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DIVERGENT SERIES AND DIFFERENTIAL
EQUATIONS

Michele LODAY-RICHAUD

Abstract. — The aim of these notes is to develop the various known approaches
to the summability of a class of series that contains all divergent series solutions of
ordinary differential equations in the complex field. We split the study into two parts:
the first and easiest one deals with the case when the divergence depends only on one
parameter, the level k also said critical time, and is called k-summability; the second
one provides generalizations to the case when the divergence depends on several (but
finitely many) levels and is called multi-summability. We prove the coherence of the
definitions and their equivalences and we provide some applications.

A key role in most of these theories is played by Gevrey asymptotics. The notes
begin with a presentation of these asymptotics and their main properties. To help
readers that are not familiar with these concepts we provide a survey of sheaf theory
and cohomology of sheaves. We also state the main properties of linear ordinary
differential equations connected with the subject we are dealing with, including a
sketch algorithm to compute levels and various formal invariants of linear differential
equations as well as a chapter on irregularity and index theorems. A chapter is
devoted to tangent-to-identity germs of diffeomorphisms in C,0 as an application of
the cohomological point of view of summability.
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CHAPTER 1

INTRODUCTION

Divergent series may diverge in many various ways. When a divergent se-
ries issues from a natural problem it must satisfy specific constraints restricting
thus the range of possibilities. What we mean, here, by natural problem is a
problem formulated in terms of a particular type of equations such as differ-
ential equations, ordinary or partial, linear or non-linear, difference equations,
g-difference equations and so on ...

Much has been done in the last decades towards the understanding of the
divergence of natural series, their classification and how they can be related
to analytic solutions of the natural problem. The question of “summing”
divergent series dates back long ago. Famous are the works of Euler and
later of Borel, Poincaré, Birkhoff, Hardy and their school until the 1920’s.
After a long period of inactivity, the question knew exploding developments
in the 1970’s and 1980’s with the introduction by Y. Sibuya and B. Malgrange
of the cohomological point of view followed by works of J.-P. Ramis, J. Ecalle
and many others.

In these lecture notes, we focus on the best known class of divergent se-
ries, a class motivated by the study of solutions of ordinary linear differential
equations with complex meromorphic coefficients at 0 (for short, differential
equations) to which they all belong. It is well-known (Cauchy-Lipschitz The-
orem) that series solutions of differential equations at an ordinary point are
convergent defining so analytic solutions in a neighborhood of 0 in C. At
a singular point one must distinguish between regular singular points where
all formal solutions are convergent (cf. [Was76, Thm. 5.3] for instance) and
irregular singular points where the formal solutions are divergent in general;
several examples of divergent series are presented and commented throughout
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the text. The strong point with formal solutions is that they are “easily”
computed; at least, there exist algorithms to compute them, whatever the or-
der of the linear differential equation. Nonetheless, one wishes to find actual
solutions near such singular points and to understand their behavior.

The idea underlying a theory of summation is to build a tool that trans-
forms formal solutions into unique well-defined actual solutions. Roughly
speaking, it is natural to ask that the former ones be linked to the latter
ones by an asymptotic condition; in other words, that the formal solutions be
Taylor series of the actual solutions in a generalized sense. Only convergent
series have an asymptotic function on a full neighborhood of 0 in C; other-
wise, the asymptotics are required on sectors with vertex 0. Uniqueness is
essential to go back and forth and to guaranty good, well-defined properties.
The problem is now fully solved for the class under consideration in several
equivalent ways providing thus several equivalent theories of summation or
theories of summability. Some methods provide necessary and sufficient con-
ditions for a series to be summable, some others provide explicit formulze.
Each method has its own interest; none is the best and their variety must be
thought as an enrichment of our means to solve problems. The theories here
considered depend on parameters called levels or critical times. The simplest
case with only one level k is called k-summability (actually, “simpler than the
simplest” is the case when k = 1). The case of several levels ki, ks, ..., k, is
called multisummability or, to be precise, (ki, ks, ..., k,)-summability.

At first sight, since the singular points of differential equations are isolated,
one could discuss the interest of such a procedure, for, one can approach
as close as wished the singular points with the Cauchy-Lipschitz Theorem
at the neighboring ordinary points. However, such an approach does not
allow a good understanding of the singularities; even numerically, the usual
numerical procedures stop being efficient when approaching a singular point,
not providing thus even an idea of the behavior at the singular point. On
the contrary, a good understanding of the singularity by means of a theory of
summation permits a numerical calculation of solutions and of their invariants
in most cases.

Chapter 2 deals with asymptotics in the complex domain, ordinary (also
called Poincaré asymptotics) and Gevrey asymptotics. The presentation is
classical and comes with five examples of divergent series (not all solutions
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of differential equations) that will be commented throughout the text. The
chapter contains also a proof of the Borel-Ritt Theorem in Poincaré and in
Gevrey asymptotics and a proof of the Cauchy-Heine Theorem in classical
form.

In chapter 3 we introduce the language of sheaves and rudiments in Cech
cohomology. The sheaves A, A,, A<? and A=~ of germs of various types of
asymptotic functions that are at the core of what follows, are carefully defined.
Cohomological versions of the Borel-Ritt Theorem and of the Cauchy-Heine
Theorem are made explicit.

Chapter 4 contains basic recalls in the theory of ordinary linear differential
equations: comparison of equations and systems with Deligne’s Cyclic vector
lemma, the viewpoint of D-modules, equivalence of equations or systems, for-
mal and meromorphic classifications, Newton polygons and calculation of the
formal invariants in the case of equations, Main Asymptotic Existence Theo-
rem in sheaf form and in classical form. We end the chapter with the construc-
tion of infinitesimal neighborhoods of singularities of differential equations.

Chapter 5 is devoted to index theorems for ordinary linear differential
operators in various spaces with an application to the irregularity of operators.

In chapter 6 we develop four different approaches to k-summability (that
is, summability depending on a unique level k) and we prove their equivalence:
Ramis k-summability, Ramis-Sibuya k-summability, Borel-Laplace summation
with a proof of Nevanlinna’s Theorem and wild-summability, that is, by means
of wild analytic continuation in the infinitesimal neighborhood of 0. Follow
some applications: Maillet-Ramis Theorem, sufficient conditions for the k-
summability of solutions of differential equations, their resurgence in the sense
of J. Ecalle, and Martinet-Ramis Tauberian Theorems. In each case, we chose
the approach that seemed to us to be the most convenient.

Chapter 7 deals with tangent-to-identity germs of diffeomorphisms that
are formally conjugated to the translation (by 1). It is meant as an application
of Ramis-Sibuya Theorem to prove the 1-summability of the conjugacy map.
A proof of the Birkhoff-Kimura sectorial normalization Theorem is provided.
A careful study by means of Borel and Laplace transforms will be find in
[Sau].

In chapter 8 we develop six different approaches to multisummability
and we prove their equivalence: an asymptotic definition generalizing Ramis
k-summability, Malgrange-Ramis summability generalizing Ramis-Sibuya k-
summability, summation by iterated Laplace integrals and accelero-summation
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generalizing the Borel-Laplace summation, Balser’s decomposition into sums
and the wild-multisummability in the infinitesimal neighborhood of 0. Some
applications to differential equations and Tauberian Theorems are given.

Acknowledgements. 1 am very indebted to Jean-Pierre Ramis who initiated
me to this subject and was always open to my questioning. I also thanks all
those that read all or part of the manuscript and especially Anne Duval, Sergio
Carillo, Michael Singer, Duncan Sands and Pascal Remy as well as Raymond
Séroul for his “technical” support.



CHAPTER 2

ASYMPTOTIC EXPANSIONS IN THE
COMPLEX DOMAIN

2.1. Generalities

We consider functions of a complex variable x and their asymptotic expan-
sions at a given point zg of the Riemann sphere. Without loss of generality we
assume that zg = 0 although for some examples classically studied at infinity
we keep xog = 0o. Indeed, asymptotic expansions at infinity reduce to asymp-
totic expansions at 0 after the change of variable x +— z = 1/x and asymptotic
expansions at xg € C after the change of variable x — t = x — xg. The point 0
must belong to the closure of the domain where the asymptotics are studied.
In general, we consider sectors with vertex 0, or germs of such sectors when
the radius approaches 0. The sectors are drawn either in the complex plane
C, precisely, in C* = C\ {0} (the functions are then univaluate) or on the
Riemann surface of the logarithm C (the functions are multivaluate or given
in terms of polar coordinates).

Notations 2.1.1. — We denote by

> 8 = da,p(R) the open sector with vertex 0 made of all points x € C
satisfying o < arg(x) < f and 0 < |z| < R;

> & = 843(R) its closure in C* = C\ {0} or in C (0 is always excluded )
and we use the term closed sector;

> O(8) the set of all holomorphic functions on 4.

Definition 2.1.2. — A sector 8y 5/ (R') is said to be a proper sub-sector of
(or to be properly included in) the sector 8,,5(R) and one denotes

Bor 3 (R/> & Aaﬁ(R)
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Bas(R)

R «

Figure 1

if its closure 3o g/ (R') in C* or C is included in 84 5(R).

Thus, the notation 48 g(R') € 4ap(R) means a < o < ' < f
and R’ < R.

2.2. Poincaré asymptotics

Poincaré asymptotic expansions, or for short, asymptotic expansions, are
expansions in the basic sense of Taylor expansions providing successive ap-
proximations of a function. Unless otherwise mentioned we consider functions
of a complex variable and asymptotic expansions in the complex domain and
this allows us to use the methods of complex analysis. As we will see, the
properties of asymptotic expansions in the complex domain may differ quite
a little bit of those in the real domain.

In what follows 4 denotes an open sector with vertex 0 either in C* or
in C, the Riemann surface of the logarithm.

2.2.1. Definition. —

Definition 2.2.1. — A function f € O(4) is said to admit a series
Y n>0@nx" as asymptotic expansion (or to be asymptotic to the series)
on a sector 8 if for all proper sub-sector ' € & of 4 and all N € N, there
exists a constant C' > 0 such that the following estimate holds for all x € 4':

N-1
’f(a;) — Z anx”
n=0

The constant C' = Cy 4 depends on N and 4’ but no condition is required

< Clz|N.

on the nature of this dependence.
The technical condition “for all ' € 4”7 plays a fundamental role of which
we will take benefit soon (c¢f. Rem. 2.2.10).

Observe that the definition includes infinitely many estimates in each of
which N is fixed. The conditions have nothing to do with the convergence or
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the divergence of the series as IV goes to infinity. For N = 1 the condition says
that f can be continuously continued at 0 on 4. For N = 2 it says that the
function f has a derivative at 0 on 4 and more generally for any N, that f has
a “Taylor expansion” of order N. As in the case of a real variable, asymptotic
expansions of functions of a complex variable, when they exist, are unique and
they satisfy the same algebraic rules on sums, products, anti-derivatives and
compositions. The proofs are similar and we leave them to the reader. The
main difference between the real and the complex case lies in the behavior
with respect to derivation (cf. Prop. 2.2.9 and Rem. 2.2.10).

Notations 2.2.2. — We denote by

> A(8) the set of functions of O(s) admitting an asymptotic expansion
at 0 on 4;

> A<0(s) the sub-set of functions of A(8) asymptotic to zero at 0 on 4.
Such functions are called flat functions at 0 on 4;

> T =T, : A(8) = C[[z]] the map assigning to each f € A(8) its asymp-
totic expansion at 0 on 4.

Due to the uniqueness of the asymptotic expansion, the map T} is well
defined and is called the Taylor map on 4 (cf. Exa. 2.2.3 below). Due to
the algebraic properties of asymptotic expansions the sets A(4) and A<°(4)
are naturally endowed with a structure of vector spaces and the Taylor map
is a linear map with kernel A<°(4). Proposition 2.2.9 below will improve
this result. We notice that A<Y(4) is not 0: exponentials of various powers
of x provide examples of non-zero functions of A<Y(4) for any 4. For in-
stance, if 4 = {x; |arg(r)| < 7/2}, the function exp(—1/z) belongs to A< (4);
if 5 ={x;|arg(z)| < 7}, the function exp(—1//z) where \/z stands for the
principal determination of z/2 belongs to A<°(4).

2.2.2. Examples. —

Example 2.2.3 (A trivial example: convergent series)

Let 4 be a punctured disc D* around 0 (i.e., a sector of opening > 27 in C). If f is an
analytic function on D then f is asymptotic to its Taylor series at 0 on D*. Reciprocally,
if f is an analytic function on D* that has an asymptotic expansion at 0 on D* then, f
is bounded near 0 and according to the removable singularity Theorem, f is analytic on
all of D.
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Example 2.2.4 (A fundamental example: the Euler function)

Consider the Euler equation

dy
1 2 Ly =g
(1) v dx y=x

Looking for a power series solution one finds the unique series
- _ 1\ ) 4t
(2) E(x) ano( D" nlz

called the Fuler series. The Euler series is clearly divergent for all z # 0 and thus, it does
not provide an analytic solution near 0 by Cauchy summation.

However, an actual solution can be found by applying the Lagrange method on R™;
notice that 0 is a singular point of the equation and the Lagrange method must be applied
on a domain (i.e., a connected open set) containing no singular point (R™ is connected,
open in R and does not contain 0). Among the infinitely many solutions given by the
method we choose the only one which is bounded as z tend to 07; it reads

e 1 1y dt too g=¢/z
E(f):/oexp(‘ﬁ;)TZ/o 11e®

and is not only a solution on R™ but also a well defined solution on R(zx) > 0.

Actually, the function E is asymptotic to the Euler series E on {z € C; R(x) > 0}.
A proof works as follows: writing
1 No VT

e = LD ()

and using f0+°° u"e "du =T'(1+ n), we get the relation

+oo §N7167§/1‘

E(z) = i(—l)"l‘(l +n) " 4 (=1)N ! / d

0 1+¢
and we are left to bound the integral remainder term.
Choose 0 < ¢ < 7/2 and consider the (unlimited) proper sub-sector
b5 = {x; |arg(z)| <7/2 -6}
of the half-plane 4 = {z; R(z) > 0}.

A

Y

Figure 2
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For all x € 45, we can write
N-—2

+oo
'E(m)—Z(—l)"n!x"H‘ S/ §N71e7m(5/z)d§
0

+oo i
< / N1 g Esin()/lal ge
0

| ‘N NG N
= Gino)™ /0 u' e “du=C|z|
with C' = T'(N)/(sin§)". This proves that the function E(x) is asymptotic to the Euler
series E(az) at 0 on the half plane 4. Observe that the constant C' does not depend on z
but it depends on N and 45 and it tends to infinity as ¢ tends to 0. Thus, the estimate is
no longer valid on the whole sector 4 = {z; R(x) > 0}.

If we slightly turn the line of integration to the line dy with argument 6 then, the
same calculation stays valid and provides a function Eg(z) with the same asymptotic
expansion on the half plane bisected by dy. Due to Cauchy’s Theorem, Eg(z) is the
analytic continuation of E(x). Denote by E(z) the largest analytic continuation of the
initial function E(x) by such a method. Its domain of definition is easily determined: we
can rotate the line dy as long as it does not meet the pole £ = —1 of the integrand, i.e., we
can rotated it from 0 = —7 to 0 = +7. We get so an analytic continuation of the initial
function E on the sector

Ae = {z € C; —3n/2 < arg(z) < +37/2}

of the universal cover C of C*. On such a sector, E(z) is asymptotic to the Euler series E(z).

4\

/ —31/2
NN
3/2

Figure 3

With this construction we are given on {z € C*; R(z) < 0} two determinations E™ (z)
and E7(z) of E(xz) when the direction 6 approaches +7 and —= respectively. Let us
observe the following two facts:

> The determinations E*(z) and E~(z) are distinct since, otherwise, the func-

tion E(z) would be analytic at 0 and the Euler series E(z) would be convergent.

> Although E(x) admits an analytic continuation as a solution of the Euler equation
on all of the universal cover C of C* (Cauchy-Lipschitz Theorem) its stops having an
asymptotic expansion on any sector 4 larger than g (i.e., dg € 4). Indeed, the two

determinations E*(z) and E™ (z) satisfy the relation (see [LR90] or the calculation of the
variation of E(z) in Remark 2.5.3)

(3) Ef(z) —E™(z) = 2mie'/".
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Thus, E*(z) can be continued through the negative imaginary axis by set-
ting E* (z) = E(z) + 27wie'/® and symmetrically for E™ () through the positive imaginary
axis. Any asymptotic condition fails since e!/? is unbounded at 0 when R(z) is positive.
Such a phenomenon of discontinuity of the asymptotics is called Stokes phenomenon (see
end of Rem. 2.5.3 and Sect. 4.3).

The function E(x) is called the Euler function. Unless otherwise specified we consider
it as a function defined on {z € C; | arg(z)| < 37/2}.

Exzample 2.2.5 (A classical example: the exponential integral)

The exponential integral Ei(z) is the function given by

—+o0
(4) Ei(z) = / eft%~

The integral being well defined on horizontal lines avoiding 0 the function Ei(x) is well
defined and analytic on the plane C slit along the real non positive axis.

Let us first determine its asymptotic behavior at the origin 0 on the right half
plane 4 = {z; R(z) > 0}. For this, we start with the asymptotic expansion of its deriva-
tive Ei'(z) = —e™" /x. Taylor expansion with integral remainder for e~ gives

71_1\]27::[(_1)7L£+(_1)NL 1(1_ )N*l 7uzd
¢ T4 n! N =1/, wooe o

and then, since R(—uz) < 0,

1 N-1 21 |x‘N—1
Ei - 1) ’ <
’ 1(9:)+x+;( ) n! N!

We see that a negative power of x occurs with a logarithm as anti-derivative. Integrating
between € > 0 and z and making ¢ tend to 0 we obtain

< =l with v = — lim_(Ei(z) + In(z)).

N
" ’ |
- N! z—0Tt

Ei(z) + In(z) + 7 + i O

To fit our definition of an asymptotic expansion we must consider the func-
tion Ei(z) + In(z). By extension, one says that Ei(z) has the asymptotic expansion

~ln(z) — = 31

We leave as an exercise the fact that ~ is indeed the Euler con-
stant limp—4o0 >0 _; 1/p —In(n). Notice that, this time, we did not need to shrink the
sector 4.

Look now what happens at infinity. Instead of calculating the asymptotic expansion
of Ei(2) at infinity from its definition we notice that the function y(z) = e/ Ei(1/z) is the
Euler function f(z). Hence, it has on 4 at 0 the same asymptotics as f(x). Turning back
to the variable z = 1/ ~ oo we can state that e” Ei(2) has the series >, . (—1)" nl/2" !
as asymptotic expansion at infinity on 4. By extension, one says that EI(Z) is asymptotic

to e *Y, oo(=1)"n!/z""" on 4 at infinity.
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Example 2.2.6 (A generalized hypergeometric series 3F()

We consider a generalized hypergeometric equation with given values of the parameters,

say,
d d/ d d
Do =+ +4) — 2 (e + 1) (s =) ju =0
(5) 1Y {Z Zdz+ “dz Zdz+ Fdz y=0
The equation has an irregular singular point at infinity and a unique series solution
~ 1 (n+2)(n+3)(n+4) 1
©) 9=) = ;) 213141n! EQ

Using the standard notation for the hypergeometric series, the series g reads
-~ _ 1
3(x) = = *aFo (3,45} | 2).-

By abuse of language, we will also call g an hypergeometric series.

One can check that the equation admits, for —37 < arg(z) < +m, the solution
1
9(2)

= 5ol L (1 —s)D(=s)I'(—1—s)I'(4+s)e™2°ds
where v is a path from —3 — {00 to —3 4 ico along the line $(s) = —3. This follows from
the fact that the integrand G(s, z) satisfies the order one difference equation deduced from
D31 by applying a Mellin transform. We leave the proof to the reader. Instead, let us
check that the integral is well defined. The integrand G(s, z) being continuous along v we
just have to check the behavior of G(s, z) as s tends to infinity along . An asymptotic

expansion of I'(¢t + iu) for t € R fixed and u € R large is given by (see [BH86, p. 83]):

(7) D(t+iu) = |u]*" 2 ™ Bl {y/arei B (- 3) sent—iuiuy £1 1 O(1/u) ).
It follows that G(t + iu, z) satisfies
(8) !G(t + ifu,, z)| = (271.)2 ‘u|72t+2|Z|tef27\'\u\fﬂ'u7uarg(z){1 + O(l/u)}

The exponent of the exponential being negative for —37 < arg(z) < 7 the integral is
convergent and it defines an analytic function g(z).

Let us prove that the function g(z) is asymptotic to g(z) at infinity on the sec-

tor 4 = {z; —3mw < arg(z) < +n}. For this, consider a path
Ynp =71 Uy Uy Uy (n,p €N
as drawn on Fig. 4.

The path 7, encloses the poles s, = —4—m for m =0,...,n+1 of G(s, z) and the
residues are Res(G(s,2);s = —4—m) = (2+m)! (3 +m)! (4+m)! 2z~ /m! = 234! ap,.
Indeed, I'(4 + s) has a simple pole at s = —4 —m and reads
(=™

— t™ 4+ 0(1)

PA4+(-4—m+t)) =T(-m+1t) =

while all other factors of G are non-zero analytic functions. We deduce that
1 n+1

1 a/'I’L
————— | Gs,2)ds = = :
270 2! 314l /%p (52045 =5 > 20
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A ﬂ\
Y "
Poles < - =3+ip Poles of
of T'(4+s) —] . [(1-5)(=s)T(1-5)
A
[ 1 N e ﬁ
----—e—et|e—---—e—e—e ° o—0———---1) >
-5 —4 -1 101 2
—-4—(n+1)
1Y s-plane
’74\ —3-ip

Figure 4. Path v, ,

Formula (8) implies the estimate
’G(t + ’iEp, Z)| < Cp2n+5 e—(27‘r+67r+€ arg(z))p7 e = il,

valid for |z| > 1 all along 2 U4, the constant C' depending on n and z but not on p. This
shows that the integral along ~2 U4 tends to zero as p tends to infinity and consequently,

we obtain )
1 s Am
9(2) P . pr=y +gn(2)
where g,(z) = mfw G(s,z)ds and 4" = {s € C; R(s) = —4 —n — 2} oriented
upwards.

For any (small enough) § > 0 consider the proper sub-sector 8s of 4 defined by
b5 ={z€C; |z >1 and —3m+d<arg(z) <7—6}.

For z € 45 and s = —4 —n — % +du € v", the factor z° satisfies
2] < 1 e ™9 if 4 < 0,

z - .
- |z\4+”+% "B if 4 > 0.

and using again formula (7) we obtain

Constp,s ] 13+ o Iu15

’G(*Zl*n*%‘i’ZUyz)‘ S |Z‘(4+n)+1

Hence, there exists a constant C' = C(n,d) depending on n and ¢ but not on z such that

18 C
‘g(z) - Z_OZTL’ = |gn(2)| < T for all 2 € As.

Rewriting this estimate in the form

C + |an+1‘
— ‘Z‘(4+n)+1

An+1
2(44+n)+1

1 & Qm |
‘9(2)—;4 om|

gn(z) + for all z € As

we satisfy Definition 2.2.1 for g at the order 4 4 n.

With this method we do not know how the constant C depends on n but we know
that |a,+1| grows like (n)? and then C 4 |an41]| itself grows at least like (n)?.
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Example 2.2.7 (A series solution of a mild difference equation)

Consider the order one difference equation
1

9) h(z+1) —2h(z) = >
A difference equation is said to be mild when its companion system, here
yi(z+1) | [21/2] | yi(2)

01 y2(2)

y2(2 +1)
has an invertible leading term; in our case, [% (1)] is invertible. The term “mild” and its

contrary “wild” were introduced by M. van der Put and M. Singer [vdPS97].

Let us look at what happens at infinity. By identification, we see that equation (9)
has a unique power series solution in the form ?L(Z) =3 .51 hn/2". The coefficients h,
are defined by the recurrence relation B

hy, = Z (,1)thw

i (m—=1)!p!
m,p>1
starting from the initial value hy = —1. It follows that the sequence h,, is alternate and
satisfies
[hn| > nlhn-1].

Consequently, |h,| > n! and the series his divergent. Actually the recurrence relation can
be solved as follows. Consider the Borel transform

- Cn—l
hQ) =D gy
n>1

of h (cf. Def. 6.3.1). It satisfies the Borel transformed equation e ¢ h(¢) — 2h(¢) = 1 and
then h(¢) = 1/(e™¢ — 2). Tts Taylor series at 0 reads

N -1 n+1 n n
Toh(¢) = Z ( n)' Z 21;4-1C

n>0 : p>0

which implies that h, = (—=1)" Zp>0p"71/2p+1. Again, we see that the series h is diver-
gent since |hy,| >n""" /2"
We claim that the function

+oo

h(z) = / R(C)e " dc

is asymptotic to h(z) at infinity on the sector 4 = {z; R(z) > 0} (right half-plane). Indeed,
choose N € N and a proper sub-sector 4; = {z; —5 +J < arg(z) < § —d} of 4. From the
Taylor expansion with integral remainder of E(C ) at 0

R n—1 N 1 -
we obtain N N oo §N .
_ Iin _ p\N=17(N) —z¢
ne =3 +/O e 1)!/0 (1= N RN (¢t dt e dc.
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To bound E(M(Ct) we use the Cauchy Integral Formula

~(N N! h(u)

RN (¢t) = %/Cu (= N+t du
where C¢; denotes the circle with center (¢, radius 1/2, oriented counterclockwise.
For t € [0,1] and ¢ € [0,+oo] then (¢ is non negative and R(u) > —1/2 when u runs
over any C¢;. Hence, we obtain

N
|ﬁ(N)(Ct)| < 2N!2

— )12y
— el/2 ’

and l/ol(l —t)N‘lﬁ(N)(Ct)dt’ < (]\2]_ iz

Finally, from the identity above we can conclude that, for all z € 45,

Ry, 2N TN e C
(10) ‘h(z)*zzj S92 ; " e |d<:\z\T+1
n=1
. N
with C' = 2—;[1/2 N! (siné)NH'

This proves that h(z) is asymptotic to Tz(z) at infinity on 4.

Example 2.2.8 (A series solution of a wild difference equation)

Consider the order one inhomogeneous wild difference equation

(11) %é(z +1)+ (1 + é)é(z) - %

An identification of terms of equal power shows that it admits a unique series solution

U(z) = Z Lz "

n>1

whose coefficients ¢,, are given by the recurrence relation

+p—1)!

= 20, _1ypg,, (mtp -

bnts ¢ m£n( e pl(m —1)!
m>1,p>1

from the initial value ¢; = 1. It follows that the sequence (£),>1 is alternate and satisfies
[nt1| = (n—1)[n].

Hence, {2, > 2" (n — 1)! for all n and consequently, the series is divergent. The Borel

transform £(¢) of the series ¢(z) satisfies the equation
¢ N (N ~
| et [ fga+ie) =1
0 0
equivalent to the two conditions Z(O) =1 and 2\'(() =(- e ¢ — I)A(C). Hence,

~ 1 _eqe¢
1) = e crer,

We leave as an exercise to prove that the Laplace integral f0+oo 2(() e~*¢d¢ is a solution

~

of (11) asymptotic to £(z) at infinity on the sector $(z) > —1 (Follow the same method

as in the previous exercise and estimate the constant C').
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2.2.3. Algebras of asymptotic functions. — Recall that 4 denotes a
given open sector with vertex 0 in C\ {0} or in the Riemann surface of the
logarithm €. Unless otherwise mentioned we refer to the usual derivation
d/dz and to Notations 2.2.2.

Proposition 2.2.9 (Differential algebra and Taylor map)

> The set A(s) endowed with the usual algebraic operations and the usual
derivation d/dz is a differential algebra.

> The Taylor map T = T, : A(8) — Cl[z]] is a morphism of differential
algebras with kernel A<Y(4).

Proof. — Due to the algebraic rules on asymptotic expansions A(4) is a sub-
algebra of O(4). We are left to prove that A(4) is stable under derivation with
respect to x and that the Taylor map 7T commutes with derivation.

Let f € A(4) have an asymptotic expansion T f(z) = >, anz". Since f
belongs to O(4) it admits a derivative f/ € O(4). Moreover, for all 4’ € 4 and
all N > 0, there exists C' > 0 such that, for all z € 4’,

N
[F@) =" ana”| < Ol
n=0
and we want to prove that for all 4” € 4, for all N > 0, there exists C’ > 0
such that, for all x € 4",
N-1

F@) = St Danaaa”| < 'l
n=0

Fix N > 0 and consider the function g(z) = f(z) — N, ana™.

We must prove that the condition
o for all &' € &, there exists C > 0 such that |g(z)] < C |z|V*! for all z € &'
implies the condition
o forall " € &, there exists C' > 0 such that |¢'(z)| < C" |z|™ for all z € 4.
Given 4" € 4, choose a sector 4’ such that 4” € 4’ € 4 (see Fig 5) and let
d be so small that, for all 2 € 4", the closed disc B(x, |z|§) centered at x with
radius |z|d be contained in 4’. Denote by =, the boundary of B(z, |x|6).
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)

0

Figure 5

By assumption, for all t € B(z, |z|d) and, especially, for all ¢t € 7, the
function g satisfies |g(t)] < C|t|" ™. We deduce from Cauchy’s integral for-

mula ¢/'(z) = 2 e T tg_(?)Q dt that, for all x € 4", the derivative ¢’ satisfies

1 27 |x| & C N+1 N
"(z)| < — ¢ < 1+0 =C'
@) < 5= max o0)] 7755 < o (ol (140) ™ = €
with C' = C (1 + §)N*+1 /5. Hence, the result. O
Remarks 2.2.10. — Let us insist on the role of Cauchy’s integral formula.

> The proof of Proposition 2.2.9 does require that the estimates in Defi-
nition 2.2.1 be satisfied for all 4" € 4 instead of 4 itself. Otherwise, we could
not apply Cauchy’s integral formula and we could not assert anymore that the
algebra A(4) is differential. In such a case, algebras of asymptotic functions
would not be suitable to handle solutions of differential equations.

> Theorem 2.2.9 is no longer valid in real asymptotics, where Cauchy’s
integral formula does not hold, as it is shown by the following counter-example.

The function f(z) = e~ /*sin(e!/?) is asymptotic to 0 (the null series)
on RT at 0. Its derivative f'(z) = x%e_l/x sin(e!/*) — x%cos(el/””) has no
limit at 0 on R™ and then no asymptotic expansion. This proves that the set
of real analytic functions admitting an asymptotic expansion at 0 on RT is
not a differential algebra.

The following proposition provides, in particular, a proof of the uniqueness
of the asymptotic expansion, if any exists.

Proposition 2.2.11. — A function f belongs to A(8) if and only if f belongs
to O(8) and a sequence (an)nen ezists such that

1

— lim f™(z) =a, forall & €.

n! z—0
ey
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Proof. — The only if part follows from Proposition 2.2.9. To prove the if
part consider 4" € 4. For all z and z¢ € 4, f admits the Taylor expansion
with integral remainder

v 1

m(w — )N () de.

N-1
0= 3 -y = [
Notice that we cannot write such a formula for zg = 0 since 0 does not even
belong to the definition set of f. However, by assumption, the limit of the left
hand side as xg tends to 0 in 4’ exists; hence, the limit of the right hand side
exists and we can write
N-1

_ n_ [F 1 \N=1 #(N)
&)= X ona” = /0 @ -t
Then,
N-1
@)= Y ana"| < by |fy @ = N ) ar
n=0
< B supyey |FM (0] < Clat?,

the constant C' = % SUD;¢ 4 |f™) ()| being finite by assumption. Hence, the
conclusion ]

2.3. Gevrey asymptotics

When working with differential equations for instance, it appears easily
that the conditions required in Poincaré asymptotics are too weak to fit some
natural requests, say for instance, to provide asymptotic functions that are
solutions of the equation when the asymptotic series themselves are solution
or, better, to set a 1-to-1 correspondence between the series solution and their
asymptotic expansion. A precise answer to these questions is found in the
theories of summation (cf. Chaps. 6 and 8). A first step towards that aim is
given by strengthening Poincaré asymptotics into Gevrey asymptotics.

From now on, we are given k > 0 and we denote its inverse by

s=1/k

When k& > 1/2 then n/k < 2m and the sectors of the critical opening
7/k to be further considered may be seen as sectors of C* itself; otherwise,
they must be considered as sectors of the universal cover C of C*. In general,
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depending on the problem, we may assume that k£ > 1/2 after performing a
change of variable (ramification) z =t with a large enough p € N.

Recall that, unless otherwise specified, we denote by 4, 4’,... open sectors
in C* or C and that the notation 4’ € 4 means that the closure of the sector 4’
in C* or C lies in 4 (cf. Def. 2.1.2).

2.3.1. Gevrey series. —

Definition 2.3.1 (Gevrey series of order s or of level k)

A series Y, ~qanx™ is of Gevrey type of order s (in short, s-Gevrey) if there
exist constants C > 0, A > 0 such that the coefficients a,, satisfy

lan| < C(nh)*A™  for all n.

The constants C' and A do not depend on n.
Equivalently, a series ) -,anz" is s-Gevrey if the series ) ., anz™/(n)?
converges.

Notation 2.3.2. — We denote by C[[z]]s the set of s-Gevrey series.

Observe that the spaces C[[z]]s are filtered as follows:
Cz} = Cllz]]o € C[[2]ls < Cllzl]s < Clla]]oo = Cl2]]
for all s, s’ satisfying 0 < s < s’ < +o0.

Comments 2.3.3 (On the examples of chapter 1)

> A convergent series (cf. Exa. 2.2.3) is a 0-Gevrey series.

> The Euler series E(m) (¢f. Exa. 2.2.4) is 1-Gevrey and hence s-Gevrey for any s > 1.
It is s-Gevrey for no s < 1.

> The hypergeometric series 3Fo(1/2) (cf. Exa. 2.2.6) is 2-Gevrey and s-Gevrey for
no s < 2.

b The series h(z) (cf. Exa. 2.2.7) is 1-Gevrey. Indeed, it is at least 1-Gevrey
since |hy,| > n! and it is at most 1-Gevrey since its Borel transform at infinity converges.

> From the fact that |[lany1] > 2™n! and |[lan| > 2" (n — 1)! we know that, if the
series £(z) (cf. Exa. 2.2.8) is of Gevrey type then it is at least 1/2-Gevrey. From the fact
that its Borel transform is convergent it is of Gevrey type and at most 1-Gevrey. Note

however that its Borel transform is an entire function and consequently, £(z) could be less

than 1-Gevrey.

Proposition 2.3.4. — Cl[z]]s is a differential sub-algebra of C[[z]] stable un-
der composition.
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Proof. — C[[z]]s is clearly a sub-vector space of C[[z]]. We have to prove that
it is stable under product, derivation and composition.

> Stability of C[[z]]s under product. — Consider two s-Gevrey series
Y on>0an®™ and Y oo bpx™ satisfying, for all n and for positive constants
A, B,C and K, the estimates

lan] < C(n)*A™ and |b,| < K(n!)°B".

Their product is the series ) <, c,z™ where ¢, = ) apbg. Then,

p+q=n
leal <CK 37 (p)*(q)°APBT < CK (n)*(A + B)".
ptg=n

Hence the result.

> Stability of C|[x]]s under derivation. — Given an s-Gevrey series
Y >0 ana” satisfying |a,| < C(nl)*A™ for all n, its derivative > o, bpa”
satisfies

[ba| = (n+ Dlans1] < (n+1)C((n+ 1)) A" < C'(n)°A™

for convenient constants A’ > A and C’ > C. Hence the result.

> Stability of C[[z]]s under composition [Gevl8]. — Let f(z) =
> ps1aprP and g(y) =2, bny" be two s-Gevrey series. The compo-
sition g o f(z) = Y >0 Cnx™ provides a well-defined power series in x. From
the hypothesis, there exist constants h, k,a,b > 0 such that, for all p and n,
the coefficients of the series f and § satisfy respectively lap| < h(p)*aP and
|bp| < E(n)®b™.

Faa di Bruno’s formula allows us to write

nlen =Y N(m)|m|! by [] (j!“j)mj
j=1

mely

where I, stands for the set of non-negative n-tuples m = (mqy,ma,...,my)

satisfying the condition » 7, jm; = n, where [m| = 3>°%_; m; and the coeffi-

cient N(m) is a positive integer depending neither on f nor on g. Using the
Gevrey hypothesis and the condition Z;‘:l Jjm; = n, we can then write

nlle,| < ka” Z N(m) [m|1*+ (hb)Iml (ﬁj!mJ)HS,
J=1

mely
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As clearly |m| <n and N(m) < N(m)'**, with B = max(hb, 1), we obtain
n 1+s
nlleal <k (@B)" Y (N(m) m|t TT5™)
mely j=1

and then, from the inequality Zfil XZHS < (Zfil Xi)lJFS for non-negative s
and Xj;’s, the estimate

n 1+s
nlleal <k (@B)"( > N(m) m|! T t™)
mely, J=1

Now, applying Faa di Bruno’s formula to the case of the series f(z) = /(1—x)
and g(z) =1/(1 — x), implying thus go f(z) = 1 4+ x/(1 — 2z), we get the

relation
n—1,1
Z \m|'H m]_ 2 n! when n>1
when n = 0;
mely
hence, a fortiori,

Y} N(m |m|'H ™ < 2" p)

mejn
and we can conclude that

len| < k(n)® (215 aB)"
for all n € N, which ends the proof. O

One has actually the more general result stated in Proposition 2.3.6 below.

Definition 2.3.5. — A series G(y1,---,Yr) = 2 p, . p50Ongne U1 - Y0

is said to be (s1,...,s,)-Gevrey if there exist positive constants C, My, ..., M,
such that, for all n-tuple (n1,...,n,) of non-negative integers, the series sat-
isfies an estimate of the form

b e < COY - (o M b
It is said to be s-Gevrey when s1 = --- = s, = s.

Proposition 2.3.6. — Let ]?1(:5), ﬁ(x), cel, f;(:r:) be s-Gevrey series without
constant term and let g(y1,...,yr) be an s-Gevrey series in r variables.
Then, the series g(f1(z),..., fr(x)) is an s-Gevrey series.

Since the expression of the n'" derivative of §(fi(z),..., fr(z)) has the
same form as in the case of g(f(x)) the proof is identical to the one for g(f(z))
and we leave it as an exercise.
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The result is, a fortiori, true when g or some of the fj’s are analytic. The
fact that C[[z]]s be stable by product (and composition of course) can then be
seen as a consequence of that proposition.

2.3.2. Algebras of Gevrey asymptotic functions. —

Definition 2.3.7 (Gevrey asymptotics of order s)

A function f € O(4) is said to be Gevrey asymptotic of order s (for short,
s-Gevrey asymptotic) to a series ., <, ana™ on 4 if for any proper sub-sector
s € 4 there exist constants Cy >0 and Ay > 0 such that, the following
estimate holds for all N € N* and x € &'

N-1
(12) @)= 3 ana"| < Cu (N AY [l
n=>0

A series which is the s-Gevrey asymptotic expansion of a function is said to
be an s-Gevrey asymptotic series.

Notation 2.3.8. — We denote by Ag(s) the set of functions admitting an
s-Gevrey asymptotic expansion on 4.

