchy Schwarz

inequality, we obtain

Opuurdo(x)dt
\G

< / ‘8yue—)\(t+x~w)(x5 + w)‘ dtdo(x)
E«#,s‘w

2
<ot ( / \e**“”'w)ayu\ do(:r)dt> :
E+,s,w

/ 8,,uu1da(:v)dt’ <Co e 10vull L2 ()
G

S

for some C' depending only on Q, T', n, p and M. Here we use the fact that ¥\ G C £ . ., In the same way,
(3.11) imply

let:THLz(Q) < Cllwllgo,rr2@) < Cllwllgig <C
and
||8tw|t:THL2(Q) S Cllwllg2o,m;02(0)) < Cllwll g2y < Cco?
with C a generic constant depending on 2, T', M, n, p. Thus, we obtain

1
2

2
/8tu(T,x)u1(T,x)dx <C</ ’e_)‘(T+I'w)8tu(T,x)‘ d;v) ,
Q Q

2

/ w(T, x)0pur (T, x)dx
Q

< Co3e (/ u(T,x)|2dx)
Q

In view of these estimates and (4.11), we have
2
‘fQ unuld:cdt‘
< C(S_l (fQ |e_>\(T+w-w)atu(T, .’L')|2 d(L‘ —+ f2+157w |6_>\(t+m-w)ayu|2 do’({ﬂ)dt) (413)
_ 2 2
Co 662(!)\ (||8l,u||L2(G) + Hult:THHl(Q))
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where C depends on €, T, M, n, p. On the other hand, the Carleman estimate (4.2) and the fact that
00y ¢ C 004, imply

Je. e 0,0 do()dt + [, |e N+ 0u(T, x)] da

et (f2+ } ‘e_’\(t“‘x'“)&,u‘z w-v(z)do(z)dt + [ |e o) gu(T, ac)‘2 dx)

<5< (fQ | e A (@2 — Ay + )l dadt + [y e HE0,u) |w - ()] dcr(x)dt)

Ll ()\3 [ e AT +aw) ‘u|t:T|2 dz + X [, e~ (T+ew) |vazu\t:T’2 dx)

-1 2 2 _6 2 2 2
g 5 (fQ\q| (xslts ) + 1212 dadt ) + Co~5e* (10,0l + lui=rllin @)

Combining this with (4.13), we obtain

2
C
‘/ quiusdzdt| < 3 + 05_662C>‘(||0l,u||2LQ(G) + Hut:T”i{l(Q)) (4.14)
Q
with C depending only on Q, T', G’, M, n, p. On the other hand, we have

/quluzdm‘dt:/ q(t,x)x%(t,ay)dmdt—i—/ Z(t,x)dxdt

Q R1+n Q

with Z = q(zxs + wxs + zw). Then, in view of (3.11) and (4.5), an application of the Cauchy-Schwarz
inequality yields

‘/ Z(m)dxdt’ SO 2A"7 +67327Y

Q

with C' depending on Q, T, G’;, M. Combining this estimate with (4.14), we obtain
Vsa@)® < C (87N 467072 4 575X (|0, ull 2 ) + =1 371 )

Vol = [ a0 o ttsi = [ ([ ottt i) 67 R07 g-adn, yeR
RI+n n \JR
On the other hand, one can check that suppVs, C {y : |y| < T + Diam(Q2) + 1} and from the previous

estimate we get
Vsl p1(gny < C §TINTH2 45N 4570 (Hal/u||L2(G) + ||Ut:T||H1(Q)>] (4.15)

In order to complete the proof of the lemma we only need to check that this estimate implies (4.7). For
this purpose using the fact that ¢ ng’p(Q) with p > n + 1, by the Sobolev embedding theorem (e.g. [15,

Theorem 1.4.4.1]) we have g € C*(Q) with ||g[|cag) < CM with C depending on €2, n, p and T'. Moreover,
applying (1.3), we deduce that for all ¢t € R, ¢(¢,-) € C*(R™). Thus, using the fact that

T
Re(z,w) = / q(t, x + tw)dt,
0

we deduce that Rq(-,w) € C*(R™) and suppRq(-,w) C {z € R™: |z| < Diam(Q?) + T'}. Combining this with
the fact that
Vsq(y) = | Raly — ou,w)p*(u)du,
R'n.
we obtain