Given an open arc I of S', let 47(R) denote the sector based on I with
radius R. Since there is no possible confusion, we also denote the set of germs
of functions admitting an s-Gevrey asymptotic expansion on a sector based
on I by

As(I) = lim A, (81(R)).
R—0
The constants Cy and Ay may depend on 4’; they do not depend on N € N*
and x € 4'. Gevrey asymptotics differs from Poincaré asymptotics by the fact
that the dependence on N of the constant C 4 (cf. Def. 2.2.1) has to be of
Gevrey type.

Comments 2.3.9 (On the examples of chapter 1)

The calculations in Section 2.2.2 show the following Gevrey asymptotic properties:

> The Euler function E(z) is 1-Gevrey asymptotic to the Euler series E(z) on any
(germ at 0 of) half-plane bisected by a line dy with argument 6 such that —7 < 6 < +.
It is then 1-Gevrey asymptotic to E(z) at 0 on the full sector —37/2 < arg(z) < +37/2.

> Up to an exponential factor the exponential integral has the same properties on

germs of half-planes at infinity.
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> The generalized hypergeometric series g(z) of Example 2.2.6 is 2-Gevrey and we
stated that the function g(z) is asymptotic in the rough sense of Poincaré to g(z) on
the half-plane R(z) > 0 at infinity. We will see (c¢f. Com. 6.2.7) that the function g(z) is
actually 1/2-Gevrey asymptotic to g(z). Our computations in Sect. 2.2.2 do not allow us
to state yet such a fact since we did not determine how the constant C' depends on N.

> The function h(z) of Example 2.2.7 was proved to be 1-Gevrey asymptotic to the
series h(z) (cf. Estim. (10) on the right half-plane R(z) > 0 at infinity.

> The function £(z) of Example 2.2.8 satisfies the same estimate (10) as h(z) on
the sector &' = {—7/2+ 6§ < arg(z) < m/2 — 4}, for (0 < § < 7/2), with a constant C
which can be chosen equal to C' = e 1/2tet? 2N /(sin )V 1. The function £(z) is then
1-Gevrey asymptotic to the series £(z) on the right half-plane R(z) > 0 at infinity.

Proposition 2.3.10. — An s-Gevrey asymptotic series is an s-Gevrey se-
ries.
Proof. — Suppose the series ) -, an,z™ is the s-Gevrey asymptotic series of

a function f on 4. For all N, the result follows from Condition (12) applied
twice to

N-1 N
anz = (f(x) - Z amc”) - (f(x) - Zan:z”>. O
n=0 n=0

Proposition 2.3.11. — A function f € A(s) belongs to A(s) if and only if
for all &' € & there exist constants C,, > 0 and A, > 0 such that the following
estimate holds for all N € N and x € 4':

dVf
daN
Proof. — Prove that Condition (13) implies Condition (12). — Like in the
proof of Prop. 2.2.11, write Taylor’s formula with integral remainder:

(13) (v)] < Y+t A}y

N-1
F@) = 3 ana” = [ k(e — VO @) dt = — & [FFN (8 d(w — DY
n=0

and conclude that
N-1 1
‘f(x) - Z anxn‘ < N7 Sup

’
ne0 tes

Prove that Condition (12) implies Condition (13). — Like in the proof of
Prop. 2.2.9, attach to any x € 4" a circle 7, centered at x with radius |z|d, the

av'f
dxN

(t)‘ N < O (N)AY |2V

constant § being chosen so small that v, be contained in 4 and apply Cauchy’s
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integral formula:

de NI dt N! e n dt
d$N(x):2m[yzf(t)M)Jv—H:2Tl[yz <f<t>_7;)CLnt >m

since the N** derivative of a polynomial of degree N — 1 is 0. Hence,

df N! S AN 1
w(w)‘ < 5 Cw(N) AA// M,N—i—ldt‘
1 o1 v 2N A+ O
S %CA/(N') + AA, W2ﬂ'6‘x’

! 1
= CA/(N!)S+1AAJ/\7 Wlth A,’A/ = AA/ (1 + 5)

Proposition 2.3.12 (Differential algebra and Taylor map)
The set Ag(4) is a differential C-algebra and the Taylor map T, restricted
to As(s8) induces a morphism of differential algebras

T="Ts,:As(8) — Cl[z]]s
with values in the algebra of s-Gevrey series.

Proof. — Let 4’ € 8. Suppose f and g belong to A4(4) and satisfy on 4’

de(x)‘ < C(N’)S+1AN and dNg (m)‘ < C/(Ny)s—i—lA/N

dzN - ' daN - ’ '

The product fg belongs to A(4) (cf. Prop. 2.2.9) and its derivatives satisfy
a4V (f9) oo 7F AN (A ANV
S @) < D R ) gy (@) < CONY 1A+ )Y

The fact that the range T 4(As(4)) be included in C[[z]]; follows from Propo-

sition 2.3.10. 0

Observe now the effect of a change of variable = t", r € N*. Clearly, if

a series f(x) is Gevrey of order s (level k) then the series f(t") is Gevrey of
order s/r (level kr). What about the asymptotics?

Let 4 =]a, 3[x]0, R[ be a sector in C (the directions o and 3 are not given
modulo 27) and let 8/, =]a/r, 3/r[x]0, RY"[ so that as the variable ¢ runs
over 4/, the variable z = ¢" runs over 4. From Definition 2.3.7 we can state:

Proposition 2.3.13 (Gevrey asymptotics in an extension of the vari-
able)
The following two assertions are equivalent:
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(1) the function f(x) is s-Gevrey asymptotic to the series f(x) on &;
(i) the function g(t) = f(t") is s/r-Gevrey asymptotic to §(t) = f(t7)
on b /y.

Way back, given an s’-Gevrey series g(t), the series fN(x) = (2" ex-
hibits, in general, fractional powers of x. To keep working with series of
integer powers of x one may use rank reduction as follows [LRO1]. One can
uniquely decompose the series g(t) as a sum

r—1
gty =t g;(t")
j=0

where the terms g;(t") are entire power series in t". Set w = 2™/ and x = t".
The series gj(x) are given, for j =0,...,r — 1, by the relations
r—1
rtd gi(t7) =Y WD G,
(=0

For j=0,...,r—1, let A?T denote the sector

&), =)o+ 2jm) [, (8 + 2jm) /r[ x |0, RV/"|
so that as ¢ runs through 4/, = A(/)r then w’t runs through A?T and x = t" runs
through 4.

From the previous relations and Proposition 2.3.13 we can state:

Corollary 2.3.14 (Gevrey asymptotics and rank reduction)

The following two assertions are equivalent:

(i) for £ = 0,...,r — 1 the series §(t) is an s'-Gevrey asymptotic series
on 8¢/ (in the variable t);

(ii) for j = 0,...,7 — 1 the r-rank reduced series gj(x) is an s'r-Gevrey
asymptotic series on & (in the variable x =t").

With these results we might limit the study of Gevrey asymptotics to
small values of s (s < sg) or to large ones (s > s1) at convenience.

2.3.3. Flat s-Gevrey asymptotic functions. — In this section we ad-
dress the following question: to characterize the functions that are both s-
Gevrey asymptotic and flat on a given sector 4. To this end, we introduce the
notion of exponential flatness.
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Definition 2.3.15. — A function f is said to be exponentially flat of order
k (or k-exponentially flat) on a sector 4 if, for any proper subsector &' € & of
4, there exist constants K and A > 0 such that the following estimate holds
forall x € 4 :

A
(14) @) < Kexp (= =)
z|
The constants K and A may depend on 4.

Notation 2.3.16. — We denote the set of k-exponentially flat functions on
48 by
AS7E(g).

Proposition 2.3.17. — Let & be an open sector. The functions which are
s-Gevrey asymptotically flat on & are the k-exponentially flat functions, i.e.,

As(8) N A<0(8) = A=K () (recall s = 1/k).

Proof. — > Let f € As(s) N A<9(8) and prove that f € AS7F(8).
It is, here, more convenient to write Condition (12) in the following equivalent
form: for all 4" € 4, there exist A > 0,C > 0 such that the estimate

|f(z)| < C’NN/k(A]x\)N = Cexp (%ln (N(A\x])k))

holds for all N and all x € 4’ (with possibly new constants A and C).

For x fixed, look for a lower bound of the right hand side of this estimate
as N runs over N. The derivative ¢'(N) = In (N (A|z|)¥) + 1 of the function

p(N) = Nln (N(Az])")

seen as a function of a real variable N > 0 vanishes at Ny = 1/ (e(A]a:\k))
and ¢ reaches its minimal value ¢(Ny) = —Ny at that point. Taking into
account the monotonicity of ¢, for instance to the right of Ny, we can assert
that

inf o(N) < o(No+1) = go(No)<1 + ;0(1 — (1+ Np)In (1 + AD))

Substituting this value of Ny as a function of z in ¢, we can write p(Ny + 1) = o(No)¥ ()
where () is a bounded function on 4. Hence, there exists a constant C’ > 0
such that |f(z)| < C"exp (— %) with @ = % > 0 independent of z € 4'.

||

This proves that f belongs to A<7%(4).
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> Let f € AS7F(8) and prove that f € A (8) N A<(s).
The hypothesis is now: for all 4" € 4, there exist A > 0,C > 0 such that an
estimate
A
)] < Cosp (- )
||
holds for all x € 4’. Hence, for any N, the estimate

_ A _
@) 2l ™ < Cexp (= =)ol ™.
||
For N fixed, look for an upper bound of the right hand side of this estimate
as |z| runs over R™. Let ¢(]z|) = exp (—ﬁ) |z| V. Its logarithmic derivative
V() N Ak

v(lal) el et
vanishes for Ak/ \x|k = N and 1 reaches its maximum value at that point.
Thus, max|,o¥(|z]) = exp ( — ) (%)N/k and there exists constants

a = (eAk)~Y¥ and C > 0 such that, for all N € N and z € ¥’ the function f

satisfies
|£(2)] < ONNE(a)z])™.
Hence, f belongs to Ag(s) N A<0(8). O

2.4. The Borel-Ritt Theorem

With any asymptotic function f € A(4) over a sector 4 the Taylor map T}
associates a formal series f = T,(f). We address now the converse problem:
is any formal series the Taylor series of an asymptotic function over a given
sector 47 The theorem below states that the answer is yes for any open sector
4 with finite radius in C* or C in Poincaré asymptotics. In case the series is
s-Gevrey an s-Gevrey asymptotic function always exists when the opening of
the sector 4 is small enough but we will see on examples that it might not
exist for a too wide 4. Notice that the Taylor series of a function f € A(C*)
is necessarily convergent by the removable singularity Theorem of Riemann.
And thus, when 4 is included in C*, it cannot be a full neighborhood of 0
in C*.

Theorem 2.4.1 (Borel-Ritt). — Let 4 # C* be an open sector of C* or of
the Riemann surface of logarithm C with finite radius R.

(i) (Poincaré asymptotics) The Taylor map Ty : A(s) — C[[z]] is onto.



2.4. THE BOREL-RITT THEOREM 27

(ii) (Gevrey asymptotics) Suppose 8 has opening |8| < m/k. Then, the
Taylor map T 5 : As(s) — C[[z]]s is onto. Recall s =1/k.

Proof. — (i) Poincaré asymptotics. — Various proofs exist. The one pre-
sented here can be found in [Mal95]. For simplicity, begin with the case of a
sector in C*.

> Case when 4 lies in C*. Modulo rotation it is sufficient to consider the
case when 4 = 4_r 1+(R) is the disc of radius R slit on the real negative axis.

Figure 6

Given any series Y., ~qanz" € C[[z]] we look for a function f € A(4)
with Taylor series T f = _Zn>0 anx™. To this end, one introduces functions
Bn(z) € O() satisfying the two conditions

(1) : Y anfa(z)a™ € O(8) and (2): TBu(z)=1 forall n>0.
n>0

Such functions exist: consider, for instance, the functions Sy = 1 and, for
n > 1, Bn(z) = 1 —exp ( — bp/y/z) with positive b, and \/z the principal
determination of the square root.

In view to Condition (1), observe that since 1 — e¢* = — [Fe'dt
then |1 — e?| < |z| for R(z) < 0. This implies |B,(z)| < b,/+/|z] for all
x € 4 and n > 1 and then,

’anﬂn(l’)ﬂl‘ < |an|bn|$|n71/2 < ‘an’ban_lﬂ-

Now, choose b, such that the series 3 . |an|b, R"'/2 be convergent.
Then, the series 3, < anfBn(2)2" converges normally on 4 and its sum f(z) =
3,50 @nBn(x)2™ is holomorphic on 4.

"To prove Condition (2), consider any proper sub-sector 4’ € 4 of 4 and
x € 4'. Then, for any N > 1, we can write

N—-1
‘f(:v) — Z anx"
n=0

The first summand is a finite sum of terms all asymptotic to 0 and then,
is majorized by C'|z|", for a convenient positive constant C’. The second

N-1
: ‘z—;) an(Bn() = 1)xn‘ + | Z |anBn(z)z™ .

n>N
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summand is majorized by
2 (2lan| + > lanlbaR*2N).
n>N+1

Choosing C' = " + 2lan| + > >y 11 || b R Y/2N provides a positive con-
stant C' (independent of 2 but depending on N and 4') such that
N

‘f(:c) — Z anx"

n=0

< Clz|N forall ze 4.

This ends the proof in this case.

> General case when 4 lies in C*. — It is again sufficient to consider the
case of a sector of the form 4 = {z € C*; |arg(z)| < km, 0 < |z| < R} where
k € N*. The same proof can be applied after replacing /x by a convenient
power xz of x so that R(z®) is positive for all x in 4 and taking b,, = 1 for all
n < a.

(ii) Gevrey asymptotics

Let f(z) € C[[z]]s be an s-Gevrey series which, up to a polynomial, we
may assume to be of the form f(z) = Y sk 0™, It is sufficient to consider
a sector 4 of opening 7/k (as always, k = 1/s) and by means of a rotation, we
can then assume that 4 is an open sector bisected by the direction § = 0 with
opening 7/k; we denote by R its radius. We must find a function f € A4(4),
s-Gevrey asymptotic to fover A

The proof used here is based on the Borel and the Laplace transforms
which will be at the core of Borel-Laplace summation in Section 6.3.

Since f(m) is an s-Gevrey series (cf. Def. 2.3.1) its k-Borel transform(")

N _ Qn n—k
&) = %F(n/mg

is a convergent series(®) and we denote by o(€) its sum. The adequate Laplace

transform to “invert” the k-Borel transform (as a function ¢(£), not as a series
f(&)) in the direction # = 0 would be the k-Laplace transform
+oo

Li(p)(z) = $(¢)e /=" d¢

0

(1) See Sect. 6.3.1. The k-Borel transform of a series > n>k @nx™ is the usual Borel transform of the
series Y, <y an X"/ with respect to the variable X = % and expressed in the variable £ = (°.

& Althouéh7 when k is not an integer, the series f(f) is not a series in integer powers of £ it becomes
so after factoring by £~%. We mean here that the power series {kf(f) is convergent.
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~

where ¢ = &F and ¢(¢) = (¢'/%). However, although the series f(€) is
convergent, its sum ¢(£) cannot be analytically continued along R™ up to
infinity in general. So, we choose b > 0 belonging to the disc of convergence

~

of f(&) and we consider a truncated k-Laplace transform

bk
—¢/zk
(15) fa)= | e(Qe ¢
instead of the full Laplace transform L (¢)(z). Lemma 2.4.2 below shows that
the function f = f answers the question. O

Lemma 2.4.2 (Truncated Laplace transform). — With notations and
conditions as above, and especially & being an open sector bisected by 6 = 0
with opening ©/k, the truncated k-Laplace transform f°(x) of the sum ()

(lf the k-Borel transform of f(x) in direction 8 = 0 is s-Gevrey asymptotic to
f(z) on & (with s = 1/k as usually).

Proof. — Given 0 < § < m/2 and R’ < R, consider the proper sub-sector of
4 defined by 85 = {z; |arg(z)| < 7/(2k) — §/k and |z| < R'}. For = € 45 we
can write

N-1 o
an k) =1 —c/zk
fb(af) - Z anz" = /0 ch( /R ~Le=¢/ d¢
n==k n>k
N-1 +00
a k
_ n ¢k =1 e=C/a" g
; T'(n/k) /0

Since R(x*) > 0 then, }C(”/k)_le_g/xk’ < b Fforall ¢ € [0,b%]. Consequently,
the series >, -, %C("/k)*l e=¢/7" converges normally on [0, b*] and we can
permute sum and integral. Hence,

N—-1 bk
b B n an (n/k)—1 _—¢/zF
)= 3 =Y o et tag

n>N
~ T k)1 )
_ n n/k)—1 _—(/x
2 Tu/h) [ srtesta

(N/k)—

However, |¢/bF|™/M™" < |¢/bk| ' both when |¢| < b* and n > N

and when [¢| > b¥ and n < N and then,
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T Z lan] /+°° idem
=k L(n/k) Ju
|an| n—N /+°° (N/k)=1 _—¢sin(8)/ ||
= HZZk i’ ), 1 ac
E ’an’ n—N ‘-’If"N /+ (/)1
n>k I'(n/k) (sin 6)N/E J, u e “du

B Z Wk (siLx;)N/kF(N/k) = CT(N/k) AN [ ™

where A = e )1/k and C'=3% -, F‘Z’}k) b"™ < +00. The constants A and C
depend on 4; and on the choice of b but are independent of z. This achieves
the proof. O

Comment 2.4.3 (On the Euler series (Exa. 2.2.4))

The proof of the Borel-Ritt Theorem provides infinitely many functions asymptotic to
the Euler series E(z) =Y, o,(—=1)"n!z""" at 0 on the sector 4 = {z; |arg(z)| < 3r/2}.
For instance, the following family provides infinitely many such functions:

_ 1/
F,(z) = Z(—l)nn!(l —e a/((n?a? 3>)xn+l, a > 0.

n>0

We saw in Example 2.2.4 that the Euler function E(z) = f0+°° 61+5 d¢ is both solution of
the Euler equation and asymptotic to the Euler series on 4. We claim that it is the unique
function with these properties. Indeed, suppose E; be another such function. Then, the
difference E(z) — E1(z) would be both asymptotic to the null series 0 on 4 and solution
of the homogeneous associated equation z?y’ +y = 0. However, the equation z%y’ +y = 0

admits no such solution on 4 but 0. Hence, E = E; and the infinitely many functions

given by the proof of the Borel-Ritt Theorem do not satisfy the Euler equation in general.

Taking into account Props. 2.2.9,2.3.12 and 2.3.17 we can reformulate
the Borel-Ritt Theorem 2.4.1 as follows.

Corollary 2.4.4. — The set A<°(48) of flat functions on & and the set
AS7k(8) of k-exponentially flat functions on & are differential ideals of A(4)
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and As(8) respectively. The sequences
0 — A<0(8) — A(8) —25CJ[z]] = 0
and, when |48 < 7w /k,
0 — AS7F(8) — A (8) —= Cllal]s — 0
are exact sequences of morphisms of differential algebras.

The Borel-Ritt Theorem implies the classical Borel Theorem in the real
case providing thus a new proof of it.

Corollary 2.4.5 (Classical Borel Theorem). —
Any formal power series ), ~qanx™ € C[[z]] is the Taylor series at 0 of
a C*®-function of a real variable x.

Proof. — Apply the Borel-Ritt Theorem on a sector 4’ containing R and on
a sector 4” containing R™. The two functions so obtained glue together at 0
into a C*°-function in a neighborhood of 0 in R. O

2.5. The Cauchy-Heine Theorem

In this section we are given:
> a sector 4 = ba,8(R) with vertex 0 in C*;

> a point xg in 4 and the straight path v =10, zo] in 4;
> a function ¢ € A<0(4) flat at 0 on 4.

Definition 2.5.1. — One defines the Cauchy-Heine integral associated with
@ and xg, to be the function

Figure 7
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Denote by:

> 8 = Bagror(R) 2 sector with vertex 0 in the Riemann surface of loga-
rithm overlapping on 4;

> 0y the argument of zg satisfying a0 < 6y < 5;

> Dy = 8g,.60+2x(|T0|) the disc of radius |zg| slit along v;

> &' = 4N {le] < |z0]} = da,s(|0]);

> 4" =80 {|z| <|zol} = a,42r(|20])-

The Cauchy-Heine integral determines a well-defined and analytic func-
tion f on D,. By Cauchy’s Theorem, Cauchy-Heine integrals associated with

©(t)

different points x¢ and x7 in 4 differ by ﬁ f:c(Tm 1, dt, an analytic function

on a neighborhood of 0.

Theorem 2.5.2 (Cauchy-Heine). — With notations and conditions as be-
1 e(t) dt

fore and especially, ¢ flat on x;, the Cauchy-Heine integral f(x) = 5 o
has the following properties:

1. The function f can be analytically continued from D., to 4'; we also use
the term Cauchy-Heine integral when referring to this analytic continuation
which we keep denoting by f.

2. The function f belongs to A(4').
3. Its Taylor series at 0 on &' reads

. L[ ot)
TA/f(ZL‘) = Zaniv with Ap = 27‘(@/}/ tn+1 dt.

n>0

4. Its variation varf(z) = f(x) — f(xe?™) is equal to o(z) for all x € 4.

5. If, in addition, ¢ belongs to .ZS*’“(A.) then, f belongs to As(4') with the
above Taylor series, i.e., , if ¢ is k-exponentially flat on 4 then, f is s-Gevrey
asymptotic to the above series Y - anx™ on &' (recall s =1/k).

Proof. — The five steps can be proved as follows.

1. — Consider, for instance, the function f for values of x on the left of
~. To analytically continue this “branch” of the function f to the right of ~ it
suffices to deform the path ~ by pushing it to the right keeping its endpoints
0 and z¢ fixed. This allows us to go up to the boundary arg(z) = « of 4’. We
can similarly continue the “branch” of the function f defined for values of z
on the right of v up to the boundary arg(xz) = 8 + 27 of 4’

2-3. — We have to prove that, for all subsector 4” € 4, the function f
satisfies the asymptotic estimates of Definition 2.2.1.
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> Suppose first that 4”7 Ny = (). Writing

N

Z -
i+l tN t — x)

as in Example 2.2.4, we get

o(t)
Z an" + 2mi / tN(t — ) .

Figure 8

Given z € 4", then |t — x| > dist(¢, 4”) = |¢| sin(d) for all ¢ € v and so
N—-1
(16) f(2) =Y ana”| < Cla|™
n=0

where the constant C' = i ‘ f7 %dt‘ is finite (the integral converges
since ¢ is flat at 0 on 7) and depends on N and 4", but is independent of

zea
> Suppose now that 4” N~ # (). Push homotopically v into a path made

of the union of a segment 7, = |0, z1] and a curve 72, say a circular arc, joining
x1 to xp without meeting 4” as shown on the figure. The integral splits into

two parts fi(z) and fa(x).

Figure 9
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The term fi(x) belongs to the previous case and is then asymptotic to

"

227”/ t”'H on 4.

The term fo(x) defines an analytic function on the disc |z| < |zo| and is

asymptotic to its Taylor series Zn>0 271” s tfﬁ)l dt z™. Hence, the result.

4. — Given z € &' compute the variation of f at x. Recall that x € %
means that x belongs to the first sheet of 4’. So, as explained in the proof of
point 1, to evaluate f(z) we might have to push homotopically the path 7 to
the right into a path /. When z lies to the left of v we can keep v/ = ~v. To
evaluate f(x e2“) we might have to push homotopically the path v to the left
into a path 4" taking 4" = v when z lies to the right of .

The concatenation of 4/ and —7” generates a path I in 4 enclosing = and
since the function ¢(t)/(t — ) is meromorphic on 4 we obtain by the Cauchy’s

Residue Theorem:

@) () = f(z) — flwe?™) = — / P(1) 44 = Res (f(t) =) = ()

_% Ft—ﬂf
0"

a <arg(z) < by arg(z) = 0o Oy < arg(z) <

Figure 10

5. — Given 4” € 4’ suppose that the function ¢ satisfies
}cp(x)! < Kexp(— A/|x\k) on 4"
Consider the case when 4” Ny = (). Then, the constant C in estimate (16)

satisfies

exp(—4/[t]*) —N/k
< %‘/ BT dt‘ < C"A~NFD(N/E)

with a constant C’ > 0 mdependent of N. The case when 4” N~y # () is treated
similarly by deforming the path v as in points 2-3. Hence, f(x) is s-Gevrey
asymptotic to the series ano apx™ on 4. O]
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Comments 2.5.3 (On the Euler function (Exa. 2.2.4))

Set & = Ba,5(00) with o = —37/2 and 8 = —7/2 and & = 8a,p12x(0). Let E(z) denote
the Euler function as in Example 2.2.4 and, given 0, let dg denote the half line issuing
from 0 with direction 6.

> The variation of the Euler function E on 4 is given by

( ) e ¢/ —5/90 ( )
var E(z) = / d¢ — / ¢ small enough
doppe 1+E 1+ f
= —2mi Res( = 71) (Cauchy’s Residue Thm.)

= —2miel/®

> Apply the Cauchy-Heine Theorem by choosing the 1l-exponentially flat func-
tion ¢(z) = —27ie’/” on 4 and a point zg € ,& for instance o = —r real negative.
Denote &' = 4N {|z| < |zo|} and 4" = A’ N {|z| < |zo|}. The Cauchy-Heine Theorem
provides a function f which, as the Euler function, belongs to A1 (4’) with variation o(x)
on 4.

We claim that E and f differ by an analytic function near 0. Indeed, the Taylor series
of fon A reads Y -, an,zox™ with coefficients

o el/ n—1 Hoe n—1_—u
(In,ar;():—/ thdt—( 1) // uw e “du
0 1/r

while the Taylor coefficients a, of the Euler function E are given by ap = 0 and for n > 1
by an = limy 4o @n,zy- Since ao,z, has no limit as r tends to +0o we consider, instead
of f, the function

- 1 1 400 —u
f(z) — a0,z :_/ ( _7) el/tdt:/ ze "
o Moot 1 l+uz

Suppose x = |z| . Then, the Euler function at  can be defined by the integral
—E/CC +oo re v
E(z / d¢ = / du
() = W ITE

1/r e U
E(z) — f(z) = —a0,z +as/0 Tz du

which is an analytic function on the disc |z| < r = |zo|.

and

This property will follow from a general argument of uniqueness given by Watson’s

Lemma 6.1.3. Indeed, the function f(z) — a0,z + :r:fl/r 1‘1;1 du has the Euler series as

asymptotic expansion and is 1-Gevrey asymptotic to the Euler series E(:r) on 4'. Then, it

must be equal to the Euler function E(z) which has the same properties.

> Stokes phenomenon. — The Euler function E(z) is also solution of the homogeneous
linear differential equation

5 d d
So(y)zx‘;d—xz—k(xz—!—x)d—i—y:()
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deduced from the Euler equation (1) by dividing it by = and then, differentiating once.
Since the equation has no singular point but 0 (and infinity) the Cauchy-Lipschitz Theorem
allows one to analytically continue the Euler function along any path which avoids 0
and then in particular, outside of the sector —37/2 < arg(x) < +3n/2. However, when
crossing the lateral boundaries of this sector the Euler function E(z) stops being asymptotic
to the Euler series at 0; it even stops having an asymptotic expansion since, from the
variation formula above (cf. also the end of Exa. 2.2.4), one has now to take into account
an exponential term which is unbounded. This phenomenon is known under the name of
Stokes phenomenon. It is at the core of the meromorphic classification of linear differential
equations (cf. Sect. 4.3).

Ezxercise 2.5.4. — Study the asymptotics at 0 of the function

+o00 e—¢/x
Fe [ e

and its analytic continuation. Compute its variation.



CHAPTER 3

SHEAVES AND CECH COHOMOLOGY WITH AN
INSIGHT INTO ASYMPTOTICS

In this chapter, we recall some definitions and results used later and some
examples, about sheaves and Cech cohomology. For more precisions we refer
to the classical literature (cf. [God58], [Ten75], [Ive86] for instance).

3.1. Presheaves and sheaves

Sheaves are the adequate tool to handle objects defined by local conditions
without having to make explicit how large is the domain of validity of the
conditions. They are mainly used as a bridge from local to global properties.
It is convenient to start with the weaker concept of presheaves which we usually

denote with an overline.
. Presheaves. — Let us start with the definition of presheaves with

Values in the category of sets and continue with the case of various sub-
categories (for the definition of a category, see for instance [God58, Sect.
1.7)).

Definition 3.1.1 (Presheaf). — A presheaf (of sets) F over a topological
space X called the base space is defined by the following data:

(i) to any open set U of X there is a set F(U) whose elements are called
sections of F on U;

(ii) to any couple of open sets V- C U there is a map pyy : F(U) — F(V)
called restriction map satisfying the two conditions:

> pyy =idy for all U,

> pw,v ° pvu = pw,u for all open sets W CV C U.

In the language of categories, a presheaf of sets over X is then a contravariant
functor from the category of open subsets of X into the category of sets.
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Unless otherwise specified, we assume that X does not reduce to one
element.

The names “section” and “restriction map” take their origin in Example
3.1.2 below which, with the notion of espace étalé (cf. Def. 3.1.10), will become
a reference example.

Example 3.1.2 (A fundamental example). — Let F be a topological space
and 7 : F — X a continuous map. A presheaf F is associated with F' and 7 as follows:
for all open set U in X one defines F (U) as the set of sections of © on U, i.e., continuous
maps s : U — F such that 7 o s = idy. The restriction maps pv,y for V' C U are defined

by PV,U(S) = S\V'

Example 3.1.3 (Constant presheaf). — Given any set (or group, vector
space, etc...) C, the constant presheaf Cx over X is defined by Cx(U) = C for all
open set U in X and the maps py,y = idc : C — C as restriction maps.

Example 3.1.4 (An exotic example). — Given any marked set with more
than one element, say (X = C,0), one defines a presheaf G over X as follows: G(X) = X
and G(U) = {0} when U # X; all the restriction maps are equal to the null maps except
px,x which is the identity on X.

Below, we consider presheaves with values in a category C equipped with
an algebraic structure. We assume moreover that, in C, there exist products,
the terminal objects are the singletons, the isomorphisms are the bijective
morphisms. The same conditions will apply to the sheaves we consider later
on.

Definition 3.1.5. — A presheaf over X with values in a category C is a
presheaf of sets satisfying the following two conditions:

(iii) For all open set U of X the set F(U) is an object of the category C;
(iv) For any couple of open sets V- C U the map py.u is a morphism in C.

In the next chapters, we will mostly be dealing with presheaves or sheaves
of modules, in particular, of Abelian groups or vector spaces, and presheaves
or sheaves of differential C-algebras, i.e., presheaves or sheaves with values in
a category of modules, Abelian groups, or vector spaces and presheaves or
sheaves with values in the category of differential C-algebras.
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Definition 3.1.6 (Morphism of presheaves). — Given F and G two
presheaves over X with values in a category C, a morphism f : F — G is a
collection, for all open sets U of X, of morphisms

fU): F(U) —G(U)

in the category C which are compatible with the restriction maps, i.e., such that
the diagrams

Foy 2% Gw)
PV,Ul po/,U
Fovy Y% g

commute (pyy and pQ,’U denote the restriction maps in F and G respectively).

Definition 3.1.7. — A morphism [ of presheaves is said to be injective or
surjective when all morphisms f(U) are injective or surjective.

The morphisms of presheaves from F into G form a set, precisely, they
form a subset of [];;c y Hom(F(U),G(U)). Composition of morphisms in the
category C induces composition of morphisms of presheaves over X with values
in C. It follows that presheaves over X with values in C form themselves a
category.

When C is Abelian, the category of presheaves over X with values in C is
also Abelian. In particular, one can talk of an ezxact sequence of presheaves

s Fi Dy E I E L
which means that the following sequence is exact for all open set U:

s Fiao) A E oy D FE ) > -

The category of modules over a given ring, hence also the category of
Abelian groups and the category of vector spaces, are Abelian. They admit
the trivial module {0} as terminal object.

The category of rings, and in particular, the category of differential C-
algebras, is not Abelian. Although the quotient of a ring A by a subring J
is not a ring in general, this becomes true when J is an ideal and allows one
to consider short exact sequences 0 — J > A= Z/ J =0 of presheaves of
rings or of differential C-algebras.
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Definition 3.1.8 (Stalk). — Given a presheaf F over X and v € X, the
stalk of F at = is the direct limit
Fe = lim F(U),

—
Uszx

the limit being taken on the filtrant set of the open neighborhoods of x in X
ordered by inclusion. The elements of F, are called germs of sections of F
at x.

Let us first recall what is understood by the terms direct limit and filtrant.
> The direct limit

E= @(Ea7 fﬁ,a)
ael
of a direct family (Eq, f3,o : E« — Es for a < ) (i.e., it is required that the
set of indices I be ordered and right filtrant which means that given o, 8 € I
there exists v € I greater than both « and S; moreover, the morphisms must
satisfy fo,o = ida and fygo fga = fya for all « < f < 7) is the quotient
of the sum F = | | ;
x € F, and y € Eg, one says that

E,, of the spaces F, by the equivalence relation R: for

xRy if there exists v such thaty > o, v > and fyo(x) = fy51).

In the case of a stalk here considered, the maps fg, are the restriction maps
PVU-

> Filtrant means here that, given any two neighborhoods of x, there exists
a neighorhood smaller than both of them. Their intersection, for example,
provides such a smaller neighborhood.

Thus, a germ ¢ at x is an equivalence class of sections under the equiva-
lence relation: given two open sets U and V' of X containing z, two sections
s € F(U) and t € F(V) are equivalent if and only if there is an open set
W C UNV containing x such that pw i (s) = pwv ().

By abuse and for simplicity, we allow us to say “the germ ¢ at x” when ¢ is
an element of F(U) with U > z identifying so the element ¢ in the equivalence
class to the equivalence class itself.

Given s € F(U) and t € F(V) one should be aware of the fact that the
equality of the germs s, = t, for all z € U NV does not imply the equality of
the sections themselves on U N V.
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I A counter-example is given by taking the sections s = 0 and ¢ = 1 whose germs are

everywhere 0 in Example 3.1.4.

Also, it is worth to notice that a consistent collection of germs for all z € U
does not imply the existence of a section s € F(U) inducing the given germs
at each x € U. Consistent means here that any section v € F (V) representing
a given germ at x induces the neighboring germs: there exists an open sub-
neighborhood V/ C V' C U of z where the given germs are all represented by
.

A counter-example is given by the constant presheaf Cx when X is disconnected. Consider,
for instance, X = R*,C' = R and the collection of germs s, = 0 for x < 0 and s, = 1 for

2 > 0. The presheaf A defined in Section 3.1.5 will provide another example.

Such inconveniences are circumvented by restricting the notion of presheaf
to the stronger notion of sheaf given just below.

3.1.2. Sheaves. —

Definition 3.1.9 (Sheaf). — A presheaf F over X is a sheaf (we denote it
then by F) if, for all open set U of X, the following two properties hold:

1. If two sections s and o of F(U) agree on an open coveringU = {U;}jcs
of U (i.e., if they satisfy pu; v (s) = pu,u(o) for all j) then s =o.

2. Given any consistent family of sections s; € F(Uj) on an open cov-
ering U = {U;}jes of U there exists a section s € F(U) gluing all the s;’s
(i-e., such that for all j, pu,;v(s) = s;).

Consistent means here that, for all i, j, the restrictions of s; and s; agree
on Ui NUj, i.e., puinu, i (8i) = puinu, v, (85)-

The presheaf F of Example 3.1.2 is a sheaf. In Example 3.1.4 Condition 1 fails. In the
case of the constant presheaf over a disconnected base space X (cf. Exa. 3.1.3) and in the

case of the presheaf A in the next section Condition 2 fails.

It follows from the axioms of sheaves that F({)) is a terminal object.
Thus, F(0) = {0} when F is a sheaf of modules, Abelian groups and vector
spaces or of differential C-algebras.

When F is a sheaf of modules the restriction maps are linear and Condi-
tion 1 reduces to: a section which is zero in restriction to a coveringUd = {U;}
1s the null section.
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3.1.3. From presheaves to sheaves: espaces étalés. — With any
presheaf F there is a sheaf F canonically associated as follows. Consider the
space F' = | |,y F (disjoint union of the stalks of 7) and endow it with the
following topology: a set 2 C F'is open in F' if, for all open set U of X and
all section s € F(U), the set of all elements # € U such that the germ s, of s
at z belong to € is open in X.

Given s € F(U) where U is an open subset of X, consider the map
§ : U — F defined by 5(x) =s,. Denote by m the projection map 7 :
F — X, s; — 7(sy) = z. The topology on F' is the less fine for which 3 is
continuous for all U and s, and the topology induced on the stalks F, = 7 1(x)
is the discrete topology. The sets §(U) are open in F' and the maps § satisfy
7(5(z)) = x for all z € U. It follows that 7 is a local homeomorphism.

Definition 3.1.10 (Espace étalé, associated sheaf)

> The topological space F' is called the espace étalé over X associated
with F.

> The sheaf F associated with the presheaf F is the sheaf of continuous
sections of m: ' — X as defined in Fxample 3.1.2.

Example 3.1.11 (Constant sheaf). — The espace étalé associated with the
constant presheaf Cx in Example 3.1.3 is the topological space X x C endowed with the
topology product of the given topology on X and of the discrete topology on C. Whereas
the sections of Cx are the constant functions over X , the sections of the associated sheaf
Cx are all locally constant functions. The sheaf Cx is commonly called the constant sheaf
over X with stalk C. Since there is no possible confusion one calls it too, the constant

sheaf C' over X using the same notation for the sheaf and its stalks.

The maps i(U) given, for all open subsets U of X, by
i(U): FU) — FU), s+—3

define a morphism i of presheaves. These maps may be neither injective (fail-
ure of condition 1 in Def. 3.1.9. See Exa. 3.1.4) nor surjective (failure of
Condition 2 in Def. 3.1.9. See Exa. 3.1.11 or 3.1.22). One can check that the
morphism i is injective when Condition 1 of sheaves (c¢f. Def. 3.1.9) is satisfied
and that it is surjective when both Conditions 1 and 2 are satisfied, and so,
we can state

Proposition 3.1.12. — The morphism i is an isomorphism of presheaves if
and only if F is a sheaf.
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In all cases, i induces an isomorphism between the stalks F, and F, at
any point z € X.

The morphism of presheaves i satisfies the following universal property:

Suppose G is a sheaf; then, any morphism of presheaves 1) : F — G can
be factored uniquely through the sheaf F associated with F, i.e., there exists
a unique morphism  such that the following diagram commutes:

Y

_

F Y. g
N A

f

From the fact that,when F is itself a sheaf, the morphism ¢ is an isomor-
phism of presheaves between any presheaf and its associated sheaf, one can
always think of a sheaf as being the sheaf of the sections of an espace étalé
F 55 X. From that viewpoint, it makes sense to consider sections over any
subset W of X, open or not, and also to define any section as a collection of
germs. Not any collection of germs is allowed. Indeed, if ¢ € F(W,) repre-
sents the germ s, on a neighborhood W, of x then, for the section s : W — F
to be continuous at z, the germs s,/ for 2’ close to z must also be represented
by . The set F(W) of the sections of a sheaf F over a subset W of X is
widely denoted by I'(W; F).

Recall the following definition (see end of Sect. 3.1.1 and Def. 3.1.9).

Definition 3.1.13 (Consistency). —

> A family of sections s; € F(W;) is said to be consistent if, when W;NW;
is not empty, the restrictions of s; and s;j to W; N W; coincide.

> A family of germs is said to be consistent if any germ generates its
neighbors.

One can state:

Proposition 3.1.14. — Given F a sheaf over X and W any subset of X,
open or not, a family of germs (Sz)zew s a section of F over W if and only
if it is consistent.

Definition 3.1.15. — Let F be the sheaf associated with a presheaf F. We
define a local section of F to be any section of the presheaf F .
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Considering representatives of the germs s, of a section s € T'(W;F),
Proposition 3.1.14 can be reformulated as follows.

Proposition 3.1.16. — Let F be the sheaf associated with a presheaf F
over X and let W be any subset of X, open or not. Sections of F over W can

be seen as consistent collections of local sections s; € F(U;) with U; open in
X and W C U, Uj.

Clearly, such collections are not unique.

When W is not open the inclusion W C Uj Uj is proper and the section
lives actually on a larger open set (the size of which depends not only on W
but both on W and the section).

3.1.4. Morphisms of sheaves. —

Definition 3.1.17 (Sheaf morphism). — A morphism of sheaves is just a
morphism of presheaves.

With this definition, Proposition 3.1.12 has the following corollary.

Corollary 3.1.18. — Let F be a sheaf and F' its associated sheaf when con-
sidered as a presheaf. Then, F and F' are isomorphic sheaves.

™

Given two sheaves F and F’ over X, let F — X and F’ s X’ be their
respective espace étalé. From the identification of a sheaf to its espace étalé a
morphism f : F — F’ of sheaves can be seen as a continuous map, which can
also be denoted safely by f, between the associated espaces étalés with the
condition that the following diagram commute:

F —f> F/

N A

Like presheaves, sheaves with values in a given category C and their mor-
phisms form a category which is Abelian when C is also Abelian. The category
of sheaves and the category of espaces étalés with values in a given category
C are equivalent.

Definition 3.1.19. — A morphism [ : F — F' of sheaves over X is said to
be injective (resp. surjective, resp. an isomorphism) if, for any © € X, the
stalk map f, : Fr — Fo, is injective (resp. surjective, resp. bijective).
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When a morphism f : F — F' is injective then, for all open subset U of
X, the map f(U) : F(U) — F'(U) is injective. However, the fact that f be
surjective does not imply the surjectivity of the maps f(U) for all U; hence, a
surjective morphism of sheaves is not necessarily surjective as a morphism of
presheaves, the converse being, of course, true since the functor direct limit is
exact.

Example 3.1.20. — Take for F the sheaf of germs of holomorphic functions on
X = C* and for F’ the subsheaf (see Def. 3.1.21 below) of the non-vanishing functions.
The map f : ¢ — expoy is a morphism from F to F’' which is surjective as a morphism
of sheaves since the logarithm exists locally on C*. However, the logarithm is not defined
as a univaluate function on all of C* and so, the map f is not a surjective morphism
of presheaves. For instance, the identical function Id : z — x cannot be written in the
form Id = f(¢p) for any ¢ in F(C*) or more generally, any ¢ in F(U) as soon as U is not

simply connected in C*.

Definition 3.1.21. — A sheaf F over X is a subsheaf of a sheaf G over X
if, for all open set U, it satisfies the conditions
> F(U)CGU),

> the inclusion map F(U) — G(U) commute to the restriction maps.

The inclusion j : F < G is an injective morphism of sheaves.

3.1.5. Sheaves A of asymptotic and A, of s-Gevrey asymptotic func-
tions over S'. — The sheaves A and A, of asymptotic functions we intro-
duce in this section play a fundamental role in what follows.

> Topology of the base space S'. — The base space S! is the circle of
directions from 0. One should consider it as the boundary of the real blow up
C of 0 in C, i.e., as the boundary S* x {0} of the space of polar coordinates
(0,7) € St x [0, 00].

For simplicity, we denote S* for S x {0}.

The map # : C — C defined by w(f,7) = re? sends S' to 0
and C \ S' homeomorphically to C*. A basis of open sets of S! is
given by the arcs I = 6,601 seen as the direct limit of the domains
4 =1x]0,R[in C as R tends to 0. Such domains are identified via 7 to
sectors 8 = {z =re??; 0y <0 <0, and 0<r < R} of C*.

> The presheaf A over S'. — Given an open arc I = |0y, 61[ we denote
by 81.r = I x |0, R[ a sector based on I with radius R. The sections of A over



46 CHAPTER 3. SHEAVES AND CECH COHOMOLOGY

Figure 1

I are given by
A(I) = lim A(S1.R)-
R—0

Suppose an element of A(I) is represented by two functions ¢ € A(41 )
and ¢ € A(4; r) on the same sector 47 g. This means that there exists a sub-
sector 47 g of 47, on which ¢ and v coincide. By analytic continuation, we
conclude that ¢ = 1 on all of 47 g.

Choosing as restriction maps the usual restriction of functions, this defines
a presheaf of differential C-algebras. The example below shows that such a
presheaf is not a sheaf.

Example 3.1.22. — Consider the lacunar series (see [Rud87, Hadamard’s Thm.
16.6 and Exa. 16.7])

fi(z) = Z an(z —1)%"  with a, = exp(—2"?).

n>0

Since limsup,, o, |a"\27n = 1 its radius of convergence as a series in powers of  — 1 is
equal to 1. We know from a theorem of Hadamard that its natural domain of holomorphy
is the open disc D = {z € C; |z — 1| < 1}. The series of the derivatives of any order
(starting from order 0) converge uniformly on the closed disc D. The function f; admits
then an asymptotic expansion at 0 on any sector included in D.

Figure 2
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Consider now the arc I =]—%, Z[of S*. Toany 6 € I there is a sector 89 = Iox]0, Ry

on which f; is well defined and belongs to A(d¢). However, as 6 approaches +7 the
radius Ry tends to 0 and there is no sector 4 = I x |0, R[ with R > 0 on which f; is even
defined. Thus, Condition 2 of Definition 3.1.9 fails on U = I.

> The sheaf A over S*. — The sheaf A of asymptotic functions over S! is
the sheaf associated with the presheaf A. A section of A over an interval I is
defined by a collection of asymptotic functions f; € A(4;) on 8; = I; x |0, Rj]
where {I;} is an open covering of I and R; # 0 for all j. The sheaf A is a
sheaf of differential C-algebras.

> The subsheaf A<V of flat germs. — Given an open sector 47 g = I x |0, R|
(cf. Notations. 2.2.2), we define

.Z<O(I) = hi)ﬂ .Z<O(A[,R).
R—0

The set A<Y(I) is a subset of A(I). Considering the restriction maps ps s of
the presheaf A(I) restricted to A<Y(I) we obtain a presheaf I — A<(I) over
S1. The associated sheaf is denoted by A<" and is a subsheaf of A over S'.

> The Taylor map. — The Taylor map Ty, , : A(47,r) — C[[z]] induces
a map
T: A— Cllz]]

also called Taylor map which is a morphism of sheaves of C-differential algebras
with kernel A<C. Thus, A<V is a subsheaf of ideals of A.

> The sheaf As over S'. — Similarly, one defines a presheaf A, over S*
by setting

As(I) = h_r>n As(8r1,R)
R—0

for the set of (equivalence classes of ) s-Gevrey asymptotic functions on a sector
based on I. Its associated sheaf is denoted by .As;.

> The sheaf AS™F over S'. — One also defines a presheaf by setting
A=) = Tim AS7*(41,R)
R—0

and AS"F denotes the associated sheaf over S'. According to Proposi-
tion 2.3.17, the presheaf AS7* is a sub-presheaf of A, and then, AS7% is a
subsheaf of Ay, precisely, the subsheaf of s-Gevrey flat germs.

The Taylor map T": A — C[[z]] induces a Taylor map
T="Ts: As — Cl[[z]]s
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which is a morphism of sheaves of C-differential algebras with kernel AS~F.
Thus, A=~ is a subsheaf of ideals of Aj.

3.1.6. Quotient sheaves and exact sequences. — From now on, unless
otherwise specified, we suppose that all the sheaves or presheaves we consider
are sheaves or presheaves of Abelian groups (or, more generally, sheaves or
presheaves with values in an Abelian category C). Recall that such sheaves or
presheaves and their morphisms form themselves an Abelian category which
will allow us to talk of exact sequences of sheaves.

Given a sheaf G with values in C and a subsheaf F one defines a presheaf
by setting U — G(U)/F(U) for all open set U of the base space X, the
restriction maps being induced by those of G.

Condition 1 of sheaves is always satisfied (for a proof see [Mal95, An-
nexe 1] for instance) while Condition 2 fails in general (c¢f. Exa. 3.1.24).

Definition 3.1.23. — One defines the quotient sheaf H = G/F to be the
sheaf over X associated with the presheaf

U— GWU)/FU) for all open set U of X

with restriction maps induced by those of G.

If F and G are sheaves of Abelian groups or of vector spaces so is the
quotient H. If G is a sheaf of algebras and F a subsheaf of ideals, then # is a
sheaf of algebras.

As noticed at the end of Section 3.1.3, the fact that the quotient presheaf
satisfies Condition 1 of sheaves (Def. 3.1.9) means that the natural map

g(U)/FU) = HU)

is injective. If Condition 2 were also satisfied then this natural map would
be surjective. However, this is not true, in general, as shown by the Exam-
ple 3.1.24 below.

Example 3.1.24. — (Quotient sheaf and Euler equation) We saw in
Example 2.2.4 that the Euler equation

dy
2
= 1
Y y=q M
admits an actual solution E(x) = 0+°o e;jéz d¢ which is asymptotic to the Euler se-

ries E(z) = X:nzo(fl)"n!x"+1 on the sector —3F < arg(z) < +2.
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Consider the homogeneous version of the Euler equation

d?y dy
3 2 _
dz? +(= +x)dx y=0

Recall that one obtains the equation &y = 0 by dividing equation(1) by x and differen-

&)yzx

tiating. In any direction, & y = 0 admits a two dimensional C-vector space of solutions
1/x
spanned by e/ and E(x).

Following P. Deligne we denote by V the sheaf over S* of the germs of solutions of (£o)
having an asymptotic expansion at 0 and we denote by Vs the stalk of V in a direction 6.
The sheaf V is a sheaf of vector spaces and a subsheaf of A seen as a sheaf of vector spaces.
Since E(z) has an asymptotic expansion in all directions —37/2 < 6 < 37/2 and '/ has
an asymptotic expansion (equal to 0) on R(x) < 0 we can assert that

2 if +7/2 <0< 3n/2,

dimc¢ Vy =
1 if —7/2<60 < +4x/2

Denote by V<Y = VYV n A<® the subsheaf of flat germs of V. We observe
that V(S') = {0} and V<°(S') = {0}, hence the quotient V(S*)/V<°(S') = {0}.

A global section of the quotient sheaf V/V<° is a collection of solutions over an
open covering of S' which agree on the intersections up to flat solutions. The solution
E induces such a global section while e'/* does not. Thus, the space of global sections
'(S*;V/V<9) has dimension dim¢ T'(S*;V/V<°) = 1. This shows that the quotient sheaf

V /Y=< is different from the quotient presheaf. The quotient sheaf V/V<? is isomorphic to

the constant sheaf C as a sheaf of C-vector spaces.

Let f : F — G be a morphism of sheaves with values in C over the same
base space X. Let pyy and p’V7U denote the restriction maps in F and G

respectively. One can define the presheaves Ker(f), Im(f) and Coker(f) over
X with values in C by setting

> for Ker(f) : U+ ker (f(U) : F(U) — G(U)) for all open set U C X
with restriction maps ryy = PV,U|ker(f(U))§

> for Im(f) : U — f(F(U)) with restriction maps v = PvolrFo);

> for Coker(f): U+ G(U)/f(F(U)) with restriction maps canonically

induced from p&U on the quotient.

So defined, Ker (f) and Im (f) appear as sub-presheaves of F and G respec-
tively, Coker(f) as a quotient of G. For a definition by a universal property

we refer to the classical literature.
One can check that the presheaf Ker(f) is actually a sheaf (precisely, a
subsheaf of F). Hence, the definition:

Definition 3.1.25. — The sheaves kernel, image and cokernel of a mor-
phism of sheaves f can be defined as follows.
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> The kernel Ker(f) of the sheaf morphism f, is the sheaf defined by
U — ker (f(U)) for all open set U C X

with the restriction maps pv,u|ker(f(U))-

> The image Zm(f) and the cokernel Coker(f) of the sheaf morphism f, are
the sheaves respectively associated with the presheaves Im(f) and Coker(f).

The sheaves Coker(f) and Zm(f) are respectively a quotient and a kernel:
Coker(f) = G/Im(f), Im(f)= Ker(G — Coker(f))

where G — Coker(f) stands for the canonical quotient map.

Definition 3.1.26. — FExactness of sequences of presheaves and of sheaves
are defined by the following non-equivalent conditions:

> A sequence of presheaves F i) g 953 s said to be exact when

Im(f(U)) = Ker(g(U)) for all open set U C X.

> A sequence of sheaves F i> g Y5 H is said to be exact when

Im(f,;) = Ker(gy) for all x € X.

> A sequence --- — Fn_1 ﬁ> Fu % Fn+1 — -+ of presheaves or

sheaves is exact when each subsequence Fp_1 ﬂ> Fn f"%l Fnt1 1S ezact.

A sequence of sheaves can be seen as a sequence of presheaves. One can
show that exactness as a sequence of presheaves implies exactness as a sequence
of sheaves the converse being false in general. Precisely, to a short (hence
to any) exact sequence of presheaves 0 — F i) G % H — 0 there corresponds
canonically the exact sequence of sheaves 0 — F i> G5 H 0. Reciprocally,
an exact sequence 0 — F l> G % H — 0 of sheaves can be seen as a sequence
of presheaves but, in general, only the truncated sequence 0 — F EN G5 H
is exact as a sequence of presheaves.

Let Preshx and Shx denote respectively the categories of presheaves and
sheaves over X with values in a given Abelian category C. In the language of
categories the properties above are formulated as follows.

> The functor of sheafification Preshx — Shx is exact.
> The functor of inclusion Shx < Preshx is only left exact.
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3.1.7. The Borel-Ritt Theorem revisited. — By construction, A<%(I)
and A=7F(I) are the kernels of the Taylor maps
Tr: A(I) — C[[z]] and Tsy: As(I) — C[[z]]s
respectively for any open arc I of S'. Hence, the sequences
05 A0 A -L5Clz]] and 0—ASF — A, L C[[z]]s

are exact sequences of presheaves and they generate the exact sequences of
sheaves of differerential algebras

05 A — A-T5Clla]] and 0— ASF — A, T2, C[fa]]..

The Borel-Ritt Theorem 2.4.1 allows one to complete these sequences into
short exact sequences as follows.

Corollary 3.1.27 (Borel-Ritt). — The sequences

(18) 0— A0 — A 15 C[[z]] — 0,
(19) 0 ASF — A, L C[[2]], — 0

are exact sequences of sheaves of differential C-algebras over S'. Equivalently,
the quotient sheaves AJA<C and A/ AS™F are isomorphic via the Taylor map
to the constant sheaves C[[z]] and C[[z]]s respectively, as sheaves of differential
C-algebras.

With this approach, the surjectivity of T' or Ty means that, given any
series and any direction there exist a sector containing the direction and a
function asymptotic on it to the given series. We cannot not claim that the
sector can be chosen to be arbitrarily wide.

Observe that (18) and (19) are not exact sequences of presheaves over S?.
Indeed, the range of the Taylor map T : A(S') — CJ[z]], as well as the range
of Ts : As(S') — C[[z]]s, is made of convergent series and, consequently, these
maps are not surjective.

3.1.8. Change of base space: direct image, restriction and exten-
sion by 0. — The following definition makes sense since for f continuous
and U open in Y the set f~1(U) is open in X.

Definition 3.1.28 (Direct image). — Let f : X — Y be a continuous
map. With any sheaf F over X one can associate a sheaf fyJ over Y called
its direct image by setting

£FU)=F(f1(U)) for all open set U inY,
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with restriction maps

p=vU(se) = pr1vy,p-1@w)(s) for all open sets V. C U inY.

When F is a sheaf of Abelian groups, vector spaces, etc. .., so is its direct
image f.JF.
To a morphism ¢ : F — G of sheaves over X there corresponds a morphism
of sheaves @, : fu F — f.G over Y defined by

s+ € [ F(U) = F(f7HU)) = ¢(s4) € G(f7HU)) = f:G(V).

The functor direct image is left exact. Thus, to an exact sequence
0—F S F 5 F
there corresponds the exact sequence

0— fu F" 25 £ 25 £ F.

We suppose now that X is a subspace of Y with inclusion j : X — Y and
that we are given G a sheaf over Y. The restriction of G into a sheaf over X is
fully natural in terms of espaces étalés. We denote by m : G — Y the espace
étalé associated with G.

Definition 3.1.29 (Restriction). —
The sheaf G restricted to X is the sheaf Q|X with espace étalé
N (X) = X,

Tl=10x)

The definition makes sense since as 7 : G — Y is a local homeomorphism

S0 is 7 : 771(X) — X. The restricted sheaf can also be seen as the

—1(x)
inverse image of G by the inclusion map j, a viewpoint which we won’t develop
here.

As in the previous section we consider now sheaves of Abelian groups and

we denote by 0 the neutral element. With X <5 ¥ let F and F' be sheaves
over X and Y respectively.

Definition 3.1.30 (Extension). —

> A sheaf F' is an extension of a sheaf F if its restriction ]:"X to X is
isomorphic to F.
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> An extension F' of F is an extension by 0 if, for all y € Y \ X, the
stalk F, is 0. (Equivalently, ]-"’ is the constant sheaf 0.)

Y\X

Definition 3.1.31 (Support of a section). —
The support of a section s € I'(U;F) is the subset of U where s does not
vanish:

supp(s) = {z € U; s, #0}.

Example 3.1.32. — Let £ be the sheaf of C-vector spaces generated over S* by the
function e'/®. The sheaf £ is isomorphic to the constant sheaf with stalk C over S*. Let
e(z) be the class of e’/® in the quotient sheaf £/£<° where £<° = £NA<°. Thus, e(x) =0
for R(z) < 0 and the support of e is the arc —7/2 < arg(x) < /2, a closed subset of S*.

The support supp(s) is always a closed subset of U, for, if a germ s, is 0
then, there is an open neighborhood V,, of x on which s, is represented by the
0 function generating thus the germs 0 on a neighborhood of x.

Recall that a subset X of Y is said to be locally closed in Y if any point
x € X admits in Y a neighborhood Vi (z) such that its intersection Vy (z)NX
is closed in Vy (z). This is equivalent to saying that there exist X; open in Y
and X5 closed in Y such that X = X7 N Xs.

Definition 3.1.33 (Sheaf 51 F). —

Suppose X is locally closed in'Y and denote by j: X — Y the inclusion map
of X inY. Given F a sheaf of Abelian groups over X one defines the sheaf jiF
over'Y by setting, for all open U of Y,

HF(U)={s e (X NU;F);supp(s) is closed in U}
with restriction maps induced by those of j«F (of which jiF is a subsheaf).

One can check that 75 F is a sheaf; it is then clearly a subsheaf of j,F and
there is a canonical inclusion 7 F < j.F. Moreover, ji.F is an extension of
F by 0. When X is closed in Y then the two sheaves coincide: 7 F = j,.F.
Unlike the functor j, which is only left exact, the functor j is exact.

The extension of sheaves by 0 provides a characterization of locally closed
subspaces as follows: X s locally closed in Y if and only if, for any sheaf F
over X, there is a unique extension of F to'Y by 0 (cf. [Ten75] Thm. 3.8.6).

Example 3.1.34 (j« # j1). — As an illustration consider the sheaf &’ generated as
a sheaf of C-vector spaces by e!/? over the punctured disc D* = {z € C;0 < |z| < 1}
and consider the inclusion j : D* — C.
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The direct image j.&' of & by j is a non-constant sheaf of C-vector spaces. Indeed,
for U a connected open set in C, one has j.&'(U) ~ C™ where n is the number of connected
components of U N D*.

Figure 3

The stalks of j.& are given by

o C if z€D",
Iy .
0 otherwise,
so that, in some way, the direct image j.£’ spreads £ out, onto the closure of D*. Thus,
the direct image j.£’ is an extension of £ but not an extension by 0.
On the contrary, the sheaf 51€’ is an extension of £ by 0. It is well defined since D*
being open in C is also locally closed in C. This shows that j.£" # 57E" and therefore, that
the functors j. and j are different.

3.2. Cech cohomology

Let F be a sheaf over a topological space X. We assume that F is a
sheaf of Abelian groups. The set T'(U;F) of sections of F over a U C X is
then naturally endowed with a structure of Abelian group and F(0)) = {0},
the trivial Abelian group 0. Unless otherwise specified, all the coverings we
consider are coverings by open sets.

3.2.1. Cech cohomology of a covering U. — Let U = {U;}ics be an
open covering of X.
Denote U; ; = U; NUj, U; ;1 = Uy NU;j N Uy, and so on. ..

Definition 3.2.1. — One defines the Cech complex of F associated with the

covering U to be the differential complex

dy

0 = ITiy D(Uig; F) 2% Ty i, TUigin; F) -2

10,81
o B T Wi 005 F) 5 TIT Ui ) 55 -
where, for all n, the map d,, is defined by

dp : f = (fio,---,’in) —g= (gi07---7in+1)
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where
n+1

. . _ 1\
Gioyint1 = Z( 1) inv--»i[—l»?277;2+17~--7in+1
/=0
the hat over iy indicating that the index iy is omitted.

U;

Each term of the complex is an Abelian group.

The maps d,, are morphisms of Abelian groups. Consequently, the image
imd, and the kernel kerd, are Abelian groups. For all n, the maps d,, are
“differentials” which, in this context, means that d, o d,_1 = 0 and thus,
imd,,_1 C kerd,, and the quotients kerd,, /imd,_; are Abelian groups.

Definition 3.2.2. — One calls
> n-cochains of U (with values) in F the elements of the Abelian group
U F) = [ [T Wi....i: F),
> n-cocycles of U (with values) in F the elements of the Abelian group
Z"U; F) = kerd,,
> n-coboundaries of U (with values) in F the elements of the Abelian
group
B"(U; F)=imd,_1,
> n-th Cech cohomology group of U (with values) in F the Abelian group
H™"(U; F) =Z2"U; F)/B"(U; F) = kerd,,/imd,,_1.

In particular, H(U; F) ~ T'(X; F) the set of global sections of F over X.

Definition 3.2.3 (Refinement of a covering). — A covering V =
{Vitjes is said to be finer than the covering U = {U;}ticr, and we de-
note V = U, if any element in V is contained in at least one element of U.
Fquivalently, one can say that there exists a map

o:J—1 suchthat V; CU,;y forall je€J
Such a map is called inclusion map or simplicial map.
With the simplicial map o are naturally associated the maps
0p: C'"UF) — C"Vi F), f = (fioyoin) = 0nf = (Flig,..0jn)

given by
}WjOw-yjn = fU(jO)r--,U(jn)h/jo 44444 Jn®



56 CHAPTER 3. SHEAVES AND CECH COHOMOLOGY

The family ¢* = (07) defines a morphism of Cech complexes and induces, for
all n, a morphism of groups

S"(V,U) : H™(U; F) — H"(V; F).

It turns out that these latter homomorphims are independent of the choice of
the simplicial map o. The case when n = 1 has the following specificity:

Proposition 3.2.4. — When n =1, the morphism
s'v,u) - HYU; F) — HY(V; F) is injective.

We refer to [Ten75, Thm. 4.15, p. 148] .

3.2.2. Cech cohomology of the space X. — The preceding section
suggests to take the direct limit (cf. Def. p. 40) of the groups H"(U;F)
using the maps &(V,U) as the coverings become finer and finer. Indeed, the
coverings of X endowed with fineness form an ordered, right filtrant™) “set”
and the maps &™(V,U) satisfy, for all n, the conditions:

> &"(U,U) =1d for all U,

> &"W,V) o &"(V,U) =6&"W,U) forall W=V -U
providing thus a direct system (H"(U;F),&"(V,U)) of Abelian groups.

The only problem is that coverings of a topological space do not form a
set. That difficulty can be circumvented by limiting the considered coverings
to those that are indexed by a given convenient set, i.e., a set of indices large
enough to allow arbitrarily fine coverings. In the cases we consider any count-
able set is convenient, say, N or Z. Actually, for X = S!, we may consider
coverings with a finite number of open sets since there exists finite coverings
of S' that are arbitrarily fine. From now on, we assume that the coverings are
indexed by subsets J of N.

Another trick due to R. Godement consists in considering only the cover-
ings {U, } indexed by the points x € X with the condition x € U, (¢f. [God58,
Sect. 5.8, p. 223]). Hence, the following definition:

Definition 3.2.5. — The n-th Cech cohomology group of the space X (with
values) in F is the direct limit of the cohomology groups H™(U; F), the limit

(1) “Right filtrant” means here that to each finite family U, . .. ,Up of open coverings of X there is
a covering V finer than all of them.
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being taken over coverings ordered with fineness. One denotes
H"(X;F) =lim H"(U; F).
u

When X is a manifold and n > dim X there exists arbitrarily fine coverings
without intersections n+ 1 by n+ 1 and then, H"(X;F) = 0. The canonical
isomorphism H(X; F) ~ I'(X;F) is valid without restriction.

The following two results are useful.

Theorem 3.2.6 (Leray’s Theorem). — Given U an acyclic covering of X
which is either closed and locally finite or open then,

H™"(U; F)=H"(X;F) forall n.
Acyclic means that H"(U;; F) = 0 for all U; € U and all n > 1.
We refer to [God58, Thm. 5.2.4, Cor. p.209], (case U closed and locally
finite) and to [God58, Thm. 5.4.1, Cor. p. 213] (case U open).

Theorem 3.2.7. — To any short exact sequence of sheaves of Abelian groups
over X

0—-G—F —H—0
there is a long exact sequence of cohomology
0— H(X;G) — HYX;F) — H(X;H)
2 HY(X;6) — HY(X; F) — HY(X;H)

2L H2(X;6) — HX(X; F) — H2(X;H)
22,

The maps dg, d1,... are called coboundary maps. For their general defini-
tion, see the references above.

3.2.3. The Borel-Ritt Theorem and cohomology. — We know from
Corollary 3.1.27 that the sheaves A/A<Y and A,/ AS"* are constant sheaves
with stalks C[[z]] and C[[z]]s respectively. Their global sections

D(S'; AJAS0) = HO(S'; AJASY) and T(S; AJAS™H) = HO(S'; A,JASH)

are then also respectively isomorphic to C|[z]] and C[[z]]s and we can state
the following corollary of the Borel-Ritt Theorem.
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Corollary 3.2.8 (Borel-Ritt). — The Taylor map induces the following
isomorphisms:

HO(SY A/AS) = C[[]],  HO(S'; A/ A=) = C[[a]]s.

We can synthesize:

(equivalence class of a)

formal series 0-cochain (f;)jes over S*
f(x) _ Z anz" € Cllz]] { & with values in 4 and
"0 coboundary (fj — f)jees

with values in A<

The components fj(z) of the 0-cochains are all asymptotic to f(z).

(equivalence class of a)

s-Gevrey series 0-cochain (f;)jes over S
f(x) :Z anz™ € Cllz]ls ( T with values in A; and
n>0 coboundary (fj — fi)j.ees

with values in A="F

The components f;(x) of the 0-cochains are all s-Gevrey asymptotic to
f(z) Due to Proposition 2.3.17 it would actually be sufficient to ask for the
coboundary to be with values in A<°. This latter equivalence will be improved
in Corollary 6.2.2.

3.2.4. The case when X = S! and the Cauchy-Heine Theorem. —
Since, in what follows, we will mostly be dealing with sheaves over S!, it
is worth developing this case further. With X = S' things are often made
simpler by the fact that S! is a manifold of dimension 1. On another hand,
one has to take into account the fact that S! has a non-trivial .

Definition 3.2.9 (Good covering). — An open covering T = (Ij)jecs of
S is said to be a good covering if

> it is finite with |J| = p elements,

> its elements I; are connected (i.e., open arcs of S'),

> it has thickness < 2 (i.e., no 3-by-3 intersections),
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> when p = 2 its two open arcs Iy and Iy are proper arcs of S* so
that Iy N 1s is made of two disjoint open arcs which we denote by .;1 and
jg; when p > 3 its open arcs Ij can be indexed by the cyclic group Z/pZ so
that jj =1;NIj1 #0 and I; NI =0 as soon as |{ — j| > 1 modulo p.

The definition implies that open arcs of a good covering are not nested.
The family of the arcs I; is sometimes called the nerve of the covering .

The case p = 1, i.e., the case of coverings of S' by just one arc, is worth
to consider. These unique arcs cannot be proper arcs of S': one has to
introduce overlapping arcs i.e., arcs of the universal cover of S' of length
> 27m. Such coverings are widely used to make proofs simpler by using the
additivity of 1-cocycles. A typical example is given by the Cauchy-Heine
Theorem (Thm. 2.5.2 and Cor. 3.2.14 below).

Definition 3.2.10 (Elementary good covering). — An open covering
T = {I} with only one overlapping open arc I = ]a, + 27| and nerve

I= Jo, B]C St is called an elementary good covering.

Example 3.2.11 (The Euler series as a 0-cochain)

The Euler series f(z), which belongs to C[[z]]1, can be seen as a 0-cochain as follows.
Consider the covering T = {I1,I>} of S* made of the arcs

I =]-3n/2,+7/2] and I»=]-—m/2,+37/2[.
The elements of Z intersect over the two arcs
flz{xeSl;ﬂ?(a:)<O} and 1.2:{13651;8?(:6)>0},

The corresponding 0-cochain to consider is the pair (fi(z), f2(z)) made of the restrictions
of the Euler function f(z) to I and I» respectively. Both fi(x) and f2(x) are sections of

A;i. The coboundary (f, f5) is given by
Fr(@) = fi(@) — fa(x) = 2mie"/" on [y and  fo(x) = fa(z) — fr(2) =0 on I
and has values in AS7L,

L

s Iy

Figure 4
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Since the component j.‘ 5 is trivial one could also consider a branch covering made of
the unique arc I = | — 37/2, +37/2[ overlapping on I = {z € S*; R(z) < 0}.

Figure 5

The (branched) 0-cochain f(z) is 1-Gevrey asymptotic to f(x) on I and its cobound-
ary f(z) — f(z) = 2miexp(1/z) is a section of AS~! over I.

Given a good covering Z = {I;} of S', a 1-cochain is a family
fie€eT(I;NI;F) for jand £ € Z/pZ.

The 1-cocycle conditions }j7k+}k75 = }'j,g on I;NI;NI, for all j, k, £ are empty
since so are the 3-by-3 intersections; consequently, any 1-cochain is a 1-cocycle.
Taking into account the necessary conditions f;; = 0 and f; = —fjx on 1-
cocycles, a 1-cocycle can thus be seen as any collection (f; € I'({;;F)) for
Jj € Z/pZ.

By linearity, a 1-cocycle (f;)jez/pz can be decomposed into a sum
ZjeZ AL where ¢; is the 1-cocycle over the covering 7 having all trivial
components (equal to 0, the neutral element) but the 4t equal to [ Fix
J and consider the elementary good covering Z; whose nerve is i j and the
l-cocycle f; € T'(I;, F). The covering Z is finer than Z;. We identify the
1-cocycles ¢; and f; and we say that the 1-cocycle ¥; can be lifted into the

elementary 1-cocycle f;.
Proposition 3.2.12. — There exist arbitrarily fine good coverings of S*

Consequently, when F is a sheaf over S!, to determine H'(S1; F) it suffices
to consider good coverings.

Example 3.2.13. — (Euler equation and cohomology) We consider the
elementary good covering T = {I} of S* defined by the overlapping interval I = ] —
3w /2,437 /2] with self-intersection I= ] — 37/2,—7/2] and we consider the sheaf V of
asymptotic solutions of the Euler equation (c¢f. Exa. 3.1.24). A 1l-cocycle of Z in V is
a section @ (x) = af(z) + be Y® over I with arbitrary constants a and b in C. There

is no 1-cocycle condition. The 0-cochains are of the form cf(z) over I, with ¢ € C an
—1/z

arbitrary constant and they generate the 1-coboundaries c(f(m e®™) — f(m)) = 2mice
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The cohomological class of ¢ is then uniquely represented by af(x) for —37/2 < arg(z) <
—7/2. Hence, H*(Z;V) is a vector space of dimension one, isomorphic to C.

Given J a covering of S' finer than Z we have seen (cf. Prop. 3.2.4) that the
map &7 : HY(Z;V) = H'(J;V) is injective. Let us check that it is surjective on the
example of J = {J1,J2} for J1 =] — w/4,57 /4] and Jo =] — 57 /4, 7 /4].

We set J1=]37/4, 57 /4] and Jo=] — m /4, 7/A].

A 1-cocycle (9.01,8272) over the covering 7 is cohomologous to (&71 + Q.OQ,O) via the
0-cochain (0,9.02) where we keep denoting by ‘}92 the continuation of 9232 to jg. How-
ever, =1 + $5 can be continued to I (we keep denoting by © the continuation) and
therefore, the 1-cocycle (821 + 3.027 0) lifts up into the 1-cocycle @ of the covering Z.

f
G

Covering T Covering J

Figure 6

The proof extends to any good covering 7 finer than Z by induction on the number
of connected 2-by-2 intersections. We can conclude that H'(Z; V) = H'(S%; V).

The same result can be seen as a consequence of the theorem of Leray (Thm. 3.2.6)

after showing that 7 is acyclic for V.

In the case when X = S! the long exact sequence of cohomology of Theo-
rem 3.2.7 reduces to

0— H(SYG) — HY(SY; F) — HO(SY;H)
20, HY(SY;G) — HY(SY; F) — HY(SL;H) — 0.
The coboundary map §g is defined as follows: The sheaf H is the quotient
of F by G. A O-cocycle in H°(S*;H) is a collection of f; € T'(I;; F) such
that f; — f; belong to I'(I; j; G) for all 4,j. There corresponds the 1-cocycle
(gi; = fi — fj)ij of T with values in G. To different representatives f/ of

the 0-cocycle there correspond a cohomologous 1-cocycle (gg i =ri— f)ij of

7 with values in G; hence, an element of H! ({Ii};g) and consequently, an
element of H'(S%;G).

The Cauchy-Heine Theorem (Thm. 2.5.2) can be reformulated as a coho-
mological condition as follows.

Corollary 3.2.14 (Cauchy-Heine). —
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(i) The natural map H*(S', A<®) — H(S', A) is the null map.
(ii) The natural map H*(S', AS7F) — HY(SL, As) is the null map.

Proof. — (i) It suffices to prove the assertion for any good covering. Given
a covering Z of S! there is a natural map from H'(Z; A<?) into H'(Z;A)
(cohomologous 1-cocycles of H(Z; A<?) are also cohomologous in H!(Z; A)).
By linearity, it suffices to consider the case of an elementary good covering
Z = {I} with self-intersection i (cf. Def. 3.2.10). The Cauchy-Heine Theorem
as stated in Thm. 2.5.2 says that a 1-cocycle of H'(Z; A<") is a coboundary
in HY(Z; A), that is, it is cohomologous to the trivial 1-cocycle 0 in H'(Z; A).

(ii) Same proof by replacing A<? by A<~ and A by A,. O

Although the maps are zero maps, far from being null spaces, H'(S!, A)
and H'(S', As) are huge spaces.



CHAPTER 4

LINEAR ORDINARY DIFFERENTIAL EQUATIONS:
BASIC FACTS AND INFINITESIMAL
NEIGHBORHOODS OF IRREGULAR SINGULARITIES

In this chapter, we first gather some basic facts on linear ordinary dif-
ferential equations. Our aim is not to be exhaustive (in particular, we omit
most of the proofs) but to provide the useful material to better understand
series solutions of differential equations and examples. We end the chapter
with the construction of infinitesimal neighborhoods for the singularities of
solutions of linear differential equations at an irregular singular point in the
spirit of the infinitesimal neighborhoods of algebraic geometry. The adequacy
of such neighborhoods to characterize the summability properties of the for-
mal solutions of a given differential equation is presented in Chapters 6 and 8
(Defs. 6.4.1 and 8.7.1).

Consider a linear differential operator of order n

n n—1

d
2 D =0by(x)— + bp— —
(20) (2) = +bu-1(2)

with analytic coefficients at x = 0. Unless otherwise specified, we assume that
the coefficients by, b,_1,...,bg do not vanish simultaneously at x = 0. When

the coefficients by, b,_1,...,by are polynomials in z their maximal degree is
called the degree of D.

4+ .+ bo(:zj) where bn(l') 7_é 0

4.1. Equation versus system

With the differential equation Dy = 0, setting
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is associated its companion system AY = 0 defined by the n-dimensional order
one differential operator

0 1 0
A—i B(z) where B(z) = |
=4 () where B(z)= : 0 1
B
bn bn

Reciprocally, the question is to determine if and how one can put a given
system in companion form.

Definition 4.1.1 (Gauge transformation). — Given a system of dimen-
sion n with meromorphic coefficients AY = ‘% —B(z)Y =0 a gauge transfor-
mation is a linear change of the unknown variables Z = TY with T invertible
in a sense to be made precise. In the case when T belongs to GL(n, C{z}[1/x])
the gauge transformation T is said to be meromorphic; in the case when T be-

longs to GL(n, C[[z]][1/x]) it is said to be formal (meromorphic).

A gauge transformation Z = TY changes the system AY =0 into the
differential system "AZ = 0 with

IN=TAT ! = a4 QT_I —TBT .
dzx dx

When T is meromorphic (resp. formal), so is 7A; however, 7A may be mero-
morphic for some formal T'. We can now answer the question.

Proposition 4.1.2 ((Deligne’s) Cyclic vector lemma)

To any system AY = 0 with meromorphic coefficients there is a meromor-
phic gauge transformation Z = TY such that the transformed system A =0
s 1n companion form.

The formulation in terms of cyclic vectors (cf. Rem. 4.2.6) is due to P.
Deligne [Del70, Lem I1.1.3] although more algorithmic proofs already existed
[Cop36], [Jac37]. The companion form is obtained by differential elimination.
Despite the fact that the program is short and simple it is not (at least, not
yet) available in computer algebra systems such as Mathematica or Maple (see
[BCLRO3] for a sketched algorithm and references; see also [Ram84, Thm.
1.6.16]). As a consequence of the Cyclic vector lemma, theoretical properties
can be proved equally on equations or systems (as long as these properties stay
unchanged under meromorphic gauge transformations). To perform calcula-
tions one could, in principle using the algorithm, go from equations to systems
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and reciprocally at convenience. Actually, these algorithms are usually very
“expensive” and used sparingly.