Hvﬁq - RQ('7W>HL1(Rn) < Co6”
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with C depending on , T, M, p and n. Combining this with (4.15) we deduce (4.7) by using the fact that
2 2 2 2
Hau’U/”Lz(G) + ||ut:T||H1(Q) < ||Bq1 - quH ||(TO71’U/27T073’U’2)H7~LF(8Q)
2 2
S ClBg = Ba ™ w2l )
2 2
C”Bth _BQ2|| HU‘?HLZ(Q)

<
< Co e ||Bq1 - qu”2

and by choosing § = A~725 and d = 2¢ + 1. Here we have used (4.5) and the fact that

2 2 2
luzllzrs @) = (1 + a2l (@) luallzeg) -

This completes the proof of the lemma. O

From now on, for all » > 0, we denote by B, the set B, = {z € R1™ : |z| < r}. Let us recall the

following result, which follows from [1, Theorem 3] (see also [42]), on the continuous dependence in the
analytic continuation problem.

Proposition 3. Let p > 0 and assume that f: Bs, C R*™ — C is a real analytic function satisfying

Np!

8 < 14+n

107 ] o (5, < (VT BeN

for some N >0 and 0 < A < 1. Further let E C Bz be a measurable set with strictly positive Lebesgue
measure. Then,

b
1128, < CN) (Il i)
where b € (0,1), C > 0 depend on A, |E| and p.

Armed with Lemma 2, we will use Proposition 3 to complete the proof of Theorem 1.
Proof of Theorem 1. We set U = {y € S"!: |y — wp| < &}. For all £ € R" we introduce

a(€) = inf £-w, b(¢) = 3255 ‘W

Consider the set Eq = {(7,€) : £ € R", a(§) < 7 < b(§)} and note that for all (7,&) € E; there exists w € U
such that 7 = £ - w. It is clear that

(2m) 2 | Ry(e,w)e™ ™ dz = (ZW)_"/Q/ q(t,@)e”" D didr = (2m)F(q) (w - €,€), € € R™,
R Rn«i»l

where F(q) is the Fourier transform of ¢ given by

Flg)(r,§) = (27T)7(”+1)/2/ q(t, 2)e T8 ddy,

Rn«{»l
Thus, we get
[ F(q)(r, )] < (2m) =D/ sup IRq( )l gny > (7:€) € B
Combining this with (4.7) we obtain
[F(a)(,€)| < C (A7 + e || By, = B, |l),  (7,€) € By (4.16)
We set for fixed R > 0, which will be made precise later, and (7,¢) € R1T",

H(r,€) = F(q)(R(r,£)) = (2m) =" / q(t, z)e " BEO (02) gy
Rl4n

Since suppg C Q and 0 € Q, H is real analytic and

”anl(Q) RIPI RIAI

< Cllallpr g B!([max (T, Diam(Q2))]~1)

O H (| < © (et Dram@) I <

| 14+n
ot AeEN
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with C depending on T" and 2. Moreover, we have
1
HQHLl(Q) < QM(T\QDI P

and one can check that
@ < e(I+n) R
B!
Applying these estimates, we obtain
e+ R g
([max (T, Diam(2))]—1)I81"

with C' depending on M, Q, n, p and T. Set p = [max(T,Diam(Q))]"! +1, E = E;n{¢ e R : || <
—1

min(2,1)} with N = Ce(*™E and A = [maX(T’Di;m(Q))] . In view of (4.17), we have

|0°H(r,€)| < C B € Nt (4.17)

eI+ R Ng!
Bsy) S C([max(T, Diam(€))]-1)I51 ~ (pA)Al"

Since for all (1,&) € E1 we have |(7,€)|? < 2|¢[%, one can check that
A={(r.§): (1,§) € En, {JI§| €U, (] <r}CE

with r = % On the other hand, for all (1,£) € A, we have b(§) = |¢| and for any w € U \ {£/[¢]}
we have w - & < |¢| = b(§). Therefore, for all (7,£) € A we have a(§) < b(§) and, by fixing W = {£ € R" :
§/1€l € U, [€] <1}, we get

|A| = /Adeg = /W /aj: drd¢ = /W(b(g) — a(&))drde > 0.