4.2. The viewpoint of D-modules

The notion of differential module, or equivalently, of D-module generalizes
the notion of order one differential system in an abstract setting free of coordi-
nates. From this viewpoint, the gauge transformations and the meromorphic
or formal equivalence arise naturally.

Suppose we are given a differential field (K, d). Precisely, for our purpose,
we suppose that K is either the field C{x}[1/z] of meromorphic series at 0
or the field C[[z]][1/z] of the formal ones. The derivation is 0 = d/dxz. The
constant subfield C of K, i.e., the set of the elements f € K satisfying 0f = 0,
is C' = C and the C-vector space of the derivations of K has dimension 1 and
generator 0.

4.2.1. D-modules and order one differential systems. —

Definition 4.2.1. — A differential module") (M, V) of rank n over K is a
K -vector space M of dimension n equipped with a map

V: M — M,
called connection, which satisfies the two conditions:
(i) V is additive;
(ii) V satisfies the Leibniz rule V(fm) = 0f -m + fV(m) for all f € K
and m € M.

We may observe that V is also C-linear. Indeed, when f € C is a constant
the Leibniz rule reads V(fm) = fV(m).

The link with differential systems is as follows.
Choose a K-basis e = [e] e3 -+ ep] of M and let
[e1e2 -+ en] =—le1e2 -+ ep]B with B € gl(n, K)

be its image by V (the minus sign is introduced to fit the usual notations for
systems and has no special meaning). The connection V is fully determined
by the matrix B. Indeed, let y = Z’jl:l y;je; be any element of M. In matrix

notation, we write y = eY where Y = t[yl . yn] is the column matrix of the

(1) In French, one says “un vectoriel & connexion”.
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components of y in the basis e. Then, applying the Leibniz rule, we see that
Vy is uniquely determined by

Vy =e(9Y — BY).

Thus, with the connection V and the K-basis e is naturally associated the
differential operator A = 9 — B of order one and dimension n.

Definition 4.2.2. — Let (My,V1) and (M2, V3) be differential modules.

(i) A morphism of differential modules from (M, V1) to (M2,V2) is a
K-linear map T : My — My which commutes to the connections V1 and Vs,
i.e., such that the following diagram commutes:

M1 L}Mg

ol |

My L> Mo
(i1) A morphism T is an isomorphism if T is bijective.

Denote by n; and ng the rank of (Mj, Vi) and (Ms, Va) respectively.
Choose K-basis e; and ez of M7 and M> and denote by Ay and Aj the differ-
ential system operators associated with of V; and V3 in the basis e; and ez
respectively. Denote by T the matrix of T in these basis. The definition says
that 7 is a morphism if 7" satisfies the relation

AT =TA;.

It says that 7 is an isomorphism if, in addition, n; = ns and the matrix 7T is
invertible so that the condition may be written

A = TﬁlAQT

and is also valid for 7! in the form A;T~! = T~1Ay; hence, the commutation
of the diagram with T": M; — M> replaced by T-1: My — M,. We recognize
the formula linking the operators A; and As under the gauge transformation
T (cf. Def. refgauge). Suppose My = My =: M. An invertible K-morphism 7
is just a change of K-basis in M. Therefore, to the connection V there are the
infinitely many system operators T-'AT associated with all T € GL(n, K)
and it is natural to set the following definition.
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Definition 4.2.3. —  Two differential system operators Ay = 0 — B
and Ag = 0 — By are said to be K-equivalent if there exists a gauge transfor-
mation T in GL(n, K) such that

Ay =T TALT.

When K = C{x}[1/x] is the field of meromorphic series the systems are said
to be meromorphically equivalent. When K = Cl[z]][1/z] is the field of for-
mal meromorphic series they are said to be formally equivalent or formally
meromorphically equivalent.

In modern language, we should say K-similar but the old denomination K-
equivalent is still in common use.

The condition is clearly an equivalence relation: indeed, any system op-
erator A satisfies A = I7'ATL; if Ay = T7'AT then Ay = S71AS with
S = T_l; if A= T_IAQT and Ay = S_lAgs then Ay = (ST)_IAg(ST).
With this definition, a differential module can be identified to an equivalence
class of systems.

Denote by D = K[0J] the ring of differential operators on K, i.e., the ring
of polynomials in 9 with coefficients in K satisfying the non-commutative rule

Ox = 20 + 1.

Let us now show how a differential module can be identified to a D-module,
i.e., a module over the ring D in the classical sense. For this, we go to a dual
approach as follows.

Consider D™ as a left D-module and denote by € = [e1 - - - &,] its canonical
D-basis. Given a n-dimensional system operator A = 0 — B with coefficients
in K we make it act linearly on D" to the right by setting

> Piej— [P+ PJA= [P0 P0) — [P+ Py|B.
j=1

The cokernel D™ /D™ A has a natural structure of left D-module (but no natural
structure of right-module over D) and has rank n (its dimension as K-vector
space). Denote by M = D"/D"A this K-vector space of dimension n. The
images in the cokernel of the n elements €1, ..., &, — which we keep denoting
by €1,...,e, — of the canonical D-basis € form a K-basis of M. On another
hand, the operator 0 acting on M to the left defines a connection on M:
indeed, it acts additively and satisfies the Liebniz rule. The question remains
to determine which class of systems it represents. From the relation 9— B = 0
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in M we deduce that, for all j = 1,...,n, the components of de; in the basis
¢ are given by the j** row of the matrix B. Hence,

Ole1ea -+ -n] = [e162 - - - 4] 'B.

And we can conclude that the system operator associated with the connection
0 is the adjoint A* = 9 + !B of A. We can state:

Proposition 4.2.4. — Given a differential system operator A = 0 — B with
coefficients B in K the pair (M = D"/D"A,d) defines a differential module
of rank n over K with connection 0 = V* adjoint to A.

From now on, we may talk of the differential module D™ /D" A, the connec-
tion V = J being understood. With this result we can identify left D-modules
and differential modules equipped with a K-basis. Observe, in particular, that
a morphism or an isomorphism

gb : Dn/DnAl — Dn/DnAQ

in the sense of Definition 4.2.2 is a morphism or an isomorphism of D-modules
in the classical sense and reciprocally.

Proposition 4.2.5. — Two system operators A1 = 0 — By and Ay = 0 — By
with coefficients in K are K -equivalent if and only if the D-modules D™ /D" A,
and D" /D" Ay are isomorphic.

Proof. — We have to prove that two differential systems A1Y = 0 and A,Y =
0 on one hand and their adjoints A7Y = 0 and A5Y = 0 on the other hand
are simultaneously K-equivalent. To this end, consider fundamental solutions
Y1 and Y, of A1Y =0 and AsY = 0 respectively in any convenient extension
of K (for instance, the formal fundamental solutions given by Thm. 4.3.1).
The systems A1Y = 0 and AsY = 0 are equivalent if and only if there exists a
gauge transformation T' € GL(n, K) such that A; = T-'AsT or equivalently
Yo = T'Y;. This latter relation is equivalent to the relation tyg 1 tp-1 ty; 1
Hence the result since Y} L and 'Yy ! are fundamental solutions of the adjoints
equations A7Y = 0 and A5Y = 0 respectively. O]

Remark 4.2.6. — Let us end this section with a remark on the Cyclic vector
lemma (Prop. 4.1.2). In a differential module (M, V) of rank n one calls cyclic
vector any vector e € M such that the n vectors e, Ve,..., V" e form a
K-basis of M. In such a basis, the matrix of the connection V reads in the
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form
0 0 An—1
By=|" f
0 1 ao

Let A be a system of dimension n with coefficients in K and consider the
D-module D" /D"A. In a cyclic basis e the system A admits —!By as matrix
which is a companion form (cf. Sect. 4.1) but, stricto sensu, the minus signs in
the sup-diagonal of 1’s. One can cancel these minus signs by taking the basis

(e, —0e,...,(=1)" 1o le).

4.2.2. D-modules and differential operators of order n. — The aim
of this section is to describe the K-equivalence of order n linear differential
operators with coefficients in K. Consider a single linear differential operator

D:8”+bn_1(x)8”‘1+---+b0(x), bo,...,bp_1 € K.

The operator D acts linearly on D by multiplication to the right. Its cokernel
D/DD has a natural structure of left D-module. The pair (D/DD,d) defines
a differential module of rank n. Again, by abuse, we talk of the differential
module D/DD, the connection 9 being understood.

Proposition 4.2.7. — Let A be the companion system operator of D
(cf. Sect. 4.1). Then, the D-modules D/DD and D" /D"A are isomorphic.

Proof. — Consider the map
U:D" — D, (61-0p)— 614020+ ---406,0"!
and the map V : D™ — D, projection over the last component, defined by
(01 9p) — Op.
The maps U and V' are D-linear; the diagram

prn A pn

e o

p —P,p
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commutes and it can be completed into the commutative diagram with exact

TOWS
0 pr 2, pn » D /DA —— 0
v e |
0 p —2,p D/DD ——0.

The quotient map u does exist. It is left D-linear and surjective since U is also
left D-linear and surjective. On the other hand, the modules D" /D" A and
D/DD have equal ranks. Therefore, u is an isomorphism of K-vector spaces
and in particular, is injective. O

From Propositions 4.2.7 and 4.2.5 we may set the following definition.

Definition 4.2.8 (equivalent operators). — Two linear differential oper-
ators D1 and Do of order n are said to be K-equivalent if the D-modules
D/DD;y and D/DDsy are isomorphic.

Let us now make explicit the equivalence of order n linear differential
operators in the spirit of Definition 4.2.3.

Recall that D = K[0] is a non commutative ring with non-commutation
relations generated by 0x = xd+1. In the ring D there is an euclidian division
on the right and on the left. Consequently, any left or right ideal is principal
and any two differential operators have a greatest common divisor on the left
(denoted by lged) and on the right (rged) as well as a least common multiple
on the left (llem) and on the right (rlem). These ged and lem are uniquely
determined by adding the condition that they are monic polynomials, which
we do.

The counterpart for a differential operator D € D of a gauge transforma-
tion for a system involves a transformation T4, with A € D, of the form

Ta(D) = llem(D, A)A~L.

By this, we mean that we take the lem of D and A on the left and we divide
it by A on the right (this is possible since, by definition, A can be factored
on the right in any llem involving A). In other words, 74(D) is the factor of
smallest degree we must multiply A on the left to obtain a left multiple of D.
Notice that such a factor is unique due to the uniqueness of llem(D, A) as a
monic polynomial.

Proposition 4.2.9. — The differential operators Dy and Dy € D are K-
equivalent if and only if there exists A € D prime to Do to the right such
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that
D1 - TA(DQ) .

We may notice that, as A and Dy are prime, the operators Dy and T4(D2)
have the same order.

Proof. — By definition, the K-equivalence of D and Dy means that there is
an isomorphism of D-modules

¢:D/DDy — D/DD,.
As a morphism of D-modules the map ¢ is well defined by
©(1+DD1) = A+DDs.

For any L € D, one has then (L + DD;) = LA+ DD,. Since p(D1) =0
there exists L1 € D such that D1A = LyDy. Conversely, any A such that
there is an Ly satisfying D1 A = L1 D> determines a morphism of D-modules
from D/DD; into D/DD; by setting p(1 + DD1) = A+ DDs.

The injectivity of ¢ means that the condition ¢(L) = 0, i.e., LA = PDy
for a certain P € D, implies L = QD; with Q € D. Hence, to any rela-
tion LA = PDs there is Q € D such that PDy = QD1 A, that is to say, any
left common multiple of A and Ds is a left multiple of D1 A. Otherwise said,
D1 A is the llem of A and Dy and then,

Dy = Ta(D3).

Let us now express the surjectivity of ¢. This amount to the fact that
there exists L € D such that ¢(L+DDy) = 1+ DDy, which means that there
is P € D such that LA+ PDy = 1. This is a Bézout relation for A and D5 on
the right which means that A and D, are prime on the right. O

4.3. Classifications

We denote by K = C[[z]][1/2] the field of all meromorphic series at 0
either convergent or not and by K = C{z}[1/x] the subfield of the convergent
ones. We consider linear differential systems or equations with coefficients in
K, i.e., with convergent meromorphic coefficients.

The formal classification of linear differential systems or equations is the
classification under K-equivalence (cf. Def 4.2.3 and Prop. 4.2.9). The mero-
morphic® classification is the classification under K-equivalence.

(2) We use the term meromorphic in the sense of convergent meromorphic. Otherwise, we specify
formal meromorphic or simply formal.
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In this section, we sketch the main theoretical results on the formal and
the meromorphic classes of systems or equations. In the case of equations we
also sketch the practical algorithms based on Newton polygons to compute
the formal invariants.

4.3.1. The case of systems. — Denote by ’ the derivation with respect
to x, writing Y’ instead of %, and consider an order one linear differential
system

(21) AY =Y’ - B(z)Y =0
with meromorphic coefficients (i.e., B(x) € gl(n, K)).

Recall (cf. Sect. 4.1) that a gauge transformation Z = T'Y changes the dif-
ferential system Y’ — B(x)Y = 0 into the differential system Z’ — TB(x) Z = 0
with

B=T'T"'"+TBT "

When T'(z) is meromorphic (we denote T' € G = GL(n, C{z}[1/z])) the ma-
trix TB(z) is also meromorphic. But the matrix 7B (z) may also be convergent
for some divergent T(z). We denote by G(B) the set of formal meromorphic
gauge transformations 7 € GL(n, C[[z]][1/x]) such that TB(x) is convergent.
The set ((N}(B) contains G. While G is a group, @(B) is not. The meromorphic
class of the system is its orbit under the gauge transformations in G while its
formal class is its (larger) orbit under those in G(B).

4.8.1.1. Formal classification. — The formal classification of n-dimensional
meromorphic linear differential systems is performed by selecting, in each class,
a system of a special form called a normal form. There exist algorithms to
fully calculate a normal form of any given system (cf. end of Sect. 4.3.2.3).

Theorem 4.3.1 (Formal fundamental solution and normal form)

1. To any system (21) : Y' = B(x)Y there is a formal fundamental solution
(i.e., a matriz of n linearly independent formal solutions) of the form

V(z) = F(z) 2" eQ1/)
where
> Q(l/x) = @;]:1 q;(1/z) I,; (assume the q;’s are distinct) is a diagonal
matriz satisfying Q(0) = 0; its diagonal entries are polynomials in 1/x or in a
fractional power 1/t = 1/zYP of 1/x; the notation L, stands for the identity
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matriz of dimension nj. The smallest possible number p is called the degree
of ramification of the system, e®1/%) the irregular part of Y(x) and the g;’s
the determining polynomials.

> L € gl(n,C) is a constant matriz called the matrix of the exponents of
formal monodromy.

> F(z) € GL(n, C[[z]][1/x]) is an invertible formal meromorphic matriz.

2. The matriz Yo(z) = xLe@W/?) 4s o (formal) fundamental solution of a
system
Y' = Bo(z)Y

with polynomial coefficients in x and 1/x. The system Y' = By(z)Y is for-
mally equivalent to the initial system Y' = B(x)Y wvia the formal gauge trans-
formation F(z) (hence, B(z) = FBy(x)) and it is called a normal form of the
given system Y' = B(x)Y . The fundamental matriz Yo(x) is called a normal
solution.

A normal solution exhibits all formal invariants. However, the normal
form and the normal solution are not unique: indeed, given P € GL(n,C) any
permutation matrix or any matrix commuting with Q(1/x), the matrix

Pyo(x) P—l — $PLP716PQ(1/$)P71

is also a normal solution associated with the normal form Y’ = FBy(2)Y since
a fundamental solution of the given system Y’ = B(z)Y reads in the form

V(z) P~' = (F(z) P~ PYy(a) P

and F(z) P~ still belongs to GL(n,C[[z]][1/2]). In the unramified case
(i.e., with ramification degree p = 1), a minimal full set of formal invariants
is given by the diagonal matrix Q(1/z) of the determining polynomials up to
permutation and by the invariants of similarity of L (eigenvalues and size of
the corresponding irreducible Jordan blocks). In the ramified case (i.e., with
ramification degree p > 1) the situation is a little more intricate : given
a determining polynomial in the variable ¢ = z'/?' (i.e., with ramification
degree p’) any element in its orbit under the action of the Galois group of
the ramification ¢ = z is also a determining polynomial and any of them
equally characterizes the orbit. In other words, a minimal set of invariants is
well determined by one polynomial in each orbit jointly with the invariants of
similarity of L.
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Any normal form is meromorphically equivalent to Y’ = By(x) Y. That’s
why, sometimes, one generalizes the definition by calling normal form any
system meromorphically equivalent to Y’ = By(z) Y.

The theorem of formal classification was first proved in a weaker form,
called Hukuhara-Turrittin Theorem, in which the given system Y’ = B(z)Y
is considered as a system in the ramified variable ¢t = z!/P (p the degree of
ramification of the system) allowing, thus, gauge transformations in a finite
extension of the initial variable z (¢f. [DMRO7, p. 104, Thm. (4.2.1)] and also
[Was76, HS99]). Stated as above it was first proved by W. Balser, W. Jurkat
and D.A. Lutz [BJL79]. A simpler proof and an expression of the normal form
in terms of rank reduced systems built on the minimal set of invariants can

be found in [LRO1].

Let us now state some definitions associated with the formal invariants.

Choose a formal fundamental solution of System (21):

J

(22) V(z) = F(z)z"e91/*)  with Q:@qj(1/$)lnj and distinct ¢;’s
j=1
and the normal form Y’ = By(x)Y with fundamental solution Yy(x) =

2L oQ(1/2)

Definition 4.3.2 (Stokes arcs). —

(i) Let g € C[1/z] be a polynomial of degree k > 0 in the variable 1/x. We
call Stokes arc associated with e?1/%) (in short, with q) the closure of any arc
of St of length 7 /k made of directions where e?1/7) s flat.

(i) In the case of ramified polynomials q € C[1/x'/?], p € N*, Stokes arcs
can be defined similarly w.r.t. the variable t = xV/P on the corresponding p-
sheet cover of S'. When the fractional degree of q is over 1/2 we call Stokes
arcs of q their projection on S' by the map t — x = tP. Otherwise, the
projections are onto S* and one has to keep working with the variable t in the
p-sheet cover .

(iii) The Stokes arcs of a linear differential equation or system are the
Stokes arcs associated with all its determining polynomials.

Example 4.3.3. — Suppose a determining polynomial of system (21) be given by
q(1/z) = —1/2*/3.
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Then, the polynomials jq(1/x) and j2q(1/z) (where j° = 1) are also determining polyno-
mials of system (21). A fundamental solution of the system in the variable t = /% con-
tains the three exponentials e~ /", =9/ and e=3°/** to which correspond the six Stokes
arcs defined by —m/4 < arg(t) < +m/4 mod 7/3 and 37/4 < arg(t) < 57/4 mod 7/3. By
projection of these six arcs on the circle S* of directions in the variable z we obtain the
two Stokes arcs defined by —37/4 < arg(z) < +37/4 mod 7, each one associated with the

three polynomials.

The matrix F (x) satisfies the homological system

dF
(23) — = B(z) F — F By(x).

dx
which is a linear differential system in the entries of F' and which admits the
polynomials gy — q; for j,£ =1,...,J as determining polynomials and so, we

can state:

Proposition 4.3.4. — The Stokes arcs of the homological system (23) are
the Stokes arcs associated with all polynomials qp — q; for 1 < j # 4 < J.

Split the matrix F (z) into column-blocks corresponding to the block-
structure of @ (for j =1,...,J, the matrix F;(x) has n; columns):

F(z) = [Fi(z) B(x) - Fy(x)].

Definition 4.3.5 (Stokes arcs of f’j (x)). — We call Stokes arcs of ﬁj (x)
the Stokes arcs associated with the polynomials qp — q; for 1 <€ < J, [ # j.

The Stokes arcs of the homological system are the Stokes arcs of all F, ().

Definition 4.3.6 (Levels, anti-Stokes directions)
We call

(i) levels of system (21) the degrees of the determining polynomials qp — g;
for 1 <j#1€<J, of the homological system (23);

(ii) anti-Stokes direction associated with

(24) (9 = 4)(1/2) = —a; / «* (1 + o(1/2)) #0
any direction along which the exponential e9~% has maximal decay, i.e., , any
direction 0 = arg(ay j)/k mod 27 /k along which —ay j/z* is real negative;

(iii) anti-Stokes directions of system (21) the anti-Stokes directions asso-
ciated with all determining polynomials (g0 — q;)(1/x) # 0 of the homological
system (23);

(iv) levels of ﬁ](w) the degrees of the polynomials qy—q;j for1 <0 < J, L # j;
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(v) anti-Stokes directions of ﬁj(m) the anti-Stokes directions associated
with the polynomials qp — q; for 1 <4 < J, 0 # j.

Observe that 0 is not a level since g, # g; for all £ # j and the polynomials
g contain no constant term. Notice, in the right hand side of (24), the minus
sign which we would not introduce if we worked at infinity.

The anti-Stokes directions of a system are the middle points of the Stokes
arcs of its homological system. The denomination “anti-Stokes directions” is
not universal: sometimes, one calls such directions “Stokes directions” while
to us, the Stokes directions are the oscillating lines of the exponentials e% =%,

It is worth to notice that it is always possible to permute the columns of
a formal fundamental solution by writing it

V(z) = f(m)P 2P ILP (PTQ(L/x)P

with P the chosen permutation. It is also always possible to normalize a given
eigenvalue of L, say A1, and a given determining polynomial, say ¢, to zero by
the change of variable Y +— 7?1 e~9Y in the initial system (and at the same
time, in its normal form). The Stokes arcs and the levels of F} (z) are then the
Stokes arcs and the degrees of the determining polynomials ¢; themselves.

4.8.1.2. Meromorphic classification. — The meromorphic classification pro-
ceeds differently than the formal one since it’s hopeless to exhibit (and, a
fortiori, to calculate), in each meromorphic class, a system of a special form
analogous to the normal form of the formal classification. Theoretically, the
meromorphic classes are well identified as non-Abelian 1-cohomology classes.
In practice, the meromorphic classes are identified via a finite number of ma-
trices of a special form called Stokes matrices. Contrary to normal solutions,
the Stokes matrices do not depend algebraically on the system; they are, in
general, deeply transcendental with respect to the coefficients of the system.
Some algorithms exist to calculate numerical approximations of the Stokes
matrices in some “simple” situations but, yet, none is efficient in the very
general case.

Since the meromorphic classification refines the formal meromorphic one
it is convenient, without any loss, to restrict the classification to a given formal
class with normal form Y’ = By(z) Y and normal solution Yy(z) = z¥eQ0/%),

Any system Y’ = B(z)Y in the formal class of Y’ = By(x)Y satisfies, by
definition, a relation B(z) = FBy(z) for a convenient formal gauge transforma-
tion F(z) but such a gauge transformation F'(z) is not unique in general: one
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has ﬁlBo = ﬁQBO if and only if ﬁ;lﬁlBo = By, i.e., if and only if there exists a
gauge transformation 7" which leaves invariant the normal form Y’ = By(z) Y
and such that Fy(z) = Fy(z)T(z). Notice that T'(x) acts on Fy(x) to the right.
The gauge transformations T for which 7By = By form a group.

Definition 4.8.7. — The group Go(Bo) C G(By) of the gauge transforma-
tions T for which TBy = By is called the group of isotropies or group of
invariance of the normal form Y’ = By(x)Y'.

The group Go(Bp) is in general small, even trivial, and it is easily de-
termined in each particular case: it is made of all matrices T'(z) such that
there exists a matrix C' € GL(n, C) satisfying T'(z) Yo(x) = Vo(z) C; this cor-
responds to constant block-diagonal matrices C' commuting with Q®) and
such that 2*Cz =" is meromorphic. In the case when all diagonal terms gj in
Q(1/x) are distinct the group Go(By) is made of all invertible constant diag-
onal matrices; if, in addition, we ask for tangent-to-identity transformations
then the group reduces to the identity.

Examples 4.3.8. — Denote by I; the identity matrix of dimension j and by J; the
irreducible nilpotent upper Jordan block of dimension j.
> Suppose the normal solution has the form

Vo(z) = M@ 3+03) (a111®g21s

where 0 < R(A1), R(A2) < 1 and where g1 # g2 are polynomials in 1/x. The invertible
matrices C' such that Yo(z) C Vo(x)™' is a meromorphic transformation are those which
commute both to e?111®923 (this is a general fact) and to 21 11®*213+53)  Ope can check
that this means that the matrix C has the form C = C; @ C5 where Cq = ¢I; with c € C*
and Co = c1I3 + c2J3 + 03J§ with ¢1,c2,c3 € C and ¢1 # 0. All such constant matrices C
form the group Go(Bo).

> Suppose the normal solution has the form Yo(z) = @ 2% %' with distinct g;’s
and matrices L; = diag(\j1,...,\jn,;) with integer coefficients Aj1,...,Ajn;, € Z.
Then, C = @ Cj is any constant invertible block-diagonal matrix with C; of dimension n;
and the elements of Go(By) are the transformations of the form T(z) = @ z™ C; x4,
Their coefficients are polynomials in z and 1/z.

The meromorphic classes of formal gauge transformations of a system,
either a normal form or not, Y’ = By(x)Y are, by definition, the elements of
the quotient G\@(BO) of all formal meromorphic gauge transformations of
Y’ = ByY by the convergent ones to the left. The meromorphic classes of
systems in the formal class of Y/ = ByY are the quotient G\ G(By) / Go(Bo)

BHQ=00 qjIn; then C = @ C; with matrices C; of size n;.
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of the previous classifying set by the group Go(By) of invariance of Y’ = By Y
to the right (recall that the isotropies act on gauge transformations to the
right, cf. supra). Since the group Go(Bp) can always be made explicit it is
sufficient to describe the classifying set G\ @(Bo) of gauge transformations(®
of the normal form.

A first description of the meromorphic classes of gauge transformations
was set up through a careful analysis of the Stokes phenomenon by Y. Sibuya
[Sib77, Sib90] and by B.Malgrange [Mal79] (c¢f. Coms. 2.5.3). To state
their result we need to introduce the sheaf A<C(By) over S! of germs of flat
isotropies of the normal form Y’ = By(x) Y: a germ ¢(z) in A<0(By) is a germ
of GL(n,.A) which is asymptotic to the identity(® and satisfies ¥By = By. The
sheaf A<9(By) is a sheaf of non-commutative groups.

Theorem 4.3.9 (Malgrange-Sibuya). — The classifying set G\@(Bo) is
isomorphic to the first (non Abelian) cohomology set H*(S*; A<%(By)).

The map from G\ @(BO) into H'(S; A<°(By)) is abstractly given by the
Main Asymptotic Existence Theorem (Cor. 4.4.4) while, way back, it is made
explicit by means of Cauchy-Heine integrals.

Actually, meromorphic classes of gauge transformations can be given a
simpler characterization as follows.

Let 2 be the set of anti-Stokes directions of the normal form Y = By(z) Y
and denote by Sto,(Byp) the subgroup of the stalk AS%(Bg) made of all germs
of flat isotropies of Y’ = By(z) Y having maximal decay at c.

When o ¢ 2 the group Sto,(Bp) is trivial (no flat isotropy has maximal
decay but the identity). When a € 2 the group Sto,(By) can be given a
linear representation as follows: given a normal solution Vy(z) = 2l e@(1/)
with Q(1/x) = @}]:1 ¢;(1/z) and distinct g;’s choose a determination « of a.
Denote by Yo o(z) the function defined by Vp(x) with that determination of
the argument near the direction a. An element ¢, (x) of Sto,(By) is a flat
transformation such that

Pa () Yo.o(2) = Vo.a(2) (In + Ca)

for a unique constant invertible matrix I,, + Cy.

This implies that ¢, (z) = 2%e@/?) (I, + Cy) e @/?)2~L with the given

(4) D.G. Babbitt and V.S. Varadarajan [BV89] call them meromorphic pairs (Bo, F).
() Flatness must be understood, here, in the multiplicative meaning of asymptotic to identity.
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choice of the argument near o. Denote by C, = [C’g’j )] the decomposition
of Cy into blocks fitting the structure of Q. Hence, the germ ¢, (z) reads

Pa(x) = 2 (I, + OD) elae=a)1/2)) g=L,

An exponential e?(1/%) = e~a/z"(1+0(1/I2*])) has maximal decay in a direction
a € S'if and only if —ae™™* is real negative (k might be fractional). Hence,
¢o(z) is flat in direction « if and only if, as soon as e%(1/#)=%(1/) does not
have maximal decay in direction « the corresponding block Cg’j ) of Cy van-
ishes. In particular, for j = £, the exponential e%~% does not have maximal

)

mal decay in direction o« then e%~% has not and thus, if a block C’C(f’j
equal to zero the symmetric block Cg 9 i necessarily zero. This implies that
the matrix I,, + C, is unipotent. Reciprocally, any constant unipotent matrix

with the necessary blocks of zeros characterizes a unique element of Sto, (By).

decay and the corresponding diagonal block C’éj 9) is zero; if e%~% has maxi-

)

is not

Consequently, Sto,(Bp) has a natural structure of a wunipotent Lie group.

The Malgrange-Sibuya Theorem has been improved by showing that in
each 1-cohomology class there is a unique 1-cocycle of a special form called
the Stokes cocycle which is constructible from any cocycle in its 1-cohomology
class [LR94, Thm. II.2.1]; the uniqueness of the Stoles cocycle is further
developed in [LRO3].

Definition 4.3.10 (Stokes cocycle). — A Stokes cocycle is a I-cocycle
(Pa)acu with the following properties: it is indexed by the set 2 of anti-Stokes
directions and each component o, determines an element of Sto,(By).

The set of Stokes cocycles can be identified to the finite product
[Toea, Stoa(Bo) and we can state:

Theorem 4.3.11 (Stokes cocycle). —
The classifying set G\ G(By) is isomorphic to the product [ ,cq, Stoa(Bo) of
the Stokes groups associated with a normal form'Y' = By(x)Y .

From this theorem the classifying set inherits a natural structure of a
unipotent Lie group. For applications of this property we refer to [LR94].

Let (pa)aecu be a Stokes cocycle associated with a gauge transforma-
tion F(z) from the normal form Y’ = By(z)Y to a system Y/ = B(z)Y
(hence, F(z) € G(By)). Let Yo(z) be a normal solution. Choose a determina-
tion « of the argument for all « (it is usually understood that all a belong to
a same interval |2mm,2(m + 1)7]) and denote by )y () the normal solution
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with that choice of a determination of the argument. Finally, for all a € 2,
let the matrix (I, + Cq)ac represent ¢, with respect to these choices.

Definition 4.3.12. — The matrices (I, + Cq)acat are called the Stokes ma-
trices associated with the fundamental solution F'(x) V.o ().

Like Stokes cocycles, Stokes matrices characterize the meromorphic classes
of gauge transformations: they form a full free set of meromorphic invariants.

The Stokes cocycle and the Stokes matrices are connected to the theory of
summation (Chap. 6) as follows. Suppose we are given a formal fundamental
solution Y(z) = F(z) Yo(x) at 0 and an anti-Stokes direction o € 2 and denote
by Fi(z) and Fj (z) the sums (k- or multisums) of F(z) to the left and to
the right of the direction a.

Theorem 4.3.13. — The Stokes cocycle (9a)acu satisfy
Yo = F(2)7VE (x)  for all a € .

The Stokes matrices (In+Cq)aca at 0 associated with F(z) Yo,a(z) for a given
determination o of « satisfy

F(2) You(z) = Ff (2) Yoo(z) (In + Co)  for all a €.

Formerly, one used to call Stokes matrices all matrices I,, + C satisfying
a condition of the type

Fj(x) Yo.o(2) = Fo(x) Vo,a(2) (In + C)

linking two overlapping asymptotic solutions, ¢.e., any matrix representing a
germ of isotropy Fy(z) ™! Fj(z) = Vo o(z) (In + C) Yo .o(z) ™!, not necessarily a
Stokes germ. This appeared to be not restrictive enough to easily characterize
the meromorphic classes of systems or to exhibit good Galoisian properties:
an example of a non-Galoisian “Stokes matrix” in the wide sense is given in
[LR94, Sect. I11.3.3.2]. Henceforward, we use the expression Stokes matrix in
the restrictive sense of associated to a Stokes cocycle.

4.3.2. The case of equations. — The meromorphic and the formal equiv-
alence of linear differential operators of order n were given in Definition 4.2.8
with a characterization in Proposition 4.2.9.

Like for systems the formal class of an equation is made explicit from a
formal fundamental solution which can be read as the first row of a formal
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fundamental solution of its companion system. Each such solution takes the
form

o(x) 2 e?(1/7)

where the factors ¢(x) are polynomials in In(x) with formal series coefficients.
Levels, Stokes arcs and anti-Stokes directions are defined similarly as for sys-
tems. The invariants are all the determining polynomials ¢(1/x) with mul-
tiplicities, the corresponding exponents A and the degrees in In(x) of each
associated ¢(z). The meromorphic classes in a given formal class are also
characterized by (adequate) Stokes matrices.

The formal invariants are much easier to determine for an equation than
for a system. Below we sketch a procedure to follow for an equation.

4.8.2.1. Newton polygons. — Newton polygons are a very convenient tool to
identify the formal invariants of a linear differential equation Dy = 0 at a
singular point. By means of a change of variable any singular point can be
moved to the origin 0. However, we state the definitions both at 0 and at
infinity.

Consider a linear differential operator

n n—1
D= bndi + bn—l d

dgn POt Tt

with coefficients b; that are either meromorphic series in z (for a study
at x =0) or in powers of 1/z (for a study at z = oo). Temporarily, we
do not need that the coefficients be convergent. The valuation of a power
series b(x) = >, >, Bm @™ at the origin is denoted by vo(b) and defined
as the smallest degree with respect to x of the non-zero monomials 3, ™
of b; thus, vo(b) = mo when S, # 0. The valuation of a power series
b(1/z) = >, >m, Bm/x™ at infinity is denoted by wvso(b) and defined as
the highest degree with respect to x of a non-zero monomial f,,/x"™ of b;
thus, veo(b) = —my when S, # 0. When b is a polynomial in z, then v (b)
is the degree of b with respect to x.

Definition 4.3.14 (Newton polygons). —

(i) Newton polygon at 0. — Suppose the coefficients b; of D are for-
mal or convergent meromorphic power series in x. With the operator D one
associates in RY x R the set Pp of marked points

Pp = {(j,vo(b;) —4); 0 <j <n}.
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The Newton polygon No(D) of D at 0 is the upper envelop in RT x R of the
various attaching lines of Pp with non-negative slopes.

(ii) Newton polygon at infinity. — Suppose the coefficients b; of D are
formal or convergent meromorphic power series in 1/x. With the operator D
one associates in RT x R the set Pp of marked points

Pp = {(j.veo(bj) — §); 0 < j < n}.

The Newton polygon Noo(D) of D at 0 is the lower envelop in R* x R of the
various attaching lines of Pp with non-positive slopes.

Equivalently, we can say that the Newton polygon at 0 is the intersection
of the closed upper half-planes limited by the various attaching lines of Pp with
non-negative slopes while the Newton polygon at infinity is the intersection of
the closed lower half-planes limited by the various attaching lines of Pp with
non-positive slopes.

One obtains the same Newton polygon when one enlarges the set of marked
47

i

in D or to the horizontal segments issuing from the points of Pp backwards

points to any points (j,m — j) corresponding to a non-zero monomial x

to the vertical axis.

Example 4.3.15. — Consider the operator D = x™ %. Since ™ is both a mero-
morphic series in z and in 1/x it makes sense to determine both its Newton polygon
at 0 and at infinity. There corresponds to D the unique marked point (j, m — j) and the

corresponding Newton polygons are as shown on Fig. 1.

A A
No(D)
m—j ‘ m—j
. NelD) |
J J
Figure 1

When D has polynomial coefficients one can define its Newton polygons
both at 0 and at infinity.

Definition 4.3.16 (Full Newton polygon). — Suppose D has polynomial
coefficients. The full Newton polygon N (D) is the intersection Ny(D) N
Noo(D) of the Newton polygons of D at 0 and at infinity.

For simplicity and when there is no ambiguity, we denote by A (D) anyone
of these Newton polygons.
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Example 4.3.17 — Here below are the full Newton polygons of the Euler operator
&= mzi + 1, its homogeneous variant & = z> dd—;—l—(ﬁ—i—x)dil —1 and the hypergeometric
operator D3 = z(zd—dz + 4) — zd—dz (zd—dz + 1) (Zd% — 1).

Figure 2

From now on, unless otherwise specified, we work at the origin 0, i.e., we
suppose that D has formal or convergent meromorphic coefficients at 0.

Proposition 4.3.18 (levels of D). — Suppose 0 is a singular point of D,
i.e., at least one of the coefficients b; /b, has a pole at 0.

(i) The levels of D at 0 are the positive slopes of No(D).

(i1) The point O is reqular singular for D if and only if the Newton poly-
gon No(D) has no non-zero slope.

Proposition 4.3.19. — Newton polygons satisfy the following properties.

(i) Let Dy, = ™D, m € Z. The Newton polygon of D,, is the Newton
polygon of D translated vertically by m.

(ii) Let Dy and Dy be two linear differential operators meromorphic at 0.
Then,
No(D1D2) = No(D1) + No(D3).
Proof. — Assertion (i) is elementary.
For a proof of (ii) we refer, for instance, to [DMRO7, Lem. 1.4.1, p.99]. O

As a consequence of (i), we may define the Newton polygon of an equa-
tion Dy = 0 as being the Newton polygon of D up to vertical translation.

On the set C[[z]][1/z, d/dz] of linear differential operators at 0 it is con-
venient to introduce a weight (or O-weight) w by setting

dJ dJ dJ
ES N 0 s B N — s k=
w(m dxj) k—J and w(Zx da:j> r%}jnw<x d$j>'
In particular, w(z) = 1,w(%) = —1 and, to an operator D with weight

w(D) = w, the product =D has weight 0. At our convenience, given a
differential equation Dy = 0, we can then assume that D has weight 0.
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Lemma 4.3.20. — Given j € N and k € Z, one has

j Lodd L, 4’
L T § oy A
(JC d$> =z d2 + Cjt 11T EPL (Cj/’]// € C).
1< <j
J'=j"=jk

Observe that all monomials in the right hand side have weight j k and then,
the whole expression in the left hand side has weight j k. The marked point
associated with 2/*+7d7/dx7 is A = (j, jk). The marked points associated
with the monomials in the sum are (5, jk) with 1 < j' < j — 1, hence points
lying on the horizontal segment between A and the vertical coordinate axis.

Proof. — The formula in Lemma 4.3.20 is trivially true for j = 1. By Leibniz
rule we obtain the commutation law -La*+1 = gk+1d 4 (k4 1)2% from which

it follows that

(xk+1d>2:x2k+2f12+(k+1)x2k+1d_

dx dx? dx
Hence the formula for j = 2. The general case is similarly obtained by recur-
rence. O
Proposition 4.3.21. — Given a differential operator D in the wvariable x

denote by D, the operator deduced from D by the change of variable x = 1/z.
Then, the Newton polygons No(D) and N (D) are symmetric with each other
with respect to the horizontal coordinate axis.

Proof. — One has chz = —x2d%3. From Lemma 4.3.20 we know that we can

expand D in powers of the derivation § = 2%-% with weight w(J) = +1:

D = cp(2)6" + cn1(2)0" 4 -+ co(2)

and the set Pp of marked points is then given by (4, vo(c;j) +j) for 0 < j < n.
Now, the operator D, reads

n dn—l

D. = (~1)en(1/2) o A+ (1) e 1(1/2) Sy e eo(1)2)

and the associated marked points are (j,veo(cj(1/2)) — j) = (j, —vo(cj) —
7). O
4.8.2.2. Newton polygon and Borel transform. — We consider here the clas-

sical Borel transform B (or 1-Borel transform) at 0 as defined in Section 6.3.1
below and we denote by £ the variable in the Borel plane. We suppose that
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D has polynomial coefficients in « and 1/x. As previously, we can expand D

in powers of § = xziz

D = cp()6" 4+ cno1(2)0" 7 + -+ co(2).

We assume that the coefficients ¢; are polynomials in 1/z. If this were not the
case, we would replace D by =V D with N the degree of the c¢;j’s with respect
to x.

Let A = B(D) denote the operator deduced from D by Borel transform.
Since B(6) = ¢ and B(2) = d% (¢f. Sect. 6.3.1) the operator A reads

A =c, (52)5" +cn—1 (;5)5”1 +-+co (i)

and is then a linear differential operator with polynomial coefficients. The
fact that D had coefficients polynomial in 1/x is a key point here. In the
general case, due to the fact that B(fg) = B(f) = B(g), the Borel transform of
a linear differential operator is a convolution operator. The proposition below
is a corollary of [Mal91b, Thm. (1.4)].

Proposition 4.3.22. — With normalization as above, the following two
properties are equivalent:

(i) the levels of D at 0 are < 1;
(ii) the levels of A at infinity are < 1.

Proof. — Let v = min; vg(c¢;) < 0 be the minimal valuation of the coefficients
of D at 0. This implies that all marked points associated with D at 0 are on
the line issuing from (0, v) with slope 1 (Recall that ¢ has weight 1) or over
and that at least one of them belongs to the line. As a consequence, all levels
of D are < 1 if and only if the point (n,v + n) of the line is a marked point,
i.e., if and only if vy(c,) = v.

To the other side, A has degree n and order —wv. Similarly at 0, its
Newton polygon at infinity has no slope > 1 if and only if the monomial
&n (fg:vv does exist in A. And indeed, this is precisely what the condition
vo(cn) = v says. O

4.8.2.8. Calculating the formal invariants. — We briefly sketch here how to
calculate the formal invariants of a linear differential equation Dy = 0 with
(formal) meromorphic coefficients at 0. Recall that the formal invariants at 0
of the equation are the determining polynomials ¢(1/x) with multiplicities, the
exponents of formal monodromy A and how many logarithms are associated
with.
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> Indicial equation. — Suppose the Newton polygon Ay(D) has a hori-
zontal side and consider the operator restricted to the marked points lying on
that horizontal side. Up to a power of x to the left that operator reads

T r—1

4 d d
Do=ya’—+paa o a0, 0 €C

The indicial equation is the equation in the variable A obtained by writing that
z* satisfies the equation Doy = 0, i.e., denoting [N, = A(A—1)...(A—7r+1),
the equation

Vr [/\]r + Yr—1 [)‘]7’—1 + o4+ m [)‘]1 + % =0.

A

Its roots A; (with multiplicities) are the exponents of factors 2” associated

with no exponential.

> k-characteristic equation. — Suppose the Newton polygon Ny(D) has
a side with slope k£ and consider the differential operator restricted to the

marked points lying on that side with slope k. This operator reads ¥ Dy, —dd;,,
with
d® ds—t d
k+1 —1)(k+1 k+1
Dk—(cs.%'s( )@—ch_léﬂ(s ) )W‘F"'—f‘Clx E—FCO).
—a/xF

The k-characteristic equation is the equation obtained by writing that e
satisfies the equation Dypy = 0, i.e.,

s X o1 X 44 X +¢=0.

Its roots (counted with multiplicities) are the dominant coefficients a of the

—a/z* 4 times k. Differently said, they are equal to the domi-

nant coefficients ak in the derivatives of the exponentials e~%/ 2" (1+0(1/2))

exponentials e

> Iterated characteristic equations. — Once one has determined the dom-
inant coefficient a in the exponentials the next coefficients including the factor
2 attached to each exponential can be determined as follows. Select one root
a and consider the differential operator D; = D(~%/ ") deduced from D by the
change of variable y = e~/ 2ty (and simplifying by the factor e~%/ mk) The
Newton polygon ANy(D;) may have no slope k' < k and no horizontal side;

—a/2" i the exponential we look for and it comes factored with

in that case e
no z*. It may have no slope k' < k but a horizontal side; in that case, there
exist terms of the form z*e~%/=" for all root A of the indicial equation of Dj.
The Newton polygon Ny(D1) may also have non-zero slopes k' < k; in that

case, one has to solve the k’-characteristic equations to determined the next
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term in the exponential e~/ 2"+ and so on ... until all exponentials and
associated z* are found.

> Frobenius method. — When the indicial equations have multiple roots
modulo Z there might exist logarithmic terms. To determine which terms
appear with logarithms there exist a classical algorithm called Frobenius al-
gorithm. Although the procedure is easy and natural from a theoretical view-
point (it might be long and laborious in practice) we do not develop it here
and we refer to the classical literature, for instance, [CL55, Sec 4.8].

When one knows all normal solutions, to complete them by formal series
to get solutions of the initial equation Dy = 0 one proceeds by like powers
identification.

All these algorithms have been implemented in MAPLE packages such as
Isolde or gfun.

The case of systems is much more difficult to treat practically. There ex-
ists however algorithms to determine formal fundamental solutions. One can
always apply the Cyclic vector algorithm (Sect. 4.1) and proceed as before.
However, this way, there appear, in general, huge coefficients making the cal-
culation heavy. It is then, in general, recommended to operate directly on
the system itself. One method, which relies on Moser’s rank, was developed
by M. Barkatou and his group (c¢f. BCLRO3| for a sketched algorithm and
references). A variant was developed by M. Miyake [Miy11].

4.4. The Main Asymptotic Existence Theorem

Consider a linear differential operator
n .
d7
D= bi(x)——
; ](‘T) dﬂf]

with analytic coefficients at 0. The question here addressed is: is any formal
solution of the equation Dy = 0 the asymptotic expansion of an asymptotic
solution? A positive answer is given by the Main Asymptotic Existence The-
orem (M.A.E.T.) either in Poincaré asymptotics or in Gevrey asymptotics.

In the case of Poincaré asymptotics the theorem, precisely Cor. 4.4.2,
is mostly due to Hukuhara and Turritin with a complete proof by Wasow
[WasT76]. An extension to Gevrey asymptotics is given by B.Malgrange in
[Mal91a, Append. 1] and to non linear operators [RS89] by J.-P. Ramis and
Y. Sibuya.
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The theorem roughly says that to a formal solution f of a differential
equation (linear or non linear) there correspond actual solutions f asymptotic
to fon various sectors. Given a direction, it is possible to determine from the
equation itself a minimal opening of the sector on which such an asymptotic
solution exists. However, these asymptotic solutions are, in general, neither
unique nor given by explicit formulze.

Theorem 4.4.1 (Main Asymptotic Existence Theorem)
The operator D acts linearly and surjectively on the sheaf A<C and on the
sheaves AS™F for all k > 0.

In other words, the sequences
AL A0 0 and ASTF A4S 50 forall k>0

are exact sequences of sheaves of C-vector spaces. For the proof we refer to
[Mal91a, Append 1; Thm. 1] where the theorem is stated and proved for all
spaces A<F and A=F for all k € R (see definitions in [Mal91a]).

The Main Asymptotic Existence Theorem implies the following corollary.

Corollary 4.4.2. — Let f(z) = _,,50amz™ be a power series solution of
the differential equation Dy = 0.

(i) Given any direction § € S', there exists a sector &g = 81950+ (R)
and a function f € A(4p) such that

> Df(x) =0 for all x € 89 (i.e., f is an analytic solution on by),

> Tp,f = f (i.e., f is asymptotic to f at0 on 80).

(ii) If the series f(x) is Gevrey of order s then 89 and f(z) can be chosen
so that f(x) be s-Gevrey asymptotic to f(xz) on Ag.

Proof. — (i) The Borel-Ritt Theorem (c¢f. Thm. 2.4.1(i)), provides for any
sector 4’ containing the direction 6, a function g € A(4’) with asymptotic
expansion Ty g = f on 4'. Since Ty is a morphism of differential algebras,
TyDg = DTyg = Df = 0. Hence, the function Dg is flat: Dg € A<0(4). The
Main Asymptotic Existence Theorem above applied to Dg in the direction 6
provides a sector 49 C 4’ containing the direction # and a function h € A<%(44)
such that Dh = Dg. The function f = g — h satisfies the required conditions
on 4yp.

(ii) When the series f(z) is s-Gevrey the Borel-Ritt Theorem with Gevrey
conditions (c¢f. Thm. 2.4.1.(ii)) provides a function g € A(4’) over some sector
4’ containing the direction 6 which is s-Gevrey asymptotic to ]7 on 4. Its
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derivative Dg is asymptotic to D f(x) = 0 and, from Proposition 2.3.17, we can
assert that Dg is k-exponentially flat on 4’. Hence, by the Main Asymptotic
Existence Theorem, h belongs to A=~* and the conclusion follows as in the
previous case. O

Since the proof relies on the Borel-Ritt Theorem it does not provide the
uniqueness of the asymptotic solutions.

The theorem does not make explicit the size of the sector 49. When the
series f is convergent the sector 49 can be chosen to be a full disc around 0
and f(x) to be the sum of the series. The opening of a possible sector can
be very different depending on the series and on the chosen direction 6. The
analysis of the Stokes phenomenon of the differential equation shows that in
any direction one can choose a sector of opening at least 7/k for k the highest
level of the equation.

Comments 4.4.3 (On the examples of section 2.2.2)

> Example 2.2.4. The Euler function is asymptotic to the Euler series on a sector of
opening 37 and this sector is an asymptotic sector in any direction 0. The highest (and
actually unique) level of the Euler equation is k = 1 and thus, the actual opening of 37
is larger than 7/k = w. However, if we ask for a sector bisected by the direction 6 the
opening reduces to 7 in the direction 6 = 7.

> Example 2.2.6. The hypergeometric function g(z) is asymptotic to the hyperge-
ometric series g(z) on a sector of opening 47 while 7/k = 27 (the unique level of the
hypergeometric equation D31y = 0 is k = 1/2). The anti-Stokes (and singular) directions
are the directions 8 = 0 mod 27 since the exponentials of a formal fundamental solution

2
are eizzl/ . An asymptotic sector bisected by # = 0 has 27 as maximal opening.

> In the previous two examples there exists only one singular direction and the pos-
sible asymptotic sectors are much larger than the announced minimal value. Actually,
considering two neighboring singular directions § < @’ an asymptotic sector always ex-
ists with opening |0 — m/(2k), 0’ + n/(2k)[ for k the highest level of the equation. When
the singular directions are irregularly distributed the asymptotic sectors are “irregularly”

wide.

Let AY =Y’ — B(z)Y = 0 be a linear differential system of order 1
and dimension n with formal fundamental solution ]5(37) 2L eQ1/%)  The Main
Asymptotic Existence Theorem 4.4.1 and its Corollary 4.4.2 remain valid for
systems in the following form.
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Corollary 4.4.4. — The operator A acts surjectively in (A<O)n and in
(Ag_k)n for all k > 0 and consequently, it satisfies in all direction € S* the
following properties:

(i) There evists a sector 89 = 8g—u g+ur[(11) and an invertible matriz
function F € GL (n,A(8g)) such that

A(F(z) 2t eQ(l/x)) =0 forall x € 49,
Ty F = F (F is asymptotic to F at 0 on ).

(i) If an entry ofﬁ is s-Geuvrey then the corresponding entry of F can be
chosen to be s-Gevrey asymptotic on a convenient 8g.

Proof. — This extension to differential systems follows from the fact that each
entry of F'(x) satisfies itself a linear differential equation with meromorphic
coefficients deduced from the homological system (23): F' = BF — F By. U

4.5. Infinitesimal neighborhoods of an irregular singular point

While algebraic functions have moderate growth the form of formal so-
lutions given above and the Main Asymptotic Existence Theorem show that
solutions of linear differential equations at an irregular singular point may ex-
hibit exponential growth or decay. Infinitesimal neighborhoods of algebraic ge-
ometry are then insufficient to discriminate between the various solutions. We
define below infinitesimal neighborhoods for irregular singularities of solutions
of differential equations as suggested by P. Deligne in a letter to J.-P. Ramis
dated 7/01/1986 [DMRO7]. This approach is developed, with an application
to index theorems, in [LRP97].

4.5.1. Infinitesimal neighborhoods associated with exponential or-
der. — We begin with a concept related only to the exponential order of
growth or decay of the singularity under consideration. This concept will
show up to be slightly too poor for a good characterization of k-summable
series but it is a necessary step, at least for clarity.

> Base space X. — From this viewpoint the infinitesimal neighborhood
X of 0 in C is defined as a full copy of C compactified by the adjunction of a
circle at infinity and endowed with a structural sheaf F defined as below. For
obvious reasons we represent the infinitesimal neighborhood of 0 as a compact
disc in place of the origin 0 in C. The “outside world” C* = C\ {0} is not
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affected by the construction and stays being endowed with the sheaf of germs
of analytic functions.

> Sheaf ASF k> 0. — Similar to the definition of k-exponentially flat
functions in Section 3.1.5 one says that a function f has exponential growth of
order k on a sector 4 if, for any proper subsector 4’ € 4, there exist constants
K and A > 0 such that the following estimate holds for all = € 4’

(@) < Kexp (;‘2).

The set of all functions with exponential growth of order k£ on 4 is denoted
by ng(A) and one defines a sheaf ASF over S! of germs with exponential
growth of order k (or, with k-exponential growth) in a similar way as AS~*
(cf. Sect. 3.1.5).

> Presheaf F. — In view to define the sheaf F it suffices to define the
presheaf F on a basis of open sets of X. We consider the following open sets

(cf. Fig. 3):

Y

Ix]k K|

Figure 3. Basis of open sets in X

the discs D(0,k) for all k>0,
the (truncated) sectors I x |k, k"[={x =re?;0c I and 0 <k <r < k"},
the (truncated) sectors I x Jk,00] ={x =re?;0 €T and 0<k <r < oc}.

and we set _
F(D(0,k)) =C[z]]s (recall s =1/k),

F(Ix W K'T) = HO(I3 AH A=),
]?(I X ]k,oo]) :HO([; AS’“),
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The restriction map between (truncated) sectors is the canonical restriction of
functions and quotients. The restriction map from a disc D(0, k) to a sector
is made possible by the isomorphism between C[[z]]s and H(S'; A,/ AS7F)
following from the Borel-Ritt Theorem (cf. Seq. (19) and Cor. 3.2.8).

Notation 4.5.1. — From now on, a point x = ke with k > 0 is also denoted
by its polar coordinates (0, k).

> Sheaf F. — The sheaf F over X is the sheaf associated with the
presheaf F.

It is a sheaf of C-algebras. The stalk Fy of F at 0 is made of all Gevrey
series. If useful, it could be extended to any series of C[[z]], the support of
germs of non-Gevrey series having the point {0} as support. To define the
stalk at the other points (6, k) we introduce the sheaves

ASF— = lim ASF ¢ and ASTRF+ = lim AS-(kte),
— —
e—0+ e—0+

A germ f at @ belongs to ASF- if there exist a sector 4 in C* containing the
direction 6, an € > 0, and constants K, C' > 0 such that

|f(2)] SKeXpﬁE for all = € 4.
X

A germ f is in AS7%+ if under the same conditions it satisfies

C
|f(x)| S Kexp_||7k+€ for all x € A.
X

The stalk of F at (6, k) is given by

<

Flow = A5 A7

Example 4.5.2 (Definition domain and support of exponentials)

An exponential exp (— a/z" + ¢(1/z)) where ¢ is a polynomial of degree less than k can
be seen as a section of the complement of the closed disc D(0, k) since it has exponential
growth of order less than k' for all k' > k.
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NA
\A]Y

Y

1 7 1
Definition domain of exp — Definition domain of exp (— + q(f)>
x x? x

On another hand, the exponential is flat on the k open sectors
’arg(x) + a/k| < m/(2k) mod 27 /k

where a denotes the argument of a. The exponential can then be continued on all of
these open sectors and is equal to 0 inside D(0, k). It cannot be continued any further.
Its support is the complement of the open disc D(0, k) in its definition domain. The arcs
on the circle of radius k limiting the sectors where the exponential is equal to zero are of
length 7/k. By analogy with the big points of algebraic geometry, their closure is called
k-big points associated with the exponential exp (—a/z"+q(1/x)) (or with the polynomial
—a/z" + q(1/x)). On the picture are drawn two particular cases of the definition domain
(open shadowed part) of an exponential. The big points are in dotted lines.

This example shows that the sheaf F is in no way a coherent sheaf, hence its surname

of “wild analytic” sheaf.

The following properties of the sheaf F are elementary and their proof is
left to the reader.

Proposition 4.5.3. — The sheaf F satisfies the following properties:

1. The restriction Figiy(xy of F to the circle centered at 0 with radius k
in X is isomorphic to the quotient sheaf ASF~/ASF+ over S1.

2. Sections over an open disc:

HO(D(O,K); F) = lm Cllallsse = () Cliallsse = Cliallss 2 Cllalls
e—0+ e>0

3. Sections over a closed disc:

HO(D(0, k) F) = tim Clfalls—. = | Cllalls—- = Cllal]o- < Clla]l.
e—0+ >0
4.5.2. Infinitesimal neighborhoods associated with exponential or-
der and type. — As it follows from Proposition 4.5.3 the Gevrey space
C[[z]]s does not appear as a space of sections of F over some disc or any other
domain. To supply that gap we enrich the sheaf F by taking into account
both exponential order and exponential type.
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For a given k > 0 we define extensions X%, F¥ of X, F as follows.

> Base space X*. — While, building X, we replaced the origin 0 by a copy
of C compactified with a circle at infinity, we now replace the circle S* x {k}
of radius k in X by a copy Y* of C* = S! x ]0, 00| compactified by the two
circles S* x {0} and S* x {oo}. Precisely, we glue the lower boundary S* x {0}
of Y* to the boundary of the disc D(0, k) and the upper boundary S* x {co}
of Y* to the lower boundary of the complement X \ D(0,k). As topological
spaces X and X* are isomorphic to C.

-0}
{hve} >

Y

Space X Space X*

Figure 4

We denote by (6, {k, p}) the polar coordinates of the points of Y*. A basis
of open sets in X* is given by open discs centered at 0 and truncated sectors
like in X.

>  Presheaf F'. — Given ¢ > 0 we take into account the type ¢ of
exponentials of order k by introducing the subsheaf ASF¢" of ASF and the
subsheaf AS™%<" of A< over S' defined as follows.

A germ of ASFC™ at 6 is a germ f € Aggk which satisfies the condition:
there exist an open sector 4 containing the direction 8, an € > 0 and a con-
stant K > 0 such that
|f(@)] < K exp ¢

’k for all z € 4.

|z

A germ of ASTReT at 0 is a germ f € Aeg_k which satisfies the condi-
tion: there exist an open sector 4 containing the direction 6, an € > 0 and a
constant K > 0 such that

(c+e)
:c\k

|f(z)] < K exp— for all z € 4.

The space C[[z]]s,c of series with fixed Gevrey order s and type C is the
subspace of C[[z]] made of the series ), -, anz™ whose coefficients satisfy an
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estimate of the form |ay| < K (n!)*C™ for all n > 0 and a convenient K > 0.
It is useful to introduce the spaces C[[z]]; o+ = [\,5 Cl[#]]s,c+e. Thus, a series
> n>0 ana" belongs to C[[z]], o+ if for all € > 0 there exists K > 0 such that

lan| < K(n!)*(C +¢)™ for alln > 0.

In view to construct the sheaf F* it suffices to define .Tk on a basis of
open sets by setting:

inside X \ Y* mno change: F FoF ,

inside Y5 FU(Ix J{k ), (k")) = HO(I; ASR [ASTR),
across OYF : k(D 0,{k, c})) = Cl[z]]s,1/e)+» for 0 < ¢ < 400
FEI <K {k, c}]) = HO(I; ASK J AS—ReT),

F (I X ]{k,C},k//D — HO(I;ASk,C*/AS_kn).

\

= . . .. . =k .
As for the presheaf F, the application of restriction in " is defined on
sectors by the natural restriction of functions and quotient. The restriction to
an intersection of a sector and a disc is made consistent by the exact sequence

0= A5 — Ay 10+ —— Cllalls a0+ — 0,

analog to the Borel-Ritt exact sequence (19) [LRP97, Sect. 1] . In this se-
quence the notation Ay o+ stands for the following sheaf. A germ of A o+ at 0
is a germ f € Ay which satisfies the condition: there exist an open sector 4
containing the direction § and a series ), -, a, 2™ such that for all ¢ > 0 there
is a constant K > 0 such that -

‘ Zan

> Sheaf F¥. — The sheaf F¥ is the sheaf over X* associated with the
presheaf F ¥ Tt is a sheaf of C{z}-modules and no longer a sheaf of C-algebras
since the product of two functions of ASF<" belongs to A=F(29)” and not
to ASFC" in general. The stalk at a point (8, {k,c}) of Y* is given by

ASFJASTR if ¢ =0,
<kc /A< k,ct

N +e)N* on sforall NeN.

if 0 < ¢ < 400,
ASEJASTET i e = 4o,

k _
Fo,{key) =
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Example 4.5.4 (Definition domain and support of exponentials)

An exponential exp (— a/z* + q(1/x)) where ¢ is a polynomial of degree less than k
and a = Ae'™, A > 0 is well defined in Y* for all (6, {k, p}) such that —A cos(a — k) < p.
When cos(a — k) < 0 this means all points out of the “arch” p = —A cos(a — kf). When
cos(a — kf) > 0 this leads to no constraint on p; moreover, the exponential is equal to 0
inside the arch p = A cos(a — k0).

The k-big points associated with the exponential are now the closures of the
arches p < Acos(a — kf) and cos(a — kf) > 0 where the exponential vanishes in Y*.

In the example drawn in Figure 5 the definition domain of the exponential is the
shadowed part of the infinitesimal neighborhood of 0. We indicated by “0” the open
regions where the exponential vanishes. The big points are the closure of the arches
(colored in orange-red in case of a colored copy) in which a small 0 is indicated.

Figure 5. Definition domain of exp (x% + q( )) (here, k =4 and ¢ = 1)

1
We can now see the space C[[z]]s as a space of sections of the sheaf F*.

Proposition 4.5.5. — Let D(0,{k,0}) be the closure in X* of the disc
D(0,k) centered at 0 with radius k. Then,

H"(D(0, {k,0}); F*) = Cl[z]],.

Proof. — The equality follows from the fact that D(0, {k,0}) = (.~ D(0, {k, c})
and that HO (D(O, {k, c});]—"k) = C[[x]]s’(l/cﬁ. O

4.5.3. More infinitesimal neighborhoods. — The previous construction
can be repeated twice at levels k = k1 and k = ko > ki or finitely many times
at levels k1 < ko < --- < k,. One obtain thus base spaces XFkukz op xkikz, e ky
and sheaves FFuk2 or Frukz kv in a trivial way. Such spaces are useful for
handling multisummable series.
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Ezxercise 4.5.6. — Consider a linear differential equation

dny . dn—ly
dz™ +an-1 (@) dzn—1

with formal series coefficients a;j(x) € C[[z]] and g(z) € C[[z]][1/z]. We sup-
pose that g(z) is non-zero and we denote by p € Z its valuation.

(25)  Dy=an(z)z" + - +ao(z)y = g()

Consider the operator D’ = g(:c)g—ddx —g(lm)D so that the equation
dn+1y dny
/A +1 —
(26) D'y =bpyi(x)z” P + by (x) 2™ o 4+t bo(z)y=0

is the homogeneous form of equation (25).
Denote by N(D) and N (D') the Newton polygons at 0 of D and D’ respec-
tively, ¢ and ¢’ the lengths of their horizontal side and m(\) and 7/()\) their
indicial equations.

(a) Prove that ¢/ = ¢+ 1.

(b) Prove that ©/(\) = C' (A — p) () for a convenient constant C' # 0.

(¢) When 7(A) has no integer root conclude that equation (25) admits
a solution in Cl[z]][1/z]. What happens when there exists r € Z such
that 7(r) = 07

Exercise 4.5.7. —

(1) Check that the function F(x) = 0+°o % d¢ of exercise (2.5.4)

satisfies the linear differential equation
(27) aty" 4+ (22° + 32H)y + 2y =z
and explain the appearance of the exponential terms in the analytic continu-

ation of F'(x) over the Riemann surface of logarithms.
Put equation (27) in homogeneous form

(28) Dyy = 0.

Draw its Newton polygon at 0 and write its characteristic and indicial
equations.

Determine a fundamental set of formal solutions.

Write down the companion system of equation (28), a normal form and a
formal fundamental solution.
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Compute its Stokes matrix or matrices.

(2) Consider the linear differential equation

(29) Dyy= <x2(x cod @ 1)) (g;QdQ ++a)L - 1)y =0
dx dz? dz

where the factor to the right is the homogeneous FEuler operator &

(cf. Exa. 3.1.24).

Show that y = e%/% satisfies Doy = 0 and conclude that the equations
D1y = 0 and Dyy = 0 admit a same normal form (i.e., belong to the same
formal class).

Compute the Stokes matrices of Dsy = 0 and conclude that the equa-
tions D1y = 0 and Doy = 0 do not belong to the same meromorphic class.



CHAPTER 5

IRREGULARITY AND GEVREY INDEX THEOREMS
FOR LINEAR DIFFERENTIAL OPERATORS

In this chapter, the results of the preceding sections are applied to prove
index theorems for linear differential operators in the spaces of s-Gevrey se-
ries C[[z]]s as well as in the space C[[z]]oc = C[[z]] of formal series and the
space C[[z]]op = C{z} of convergent series. The existence and the value of the
irregularity follow. We also sketch a method based on wild analytic continua-
tion, i.e., continuation in the infinitesimal neighborhood.

5.1. Introduction

A linear map D : E — F is said to have an index in F if it has finite
dimensional kernel ker(D, E) and cokernel coker(D, E). If so, the index is
defined as being the number

X(D, E) = dim ker(D, F) — dim coker(D, F).
An index is the Euler characteristic of the complex
50— 0-—E-235E-—50-—50—---

where D is placed in degree 0 or even. It meets then all algebraic properties
of Euler characteristics. In case coker(D, E) = 0 the index x(D, E) gives the
number of solutions of the equation Dy =0 in E. More generally, one says
that a linear morphism L : E — E’ between two vector spaces E and E’ has
an index if its kernel and its cokernel have finite dimension, the index being
again the difference of these dimensions.

From now on, we suppose that D is a linear differential operator

n n—1

d

d
o bt by (2) = + b(a)

dx
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where the coefficients b,(x) are convergent series at 0 € C. The operator D is
a linear operator in any of the spaces C[[z]]s for 0 < s < 400 and in any of
the quotients C[[z]]s/C{x}.

The irregularity of D was first defined by B. Malgrange in [Mal74] as
follows.

Definition 5.1.1 (Irregularity). — The irregularity of D at 0 is the index
of D seen as a linear operator in the quotient C[[z]]/C{x}.

It was proved in [Mal74] that D has an index both in C[[z]] and in C{x},
the irregularity being then equal to x(D,C[[z]]) — x(D,C{z}). It was also
proved the relation coker(D,C[[z]]/C{z}) = 0 which shows that the irregu-
larity is the maximal number of divergent series solutions of the equations
Dy = g(z) € C{z} linearly independent modulo convergent ones. These in-
dices were computed in terms of the coeflicients b,(x) of D. The calculation of
x(D, Cl[z]]) is elementary calculus (cf. Prop. 5.2.5 (i) below). The calculation
of x(D,C{x}) follows from an adequate application of Ascoli’s Theorem.

By a similar analytical method, based on direct or projective limits of
Banach spaces and compact perturbations of operators, J.-P. Ramis [Ram&4]
extended these indices to a large family of Gevrey series spaces: the Gevrey
spaces C[[z]]s as introduced above but also the Gevrey-Beurling spaces

Clla])(s) = lim Clla]]s.c = () Cllalls.c

C>0 C>0
where

Cllz]ls.c = { Z apz™ € C[[z]]; IK > 0 such that |a,| < K(n)°C™ for all n}

n>0
and the spaces C[[z]]s o+ = (o5 Clll]s,o4e and Clfz]] - = U.so Cllal]s, o

B. Malgrange [Mal74] and J.-P. Ramis [Ram84] computed also the in-
dices of D acting on the fraction fields of formal, convergent or Gevrey series.
They proved that these indices differ by —x (D, C[[z]]) from those of D acting
in Cl[z]], C{z} or C[[z]]s for 0 < s < +00. In particular, they are all com-
puted in terms of the Newton polygon of D up to vertical translations and
appear thus as formal meromorphic invariants of the equation. These indices
are extended to systems by means of a cyclic vector.

A differential operator has no index in the spaces C[[z]]s,c themselves
in general. A counter-example (cf. [LRP97, p.1420]) is given by the Euler
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operator in C[[z]]1,; as we prove below.

Proposition 5.1.2. — The Fuler operator
E=x o b Cllz]]11 — Cllz]]11

has no index when acting in C[[z]]11 for, coker(E,Cl[z]]1,1) has infinite di-
mension.

Proof. — Check first that &€ acts in C[[x]]1,1. Suppose ), -oana™ satisfy
|an| < Kn! for all n. Then,

5(%%1”) :nZZ;)bn:z:n

where b, = (n — 1)an,—1 — a,, satisfy |b,| < 2Kn! for all n and the series
> n>0bn @™ belongs to C[[x]]1,1. Consider now the family of series of Cl[z]]1,1

Jolz) = Z(n —DIn%2", 0<a<l.
n>0
The unique series ), - cpz™ solution of £(y) = ga(x) is given by ¢y = 0 and
for n > 0 by ¢, = —(n_— DI(1% 4 2% 4 - -+ 4+ n®). The coefficients ¢, have an
asymptotic behavior of the form
1

a+1
with a > 0 [Die80, p.119, Exer. 27 or p. 305, Formula (7.5.1)]. Consequently,
the series ) |, < cnz™ does not belong to C[[z]]1,1 and g.(z) does not belong to

tn = — (- D™ (1 + O(1/n)) = ailn! n®(1+ O(1/n))

the range of £. Any non trivial linear combination ) A;jga;(x) has the same
property.

To prove that coker(&, C[[z]]1,1) has infinite dimension it suffices to prove
that the g, ’s are linearly independent. To this end, suppose that the g,’s sat-
isfy a linear relation of the form a;gn, + a@29a, + -+ - + @rga, = 0. This means
that a1n* +asn®?+- - -4a,n* = 0 for all n > 0. Choose ng # 1. Applying the
relation for n = no,ng, ...,ng provides the van der Monde system based on
(/\1 = ngl,)\g = n8‘2,)\3 = ng‘?’, ce A = ng’"):

Arar + Aeaz + -+ Aap =0
)\%al—i—)\%ag—i—---—k)\%arzo

Aai+XNag+---+Na, =0
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to determine the coefficients a1, as, . . ., a, which are then all equal to 0. Hence
the go’s are linearly independent and coker(&, C[[z]]1,1) has infinite dimension.
O

5.2. Irregularity after Deligne-Malgrange and Gevrey index theo-
rems

The proofs given in this section are due to B.Malgrange [Mal74] and
P. Deligne [DMROT]) in letter to B. Malgrange, dated 22 aott 1977. Introduce
the following notations:

> V is the sheaf over S! of germs of solutions of D;

> V=K the subsheaf of germs with exponential growth of order at most k;
> V<0 the sheaf over S! of flat germs of solutions of D;()

> V=7F the subsheaf of germs with exponential decay of order at least k.

The sheaf V=F is a subsheaf of ASF, the sheaf V<=F a subsheaf of AS7F
and the sheaf V<Y a subsheaf of A<C. All these sheaves are sheaves of C-vector
spaces. The dimensions of the stalks of V<0 and V=% at § € S! are denoted
by

N<9) =dimV;° and N=7F(9) = dimV; "

Lemma 5.2.1. — The sheaves V<C and V="F for all k > 0 are piecewise
constant. The functions @ — N<9(0) and § — N<"%(0) are lower semi-

continuous with jumps occuring only when entering or exiting a Stokes arc of
D.

Proof. — Let D’ be a normal form of D. We denote by V', V'<F ... the
sheaves associated with D’ as V, V=F ... are associated with D. By the Main
Asymptotic Existence Theorem (Thm. 4.4.2) the sheaves V< and V==* for
all k£ > 0 are isomorphic to V<0 and V'<~* respectively and it is sufficient to
prove the lemma for D’ instead of D. The space of solutions of D'y = 0 is
spanned by functions of the form h(z)e% (/%) where h(z) has moderate growth
at x = 0 and is defined on the full germ of universal cover of C* at 0. Such
functions belong to V<" in a direction @ if and only if €% /%) belongs to A9<0.
If ¢j(1/x) appears with multiplicity m; in a formal fundamental solution of
Dy = 0 then the solutions of the form h(z)e%(}/*) generate a constant sheaf
isomorphic to C™ over the interior of each Stokes arc generated by e%(1/?)

(1) The notations A=? and V=0, in the continuation of the exponential case AS~F and V==F for

k > 0, are usually saved for germs with moderate growth.
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and nothing else. The same result is valid for V<=F by considering only the
exponentials €% (1/%) of degree at least k. O

Comments 5.2.2 (Sheaf of solutions of the Euler equation)

Here below are drawn the unique Stokes arc of the Euler equation (cf. Exa. 2.2.4) and
the graph of the function 8 — N=7'(6). In this case, N<°(9) = N=~1(9).

A
Stokes arc

T2 0 72 3572 >0

C,
N

Figure 1

Theorem 5.2.3 (Deligne-Malgrange). — Any linear differential operator
D with analytic coefficients satisfies the following properties.

HY(SLv<09)  for s=+oo,
1. ker (D, Cl[[z]]s/C{x}) ~ {HI(SI;VS_k) for 0<s=1/k < +oo;
2. coker(D,Cl[[z]];/C{z}) =0 for 0<s < +4o00;
3. dim H'(S%V<Y) = §var (N<9);
4. dim H! (Sl;ngk‘) = %Var (NS*k) for all k> 0.

Proof. — 1.-2. Consider first the case s = +o0o. The long exact sequence
of cohomology associated with the short exact sequence 0 — A<0 — A —
A/A<C — 0 reads

0— H(SY A) — HO(SY; AJASY) — H' (S AY) — H'(S'; A)
2 2 N
Clz} Cll=]] 0

for, H°(S';A<%) =0, H(S';A/A<") is isomorphic to C[[z]] by the Borel-
Ritt Theorem (cf. Cor. 3.2.8) and the map H'(S'; A<?) — H'(S'; A) factors
through 0 by the Cauchy-Heine Theorem (cf. Cor. 3.2.14). Hence,

H'(8'; A=°) = Cl[a]] /C{x}.
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The Main Asymptotic Existence Theorem in sheaf form (Thm. 4.4.1) provides
the short exact sequence 0 — V<9 — A0 25 A<0_40. The associated long
exact sequence of cohomology reads
0— H' (S, V<) — H'(S1;A40) 25 HY(S1A<0) - 0.
12 12
Cll=]]/C{=} Cl[=]]/C{=}
Hence, ker(D, C[[z]]/C{z}) ~ H'(S'; V<) and coker(D, C[[z]]/C{xz}) ~ 0.

The case when s < 400 is proved similarly from the short exact sequences
0= ASF 5 AT A JASF 50 and 0 — VSF 5 ASF D, 45k 0
using the Gevrey parts of the Borel-Ritt and the Cauchy-Heine Theorems.

3. Denote by «y for ¢ € Z/pZ, the boundary points of the Stokes arcs of
D ordered cyclically on S* and by 4y : {ay} — S and j; : Jag, apyi[ — S*
the canonical inclusions. Since S! is a real variety of dimension 1 the Euler
characteristic® of the sheaf V<0 satisfy

x(V<Y) = dim H (5% V<) —dim H' (5%; V<°).

Then, x(V<Y) = —dim H*(S*;V<°) since dim H°(S*; V<0) = 0 (there exists
no flat analytic function and, a fortiori, no flat solution all around 0 but
the null function) and we are left to estimate the Euler characteristic of the
sheaf V<0,

Consider the short exact sequence

0= juv=l — V" — P V"0
)4 ¢
The additivity of Euler characteristics allows us to write

XV = x(GaV=") + > x(iV0).
l 0

The space H° (Sl;quv<0) is 0 since Jay, gy 1] is not a closed subset of St (a
germ at a point of the boundary is the null germ by definition and generates
null germs in the neighborhood, hence all over |ay, ayy1[). The sheaf j,V<°
is a constant sheaf in restriction to Jay, aps1] and 0 outside. Hence, the space
H? (Sl;jg;V<0) ~ H! (]ag,ag+1[;jglv<0) is isomorphic to the stalk of V<V at
any point o of Jay, apr1[ and therefore, x(juV<?) = — dim V@O for all /.

(2) The number x(F) = >°(—1)7 dim H7 (X; F) is, by definition, the Euler characteristic of a sheaf F
over a space X.
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The space H'! (Sl; ie*V<0) is 0 since the support of iz, V<Y has dimension 0
and the space HY(S';i,,V<") is isomorphic to the stalk cheo of V<0 at ay.
Thus, x(iexV<?) = dim V5?0 for all /.

The number dim V;? — dim VOZO is both the variation of N<0 at oy and at
ay41. Hence, the 1 in the formula 37, x(ja V<) +3, x(i0: V<) = 3 var (N<?).
This ends the proof of point 3.

4. The extension of the previous proof to the sheaf V==* is straightfor-
ward. O

Remark 5.2.4. — The half variation of N<0 around S! is also the number
of Stokes arcs of D counted with multiplicity (cf. Def. 4.3.2 and Exa. 4.3.3), or
equivalently, the sum of the (possibly fractional) degrees of all of the exponen-
tials of a formal fundamental solution of D. The half variation of N<=% around
S1 is the number of Stokes arcs of D with level at least k& and counted with
multiplicity, or equivalently, the sum of the degrees of all of the exponentials
of degree at least k.

Corollary 5.2.5. — Let 0 < k1 < ko < -+ < k. < +00 be the slopes of the
Newton polygon of the linear differential operator D (i.e., the levels of D) and
denote, as usually, s; = 1/k; for j =1,...,r. The operator D has an index
in all spaces C[[z]]s for 0 < s < +o0 with values

(i) x(D,Cl[z]]) = — lower ordinate of the Newton polygon N(D);
x(D,C[[z]]) —t Stokes arcs of any level , i.e.,
—lower ordinate of the vertical side in N(D);

x(D,Cl[[z]]) —# Stokes arcs of level < kj, i.e.,
(iii) x(D,C[[z]]s) = § —lower ordinate of the side of slope k; in N (D)
when s satisfies sjy1 < s < s

(i) x(D.C{z}) = {

where § stands for “the number of”. In particular, its irreqularity irro(D)
satisfies
(iv) irrg(D) = height of the Newton polygon N(D) of D
(out of the vertical side).