Here we have used the fact that a,b € C(R™) and the fact that [W| > 0. Thus, we have |E| > 0. Moreover,
one can easily check that for all (7,€) € Ey, r > 0, (r7,7€) € E;. Then, since E C Bs,0<A<landp>1,
applying Proposition 3 to H we obtain

|07 H]| e

b
F (@R )| = 1H (7. 8)| < I1H o 5,y < CeHROD ([H| o ), 11O < 1,
where C' > 0 and 0 < b < 1 depend only on Q, T, M, F’ and G’'. But, estimate (4.16) implies that
H(r, 0" = |F@)(R, ) < C (N5 + 2By, - Bl), (n¢) € E
and we deduce
o b
[F(g)(r, §)* < Ce2HTma-hR (Aniﬁ +e* By, — Bq2||2) , (I < R (4.18)

Note that

b

sy < ([ Q41007 @ Pagar ) (119)
We shall make precise below,
| 010 oP) iF @ o) Pedr

and

/ (1 +1(nOP) Y F (o) (7, ) Pdedr
R1+7\ By
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separately. We start by examining the last integral. The Parseval-Plancherel theorem and the Sobolev
embedding theorem imply

2\—1 2 L i, ) .
/RS\BR(1+ (7, O)17) " F(q) (7, &) Pdédr < RQ/R \F(q)(r, &) 2ded

1+n\Bp

1 1

< =3 Flq)(r,6)|?dédr = — t,x)|?dtd

@ [ 1F@r e = [ ottt
AT Q) M2

ST R

We end up getting that

[, QIR G O P < g w20

Further, in light of (4.18), we get
N b
/B 1+ [(m ) HF(q)(7, §)Pdedr < CRMTme2HmU-bER (xfiza +e*™||By, — By, ||2) ., (4.21)
R

upon eventually substituting C' for some suitable algebraic expression of C'.
Last, putting (4.20)—(4.21) together we find out that

1
2 1 14n _2(14n)(1—b)R [ — 22— 2dA 2\"\"*
lall - gasny < C (R? + RHme (= (A e Ba =~ Bal ) (4.22)

<C (R‘% LA S R 20 (FHR | R 2(14n) ()R 2dA 1B, — Bq2||2> ’

for A > Ay where the constant C' > 0 depends only on Q, T, F', G’, n, p and M. Here we have used the fact
that z +— x% is convex on (0, +00) since b € (0,1). Now let Ry > 1 be such that

nt3 1-b 22
R P2UHAMETD) 5 \T2 - RS Ry,

1—

Then, choosing A\Ti%s = R™F° e2(1+MRCFY) we have A > Ay and A\~ 79 R™5 21+ F)E — R—% With
this value of A\ we obtain
2 n _ n a _
lall sy < € (R7F 4 R 20T o (9gR ™55 ((rH20) AEIRCT ) B, — B, 7).
(4.23)

S

On the other hand, we have

R 62(1+n)(1T*b)ReXp (QdRimﬂgg;;ﬂw e(4+20) (14 R(A5E)

n+1

R +2(1+n) (42) R+ 2dR%e(4+2a)(l+”)R(%))

SR 4 2040 (352 R | [2d+ Y20 4 (4100) (14n) (A52)] R

N
e
[}

e}

@
»
T

36[%+2<1+n><%b>+2d+%+(4+2a)(1+n)<%>m)

NN N
@
”
o

0]
»
el

B+ L +2(14n) (152 +2d+ CEREL20) 4 (41 90) (14n) (A2 ]R) _

Setting A = 3+ 2L 4 2(1 4 n)(152) + 2d 4+ G2 4 (4 4 90)(1 + n)(15L), (4.23) leads to
2 AR
lallysgreny <C (R7F 4+ 1By, = Bpl?) . B> R (4.24)

Set v = ||By, — By, || and v* = e=¢*™  For v = v* we have
20M
fy*

lallz-1(@) < Cllallz=(@) < V- (4.25)
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For 0 < v < +*, by taking R = Ry = % In(|In~|) in (4.24), which is permitted since Ry > Ry, we find out
that

b
2

_ 2 2
lallz-1(0) < llall -1 ®i+ny < Cln(|lny]) ™" (ln(llnvl)varAb)

vl

Now, since sup (ln(\ln ’y|)%fy + A%) is just another constant depending only on Q, T, F', G', n, p and
0<y< s
M, we obtain

lgllzz-1(@) < Cln(lmy)™H 0 <y <"
Combining this estimate with (4.25) we deduce (1.4). O
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