Proof. — Denote by v(b,) the valuation of the coefficient b,(x) of dP/dz? in D
and by m = inf (v(by) — p) the lower ordinate of the Newton polygon N (D)
of D.

(i) Prove that D has an index in C[[z]], equal to —m.
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From the definition of m the valuation of b, satisfies v(b,) > p + m for all
p, the equality being reached on a non-empty set P of indices p. Hence, the
coefficient by, reads by(x) = apz?™™ + Ay (z) with v(A,) > p+ m for all p and
the constant coefficient o, is non-zero for p € P. For r > —m, we have
qr

bp(a?)@aﬁr =r(r—1)---(r —p+ 1)apz"™™ + higher order terms.

Hence,

Dz = ﬂr+mxr+m + Br+m(x)

where v(By+4y,) > 7+ m. The constant By4m =3 cpr(r—1)--- (r—p+1)ay
being a polynomial with respect to r is non-zero for r > rgy large enough.
Denote by M the maximal ideal of C[[z]] (ideal generated by z). The previous
calculation states that, for r > rg, the operator D induces a morphism D :
M= M

Prove that this morphism is an isomorphism. Let g(x) = grymaz™™™ +
Grim(z) with v(Grym) > 7+ m be given. A series f(z) = frz" + F.(x)
with v(F,) > r satisfies the equation Df = ¢ if and only if f, = grym/Br+m
and DF, = G4y + Cryp, for an adequate formal series Cy 4, with valuation
v(Criym) > 7+ m. The same reasoning applied to this new equation proves
that the next term in f(z) is also uniquely determined and so on by recurrence.
This achieves the proof of the fact that D : M” — M"™™ is an isomorphism.

Now, consider the commutative diagram

0 — M ——Cllz]] — C[[z]]/M™ —0

[~ I |

0 — M —— C[[z]] —— C[[z]]/M™T™ —0

The left vertical morphism has an index equal to 0. The spaces C[[z]]/ M"
and C[[z]]/M"™ being of finite dimension equal to r and r + m respectively
the right vertical morphism has an index equal to —m. We can conclude that
the morphism in the middle has also an index x(D, C[[z]]) and, by additiv-
ity of Euler characteristics, this index satisfies —0 + x (D, C[[z]]) — (—m) = 0.
Hence, the result.

(ii) To prove that D has an index in C{z} with the value given in the
statement we consider the exact sequence

0 — C{z} —> C[[a]] — C[[z]}/C{z} — O.
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Since D has an index both in C[[z]] and in C[[z]]/C{z} (¢f. Thm. 5.2.3) it has
also an index in C{x} and the three indices satisfy the addition formula
X(D,C{z}) = x(D, C[[z]]) + x(D, C[x]] /C{x}) = 0.
Hence, the result.
(iii) The same argument applied to the exact sequence
0 — C{z} — C[[z]]s — C][z]]s/C{z} — 0

proves that D has an index in C[[z]]s and provides the value given in the
statement by the addition formula of Euler characteristics.

(iv) follows directly from (i) and (ii). O
Remarks 5.2.6. — The following remarks are straightforward.
A slope k; XA
X(DC[=])
X(D.C[]s;)
x(DLles;.,)

0

x(D, Cfz})

Figure 2. Newton polygon and the curve s — x(D, C[[z]]s)

> The proof above shows that the cokernel of D : C|[[z]] — C[[z]] can be
generated by polynomials.

> The irregularity of D is zero if and only if the Newton polygon has only
an horizontal edge. This corresponds, by definition, to a regular singular point
at 0. Hence, the irregularity is zero if and only if 0 is a regular singular point.

> The function s — x(D, C[[z]]s) is piecewise constant, increasing and left
continuous.

> The indices x (D, C[[z]]s),0 < s < +00, are not themselves formal mero-
morphic invariants since, in a gauge transformation, the Newton polygon is
translated vertically. However, the irregularity is a meromorphic invariant as
well as any difference of indices x(D, C[[z]]5),0 < s < 400.

A consequence of the previous index theorem is the Maillet-Ramis The-
orem. Maillet’s Theorem asserts that the series solutions of a linear or non
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linear differential equation are Gevrey of a certain order k. J.-P. Ramis made
the theorem more precise in the linear case by proving that the possible k are
the levels of the equation.

Theorem 5.2.7 (Maillet-Ramis Theorem). — A series f(x), solution of
the differential equation Dy = 0 is either convergent or s-Gevrey where s
can be chosen so that k =1/s be one of the levels k1 < ko < -+- < k, of D

associated with f(x). Other values of k are not optimal.

A series solution f(z) is a formal solution of the form f(x)e” coming with
a determining polynomial g; = 0. The levels associated with f(a:) are the
degrees of the polynomials ¢, — ¢; = ¢, for all £ # j. They are, then, the non
zero slopes of the Newton polygon Ny(D) of D at 0.

Proof. — Let 0 < s < +oo and denote kg = 0, koo = +o00 and s; =
1/k; for j=0,...,+00. Since, for all s, coker(D,Cl[[z]]s/C{z}) = 0 the
number of independent solutions of D in C[[z]]s/C{x} is equal to the index
X(D, Cl[z]]s/C{z}) of D in C[[z]]s/C{x}. It is then constant for s; 11 < s < s,
j =0,...,r. Hence, a series solution is at least s1-Gevrey; if it is s-Gevrey
with s satisfying s;41 < s < s;, it is also s;-Gevrey and, in particular, if it is
s-Gevrey with s < s, it is convergent. O

Comments 5.2.8 (On the examples of Section 2.2.2)

> The Euler operator €& = x?d/dx + 1 and its homogeneous variant
2
&o :x?’%—&—(xz—&—x)% -1

are singular irregular at 0. They have same indices and same irregularity as indicated on
Fig. 3. Moreover, x(&,Cl[z]]s) = x(&,C[[z]]) for s > 1 and x(&,C[[z]]s) = x(&,C{z})
for s < 1.

The unique non-zero slope of the Newton polygons N(€) and N(&) is equal to 1
while the Euler series is 1-Gevrey and s-Gevrey for no s < 1 (¢f. Com. 2.3.3).

A A
N(E) N (&)

—x(&,C{z})=1}----; ARRRREE CEEEREEEELEEEEREREEY
| Iirro(fj

Y

X(E.Clfa]))=0 >

Figure 3
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> The exponential integral function satisfies &(y) = 0 where &i is the operator

d2 d

This operator is regular singular at 0 and irregular singular at infinity. One can check that

&i

the Newton polygon at 0 reduces to a horizontal slope. The picture below shows the New-
ton polygon N'(&i) at infinity. Recall that A/(&7) is the symmetric, with respect horizontal
axis, of the Newton polygon at 0 of the operator & after the change of variable z = 1/x.
Hence the change of signs in the indices. The series Ei(z) is 1-Gevrey.

x (&, C[[1/2]])=0

X(E.C{1/ap)=—1

Figure 4

> The hypergeometric operator

D =(s, +4) =25 (3 + 1) (o 1)

is irregular singular at infinity. Its Newton polygon at infinity has a slope 0 and a slope —%.
Its indices and its irregularity at infinity are indicated on figure below.

A
x(Ds1,C[[1/z]])=1 ¢

X(D31,C{1/z})=0

Figure 5

The unique non-zero slope of the Newton polygon N(Ds1) is —1/2 at inifinity
(hence +1/2 at 0 after the change of variable x = 1/z) and we saw that the hyperge-
ometric series g(z) is 2-Gevrey.

5.3. Wild analytic continuation and index theorems

We sketch here another method to compute a larger variety of index theo-
rems for D. For more details we refer to [LRP97]. In that paper, indices are
computed for D acting on a variety of spaces including the spaces considered
before. The idea is to see each functional space as the 0-cohomology group
of the sheaves F, F¥, and so on...on a convenient subset of the base space
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X, X* and so on ... The admissible subsets U that are considered are finite
unions of truncated narrow sectors (for a technical reason, sectors are assumed
to be closed on their lower boundary) and, possibly, of a small disc centered
at 0. The index x(D,C[[z]]) of D acting on the space of formal series C[[z]]
is assumed to be known, for instance, from a calculation as before (Cor. 5.2.5
(i)). From the present viewpoint the situation is made more complicated by
the fact that the base spaces are now varieties of real dimension 2. The coho-
mology groups H%(U; F), H?(U; F*) and so on. .. are non-zero groups but the
cohomology groups H® for i > 1 satisfy (cf. [LRP97, Thms. 2.1 and 4.2]) the
following sharp property.

Theorem 5.3.1. — For ¢ > 1, the linear maps
D:H'(U;F) — H'(U;F)
are isomorphisms for all admissible U.
The same result is valid for F replaced by F*, FF %2 and so on . ..

The technique is as follows. For small discs and narrow sectors (this means
small enough to contain no big point associated with D) the calculation is
elementary and based on the isomorphism between the spaces of solutions for
D and for a normal form D’ of D over such domains. For a union of narrow
sectors or of a small disc and narrow sectors the calculation follows from the
use of Mayer-Vietoris sequences as follows (c¢f. [LRP97, Lem. 3.5]).

Lemma 5.3.2. — Let U = U UUy where Uy and Us are either open or closed
subsets of U and suppose U, U1, Uy and Uy N Uy are admissible subsets.

If D has an index in HO(Uy; F), H(Us; F) and in H°(Uy N Us; F) then,
it has an index in HO(U;F) given by

X(D, H*(U; F)) = x(D, H(Uy; F)) + x(D, H (Uz; F))
—X(D, HO(U1 N Us; .;E))
The same result is valid with F replaced by F*, F¥1*2 and so on ...

For a (non-exhaustive) list of indices which can be computed that way
we refer to [LRP97]. Let us just mention that the list includes indices of D
acting on k-summable series over any k-wide arc I (cf. Def. 6.1.2) or acting
on multisummable series over any multi-arc (11, I2,...) (cf. Sect. 8.7.1).

These indices are formal meromorphic invariants of D as long as U does
not contain a small disc about 0. Otherwise, their difference with x (D, C[[x]])
are formal meromorphic invariants.



CHAPTER 6

FOUR EQUIVALENT APPROACHES TO
K-SUMMABILITY

Given a power series f(z) at 0 we know from the Borel-Ritt Theorem that
there are infinitely many functions asymptotic to f(x) on any given sector
with an arbitrary opening. However, when f~'(x) satisfies an equation, these
asymptotic functions do not satisfy the same equation in general. The Main
Asymptotic Expansion Theorem fills in this gap on small enough sectors for
series solutions of linear differential equations by asserting the existence of
asymptotic solutions. However, the theorem does not guaranty uniqueness
and consequently lets the situation under some indetermination.

The aim of a theory of summation on a given germ of sector (there might
be some constraints on the size and the position of the sector) is to associate
with any series an asymptotic function uniquely determined in a way as much
natural as possible. What natural means depends on the category we want to
consider. There is no known operator of summation applying to the algebra
of all power series at one time and no hope towards such a universal tool.
For the theory to apply to series solutions of differential equations an eligible
request is that the summation operator be a morphism of differential algebras
from an algebra of power series (containing the series under consideration) into
an algebra of asymptotic functions (containing the corresponding asymptotic
solutions). Both algebras must be chosen carefully and correspondingly. To
sum series solutions of a difference equation one should look for a summation
operator being a difference morphism; to sum basic series, for a summation
operator being a ¢g-morphism and so on ... The simplest example is given by
the usual summation of convergent power series from the algebra of convergent
series into the algebra of germs of analytic functions at 0. Such a summation
operator is indeed a morphism of differential algebras.
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This chapter deals with the simplest case of summability called k-
summability which applies to some divergent series and it aims at being
a detailled introduction to the subject. We present four approaches which
show up to be equivalent characterizations of k-summable series. With
each approach we discuss examples and we attach some applications fitting
especially that viewpoint. We give extensive proofs for most of the results
and we refer to the literature when the proofs are omitted. A good part of
the chapter can be found in [Mal95] or, in [Bal94] and [Cos09] (mostly for
the Borel-Laplace approach) and [LRP97| (for an approach through wild
analytic continuation). More references can be found in these papers and
books.

These questions were already widely considered by Euler. They have
been developed at the end of the XIX** and the beginning of the XX Cen-
tury by mathematicians such as Borel, Hardy and al. A cohomological view-
point brought them an impulse in the late 1970’s and 1980’s mostly with
the works of Y. Sibuya, B. Malgrange, J.-P. Ramis, J. Martinet, W. Balser and
lately, C. Zhang for basic series, giving rise to the abstract notions of simple or
multiple summability. An extension of Borel’s approach was almost simultane-
ously developed by J. Ecalle, B. Braaksma, G.Immink, ..., giving rise to the
theory of resurgence and integral formulae applying to a variety of situations.

In the 1980’s J.-P. Ramis and Y. Sibuya [RS89] (see also, [LR90]) an-
swered negatively the Turrittin problem [Was76, p.326] by showing that
series solutions of linear differential equations might be k-summable for no
value of the parameter k£ > 0. They showed however that they are all, at
worst, multisummable. The levels k; entering the multisummability process
are the levels of the equation (cf. Def. 4.3.6). In the case of series solutions
of linear difference equations J. Ecalle noticed that some series are neither k-
summable nor multisummable. He showed that one has to introduce a new
concept named kT-summability (cf. [E93], [Imm96]) for a simple level k as
well as for multiple levels k’s.

6.1. First approach: Ramis k-summability

The problem we address now is to determine under which conditions the
Taylor map
Tor: HY(I; As) — C[[z]]s
which, with a section of A over an arc I of S' (or of its universal cover
St~ R), associates its s-Gevrey asymptotic expansion, could be inverted as a
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morphism of differential C-algebras. The answer is far from being straightfor-
ward and requires some restrictions both on I and C[[z]]s. The first definition
of k-summability we present here is based on constraints for the asymptotic
conditions themselves (recall kK =1/s). It relies on the results of chapters 2
and 3.

Comment 6.1.1 (On the Euler function (Exa. 2.2.4))

Although the problem here addressed is independent of any equation, what can happen is
well illustrated by the behavior of the solutions of the Euler equation.

We saw (cf. Coms. 2.3.9, p. 21) that E(z) is 1-Gevrey asymptotic at 0 to the Euler
series E(z) on any sector 47 based on the arc I = ] — 37 3%[. Denote by E™(z) and
E*(x) the two branches of E(z) on the half-plane 4_» = {z; ®(x) < 0}; these branches
are the respective analytic continuations of E_r4.(z) and E4~_.(z) as € > 0 tends to 0.
The functions E~ (z) and E*(z) are distinct. Indeed, if they were equal, E(x) would be
asymptotic to E(z) all around 0 and this would imply that E(z) be convergent. More

precisely, by applying Cauchy’s Residue Theorem, one can check [LR90] that
Ef(z) - E™ (x) = 2miexp(1/z)

The functions E~(z) and E*(z) are both 1-Gevrey asymptotic to E(z) at 0 on the half-
plane 4_~, and indeed, exp(1/z) is 1-Gevrey asymptotic to 0 on 8.

When the sector 4 is narrow, that is, when 4 is at most an open half-plane, then, E(x)
provides always a 1-Gevrey asymptotic solution on 4. However, when 4 C 4_, the two
solutions E~ (z) and E¥ (), and hence all the solutions, are 1-Gevrey asymptotic to E(z).
Existence is guarantied, uniqueness fails.

When the sector 4 is wide, that is, when 4 contains a closed half-plane, then, either 4
does not contain the closure 4_. of 4_, and f provides the unique 1-Gevrey asymptotic
solution on 4, or 4 contains d_, and there is no 1-Gevrey asymptotic solution on 4.
Uniqueness is guaranteed , existence may fail.

In conclusion, there is no good size for an open sector 4 to guaranty both existence
and uniqueness of s-Gevrey asymptotic solutions. We will see that this property remains
valid for s-asymptotic functions, not necessarily solutions. Note also that the defect of
uniqueness is an exponential function. More generally, flatness for solutions of linear

differential equations is always related to exponential functions.

It is convenient to introduce the following definition.

Definition 6.1.2 (k-wide arc or sector). —

> An arc I (of S or of its universal cover S') is said to be k-wide if it is
bounded and either closed with opening |I| > T or open with opening |I| > T.

> A sector 4 is said to be k-wide if it is based on a k-wide arc.
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It follows from the Borel-Ritt Theorem (Thm. 2.4.1 (ii) and Cor. 2.4.4)
that the Taylor map

Top: HO(I; As) — C[[]]s

is surjective when the arc I is open with length |I| < 7/k and a fortiori,
when T is closed with length |I| < 7/k. Schematically, we can write

I open or closed but not k-wide = T,; surjective

Consider now the injectivity of T, ;. The example of the Euler func-
tion (c¢f. comment 6.1.1) shows that the Taylor map T ; may be not injective,
at least, when I is small. For all I, the kernel of T}  is the space H(I; ASTH),
Indeed, the left exactness of the functor I'(1;.) = H°(I;.) applied to the short
exact sequence

0— AS™F — A, L5 C[fa]]s — 0 (19)

implies exactness for the sequence
Ts
0 — HY(I; AS™F) — HY(I; As) — C[[x]]s.
A sufficient condition for T ; to be injective is given by Watson’s Lemma.

Theorem 6.1.3 (Watson’s Lemma). — Let 4 be an open sector with open-
ing |8] = 7/k and suppose that f € O(8) satisfies a global estimate of expo-
nential type of order k on &, i.e., there exist constants C > 0, A > 0 such that
the following estimate holds for all x € A:

A
|f(x)| < Cexp —W'

Then, f is identically equal to 0 on 4.

Roughly speaking, the lemma says: “under a global estimate of exponen-
tial order k on 4, the function f is too flat on a too wide sector to be possibly
non 07

For a proof, among the many possible references, quote [Mal95, p. 174,
Lem. 1.2.3.3] or to [Bal00, p. 75 Prop. 11].

In terms of sheaves Watson’s Lemma translates as follows.

Corollary 6.1.4 (Watson’s Lemma). — The sections of AS™F over any
k-wide arc I are all trivial and consequently, the Taylor map T 1 is injective.
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Schematically,

k-wide arc I = HO(I; ASF) =0 = T,; injective

Proof. — Tt suffices to consider the case when I is compact. A section of A=—F
on I is represented by a finite and consistent collection of f; € AS7%(4;(R;))
where the sectors 4;(R;) have radius R; and cover the arc I. Let R =
min;(R;). Then, the f;’s glue together into a function f € AS7*(8(R)) where
A(R) denotes the sector 8(R) = |J; 4;(R;) N {|z| < R}. Since 4(R) contains I

it is wider than 7 and Watson’s Lemma applies. 0

Comments 6.1.5 (Exponentials and Watson’s Lemma)

> Choose 8 = {z; 7/2 < arg(z) < 3w/2}. Then, the exponential function exp(1/x)
(which appears in the Euler example) belongs to A<~!(4). Although this function is not
zero that’s not contradictory with Watson’s Lemma. Indeed, denote 6 = arg(x); the best
global estimate for exp(1/x) on 4 is sup,¢ 4 | exp(1/@)| = Sup, jo<p<3x/2 €xp(cos0/[z|) =1
since cos @ tends to 0 as 0 tends to +m/2.

> On another hand, the exponential exp(l/x) satisfies Watson’s estimate on any
proper subsector of 4. This shows that Watson’s Lemma is no more valid on a smaller
sector; here, for Kk = 1 on a sector of opening less than 7 and for any k£ > 0, using an
adequate exponential of order k, on a sector of opening less than 7 /k.

> Buler series. — We can now achieve our comment 6.1.1 and show that when
A is a sector containing A_» there exists no function (solution or not solution of the
Euler equation) being 1-Gevrey asymptotic to the Euler series E(x) on 4. Indeed, sup-
pose A =]a, B[x]0, R[ with @ < 7/2 < 37/2 < B and f(z) be 1-Gevrey asymptotic
to E(z) on 4. In restriction to o, 37/2[, the function f(z)—E* (z) is 1-Gevrey asymptotic
to E(z) — E(z) = 0; hence, it is 1-exponentially flat (cf. Prop. 2.3.17) on a l-wide sector
and we can conclude by Corollary 6.1.4 of Watson’s Lemma that f(z) = E(x) on ], 37/2].
Symmetrically, f(z) =E~(z) on ]n/2,8[. Hence, the contradiction since E* # E~
on |7/2,3mw/2].

The conditions on the arc I to insure either the injectivity or surjectivity
of the Taylor map 7§ ; are complementary and there is no intermediate con-
dition insuring both injectivity and surjectivity. In such a situation a natural
solution proposed by J.-P. Ramis in the early 80’s to get both injectivity and
surjectivity consisted in choosing for I a k-wide arc and restricting the space
C[[z]]s of s-Gevrey series into a smaller space.

Suppose we are given a power series f(x) =) ~janz" at 0.

Definition 6.1.6 (Ramis k-summability). —
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> k-summability on a k-wide arc I (recall s = 1/k). — The series f(x)
s said to be k-summable on I if I is a k-wide arc and f belongs to the range
of the Taylor map Tsp, i.c., if there exists a section f € HO(I; As) which is
s-Gevrey asymptotic to f on the large enough arc I.

> k-summability in a direction arg(x) = 0. — The series f(x) is said to
be k-summable in the direction 6 if there exists a k-wide arc I bisected by 0

on which f(x) is k-summable.

> k-sum. — The function f above, which is uniquely determined when it

exists, is called the k-sum of f(z) on I or in the direction 6 and we denote it

by | = Ska(f) or = Sko(f). .

> k-summability. — The series f(x) is said to be k-summable if it is
k-summable in all directions but finitely many, called the singular directions.

Notation 6.1.7. — We denote by (C{a:}{k’[} the set of all k-summable series
on I and by C{x} gy the set of all k-summable series in direction 6.

Notice that C{z}x 6 = C{z} 3 for I the closed arc bisected by 6 with
length 7/k.

Remark 6.1.8. — 1t follows from the definition that a series which is k-
summable in all direction is necessarily convergent.

Comment 6.1.9 (On the examples of chapter 1)

From Sect. 2.2.2 we deduce:

> The Euler series E(m) of Example 2.2.4 is 1-summable according to the definition
above: precisely, it is 1-summable in all directions but the direction 6 = 7.

> Since we have not yet proved that the hypergeometric series g(z) of Example 2.2.6 is
a 2-Gevrey asymptotic expansion we cannot conclude yet about its possible %—summability.

> In Example 2.2.7, as for the Euler function, we can move the line of integration
from R to the half-line dy with argument  and get an estimate of the same type as
Estimate (10) as long as —7/2 < 6 < 7/2 (we leave that point as an exercise). This shows
that the series h(z) is 1-summable in all directions —7/2 < 0 < 7/2.

> Similarly, one can show that the series £(z) of Example 2.2.8 is 1-summable in all
directions —7/2 < 6 < 7/2.

The following proposition is straightforward.

Proposition 6.1.10. — With definitions as above, and especially s = 1/k,
we can state:



6.1. FIRST APPROACH: RAMIS k-SUMMABILITY 117

(i)  The sets C{z}y,y of k-summable series on a k-wide arc [
and C{x}g gy of k-summable series in direction 0 are differential subal-
gebras of the Gevrey series space C[[z]]s;

(ii) For I a k-wide arc of S', the Taylor map

TS’
I'(I,As) =5 Cla}pon

is an isomorphism of differential C-algebras with inverse the summation

map Sk 1.

As in Chapter 2 (cf. Prop. 2.3.13 and Cor. 2.3.14) let us now observe the
effect of a change of variable z = ", r € N*. Let I = («, ) be a k-wide arc.
In accordance with the notation AJ/T for sectors in Section 2.3.2, denote by I;T
the arc

I}, = ((a+2jm)/r, (B + 2jm)/r)
so that when ¢’ = arg(t) runs over I, = I?T then 0" = arg(w’t) runs over T fr

and 6 = arg(x = t") runs over I. Observe that I ;T is kr-wide.

Proposition 6.1.11 (k-summability in an extension of the variable)
The following two assertions are equivalent:

(i) the series f(x) is k-summable on I with k-sum f(x);

(ii) the series g(t) = f(t") is kr-summable on I, with kr-sum g(t) = f(t").

Proof. — The equivalence is a direct consequence of Definition 6.1.6 of k-
summability and of Proposition 2.3.13. 0

Given a series g(t) recall (c¢f. Sect. 2.3.2) that r-rank reduction consists in
replacing g(t) by the r series g;(x),j7 =0, ...,r defined by

r—1
gty = ¥ g;(t")
j=0
and that the series g;j(x) are given, for j =0,...,r — 1, by the relations
r—1
rt) gi(t7) =Y WD g,
=0

From Corollary 2.3.14 we can state:

Corollary 6.1.12 (k-summability and rank reduction)

The following two properties are equivalent:
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(i) for £ = 0,...,7 — 1 the series g(t) is k'-summable on Ifr with k' -
sum g(t);

(ii) for j = 0,...,7 — 1 the r-rank reduced series gj(x) is k' /r-summable
on I with k'/r-sums g;j(x) defined by the relation

r—1
rad/" gj(z) = Zwar*j) gz, &V e Iy
=0

In particular, a series g(t) is k'-summable if and only if its associated r-rank
reduced series are k' /r-summable.

With these results we may assume, without loss of generality, that k is
small or large at convenience. In particular, we may assume that k > 1/2 so
that closed arcs of length 7/k are shorter than 27 and can be seen as arcs of
St

6.2. Second approach: Ramis-Sibuya k-summability

Due to the quite simple integral formula defining the Euler function f(x)
we were able to prove, in accordance to Definition 6.1.6, that the Euler se-
ries E(z) is 1-summable in all directions but the direction § = 7. However, to
check s-asymptoticity on k-wide arcs is not an easy task in general (we refer
for instance to our other examples in Sect 2.2.2) and it is worth to look for
equivalent conditions in different form.

In this section, we discuss an alternate definition of k-summability, stated
in the early 80’ by J.-P. Ramis and Y. Sibuya, which is based on series seen as
0-cochains. In order to work on S! we assume that k& > 1/2. This assumption
does not affect the generality of the purpose as explained at the end of the

previous section.

6.2.1. Definition. — Let 7T = {I;};cz/pz be a “good” covering of St (hence
a covering without 3-by-3 intersections; cf. Def. 3.2.9). Its connected intersec-
tions 2-by-2 are the arcs (1.'] =I;N1;+1)M and, given a sheaf F over S',
a l-cocycle of 7 with values in F is well defined by the data of functions
pie F(I;) for all j € Z/pZ.

(1) There is an ambiguity with the notations when p = 2. In that case, the intersection I3 N Iz is
L]

made of two arcs which we denote by 71 and 2.
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Theorem 6.2.1 (Ramis-Sibuya Theorem). —
Suppose P = (gbj)jez/pz is a 1-cocycle of T with values in AS7F.
Then, there exist 0-cochains (f; € T(I;;A))jez/pz of T with cobound-

ary ¢ and any such 0-cochain (fj)jeZ/pZ takes actually its values in As,
i.e., fj € T'(Ij;As) for all j (recall that s = 1/k).

The theorem says in particular that, under the condition that all the differ-
ences —fj + f;j41 are k-exponentially flat, all the f;’s are s-Gevrey asymptotic
to a same s-Gevrey formal series f(x).

Proof. — When ¢ is trivial (9;?]: 0 for all j) then ¢ is the coboundary of any
analytic function. Conversely, given any 0-cochain (f;) which, by means of a
refinement if necessary, we can assume to be a 0-cochain over a good covering
the condition that its coboundary is trivial, i.e., —f; + fj41 = 0 for all j,
implies that the functions f; glue together into an analytic function f. The
function f; are, in particular, s-Gevrey asymptotic to f on I; for any s > 0.
When ¢ is elementary (i.e., only one of its components is non zero;

Def. 3.2.10) a 0-cochain with values in A4 and coboundary ¢ is given by the
Cauchy-Heine Theorem 2.5.2 (ii). The general case follows by additivity of
cocycles. In all cases, there exists then a 0-cochain (f;);cz/pz With values

in A and coboundary ¢. Let (95)jez/pz be another O-cochain of Z with

coboundary . Then, the 0-cochain (g; — f) ez /pz. has a trivial coboundary
and comes from an analytic function h: for all j € Z/pZ, g; = f; + h and
then, like f;, the function g; belongs to Ag(I;). O

The Ramis-Sibuya Theorem admits the following corollary:

Corollary 6.2.2. — The natural injection Ay — A induces an isomorphism
HO(SY Ay AS7F) 5 HO(SY; A/ ASTF)
and, consequently (cf. Cor. 3.1.27), the Taylor map induces an isomorphism

HO(SY; AJASTFY ~ C[[a]]s.
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We can thus improve the characterization of s-Gevrey series given in Sec-
tion 3.2.3 into a characterization free of Gevrey estimates:

(equivalence class of a)

s-Gevrey series 0-cochain (f;) over S*
f(x) _ Z anz™ € Clz]]s ( < with values in A
>0 and coboundary (f; — f¢)j.ees

with values in A=k

This equivalence is a subsequent improvement with respect to the setting
in Section 3.2.3 since to check that the 0-cochain is asymptotic in the sense
of Poincaré is usually much simpler than to check its s-Gevrey asymptotics.
While in Section 3.2.3 it was sufficient to ask for the coboundary to be with
values in A<C it is now essential that the coboundary took its values in AS~F.

Definition 6.2.3 (k-quasi-sum). —
Given f(z) an s-Gevrey series, the element pg € HO(S'; A/ AS™F) associated
with f(xl by the Taylor isomorphism of Corollary 6.2.2 is called the k-quasi-

sum of f(z). By extension, any 0-cochain (fj) representing po is called a
k-quasi-sum of f(z).

With these results k-summability can be equivalently defined as follows.

Definition 6.2.4 (Ramis-Sibuya k-summability)

An s-Geuvrey series f(x) is said to be k-summable on a k-wide arc I with
k-sum f(z) € H(I;.A) if, in restriction to I, its k-quasi-sum g satisfies the
condition

o, (x) = f(z) mod ASTF,

Indeed, suppose ¢g saﬁisﬁes the condition above and let the 0-cochain
(fj) be a k-quasi-sum of f(z). We know by Corollary 6.2.2 of the Ramis-

Sibuya Theorem that all components f; are s-Gevrey asymptotic to f(z).
Hence, the same is true for f(z) on the k-wide arc I and f(x) fits Definition

6.1.6. Conversely, a k-sum f(x) of f(z) in the sense of Definition 6.1.6, can
be completed into a k-quasi-sum (f;) of f(x) using the Borel-Ritt Theorem
2.4.1(ii) and Proposition 2.3.17. Thus, we can reformulated Definition 6.2.4
by saying:

The s-Geuvrey series f(x) is k-summable on the k-wide arc I with k-sum

f(z) if there exists a k-quasi-sum of f(x) containing f(x) as component.
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6.2.2. Applications to differential equations. — As before we consider
a linear differential operator with analytic coefficients at 0:
dan dn—l

+ -+ bo(z) with by(x) Z 0.
> The Maillet-Ramis Theorem (Thm. 5.2.7) can be obtained as a conse-
quence of the Ramis-Sibuya Theorem as follows. Recall its statement:

Given f(z), solution of Dy = 0, then, either f(x) is convergent or f(x)
is s-Gevrey and k = 1/s is one of the levels k1 < ko < --- < k, of D associated
with f(x), i.e., the non-zero slopes of the Newton polygon No(D) of D at 0.
Other values of k are not optimal.

Proof. — Using the Main Asymptotic Existence Theorem (Cor. 4.4.2 (i))
we can associate with f(z) a (non-unique) 0-cochain ( fj(w))j ez/pz made of
asymptotic solutions of the equation Dy = 0 over a good covering of S'. The
coboundary (— fj(z) + fj+1(z)) is made of flat solutions; each such flat solu-
tion is equal to some linear combinations of all flat solutions of the equation.
Now, solutions of the equation are flat if and only if the exponential factor
they contain is flat. They are then flat of an order k£ which is one of the levels
ki,ko, ..., ky. It follows that either the coboundary ( — f;(z) + fjt1(z)) is
trivial (or cohomologous to trivial via flat functions) and the series f(x) is
convergent or the coboundary takes its values in AS~% for a certain index

j and the series f(x) is 1/k;-Gevrey according to the Ramis-Sibuya Theo-
rem (Thm. 6.2.1) and Proposition 2.3.10. If the series f(z) were 1/k-Gevrey
with k; < k < kj;1 then, by Corollary 4.4.2 (i) of the Main Asymptotic
Existence Theorem, the 0-cochain could be chosen with values in A; k> by
Proposition 2.3.10 its coboundary would be with values in AS~* and since
it is made of solutions it would necessary be with values in AS=Fi+1. If the
series f(z) were 1/k-Gevrey with k, < k then the coboundary would be trivial
and f(w) convergent. Hence, the optimality of k is reached among the levels

ki ko, ... k. O

> Summability properties

Theorem 6.2.5. — Let f(z) be a solution of Dy = 0 and suppose the equa-
tion has a unique level k associated with f(x) (cf. Def. 4.3.6). Then, f(x) is
k-summable.
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Proof. — Let 0 be a direction which is not anti-Stokes for the equation Dy = 0
and Iy be a k-wide arc centered at # and containing no Stokes arc. Such a
k-wide arc exists since, under the assumption of the unique level k, the Stokes
arcs of Dy = 0 are the closed arcs of length 7/k centered at the anti-Stokes
directions.

As in the proof of the Maillet-Ramis Theorem above, consider a 0-cochain
(fj(z))jez/pz associated with f(z) made of asymptotic solutions. If we prove
that, restricted to Iy its coboundary (—f;+ fj4+1) is cohomologous to trivial via
flat (hence, k-exponentially flat) solutions then, the 0-cochain is cohomologous
to a k-quasi sum of f(x) on Iy. This is proved in Lemma 6.2.6 below. Hence,
the k-summability of the series f(w) in all directions but, possibly, the finitely
many anti-Stokes directions. O

Lemma 6.2.6. — Let V<0 denote the sheaf of germs of flat solutions of the
equation Dy = 0 and suppose the arc I contains no Stokes arc. Then,

HY(I;v<2) =0.

Proof. — Let V'<0 denote the sheaf of flat solutions of a normal equation
Doy = 0 associated with Dy = 0. The property is easily proved for V'<0 in-
stead of V<. Indeed, by linearity, it is sufficient to consider the case when V'<0
is of dimension at most 1 (there is only one non-zero determining polynomial q)
and when the covering is an elementary good covering of I, say Z = (11, I). A
non-zero 1-cocycle ¢ (z) € D(I; N Ip; V'<0) is of the form m(z)eT?1/?) where
m(x) has moderate growth (precisely, is a linear combination of products of
powers z* and logarithm In(z)) and e*9(1/%) is flat over I; N I5. Since I does
not contains any Stokes arc associated with ¢ the exponential function eFa(1/z)
is flat on at least one of the two open sets I, 5. Suppose, for instance, it is
flat on I5. Then, Q.O can be continued into a flat function ¢o € HO(IQ;V/<O)
and the 1-cocycle ¢ is the coboundary of the 0-cochain (f; = 0,f2 = ¢2) with
values in V'<0,

Now, the result is also true for V<Y since, as a consequence of the Main

Asymptotic Existence Theorem, the sheaves V<° and V'<0 are isomorphic.
O

Comments 6.2.7 (On Examples 2.2.4, 2.2.5 and 2.2.6)

I Theorem 6.2.5 applied to these examples yields the following results:
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> The Newton polygon N (€) at the origin 0 of the Euler equation (1) (¢f. Exa. 2.2.4)
and the Newton polygon at the origin 0 of the Euler equation £y = 0 in homogeneous
form (cf. Exa. 3.1.24) are drawn below.

The non-zero slopes reduce to a unique slope equal to 1. This implies that the
exponentials in the formal solutions are all of degree 1. The fact that the horizontal
length of the side of slope 1 is 1 means that there is only one such exponential (including
multiplicity). The fact that A (£y) has one horizontal slope of length 1 means that there
exists a one dimensional space of formal series solution of £y = 0 (possibly factored by a
complex power of z; logarithms could also occur when the length is 2 and higher).

7N

Figure 1. Numbers enclosed into brackets are the coefficients to take into account in
the indicial and the characteristic equations.

The Euler series E(az) is the unique, up to multiplication by a constant, series solution
of the Euler equation in homogeneous form (Exa. 3.1.24). The exponent of the exponential
is given by the characteristic equation associated with the slope 1, i.e., the equation r4+1 =
0 with solution ro = —1. Hence, the exponential e/ mo/a® — ol/= The unique associated
anti-Stokes direction is 6 = 7.

Theorem 6.2.5 allows us to assert what we were already able to prove directly on
this very simple example: the Euler series E(az) is 1-summable in all direction but the
direction 6 = 7.

> The exponential integral Ei(z) has, at infinity, the same properties as the Euler
function at 0 due to the formula Ei(z) = e™* E(1/z2).

> The Newton polygon at infinity of the generalized hypergeometric equa-
tion D31y =0 (Eq. (2.2.6)) drawn below has a horizontal slope of length 1 and a slope 1/2
with horizontal length 2.

A
IL’M\

| S

0 T 2 13

N (Ds.1)

Figure 2
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It follows that the equation has a one dimensional space of formal series solutions
(space generated by the “hypergeometric” series g(z)); moreover, all exponentials are of
degree 1/2. The characteristic equation associated with the slope 1/2 reads 7> — 1 = 0
with solutions 19 = +1 and the exponentials are exp([+27"/?) = exp(£22'/?). The
anti-Stokes directions are the directions § = 27 mod 4m7. (We need to go to the Riemann
surface of the logarithm since the slope is not an integer. After a ramification z = t>
we could stay in the plane C of the variable ¢: the anti-Stokes directions would become
6 = m € S*.) The indicial equation associated with the horizontal slope reads r + 4 = 0
with solution 7o = —4. Hence the factor 1/2* in g(z).

Therefore, by Theorem 6.2.5, the series g(z) is 1/2-summable with respect to the
variable z with singular directions § = 27 (mod. 47), which we had not proved earlier.

Theorem 6.2.5 holds for systems.

Corollary 6.2.8. — Let dY/dx = B(z)Y be a differential system with
a formal fundamental solution Y(z) = F(z)z%eQW/? where Q(1/z) =
@}]:1 qj(1/x)In;, the q;’s being distinct. Split the matriz F into column-
blocks fitting the structure of Q:

F(z) = [Fi(z) B(x) -~ Fy(x)]

(for j =1,...,J, the matrix E(w) has nj columns). Suppose the degrees of
the polynomials q¢ — q; for € # j are all equal to k. Then, the matriz F;(x)
(i.e., its entries) is k-summable.

Recall that the matrix F (x) satisfies the homological system

dF
(23) = B(z) F — F By(x)
which admits the polynomials ¢y — ¢; for 5,/ =1,...,J as determining poly-
nomials. By(z) stands for the matrix of the normal form 94X = By(z)Y with

fundamental solution YVy(z) = L e@1/),

6.3. Third approach: Borel-Laplace summation

The third definition provides explicit k-sums in terms of k-Borel-Laplace in-
tegrals.

6.3.1. Definitions. — Due to its main role we first make explicit the classi-
cal Borel-Laplace summation which corresponds to level k = 1. Actually, the
general case k > 0 can be reduced to k = 1 by setting = t* and taking t as
a new variable. However, this introduces non integer powers in general with
connected problems. We prefer to keep working with the initial variable z.
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Definition 6.3.1 (Classical Borel and Laplace transforms)
(i) The Borel transform B of a series f(z) = Y ns0 Gnx™ is the power
series

f©) =) ang"}/T(n);

n>0

(ii) Given a direction 6, the Laplace transform Ly of a function ¢(§) in
direction 6 is defined, when the integral exists, by

f(z) = /g P(€)e 7 de.

Although we do not need it in this chapter let us mention here that there
exists a functional version of the Borel transform given, in each direction 6,
by the integral

B(1@)(©) = o [ F2)e
Yo x

where vy denotes the inverse (image by = — 1/z) of a Hankel contour directed
by the direction 6 and oriented positively. (Let us observe that we need a
contour that ends at 0 since the function is studied near the origin; if we
worked at infinity we would use a Hankel contour itself). Using Hankel’s
formula for the gamma function we obtain By(z") = ¢! /T'(n) for all §; hence,
the coherence with the definition of the formal Borel transform. Similarly,
Ly(¢"1) = T'(n)z™. When there is no ambiguity we denote B and L instead
of By and Ly.

Observe that the formal Borel transform applies to series without con-
stant term. With the constant 1 it would be natural to associate the Dirac
distribution § at 0. This is necessary in certain situations, for instance, when
one needs to work with convolution algebras (§ is then a neutral element).
For our purpose, this is unnecessary and we assume that our series have no
constant term.

Here are some of the basic actions of the Borel transform. We denote by

(&) both the Borel series of f(x) and its sum and by ¢ both the Borel series
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of g) and its sum.

%f(m) 5, (;15@(5) (assume ~(95)/:c has no constant term),

2 fl@) = £ple),

- 13
F@)g@) 55 pwp(e) = /0 (€ — n)d(n) dn.

and way back for the Laplace transform when it exists.

~

Proposition 6.3.2. — Suppose the Borel series f(§) = >.,5 ) &
converges and its sum p(§) can be analytically continued to an infinite sec-
tor & = 89,.,0,(00) with exponential growth at infinity: there exist A, K > 0

such that

lo(&)] < Kexp (Al¢])  on 4.
Then, for all § € 101, 6>[, the Laplace integral
i6

folz) = /0 T @)t ae

exists and is analytic on the open disc Dy(A) with diameter (0, e /A) and
the wvarious fy glue together into an analytic function defined on |y Dg(A)
and, especially, on a sector ' = A’el_ﬁ/2792+ﬁ/2 C Uy Do(A) of opening greater
than 7.

______ eie/A

x-plane

Figure 3. Borel disc Dy(A)

Definition 6.3.3. — The disc Dy(A) is called a Borel disc in direction 6.

Proof. —  Since ‘@(g)e_f/ﬂ < Kexp (— (R(e/x) — A)[¢]) the Laplace
integral fp(x) exists and is analytic on the disc R(e?/z) > A, i.e., the open
disc Dy(A) with diameter (0, ¥ /A).

Consider two directions 6’ < 8” in |01, O] such that, say, 8" — 0’ < 7/4 <
7/2 and apply Cauchy’s Theorem to ¢(€)e~¢/% along the boundary Cg of
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a sector of radius R limited by the lines 6 = 6’ and § = #” and oriented
counterclockwise. Then,

?Rew/ Reig” Rew“
/ —I-/ —/ go(f)e_s/xdg =0.
0 Rei?’ 0

However, denoting x = |z|e™ we can write

Rei®” . ' |
[, e ag] < i Kep (= (R(/) — el €] do

Reit’

=K f;,” exp ( — (cos(# —w)/|z| — A)R)Rd6.

Choose 0" < w < 0". Then, |0 —w| < 7/4 for 6 from 6" to §”. The inequality
becomes

Reie/l
[, e e <K@ - 0)Rexp (- (1/(V2la) - A)R)
Reit’

and the integral tends to 0 as R tends to infinity as soon as |z| < 1/(A4v?2).
Consequently, the Laplace integrals in directions 6’ and 6” coincide on the
domain {|z| < 1/(Av/2) and ' < arg(z) < 0"} and they are, then, analytic
continuations of each other. O

With this result we can set the following definition.

Definition 6.3.4 (Borel-Laplace summation). — A series f(:v) =
Zn>0 anx™ is said to be Borel-Laplace summable in a direction 6y if the
following two conditions are satisfied:

(i) The Borel transform f(f) =0l /T (n) of f(x) is convergent,
i.e., the series f(z) is 1-Geuvrey.

(ii) The sum (&) of the Borel series f({) of f(w) can be analytically
continued to a sector o neighboring the direction 0y with exponential growth of
order 1. We still denote by ¢ its analytic continuation.

When these conditions are satisfied, the Borel-Laplace sum of f(x) in
direction 6y is given by the Laplace integrals
6

fo(z) = /Oe Oow(ﬁ)e_f/xdﬁ forbeo

gluing into an analytic function f(x) defined (at least) on a sector bisected
by 0y with opening larger than .
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This definition comes with explicit integral formulee for the sum of the
series. However, an explicit calculation of ¢(&) in terms of classical functions
is, in general, out of reach or even impossible.

The domain of definition of ¢(§) must contain a disc centered at 0 and
a sector o = 0gyg, g, neighboring the direction 6y in the shape of a cham-
pagne cork as below: the Borel-Laplace sum f(x) is analytic on the union
Uy, <o<a, Do(A) of the Borel discs with diameter (0, e’ / A) for all direction 6 in
. The domain contains sectors 4jg; g;[ for any 0y > 01— /2 and 05 < O2+7/2.

0o

&-plane
Figure 4

These definitions can be extended to any level k > 0 as follows. Denote
temporarily by By or By g the classical Borel operators defined as above and
generally, by By, or By g the k-Borel operators. Denote by L; the Laplace
operator and generally, by L ¢ the k-Laplace operator in direction 6. The
operators of level k£ are transmuted from those of level one by means of rami-
fications according to the following schemes.

The k-Borel operators are defined by the following commutative diagram:

F@) 2 Ba()(€) = w(eh)

PkJ/ Tm/k

FRy 2 ()

where (1) = %m.fm fYRYer/tdt 12 = %Trifvg f(z)e™/*" kdz /x| the path
7y being deduced from the “Hankel” contour 74¢ by the ramification t = x*.
The formal k-Borel transform is obtained by applying these formulse to
the monomials f(z) = z™. One obtains By (z") = "% /T'(n/k). In accordance
to the fact that the usual 1-Borel transform applies to series with valuation
ko > 1, the k-Borel transform applies to series with valuation kg > k.
The k-Laplace operators are defined by the following commutative dia-

gram:
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t—plané z-plane (t=zF)

Figure 5. The “Hankel” contour e compared to vy when k > 1

o€) 2 Lra(e)(x) = g(a*)

pkl L’l/k

L
p(rl/F) —==—  g(0).
where g(t fo etto0 1/k e~ T/tdr.

We can then state the following definitions generalizing for any k£ > 0 the
classical definitions of the Borel and the Laplace transforms stated above with
k=1.

Definition 6.3.5 (k-Borel and k-Laplace transforms)

(i) The (formal) k-Borel transform of a series f(x) = Y nsko Gn®" with
valuation kg > k is the series

Za gnk

n>kg

(ii) The k-Borel transform of a function f(x) in a direction 6 is defined,
when the integral exists, by

k,ok kdx
Bro(f)(€) = 1// fla)et /" s
Yo

27

with 7 a Hankel-type contour as above.
(iii) The k-Laplace transform of a function (&) in a direction 0 is defined,
when the integral exists, by

60

fla) = /g T o)t ek,

=0
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Proposition 6.3.2 can be generalized to any level £k > 0. The Borel discs
must however be changed into Fatou petals (or Fatou flowers) defined in di-
rection 6 by conditions of the type ﬂ%(eia/mk) > A.

=

0

Figure 6. Fatou petal

Definition 6.3.6 (k-Borel-Laplace summation). — Let kg > k be an in-
teger.

A series f(z) = 3,5y, anx™ is said to be k-Borel-Laplace summable in a
direction 6y if the following two conditions are satisfied:

~ ~

(i) The k-Borel transform f(§) = >, >, an" % /T (n/k) of f(z) is con-

vergent, i.e., the series f(m) is 1/k-Gevrey.
(ii) The sum (€) of the Borel series of f(x) can be analytically continued
to a sector o neighboring the direction 0y with exponential growth of order k.

We keep denoting by ¢ its analytic continuation.

If these conditions are satisfied, the k-Borel-Laplace sum of f(z) in direc-
tion Oy is given by the k-Laplace integrals
ewoo
fola) = [ el ) foroeo
£=0
gluing into an analytic function f(z) defined (at least) on a sector bisected
by 6y with opening larger than w/k.

The natural question of the equivalence between k-summability and k-
Borel-Laplace summability is studied in the next section (cf. Prop. 6.3.9).

6.3.2. Nevanlinna’s Theorem and summability. — We begin with the
proof of Nevanlinna’s Theorem which solves the main step in the equivalence
of k-summability and k-Borel-Laplace summability, precisely, the fact that
k-summability implies k-Borel-Laplace summability.

Assume we are given a direction 6 issuing from 0 which by means of
a rotation we assume to be § = 0 and let us first describe the curves and
domains we will be concerned with. We consider two copies of C, one which
we call the Laplace plane with coordinate x and the other one, called Borel
plane, with coordinate &.
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We fix £ > 0 and v > 0 and we introduce two new copies of C with
coordinates Z = 1/z* and ¢ = &* respectively.

> In the z-plane we consider
1. The sector 80 = {z € C; |x| <~y and |arg(z)| < 7/2k}.

2. For any £ > 0, the domain ( Fatou’s petal or Borel disc when k = 1)
defined by

b = {a: € C; %(%) > (% and ‘arg(m)} < %}

/_\ >
0 & 7 I YV
z-plane

Figure 7

> In the Z-plane, we consider the images 89 and 8, of 49 and 4, respec-
tively, by the map Z = 1/2*. Hence, 8, is the half-plane {Z; R(Z) > ¢*} and
B0 the half-plane {Z; R(Z) > 0} but the half-disc {|Z| < 1/9*,R(Z) > 0}.

A A

Bo B¢

Z-plane

Y

=)

Figure 8

> In the (-plane, for B > 0, we consider the domain X5 = D(0, B¥) UX/,
union of the open disc D(0, B¥) with center 0 and radius B* and of the set
¥'5 of points in C at a distance less than B* of the line [B¥, +o0].

> In the {-plane, we consider for B > 0, the domain op = D(0, B) U oy
union of the disc D(0, B) with center 0 and radius B and of the image o5 of
Y5 by the map & = ¢ 1/k for the choice of the principal determination of the
Et'-root.
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(-plane
Figure 9
N 0B o
0~_/B i
-plane
&1 k>1
Figure 10

Theorem 6.3.7 (Nevanlinna’s Theorem [Nev19, pp. 44-45])

Let k > 0.

Let f(x) = 3,55, an®™ € Cl[[z]] be a power series at 0 with valuation ko > k
and let f({) =D ke %f"*k denote its k-Borel transform.

Suppose f(x) € A(8o) is asymptotic to f(x) and satisfies global k-Gevrey
estimates on dg: there exist constants C,B > 0 such that for all x € 4
and N € N*

N-—1 N
(30) () - 2; o] < c(%)N/’fe_N/k ';Q‘N |
n=~ko

~

Then, the k-Borel series f(&) is convergent and its sum ¢(&) can be analytically
continued to the domain op with exponential growth of order k at infinity: for
any B. = B — € < B there exist constants K, A > 0 such that

’gp(é)‘ < K exp (A|§|k) forall £ €op,.

Moreover, the functions f(x) and ¢(§) are k-Laplace and k-Borel transforms
of each other: given £ > £y = inf{l; f € O(4,)} they satisfy

(31) f(z) = 0+°O ©(&) e~ /7" A(€¥) (k-Laplace transform of ),

(82) @) =5k S yuryon Fw)eE /A uR)  for all € > 0.

Remark 6.3.8 (k-fine summability). — One should observe that Condi-

tion (30) is stronger than k-Gevrey asymptoticity of f(x) to the series f(x) on
40. Indeed, while Condition (30) is valid in restriction to any proper subsector
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of 49 (with same constants) implying thus k-astmptoticity on &g, conversely,
the existence of estimates valid on any proper subsector of 4y does not imply
the existence of constants B and C' valid on all of 4¢.

Note also that, due to Condition (31), when an analytic function f sat-
isfying Condition (30) exists then it is unique. (Compare Watson’s Lemma
(Thm. 6.1.3) and Proposition 2.3.17). This comforts the fact that Condition
(30) is stronger than k-Gevrey asymptoticity. Recall the example of the Euler
function E(z) (¢f. Exa. 1 and Com. 2.3.9) that provides two functions (its two
determinations) that are 1-Gevrey asymptotic to the Euler series E(x) on the
half-plane R(x) < 0.

With these results we see that Condition (30) is adequate to guaranty the
existence of a unique well defined sum of f(x) on &g with similar properties as
a k-sum. And indeed, this corresponds to a notion called k-fine summability
in the bisecting direction of 49 which is weaker than k-summability in the
same direction. By this, we mean that a k-summable series in a direction 6y
is k-fine summable in direction 6y, the converse being false in general. For the
case when k = 1 we refer to [Saul, Sect. “The fine Borel-Laplace summation”
where the author uses Formula (31) as definition.

Proof of Theorem 6.3.7 We can check that any monomial z™ satisfies
the theorem. Hence, we can assume that f(a:) = an,m anx™ has valuation
ko > k.

Due to Condition (30) the series f(f ) converges at 0 with radius at least B
(cf. Prop. 2.3.10). Its sum ¢(&) defines then an analytic function on the
disc |¢] < B.

Set Z = 1/2% and ¢ = £* and denote by Z'/* and ¢/* the principal k-
roots of Z and ¢. The function F(Z) = f(1/Z'/¥) is, by construction, analytic
on the half-plane Ilx = {R(Z) > €k} where 0 < £y < 1/7.

Choose £ > £y and set

1

H(C) = — F(U)eVdU  for all ¢ > 0.
2mi Joe v

This formula makes sense. Indeed, in the new variables, Condition (30) be-
comes: for all N > ko and all Z € I, the function F (Z) satisfies

co(r) e

(33) |Rw(2)| = |F(2) - T, g | < O(% T

< O'T(N/k)

W (using Stirling formula)
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for any B’ < B jointly with a convenient C’ > 0. In particular, there exist
constants Mgy, M7 > 0 such that

(34) F(2)] <

_WSMO fOI' all Zenzk

and since ko/k > 1 this implies that F(Z) belongs to L'(¢* 4 iR). Hence, its
Fourier integral ¢(() exists and is continuous with respect to ¢ € R.

We have to prove that:

1. The function F(Z) can be written in the form

F(Z)= m (C)e?¢d¢
0 .

2. The Borel series f(&) converges to ¢(&¥) for 0 < € < B; hence the
analytic continuation of ¢(¢¥) by (€) to the disc |¢| < B (0 might be a
branch point for the series ¢(() itself).

3. The function ¢(¢) can be analytically continued to X'5.
4. The function ¢(¢) has exponential growth of order 1 at infinity on X’5.

Prove now the four steps.

1. Given Z € II;x we enclose it in a domain €2 limited by the vertical line
at ¢¥ and an arc of a circle centered at 0 with radius R as drawn in figure 11.

(*+iR

B
W

Y

0 ok

)
(k—iR

Figure 11

By Cauchy’s integral formula we can write

1 dU
F(Z)=— FU)——
() 27 o0 ()Z—Uv7

the boundary 92 of Q being oriented clockwise. From |F(Z)| < Ml/\Z\ko/k
(estimate (34)) we deduce that the integral along the half-circle tends to zero
as R tends to infinity. Hence, F(Z) = 5% Jorvim F(U)deUU. Write 1o =

2mi
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f0+°° elU=2)CJ¢ so that

1

F(Z) = 3~

“+oo
F(U) / eU=2¢ qcdu.
kiR 0

Fubini’s Theorem can be applied to the iterated integral since, using

again the estimate (34) we obtain ’F(U)e_(Z_U)C’ < |UJ|\£(1)/,€ e~ (R(2)—Eh)¢

with ®(Z) — ¢F > 0. Hence, the followed formulae
+oco 1

_ —7¢ , _ L U
Fz)= [ o0 Hac vt o0 = 5 [ P@)eac

Moreover, ¢(¢) is independent of £ > £ (apply Cauchy’s Theorem to F(U)eV¢
along a rectangle with vertical sides at R(Z) = % and R(Z) = 0%, ' £ (¥,
and let the horizontal sides go to infinity).

2. From F(U) = Y00 an/UY*+Ry(U) and ¢(C) = 55 [, jm F(U) V0 dC
for all ¢ > 0 we can write

N-1

O = 3 p S+ ow(Q) with 6x(0) =

n=ko

1
2mi

/ dU )
ey |U|NF

gNk‘/ ’_/ dr / dr
o4R \U!N/k RVIg 2/ " Ryixr ok =

Hence, there exists a constant Cy > 0 such that

N/k k 1
(@)1= Go() e

Take 0 < ¢ < B* and consider the right hand side as a function of .

/ Ry (U)eV¢au.
kiR
By Condition (30), we have

c N/k o= NIk
c (2 ALY
lon ()] < o (k:> e

BN

while

k
The function y(¢) = Q;—NC for ¢ > 0 reaches its minimal value at ¢; = (%) 1k 411/ -

and y(¢1) = (%)N/keN/kCN/k. Choose ng = ng(¢) so large that

1k 1
n=(") ce > fo =t {£; f € Oan)}.
For N > no(¢) and since ¢ (¢) does not depend on ¢ > ¢, we can take £ = ¢;.

Then, ¢n () satisfies |pn(¢)| < Cocg# and tends to 0 as N tends to infinity.



136 CHAPTER 6. FOUR EQUIVALENT APPROACHES TO K-SUMMABILITY

Hence, ¢(&F) = > n>ko #’}k)fn = (&) for 0 < £ < B which proves that f(f)
is the Taylor series of ¢(¢F) at 0 and that ¢(£F) can be analytically continued
by ©(§) to the disc {£; |¢| < B}.

From now on, we denote p(£) = ¢(¢F).

3. Given ¢y > BF, prove that the Taylor series of ¢(¢) at (o converges
with radius B¥ and converges to ¢(¢) for ¢ real.

Prove first that ¢(¢) is infinitely derivable for ¢ > 0. Given N € N*, let
m € N satisfy k(N +1) <m < k(N + 1) + 1. Write

m

1
n/k 4 Rpni1(U)eVCdU
Zk n/k: C 27T2 k4R m+1( )e

and look at the v*" derivative of the integrand for 1 < v < N. From (33) we
can write

Z’“g‘ ol
(35) ‘Rm—&-l U)U"e UC‘ < CF((m-i— 1)/k) B’m+1| . (m)/k < W

where the constant C” is independent of ¢ so long as ¢ stays bounded. By
Lebesgue’s Theorem we can then conclude that ¢(¢) can be derivated N times
under the sign of integration for any ¢ > 0.

To estimate the N** derivative when ¢ > ¢y > B* we write

aN
3{7N¢(O =Jy+ 1IN

where

= - An E ﬁ — ﬁ _ TL/k—N
N Z Tln/k) k PG (G e
1
In=o— Ryt (U)UN V6 dU.
T Jek+4R
From the Gevrey Condition (30) or (33) (c¢f. Prop. 2.3.10) and the fact
that |Z|1/k > 1/~ it follows that
ol O (3 T+ )
I'(n/k) — B™\B" T'(n/k)

for all n € N*, and since W behaves like (%)1/ " as n tends to infinity

we can conclude that, for all B. = B — ¢ < B’ there exists a constant C” > 0
such that

+1)

|an| _ ok

— 11 N*.
Tn/k) = By orall ne
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This implies that

|In| < C'/%(% _ 1> (% fNJrl)C_N i (C;/Ek)n

n=ko

Cm/k 1+1/k

and, since )", (ng)n <migm <EWIN +141/k) Nk+k+1CN if B < ¢,
that

LC" ClJrl/k L
|IN| < ——=T(N +3+ when B < (.
BE+1 ( k:) BEN c

From (35) and (33) we obtain

1
I < 5| [ Rna@)U1Y e <av]
21 1 ) gk iR

1, et"¢ 11 dT
< %CF((m—kl)/k)i/mH max (7, 52)/Rl+1/k

1+ T2
ZkC
< C"T(N +1+42/k) =+ N for a convenient C" > 0
¢
Ui
<C F(N+1+2/k‘)BkN'

Recall that k(N +1) <m < k(N +1)+1sothat 1 <m —kN +1—-Fk < 2.
Hence, the term max (%, é%) and the power of the integrand.

Adding these two estimates we see that, for all € > 0, there exists a
constant o, > 0 such that

oN ¢
acN
Hence, the Taylor series of ¢(() at (o,

1 N N
> WW(CO) ()

N>0

INALS

(36) Bk:N

(C)‘ < a.l(N+3+2/k)——~ forall ¢> B

converges for |¢ — (o] < BF. Making ¢ tend to 0, we can conclude that it
converges for |¢ — (o] < B* and consequently, the Taylor series of ¢(¢) at (o
has a radius of convergence at least equal to B¥.

To prove that this Taylor series converges to ¢(¢) write the Taylor-
Lagrange formulas

5(0) :ij P G)E = )+ ),
Gn(0) = #%(me(c )¢ =) 0<<1.

L1 +n) o¢"
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For ¢y > B* and ¢ > BEF, then ¢y + 6(C — (o) > BY and we can apply the
estimate (36) to g%f({o +60(¢ — o)) so that

D(n+3+2/K) ik max(co) 1€ = Gol”
T(1+n) BEn

and tends to 0 as n tends to infinity as soon as max(B¥, (o—BF) < ¢ < ¢o+BE.
Therefore, the sum of the Taylor series of ¢ at any ¢y > B* coincides with
#(¢) on the interval max(B¥, ¢y — B¥) < ¢ < (o + BF. This proves that ¢(¢)
admits an analytic continuation to ¥ N {R(¢) > BE}.

Since the intervals ]0, B¥[ and | max(B¥, ¢y — BY), (o + BY[ for ¢, = B,
for instance, overlap this analytic continuation fit the analytic continuation by
2(CV/*) on D(0, BY) N T, N {R(C) > BE}.

Letting now € tend to 0 allows us to extend the analytic continuation of
#(¢) up to X'5. Hence, the analytic continuation of ¢ (&) to the full domain op.

W)n(C)’ < ag

4. Suppose 0 < B. < B be given. Since () is analytic in the disc
D(0,B) it is bounded in the smaller disc D(0, B;). Consequently, ¢(¢) is
bounded in D(0, B¥) and it suffices to prove the exponential estimate in the
discs D((o, BY) for ¢y > B*.

The analytic continuation of ¢ to the disc D((y, B¥) is given by the Taylor
series ) oo

A0 = w7 (C)(¢ — Go)™
2T+ ) o0
Apply estimate (36) to %(Co) with ¢/ < e. It follows that, on the disc
D((o, BY), the function ¢ satisfies

O = 00 3 DO H U G

k
n>0 F(l + n) Bs’n
SCEEIZW(Bk) € € e <+OO
n>0 &

(write (o = (Co — R(¢)) + R(¢) and |¢o — R(¢)| < BF). The estimate being
valid for all £ > £y we can conclude that there exist constants K > 0, A > E’g
such that

6(0)] < Kell on S .

Hence the result. O

Proposition 6.3.9. — k-Borel-Laplace summability in a given direction 6y
1s equivalent to k-summability in the direction 6.
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Proof. — > k-Borel-Laplace summability implies k-summability.

Suppose we are given a k-Borel-Laplace summable series f(ac) =
Yonsp @na™ in a direction #y. This means that its k-Borel transform
Zn;k %f”*k converges; its sum ¢(€) can be analytically continued to a
sector 0y, g, containing the direction 6y where (§) satisfies the following

inequality for some positive constants A and K:

()] < K exp (Ag¥]).

By applying Cauchy’s Theorem one proves (proof left to the reader) that
the k-Borel-Laplace integrals

ooeth
fa(z) = /§ p(€)e €17 d (k)

=0

associated with the various directions § € ]01, 62[ glue into a Borel-Laplace
sum f(x) defined and analytic on the union of the Fatou flowers

D= U {z; %(em/xk) > A}
01<0<02

(recall that Fatou flowers are called Borel discs when k + 1). We must prove

that f(z) is s-Gevrey asymptotic to f(z) on a sector 4 C D bisected by 6y
with opening larger than 7/k (recall s = 1/k).

Let € ]601,02] and 83 C 4 a sector bisected by B with opening
(m—29)/k < 7/k be given. Prove that, under the hypothesis

p(6)] < Kexp (Al¢F]) for arg(é) = 3
there exist constants K, A’ > 0 such that fg satisfies

< K’F(%)A’NMN

N-1
’fg(a;) — Z anx"”
n=k

for all z € 4 and N € N* and that moreover, the constants K’, A" are
independent of $ while they depend on the size of 43.

We normalize the situation to the case when § = 0 by means of the
rotation —f3 both in the z- and the &-plane: the direction 8 becomes 5* = 0
and the variables z and & become 2* = ze™ and £* = £e7% so that |z*| = |z

and [£*] = [¢]; we set f*(z*) = f(a*e*) and p*(£*) = p(£* ). We normalize
to the case k = 1 by the change of variable ( = £** (at the price of introducing
non integer powers). The sector 4 has become a sector AE bisected by 6* = 0
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with opening (7 — 26)/k. Setting ¢(¢) = ¢(¢'/*e'?) we can write
“+oo

fra) = $(Q)e=/*" d¢

0
and ¢ satisfies
6(Q)] < K e for ¢ > 0.

Choose b* > 0 in the disc of convergence of ¢ and split the Laplace integral
into f*(x*) = fi(z*) + f5(z*) with
+

" k OO wk
fia)=[ é(Qe " d¢ and f3(z") = $(C)e¢/" dc,

0 bk
It follows from Lemma 2.4.2 that fy(2*) is s-Gevrey asymptotic to the series
f*(z*) = f(z*e¥) on A% with an estimate of the form

(37) <orr(2) A el

N—1
fia®) =) apa™
n=k
where A} = 1/(b| sin(0)|/*) and CT =2 >k %b”.
We must also prove that f5(z*) is s-Gevrey asymptotic to 0 with a global
estimate on AE. To this end, observe that f5 satisfies

Foo * KeAbk k *k
(] < K (A=R(1/2"))¢ g0 — —bER(1/2F)
When z* = |2*| e belongs to 47 then 2*F = |2*|" e belongs to a sector

bisected by 6* =0 with opening 7 — 25. Then, cos(kf) > sin(6) and z**
satisfies R(1/z**) > sin(6)/|z|*. Hence,

AbF
£ < Ke R/ lel”
sin(0)/]z|" — A

The factor K eAt" |z|* /(sin(6) — A|z|*) is bounded on 47 and then, there exists
constants A* = b¥ sin(8) and C* > 0 such that

* k
f5 (%) < Crem 1T for 27 € 4.

The constants depend on b and § and not on 5. From Proposition 2.3.17 we
obtain that f5(z*) is s-Gevrey asymptotic to 0 on Af’é and that there exist
constants C5, A5 > 0 depending on J such that

N
(38) 6] < osr(T) A e,
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the estimate being valid for all N € N and z* € 47 (cf. proof of Prop. 2.3.17).
Hence, putting together (37) and (38), we can conclude that there exist con-
stants C’, A’ > 0 such that for all N € N* and z € 4%, the function fg(z)
satisfies

< CT(%)A/NMN.

N—-1
‘fﬂ(x) — Z anz"
n=~k

Since the constants do not depend on the direction 8 the estimate (38) is valid
for f(z) on the union 4 = Uy, .5, 45- Choosing § < min(fy — 61,62 — 6o)
implies that 4 is a sector with opening larger than 7/(2k) on both sides of the
direction 6. Hence the result.

> k-summability implies k-Borel-Laplace summability.

Suppose we are given a k-summable series f(z) = ), -, anz™ in a direc-
tion #p. This means that there exist an analytic function f(z) and constants
B,C > 0 such that

N-1 N
‘f(x) - Z;C apz"| < CF(Z)BNMN
on a sector 8 = {z; |arg(x) — 0| < (m+260)/2k and |z| < R} bisected by 6y
with opening greater than 7/k. Given a direction 3 such that |8 — 6| < §/k
Nevanlinna’s Theorem (Thm. 6.3.7) provides constants A, XK' > 0 such that
the Borel transform ¢(&) is analytic and satisfies

|o(6)] < K el

on the domain o 5 equal to oj; rotated by an angle 8 (cf. preamble of
Nevanlinna’s Theorem). A rotation does not affect the constants and thus,
A and K being independent of the direction [, the estimate is valid on
o = U| B—8o| <6k 0 5 Which contains a champaign cork neighborhood of the

direction #y. Hence, the series f(z) is k-Borel-Laplace summable in direc-
tion 6. O

Comments 6.3.10 (On Examples 2.2.4, 2.2.7 and 2.2.8)

> The Borel transform o(€) = 1/(¢ + 1) of the Euler series E(z) (example 2.2.4)
has exponential growth of order one (and even less) in all direction. However, the sum of
the Borel series cannot be continued up to infinity in the direction § = w due to the pole
€ = —1 of ¢ and indeed, we saw that the Euler series E(z) is 1-summable in all directions
but the direction 6 = 7.
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> The Borel series /ﬁ((:) of Example 2.2.7 has as sum the function ¢(¢) = 1/(e”¢ — 2)
which has exponential growth of order 1 in all directions. However, it has a line of
poles (, = —In(2) 4+ 2nim, n € Z. Hence, we can now conclude that the series h(z)
is 1-summable in all directions but 6 = arg(—In(2) 4+ 2nin) for all n € Z and their clo-
sure § = £7/2. In particular, it is not 1-summable in the sense of Definition 6.1.6 (point 4)
which requires 1-summability in all directions but finitely many. This shows that solutions
of difference equations, even when they are mild, can be not summable.

~

> The Borel series £(¢) of Example 2.2.8 has as sum the function ¢({) = e=Cte t-1
which is an entire function with exponential growth of order 1 in all directions R(¢) > 0
and exponential growth of no order in the directions ®(¢) < 0. Hence, the series h(z)
is 1-summable in all directions %(z) > 0 and not 1-summable in the other directions.

6.3.3. Tauberian Theorems. — The Tauberian Theorems we have in
mind wish at comparing various k-sums of a given series in a given direction
when several ones exist (cf. [Mal95] Théoreme 2.4.2.2, [Bal94] Thms. 2.1
and 2.2). We begin with the following result.

Theorem 6.3.11. — Given numbers ki, ko satisfying 0 < k1 < ko define k1
by
1//{1 = 1/]{:1 — 1/k2

Suppose we are given two closed arcs Iy and fl with same middle point 6y
and respective length |I1| = w/ki and \fl| = 7/k1. Given a formal power
series f(x) € C[lz]] denote by G(&) = B, (f)(€) its ko-Borel transform
(cf. Def. 6.3.1).

The following two assertions are equivalent.

(i) The series f(x) is ki-summable on I with ki-sum f(x);

(ii) The series §(€) is k1-summable on I, and its ki-sum g(£) can be
analytically continued to an unlimited open sector o, containing flx](), +o0],
with exponential growth of order ko at infinity.

Moreover, Bi,(f)(€) = ¢(&) and Ly, (g)(z) = f(z) in direction 0y and

neighboring directions.

Proof. — The theorem being true (and empty) for monomials we can assume

that the series f(z) =}, -, an®™ has valuation ko > ko.

> Prove that (i) implies (ii). We proceed as in the proof of Nevanlinna’s
Theorem. By assumption, the series f(z) has a ki-sum f(z) on the closed arc
I, hence, on a larger open arc. Thus, there exists a closed arc I containing
I in its interior, there exist rg > 0 and constants A,C > 0 such that the
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estimate
N-1

(39) ‘f(a:)— Z ana™| < C NNFAN ||V
n=kg

holds for all N € N* and all z in the sector 4] = I} x]0, 7).

For convenience, we normalize the Borel transform By, into the classi-
cal Borel transform B; of level 1. To this end, set Z = 1/z%2, ( = ¢*2 and
Ry =1/rk2. In the coordinate Z, the sector &) = I}x]0,7] is changed into
a sector 81 = Ji X [Rp, +oo[ with opening larger than 7 (indeed, ko > ky).
The series f(x) becomes the series FI(Z) = f(1/Z/*2) and the function f(z)
the function F(Z) = f(1/Z'/*2). In the coordinate ¢, the function g(¢) be-

comes G(C) = g(¢C1/*2).

Suppose first that 1/k; < 2/ke (hence, kom/(2k1) < 7). Recall that, by
assumption, we have 1/ky < 1/k; (hence, kom/(2k1) > 7/2). After performing
a rotation to normalize the direction 6y to 0 we get the following picture
(Fig. 12) where J; = [—wy,w;] with wy = ka(7/(2k1) + €) /, (suppose € chosen
so small that w; < 7).

Wi A
)\+1 £+ d 1 w1 A
w
]};O‘ \\0 »
Y \ N N
l’yJ « 7 / 7
—w
—w
A1 0
—w
Z-plane (-plane

Figure 12

Denote by g(§) = Bh,.0,(f)(§) the ko-Borel transform of f(x) in direc-
tion 6y = 0.
The Borel path to define G(¢) = g(¢'/*2) can be chosen as the boundary

081 =0_1U0yU D41
of 81 where Jy denotes the part of the boundary which is a circular arc of radius
Ry and 941 the two straight lines of 941. Assume that 941 is oriented as in
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Fig. 12. From Cauchy’s Theorem the path 981 can equivalently be deformed
into its homothetic A = A_1 U A\g U A;1 where A\g has radius R > Ry or into
a broken line ¢ = ¢_ U ¢, passing through a large enough o > 0 as shown in
Fig. 12. Thus, 7 being any of the Borel paths above, G({) reads as

(40) G(¢) = 2% / F(U)eYdu.
Y

It suffices to prove that

1. the function G(¢) is defined and holomorphic on the unlimited open
sector ¥ = Jx]0, 400 where J =] — w, 4w[ with w = ka(7/(2k1) + €);

2. the function G(¢) has exponential growth of order one at infinity on
Y and has F'(Z) as Laplace transform;

3. there exist constants C’, A’ > 0 such that the following estimate holds
for all N and all ¢ € ¥’ = J'x]0,1/Ry[ where J' = [, +w/], ' = w—koe/2:

N-1
D D s i e A G
n=ko

Notice that ¥’ € ¥ (¢f. Def. 2.1.2) and ¥ D [—kow/(2k1), +kom/(2K1)]%]0, 1/ Ro].
1. In the variable Z, Estimate (39) reads

N-1 a
w)  |F2)- Y S

n=ko

N/ky
<CN 21

for all Z € 4,

which, taking N = kg, implies that there exists constants My, M; > 0 such
that

(43) F(2)| < —

~ W < ]\407 fOI“ all Z 6 Zgl

In the integral of Formula (40) choose v = 041 and, for j = 41,0, denote
G;(¢) = 1/(2m')/ F(U)eYdU
9;
so that G(¢) = G_1(¢) + Go(C) + G1 ().

The term G(¢) is a Riemann integral and determines a holomorphic function
for all (. Due to Estimate (43) and the fact that ko/k2 > 1 the function F(U)
is Lebesgue integrable on 0_1Ud41 and, consequently, the functions G41(() are
defined and holomorphic on the half-planes (¢ e™™1) < 0 respectively. Thus,
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the function G(() is defined and holomorphic on the sector X, intersection of
these two half-planes.

2. Denote G+ (¢) = 1/(2mi) [,, F(U)etYdU so that G(¢) = G_(¢) + G+(¢)
for all ¢ € ¥. Parameterizing the paths ¢+ by U = o +uet™! we deduce from
Estimate (43) that G4 () satisfies

G T ! du forall (€¥
< .
GO < M, 2m /0 ’Od—i-ueiiwl\ko/kz u forall ¢e
Thus, there exists a constant ¢ > 0 such that |G(¢)| < ce®ll for all ¢ € %,
and this proves the exponential growth of order 1 of G({) at infinity on X.

Prove that the Laplace transform £(G)(Z) in direction 6y = 0 is equal to
F(Z) on the half-plane {Z; R(Z) > Ro}. By definition, £(G)(Z) reads

1 [t

U -z
LE)2) =5 | (/351 F(U)eS dU)e CZg¢
and the function F(U)e¢(V=%) is in L'(83; x R") when R(Z) > Ry. Indeed,
parameterizing 011 by U = (Ro + V)ejm’1 and 9y by U = Rye® provides the
estimates

C(R COos w —%(Z)) ko/kz +
F(U)eC(U—Z)‘ < {M1 ex\ T /|Ro+ V]| for (U,() €0+ xR

= | My e$(Fo—R(2)) for (U,¢) € 9y x RT.
By Fubini’s Theorem we can then write
L(G)(Z) = L (F(U) / o eC(U*Z)dg“)dU
2mi 3(51 0
1 F(U)

27 Jog, =7 (931 turns negatively around Z)

= F(Z) (by Cauchy’s formula).
3. Use now the path A with a radius R to be made explicit later. We want to
estimate the quantity

N-1
_ an n/ka—1
G(©) 2 Tk [ <Q1+Qo+Qn

where Q; = 1/(27r)lf/\j (F(U) - {X;lan/m/’f?)ede’, j = £1,0 for
all ¢ € 3.

To estimate Q41 use inequality (42) to write

C N +o00 eéR(CU)
<N /klAN/ —d
Q1 < 2 R |U|N/k‘2 U]
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where R(CU) = [CU| cos(# + w1) and | = arg(¢)| < w’. For ¢ = [¢|e? in &
then 0’ 4+ wy satisfy 7/2 < [0 £wi| < 37/2. Since X' is a proper subsector
of ¥ there exists ¢/ > 0 such that cos(f’ + wy) < —¢ for all ¢ € ¥’ and
therefore, R(CU) < —¢/|CU]| for all ¢ € X' and U € Ay;. Using this estimate
and the change of variable V' = ¢|(||U] in the latter integral we obtain

-V

QNN/klAN(C/K—DN/kQ—I /+OO € dv
27'[' ClKlR VN/kQ

QNN/klAN(C/KDN/kQ—l 1 oo
Qg (ICIR)NR2 [

_ Y NN Nyt
For each ¢ € ¥’ choose R = N/|(| (then, R > Ry) and denote by C} the
constant C = C/(2nc’). Tt follows that ¥/, Q11 satisfies on ¥’ the estimate

Q+1 <

< e Vav

Qi1 < O NN/FAN ||V k271 (pecall 1)k = 1/ky — 1/k).

To estimate @y parameterize A\g by U = Re? with R = N/|(| to obtain

Qo< SN L [T e g
0> 271' RN/]CQ*I o €
C

< NN//{lNANK‘N/kaleNz‘ul'

prs
Choosing A, > Ae (so that NANeN < Cst. A,Y) and € = Cst.Cw: /7 we
obtain

Qo < Cy NN/ AN ¢ N/ k=1 o 5y

By adding these estimates and choosing A’ = A} and C' = 2C] + C} it
follows that Estimate (41) is satisfied for all N > 1 and all { € ¥'.

Suppose now that 1/k; > 2/ks (hence, kom/(2k1) > ).
We observe that when w; passes the value 7 the expression of w is changed
fromw = —7/2 +wy = ky(7/(2k1) + €) tow = 31/2— w1 = 7 — ka(7/(2k1) + ¢).
Hence, as w increases through the value 7 (also k2/k; and ko/kq increase)
the value of w first increases up to 7/2 (when w; = 7) and then decreases.
The sector ¥ is no more large enough to prove the x1-summability of g(£). We
can pass through that difficulty by breaking #; into finitely many subsectors
of opening less than 27. To this end, choose some directions #; and closed
arcs Jp; of length less than 27 whose interiors make a covering of J;. From
Cauchy’s Theorem the Borel transforms of F'(Z) at the various directions 6;
are analytic continuations of each others and we can apply the previous proof
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to each arc Jy ; taking now the Borel transform in direction 6;. This ends the
proof of that part.

> Prove that (ii) implies (i).

Again we can restrict the study to the case when 1/k; < 2/ks (hence,
kom/(2k1) < w). We use the same notations as before.

Assume Conditions 1, 2 and 3 are satisfied. Denote by a the type of
exponential growth of G(¢) on ¥’ and, up to increasing the value of Ry (hence,
up to shrinking the interval ]0,1/Rg[), suppose Ry > a.

Choose a direction 6; in ¥ (i.e., |#1] < w’) and set

101

+ooe
Fy,(2) = /0 G(¢)eZdc.

Condition 2 says that G(¢) has exponential growth, say, of type a and it follows
that the above definition of Fy, (Z) defines a holomorphic function Fy, (Z) on
the half-plane R(e®Z) > a bisected by —6; at the distance a of 0. By
Cauchy’s Theorem the functions Fy, (Z) for the various values of 0; € ¥ are
analytic continuations from each other and we denote by F(Z) the function
they define on the open sector 41 union of the half-planes associated with all
61 € X'. Observe that, since the opening of ¥’ is larger than kom/k1, the
opening of 81 is larger than kom/k;.

By means of a rotation we can assume that ¢; = 0 and use Estimate (41)
for ¢ > 0. Given 0 < 8 < ¢/2, denote by Iz the sector

g ={Z;|argZ| <7/2—p and R(Z) > Ry > a}.

Notice that the condition on 8 implies that the sector zgll union of the Ilg’s
associated with the various directions #; € ¥’ has opening more than kom/k;
(and this is also the case for 8] € 81).

Prove that Estimate (42):

N-1 a AN
- n N/k
’F(Z) z; Zn/kg — N ' |Z|N/l€2
n=ko

(there exist A,C > 0) holds for all N and all Z in IIg, for, the constants
involved are valid for any choice of #; in X'.

Since f0+°° (n/ke=le=CZ ¢ = F(n/kg)/Z”/k2 we can write
N-1

F0- 3 g = [ (60~ 3 et

n=ko
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and then,
N—-1 a
F@) =Y S| < PPty
n=ko
where

N-1
-3 ek ag,
2 T(n/ky)

+oo
_ 7
Py / o G(O)e 2 d,

|an / Jka—1,~CZ
Py = nfk=1=CZ| g
3 I‘ (n/k2) ¢ |d¢.

From Estimate (41) we obtain, on Ilg,

+o0
Pl < C/A/NNN/Hl/ CN/kQ_le_C%(Z)dg

AN
=C WN /RID (N ky)
, A/N

N/k .
<C (|Z|cos(ﬁ))N/k2N /1F(N/k2) since R(Z) > |Z|cos on Ilg
N

A AN
C L N N/ma N N/k2 — C’liNN/k1 for larger constants A, Cy > 0.

<
— N/k N/k
|Z|/2 ‘|/2

From Condition 2 we obtain, on Ilg,

+
Py < c/ ela—R(Z )CdC
1/Ro
e~ (R(Z)—a)/Ro

< - -
- (R(2) —a)
ce®/Ro n"e "R}

1oa (12| cos )

Ay Nk

for all n > 0 and using R(Z) > |Z| cos B

by taking n = N/ko, Ay = (Rg/(ekg cosﬁ))l/k2 and Cy = cea/RO/(Rl —a) and
using NVk2 < Nk,

From estimate (41) we deduce (see Prop.2.3.10) that there exist con-
stants A” and C” > 0 such that, for all n,

< C//nn/m A

“ I( n/ k2)
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It follows that P3 satisfies

N-1 +oo 1
Py< Y C'nnAT / — iy (RoQ) VR tem ¢ since Ro¢ > 1
1/Ro RO

n=ko

C” N max (A”N, A”kO)RéN—”)/kaNN/m D(N/ks)

(1] cos B) V72

IN

AN
< (4 \Z\]?W” NN/E1 - as before with large enough constants As and Cj.

Adding these three estimates we obtain

N-1 a !N
. n N/kq
(45) ‘F(Z) Ek il —C|Z|N/k2 N on II,
n=ko

by setting A = max(A;, A2, A3) and C = C1 + Cy + C3. The constants A and
C are independent of #; € ¥/. Henceforth, estimate (45) is valid for all Z € 8]
and this proves the kj-summability of f(z) in direction 6y since the opening
of 7 is larger than kom/k1. This achieves the proof of the theorem. O

The Tauberian Theorems of J. Martinet and J.-P. Ramis [MR89,
Prop. 4.3](2) are easy corollaries of this theorem.

Corollary 6.3.12 (Martinet-Ramis Tauberian Theorem 1)

Let 0 < ky < ko and let 11 D I be, respectively, a ki-wide and a ko-wide
arc of S*. Set sy = 1/ks.
If a series f(a:) is both so-Gevrey and ki-summable on Iy then it is ko-
summable on Iy and the two sums agree on I.

Observe that the assertion is not trivial since, according to Definition
6.1.6, being ko-summable on Is, compared to being ki-summable on I7, is a
stronger condition to be satisfied on the smaller arc Is.

Proof. — 1t is sufficient to prove the theorem when I; and I, are closed of
length 7/k; and 7/ko respectively. Let 6; and 62 be the bisecting directions
of I; and Iy; they satisfy |0y — 03] < w/ki — 7/ko = w/k. A ki-sum fi(z)
of f(m) exists on a larger open arc I;. containing I; and lives in a sector
41, based on I; .. By Theorem 6.3.11 the ko-Borel transform g(§) of fi(z)
in direction 6; lives on an unbounded sector ¢ of opening 7/k + € bisected
by #; and has there exponential growth of order k3. Moreover, g(§) is the

unique function s-Gevrey asymptotic to g(£) on o since the opening of o is

(2) Caution: the notation s in that article corresponds to our k1.
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larger than st = m/k. On another hand, since f(x) is s2-Gevrey, the formal
Borel transform g(§) of .]?({L‘) is convergent. Its sum in the usual sense and the
unique s-Gevrey asymptotic function g(£) must necessarily agree. Denote by
o. the union of the sector o with the disc of convergence of g(£) and keep the
notation g(§) for the function g(§) continued to o.. The domain o, contains
the direction #y. Using Definition 6.3.6 we can then conclude that f(z) is
ko-summable in direction 65.

In addition, from Theorem 6.3.11 we know that fi(z) is the analytic con-
tinuation of the ko-Laplace transform of g(¢) in direction ;. On another
hand, it follows from Cauchy’s Theorem that the Laplace transforms of g(¢)
in directions #; and 65 are analytic continuations from each other. Hence, the

ka-sum fo(x) of f(z) coincides with fi(z) on I3 and the proof is achieved. [J

Corollary 6.3.13 (Martinet-Ramis Tauberian Theorem 2)

Let 0 < k1 < ko and so = 1/ks.

If a series f(x) is both ki-summable and so-Gevrey then it is convergent.

In particular, if f(x) is ki1- and ky-summbable for ki # ko then, f(x) is con-
vergent.

Proof. — Any closed arc of length 7/ks can be included in an arc of length

7/ki1 on which f(x) is ki-summable. Henceforth, by the previous corollary,
f(z) is kgo-summable in all directions and it follows that it is convergent
(cf- Rem. 6.1.8). O

Ezample 6.3.14 (Leroy series). — The  Leroy  series  L(z) =
> so(—1)" nlz®" 2 is the series deduced from the Euler series E(z) = S so(—1) nlzm !
(cf. Exa. 2.2.4) by substituting z* for z. The Leroy series is thus divergent and 1/2-Gevrey
(k2 = 2,52 = 1/2). It satisfies the Leroy equation

23y + 2y = 22°.

Show that L(z) is both 1- and 2-summable in the directions 0] < /4 mod 7 with
same sums. We choose the directions |#| < m/4, the case when |# — x| < 7/4 being
similar. From the 1-summability of the Euler series E(z) in directions || < 7 we deduce
that L(z) is 2-summable in any direction 6 satisfying |§| < m/2 with a 2-sum E(z?)
defined on | arg(x)| < 37 /4. In particular, E(z?) is 1/2- and then also 1-Gevrey asymptotic
to L(x) on |(arg(z)| < 37/4. Since the sector |arg(z)| < 37/4 is wider than 7 this shows
that E(z?) is also the (unique) 1-sum of L(z) on |(arg(z)| < 37/4 (cf. Def. 6.1.6). We
have thus showed that the Leroy series satisfies the Tauberian Theorem 6.3.12 taking
ki =1,k =2,I) = I, ={0; |0] < 3n/4} and that, moreover, the 1-sum and the 2-sum
when they both exist, agree.
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Show that L(z) is not l-summable in any direction 6 satisfying 7/4 < 6 <
3m/4 mod 7. Indeed, suppose /4 < 6 < 37/4 mod w. The 1-Borel transform B5; E(g)
of E(a:) satisfies an equation obtained from the Leroy equation by substituting £ (multi-
plication by ¢) for z?d/dx and d/d¢ (derivation w.r.t €) for 1/z and so, it satisfies the

equation -

&Y + Zd—§ =2
After noticing that B; L(0) = 0 we observe that By L(¢) is the Taylor series of the entire
function ®(&) = exp(—¢&2/4) fog e’/4dt solution of the same equation. The function ®(&)
has exponential growth of order exactly 2 in direction @ (since w/4 < 6 < 3w /4). Hence, it
cannot be applied a Laplace transform and the series i(m) is not 1-summable in direction 6,
and therefore, not 1-summable in all directions 7/4 < 6 < 37/4 mod 7. This property

is coherent with the Tauberian Theorem 6.3.13 since, as the series E(z) is divergent, it

cannot be both 1- and 2- summable in almost all directions.

6.3.4. Borel-Laplace summability and summable-resurgence. — We
saw in Theorem 6.2.5 that solutions of linear differential equations with a
unique level k£ are k-summable in any non anti-Stokes direction. In this section,
we investigate deeper properties of such solutions called resurgence and sum-
mable-resugence in the case when &k = 1. These notions of resurgence and
summable-resugence are precisely defined and developed in [Sau, this volume]
and in [Sau05] in the case of a one-dimensional lattice of singular points for
the Borel transform; see also [CNP93]. They were introduced by J. Ecalle
[ESl, E‘85] in a very general setting. They apply to a wide class of series,
among which solutions of non linear differential equations or of difference
equations. For a different approach in the linear differential case, hence in
the case of a finite arbitrary set of singular points for the Borel transform, we

refer to [LRR11].

The aim of this section is to show that the solutions of any linear differ-
ential equations with the unique level one are summable-resurgent.

Let D be a linear differential operator with meromorphic (convergent)
coefficients and let us expand it with respect to the derivation § = .CEQ%:

D = by (2)6" 4 bp_1(2)0" 4+ - + bo(x).

We suppose that its Newton polygon Np(D) at 0 has slopes 0 and 1 and
that f(at) is a series solution of the equation Dy = 0. The other formal
solutions are either log-series E(ﬂ?){L‘Aj or log-exp-series fj(x)xkﬂ' e%(1/%) where
fi(z) € Cl[z]][Inz], A\; € C and ¢;(1/z) = —aj/z, a; #0.
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Definition 6.3.15. — The coefficients a; of the (non-zero) determining
polynomials q;(1/x) of the equation Dy = 0 are called Stokes values of Dy = 0
associated with f(z).

These Stokes values indicate the anti-Stokes directions associated with
f(x) as well as with any other log-series solution f](:c) 2 InP ().

From Theorem 6.2.5 we know that f(z) is 1-summable in all directions but,
possibly, anti-Stokes directions. From the Borel-Laplace viewpoint this means
that, given a non anti-Stokes direction dy, its associated Borel series f(f) is
convergent and can be continued to a sector neighboring dg with exponential
growth of order 1.

We prove below that such properties can be extended to a much larger
domain.

> Suppose first that the coefficients b;(z) of D are algebraic (i.e., polynomials
in « and 1/x). If the coefficients b; contain polynomial terms in x of maximal
degree N > 0 we replace D by the operator D’ = 2~V D. The operator D’
reads

D' = B,(1/x)6" + B,_1(1/x)0" 1 + .- + By(1/z)

with coefficients B;(1/x) = 27 Vb;(z) that are polynomials in 1/z. Denote by
v their maximal degree in 1/z and set Bj(1/x) = (1/2")(vy; + o(x)). By Borel
transform, D’ is changed into the linear differential operator (cf. Sect. 4.3.2.2)

A= ( g)gn ( 5)5n 1 +BO<;§>
and f(f) satisfies the equation A’y = 0.

Lemma 6.3.16. — The set S of the singular points of the equation A'y =0
is the set of the Stokes values associated with f in the equation Dy = 0.

Proof. — Since the Newton polygon at 0 of D (and D’) has the two slopes 0
and 1 we must have by = 0 and b,, # 0 (cf proof of Prop. 4.3.22). The operator
A’ has order v and, since —ﬁe fz aEF + “lower order terms” and by = 0, it
reads

n
N dv
A — ( j;,yj 53) & + “lower order terms”.

Hence, the singular points of the equation A’y = 0 are the zeroes of the
polynomial Z;-lzl ’yjfj = 0 which obviously vanishes for £ = 0. However, this
polynomial is also, up to a power of &, the 1-characteristic polynomial of
D and we saw (cf. Sect. 4.3.2.3) that the non-zero Stokes values associated
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with f(z) are the roots of the various characteristic polynomials. In our case,
since the Newton polygon of D has no other slopes than 0 and 1, there is
no other characteristic polynomial than the 1-characteristic polynomial and
we can conclude that the singular points of the equation A’y = 0 are all the
Stokes values of the equation Dy = 0 including 0. O

It follows from the Cauchy-Lipschitz Theorem that f(é) can be analyti-
cally continued along any path drawn in C which avoids the (finite) set S of
singular points of the equation A’y = 0. The domain to which extend the
convergent series f(f ) is then the Riemann surface, named R, which is made
of (the terminal end of) all homotopy classes in C \ S of paths issuing from
0 and bypassing all points of §. Only homotopically trivial paths are allowed
to turn back to 0. The surface Rs looks very much like the universal cover of
C\ S but the fact that 0 is not a branch point in the first sheet (we always

~

start with a convergent power series f(¢)).

This property is named resurgence and we can state:

Lemma 6.3.17. — The series f(x) is resurgent with singular support the

set S of Stokes values associated with f(x) in the equation Dy = 0, i.e., its

Borel transform f(&) is convergent and can be analytically continued to the
surface Rs.

Now, consider a sector 4r on Rs with image I x |R, +o00[ in C where the
arc I = {#; < 6 < 02} is a bounded arc of directions and suppose it contains
no singular point of the equation ((I x |R,+o0[) N S = @). One reaches 4r
from 0 following a C!-path 7 of finite length in C\ S.

-~ ~

We keep denoting by f(£) the analytic continuation of f(§) to Rs.

Lemma 6.3.18. — The series f(z) is summable-resurgent on Rgs, i.e., its

Borel transform f(§) has exponential growth of order 1 at infinity on any
sector Ars with bounded opening on Rs.

Proof. — This is a direct consequence of Proposition 4.3.22. If the opening of
4R were not bounded we could turn infinitely many times around oo adding
exponential terms at each turn. Hence, the necessity to bound the opening of
ARs- O
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> Now, turn back to the general case when D has meromorphic, not nec-
essarily algebraic, coefficients.

Theorem 6.3.19. — Let D be a linear differential operator with meromor-
phic (convergent) coefficients at 0 and suppose D has the unique level k = 1.
Then, any series f(m) solution of Dy = 0 is summable-resurgent with sin-
gular support the Stokes values associated with ]7(33) in the equation Dy = 0
(cf. Def. 6.3.15).

Proof. — The Algebraisation Theorem of Birkhoff (see [Bir09] or [Sib90,
thm. 3.3.1]) says that to any linear differential operator D with meromorphic
coefficients at 0 there exists a meromorphic transformation which changes D
into an operator D’ with polynomial coefficients. The two equations Dy = 0
and D'y = 0 have the same determining polynomials, hence the same set S
of Stokes values associated with a series fv(a:) in Dy = 0 or associated with
its image after meromorphic transformation in D'y = 0. The operator D’ is
relevant of Lemma 6.3.18. The Borel transform of a convergent series is an
entire function with exponential growth of order 1 at infinity.

We thus have to prove that, if a function () is defined on all of Rs with
exponential growth of order 1 at infinity and g(§) is an entire function with
exponential growth of order 1 at infinity then g * ¢ is well defined on all of Rg
and has exponential growth of order 1 at infinity.

Since g and ¢ are both analytic near the origin 0 their convolution product
is well defined near 0 by the integral g * ¢(§) = fOE g(& —t)p(t)dy. Given any
path v from 0 to £ in C\ S (but its starting point 0), the integral fvg(ﬁ -
t)o(t)dy is well defined and determines the analytic continuation of g * ¢
along v. Changing the path v into a homotopic one does not affect the result
according to Cauchy’s Theorem. Hence, g * ¢ is well defined on all of Rs. The
fact that this function has exponential growth of order 1 at infinity follows from
the fact that the convolution of exponentials e¢ and eP¢ of order 1 is itself a
combination of exponentials of order 1. ]

Remark 6.3.20. — The previous theorem is valid for all series appearing
in a formal fundamental solution of a linear differential equation with mero-
morphic coefficients and unique level £k = 1 even those that come with a
complex power of x or in a formal-log sum. This follows from the fact that
they are themselves solution of a (another) linear differential equation of the
same type. This is easily seen on systems: in a formal fundamental solution
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F(z)a"e@(1/z) the factor F(z) is solution of the homological system, itself
with meromorphic coefficients and unique level 1.

6.4. Fourth approach: wild analytic continuation

The fourth definition of k-summability deals with wild analytic continua-
tion, that is, continuation of the series in the infinitesimal neighborhood of 0
(cf. Sect. 4.5).

6.4.1. k-summability. — A Gevrey series is a germ at 0 of the sheaf F.
We call wild analytic continuation any of its continuations as sections of F.
A series f(m) which is k-summable on a k-wide arc I can be wild analytically
continued to a domain containing the disc D(0, k) and the sector {(0,k"); 6 €
I and 0 < k' < 4o00}. These conditions are not quite sufficient to characterize
k-summable series on I since the set of global sections of F over the open disc
D(0, k) is isomorphic to

Cllz]]st := lim Clla]lsse = () Cllllsse O Cll]]s
e—0+ >0
and is thus, bigger than Cl[z]]s. As for the set of global sections of F over the
closed disc D(0, k), it is isomorphic to

Cll]ls- := lim Clle]ls—e = | Cllals—- € Clle]ls
e—0+ e>0
and smaller than Cl[[z]]s (c¢f. Prop. 4.5.3). The right domain lies in bet-
ween D(0, k) and D(0, k). It can be made explicit in the sheaf space (X%, F¥)
since, indeed, the set of global sections of F* over the closure D(0, {k,0}) in
XF of the open disc D(0, {k,0}) is isomorphic to C[[x]]s (cf. Prop. 4.5.5).

We can then state the following new definition of k-summability:

Definition 6.4.1 (k-summability). — Let I be a k-wide arc of S*
(cf. Def. 6.1.2). A series f(z) = Y on>0@nx™ is k-summable on I if it
can be wild analytically continued to a domain containing the closed disc
D(0,{k,0}) and the sector I x ]0,+oc]. We call such a domain a k-sector in
X"

The definition above being the exact translation of Ramis-Sibuya def-
inition of k-summability it is equivalent to all previous definitions of k-
summability.
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(I is k-wide)

Y

Figure 13. Domain for a k-sum in X* (in white)

6.4.2. Applications. — 1. Tauberian Theorems — Let us revisit the
Martinet-Ramis Tauberian Theorem 1 (Cor. 6.3.12) from the viewpoint of
wild analytic continuation.

Consider a kj-summable series f(z) on I;. In the viewpoint of wild
analytic continuation this property translates in the space (X%, Fh)
(cf. Sect. 4.5.2 p. 93) as the condition that the series f(z) admits a
continuation as a section of the sheaf F* to the ki-sector 8,1 =
D(0, {k1,0}) U (I1x]0, +00]) (see Fig. 13). The fact that it is ko-summable on
I5 has a similar interpretation in the space (X*2, F¥2). To interpret both we
need to work in the space (X*1k2 Fhuke),

The Tauberian Theorem says that, given k1 < ko and Iy C I, the fact
that f(x) be kij-summable on I; (i.e., that it can be continued to the k;-sector
Ak, 1,) and that it be also sp-Gevrey (i.e., that it can be continued to the disc
Dy, = D(0, {ks,0})) implies that it can be continued to the ko-sector 4, r,.
Clearly, 8, 1, is included in 8, 1, U Dy,.

Figure 14. 8k, 1, (in yellow) and 4, 1, (hachured) in X*1-*2
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The theorem asserts that, on the intersection 4y, 5, N Dy,, the two contin-
uations agree. This is the case on Dy, since there is a unique continuation
of f(z) to Dy, (cf R-S Cor. 6.2.2 p. 119). The compatibility of the two
continuations on (Dk2 \Dkl) N Ak,,r, means that their difference belongs to
the space HO (Il, Ag_kl/AS_kQ). The Relative Watson’s Lemma below (Thm.
8.2.1 p. 175) asserts that such a space reduces to the null section. Hence, the

two continuations agree and define a ko-sum of f(x) on Is.

2. Functions of k-summable series

Proposition 6.4.2. — Let be given a k-wide arc I and r series fi(z),. .., f(z)

that are k-summable on I with k-sums fi(x),..., fr(x) respectively.

Assume that f1(0) =--- = f.(0) = 0.

If g(x,91,...,yr) is an analytic function on a neighborhood of 0 in CTT!
then, the series g(x, fi(z),..., fr(x)) is k-summable on I with k-sum

g(:l:’fl(x)v s 7f7°(x))

Proof. — According to Proposition 2.3.6 the expression g(z, f1(z), ..., fr(z))
determines a well-defined s-Gevrey series, hence, a germ at 0 of the sheaf F*
which can be continued to the closed disc D(0, {k,0}).

The series fi(z),. .., fr(z) being k-summable on I and vanishing at z = 0
can be continued to the sector I x ]0,+oo] with values in an arbitrary small
neighborhood of 0. The function g being holomorphic on a neighborhood of 0
the series g(, fil@),. .., ﬁ(:c)) can also be continued to the sector I x |0, +o0]
with analytic continuation g(:ﬁ, filx),..., fr(x)). O

3. Summability of solutions of differential equations

Let f(x) be a series solution of a linear differential equation (or system).
The fences to the wild analytic continuation of f(x) in X or in any space
Xk Xkik2 are the big points of the exponentials (exp(qj(l/az)))jeJ ap-
pearing in a formal fundamental solution. Indeed, when a direction passes a
big point it exits the definition domain of the associated exponential and flat
terms become undefined.

Recall that, in X, the big points associated with an exponential of degree
k are the closed arcs of length 7/k bisected by the anti-Stokes directions of
the exponential (directions of maximal decay) and lying on the circle of radius
kin X. In X* they are arches based on the previous arcs. Below, are drawn
the big points of two exponentials, one of degree 1 and one of degree 2 in X.
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Y

A series solution of a linear differential equation where only these two
exponentials appear is k-summable on any k-sector containing none of these
big points. Also, it is (k1,ke2)-summable on any (ki1,k2)-sector containing
none of these big points. In particular, one can check easily that it is (1, 2)-
summable in almost all directions (here, all directions but the three anti-Stokes
directions).

When f(x) is a series solution of a non linear differential equation then
the same procedure applies to the linearized equation along f(x).



CHAPTER 7

TANGENT-TO-IDENTITY DIFFEOMORPHISMS AND
BIRKHOFF NORMALISATION THEOREM

7.1. Introduction

This chapter deals with the conjugacy of tangent-to-identity germs of dif-
feomorphisms at 0. It aims at showing another example (not solution of a
differential equation) where the Gevrey cohomological analysis is also efficient.

We consider the by-now classical case of a germ of “translation”

. oz
g: z— g(x) = 2
As a homography, g is defined over the whole Riemann sphere C. In the chart
of infinity, setting z = 1/x and G(z) = 1/g(x), the germ g reads

G:z+—G(z)=z+1
hence, the name of translation.

Convention. — As previously, we denote by x the coordinate about 0
and by z = 1/x the coordinate about infinity. We denote by the same letter
a given germ in the chart of 0 and in the chart at infinity, using a small letter
at 0 and the corresponding capital one at infinity.

In this context, the formal and meromorphic gauge transformations of the
classification of linear differential systems are replaced by formal and conver-
gent tangent-to-identity diffeomorphisms h(z) = x + Y n>o Cn™ acting on g
by conjugacy, that is, by changing g into A1 o g o h.

Definition 7.1.1. — A germ f is formally conjugated (or analytically

conjugated) to g if there exists h(z) = x + Y nso Cn™ formal (or convergent)
satisfying the conjugacy equation

(46) hof=goh.
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One can check that such an h exists if and only if f has the form

f(zx) :x—az2+x3+2anx"
n>4

and
h(z) =z + Z cpa?
p=2
is unique after co is fixed, say, to co = 0. In the chart of infinity, setting
z=1/z and F(z) = 1/f(z), the condition reads

An
F(z):z—{—l—i—zz—n (observe A; =0)

n>2

and H is unique in the form

~ Cp
H(z)=z+)Y —
p>1
Notice that, in its formal class, g has the particularity of being best behaved
with respect to iteration and, thus, plays the role of a normal form.

From now on, the diffeomorphisms h(z) = = + 3 -, cpa? by which we
conjugate are supposed to satisfy co = 0. We denote the group of the so
normalized germs of formal tangent-to-identity diffeomorphisms of C at 0,
endowed with composition, by

G = {x +3 e € C[[x]]}

n>3

and the subgroup of convergent germs of G by

G= {x+ chm‘" € (C{x}}

n>3

With this normalization, a conjugacy map h when one exists is unique.
It might be divergent although f and g are both convergent. One can prove,
for instance, that a sufficient condition for h to be divergent is that f be an
entire function.

As for linear differential systems the analytic classification of the conjugacy
classes of diffeomorphisms is performed inside each formal class with a given
normal form, here g. Our aim is not to longly develop that classification but
to give a proof of the main point in the given example of the translation g,
that is to say, to prove that the conjugacy maps h of g are l-summable series.
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A natural approach consists in analyzing the Borel transform of E(CL’) fol-
lowing so J. Ecalle [E74] (¢f. D. Sauzin, section 14, this volume). We choose
to develop here a sectorial approach due to Kimura [Kim71, Thm. 6.1] (see
also [Bir39, premiere partie, §5]); the proof is based on the Ramis-Sibuya
Theorem (Thm. 6.2.1) after constructing an adequate 1-quasi-sum.

We consider the following sheaves:

> G={feA;Tf¢e @} the subsheaf of .4 made of (normalized) tangent-
to-identity germs of diffeomorphisms (Recall that A is the sheaf over S! of
germs of asymptotic functions at 0; cf. Sect. 3.1.5) and

> G<0 = {f eg;Tf= id} the subsheaf of G made of its flat germs (“flat”
in a multiplicative context means “asymptotic to identity”).

Equipped with composition law, G is a sheaf of non commutative groups
and G<¥ a subsheaf of groups.

Given 0 < a < 7 we consider in the chart of infinity the sectors

Ay(a,R) ={z; —a <arg(z — R) < a},
A_(a,R)={z;m—a<arg(z+ R) <7+ a}.

A (o, R) and A4 (o, R) are symmetric to each other with respect z = 0.
We denote by d4 (o, R) and 0_ (e, R) their image in the coordinate z = 1/z.

A R)

Figure 1

Given ¢ a germ of diffeomorphism we denote its p'" power of compsition
by

g’ =gogo---og.
—

p times
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7.2. Birkhoff-Kimura Sectorial Normalization

Although we state the theorem in a chart of 0 (coordinate ), as we are
use to do it, it is worth, taking into account the very simple expression of
G(%), to perform the proof in the chart of infinity (coordinate z). Let us start
with a technical lemma.

Lemma 7.2.1. — Let 0 < ag < m and Ry > 1 be given. For all m € N*,
there exists a constant ¢ > 0 which depends on ag and m but not on Ry such
that,

Z ! S Cm for all z € Ay(ag, Ro).
750 |z + p| |2

Proof. — The proof is elementary. We compare the sum to an integral as
soon as possible, i.e., as soon as the general term of the series decreases and
we estimate the extra terms.

Given z € A4 (ap, Rp) let us denote by p(z) + 1 > 0 the smallest integer
such that R(z + p(z) + 1) > 0. Notice that p(z) < max (0, |z| cos(m — ap)) and
|z| > Rysinayg for all z in A4 (ag, Ry). We split the series into

1 p(z)+1 1 1
- = - + - .
: : 1 : : 1 : : 1
Sole+pl™ g ™ e e ™

We claim first that |z+p| > |z|sinag > 0 for all p € N and 2z €
A4 (ap, Ry); for, |z 4+ p| > |z| when R(z) > 0 and |z + p| > (2) = |z|sinf >
|z| sin g when R(z) < 0 since then 7/2 < 6 < ag. It follows that

{he 1 1 p(z) +1 c1
Z Py m+1 — p m+1 P SinOéo m+1 S P m
p=0 Tp

for a constant ¢; depending on ag and m but not on Ry > 1. Indeed, we have
1 p(z) +1 < 1 cos(m — ap) 1

|z|  |z[(sinag)™tt T Rpsinag  (sinag)™tt  Ro(sinag)™*+2
m+2

and, since Ry > 1, we can choose ¢; = 3/(sinag)

W decreases and we

Z 1. L ym+l < T gl T
p>p(2)+2 2+ p| p(=)+1 |2+ Dl 0 |z+p(z)+1+¢|

Starting from p = p(z) + 1 the function p —

have

B 1 /+°° dr < @
() +1™ Jg o ()T 2™
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for a constant ca = 1/(sinag)™; indeed, |z+p(z)+1| > |z|sinay and
since m > 1, we can write

/+°° dr /+°° dr
- < S |
o (A4r)mt = Jy (1+7r)?

Hence, the result if one chooses the constant ¢ = ¢; + co. ]

Theorem 7.2.2 (Birkhoff-Kimura sectorial normalization)

Let ¢ be a flat diffeomorphism over a proper sub-arc I;’O =] — ap, +ap[ of
S (ie., 0 < ag < and p € H'(IF ;G<Y)).

Then, the diffeomorphism g1 = pog belongs to HO(I;[O; G) and is uniquely
conjugated to g via a section of G<0: there exists a unique ¢4 € H(I} ;G<0)
such that

$progr=gody on I
Symmetrically, denote by I, = [—ao+m, a9 +7] the arc opposite to ICJ{O on St

and suppose that p € HO(ICCO; G<0). Then, there exists a unique ¢p_ € HO(IOTO; G<%
such that

¢p_ogr=gop_ on I.

Proof. — We make the proof over I . The proof on I is similar when
applied to ¢g~! and g; ! The fact that g; = ¢ o ¢ be a diffeomorphism on I :{0
and have a Taylor expansion is clear since so do ¢ and g. Its Taylor expansion
is equal to T'g1 =TpoTg=1idoTg =Tg. Turn now to the variable z and
denote by the corresponding capital letters the diffeomorphisms in the chart
of infinity.

Given o < ag choose a1 € Ja,ap] and Ry > 1 so that G1(z) be well
defined on A4 (o, Ry). Denoting K(z) = G1(z) —G(z) and ¢4 (2) = z+ 14 (2)
the condition ¢4 0 g1 = go ¢4 becomes K(z) + 14 0o Gi(z) —4(2) = 0. A
solution will be given by ¢4 (2) =>_ 50 K o GY(z) if we prove that the series
>0 KK oG (z) converges to a holomorphic function asymptotic to 0 at infinity.

> Given R > R; + 2, the function K(z) being asymptotic to 0 on
A4 (a1, Ry) it satisfies: for all m € N, there exists a > 0 such that

a

(47) K ()] < mt1

on Ay(a,Ri+1)DA (o, R—-1).

2|

The constant a depends on m,a; and R; but not on R. Below, R > R; + 2
will be chosen conveniently large.
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> Prove that, there exists a constant A > a and independent of R such
that,

A
(48) sup }K(z’ﬂ < .
|z—2'|<sin« |Z|
ZEA+(O¢,R)

Indeed, the conditions z € Ai(a,R) and |z —2/| < sina imply 2/ €

Figure 2

A (a, R—1). We can then apply Condition (47) to yield

a a A
K(Z)| < < <
‘ } |Z/‘m+1 (|z’ . sina)mH |Z|m+1
with A = a(R?il)mH since
] ] Ry

sup ———— < sup . = .
z€EA (o, R) ‘Z‘ —siha |z|>R1 sina ’Z‘ — sl Ry -1

> Choose R so large that, for all m > 1,

1
(49) A Z m <sina forall z € Ay(a,R).
p=>0

Such a choice is possible. Indeed, from Lemma 7.2.1 applied to A4 (aq, Ry),

we obtain ) 4
c
A <
pz>t:) |z +p| ™ T ™

and the constant Ac does not depend on R. Now, max,ca. (a,R) ‘Q—fn =

U%QA#W' Assuming R large enough so that Rsina > 1 then, (Rsfl#)m <
Ac

Trair o Which is independent of m and can be made arbitrarily small by choos-

ing R large.
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> Prove by induction on p that, for all p > 1 and all z € A («, R),

1

p—1
(50) Gi(z) = (z+p)| <A i

q=0

(recall the notation g? = gogo---0g times).
—
P
When p = 1, the inequality reads K(z) < A/|z|™*" and follows from
Condition (47) with a < A. Suppose Condition (50) valid up to p. Then, from
Condition (49), we get |GY(z) — (z + p)| < sina. And this implies that:
(i) lim GY(2) = oo for all z € Ay («, R);

p—0o0

(i) GY(z) € Ay (o, R) since z+p € Ap(a,R+p) C Ay(a, R+ 1);

(i) |KoGf(2)] < (Estimate (48) applied to 2z’ = G}(2) and

|Z +p|m+1

z 4 p for z).

Since GY(2) € A4 (a, R) it can be applied G = G+ K. We can then write
G (2) = G(G(2)) + K(G1(2)) = G(2) + 1 + K 0 G} (2)

from which we deduce G’fﬂ(z) —(z4+p+1)=GY(2) — (2 +p) + K oGl(2).
Applying the recurrence hypothesis and Condition (iii) at rank p we obtain

—1
}Gﬁ’*l(z)—(z+p+1)}§Apz: 1m+1 A
2 +q|

q=0

|2 + p| ™!

which is Condition (50) at rank p + 1.

> Conclude on 1. Condition (iii) for all p and m > 1 proves that the
series

ST K oGz

p>0

converges uniformly on compact sets of A4 («a, R). The functions K o GY being
holomorphic, the sum W (z) =3 o4 K o GY(z) is holomorphic on A, (a, R).
Moreover, for all m € N* and all z € Ay («, R) (Recall that @ and R do not
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depend on m) , there exist constants A and ¢ > 0 such that
A
(Wi (2)] <) ————— (Condition (iii))
— (Lemma 7.2.1 for A4 (a, R))

which shows that 14 (2) is asymptotic to 0 at infinity.

> Proving the uniqueness of the solution resumes to proving that the
equation 1 o G; — ¢ = 0 has a unique solution asymptotic to 0 on A, (a, R).
And indeed, if we iterate the equation we obtain 1) o G{(z) — ¥(z) = 0; letting
p tend to infinity, we obtain ¥(z) = limy100? 0 GY(2) = lim,e0 (2)
according to Condition (i).
Hence, ¢(z) =0 for all z € A4 («, R) and the proof is achieved. O

Actually, Birkhoff [Bir39] and Kimura [Kim71] stated the theorem in
the following form (see also [Mal82] and [E74]).

Corollary 7.2.3 (Birkhoff-Kimura). — Consider the conjugacy equation
(46) hof=goh.

With notations as before, there exist unique diffeomorphisms hy € HO(I&“O; g)
and h— € HY(1,,;G) such that

hiyof=gohy and Tohs =h on I

g’

h_of=goh_ and Toh,:ﬁ on I, .

where Ty h stands for “Taylor expansion of h at 07.

Proof. — Again, we develop the proof over I . We denote by d; (, R) the
image in the chart of 0 of the domain Ay («, R) as built in the proof of Theorem
7.2.2. The Borel-Ritt Theorem (Thm 2.4.1 (i)) provides a function A holomor-
phic on d4 (o, R) and with Taylor expansion Th(z) = f(x) at 0. Consider the
function f; = ho foh™!l. It has an asymptotic expansion on &, (a, R) given
by ho f oh™l= g according to the conjugacy equation (46). Hence, there
exists ¢ = f1 o g~ which is flat and satisfies f; = ¢ o g.

Birkhoff-Kimura Theorem 7.2.2 applied to f; and g provides a ¥4 asymp-
totic to 0 and satisfying ¥4 o f; = got, and hy = 14 o h solves the problem
on 04 (a, R). Uniqueness is proved similarly as for ¢, and is valid on §(«, R)
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for all @ < ag (whereas R might depend on «) . Hence the existence and
uniqueness of h as a section of the sheaf G over I} .

Symmetrically, we prove the existence and uniqueness of h_ over I, by
the same method. O

When ap > /2 the domains of definition of 4 and h_ overlap across the
two imaginary directions.

A
T— o h+ ™ C(o‘
0 T
Figure 3
7.3. Invariance equation of g
The invariance equation
(51) uog=gou

of g is a particular case of the conjugacy equation (46). Hence, it admits
the unique solution u = 1Id in G and, given 0 < a9 < m, it admits a unique
solution uy section of the sheaf G over I} =] —ag, +-ao[ and a unique solution
u_ over I, = |m — ag, T + ap[ asymptotic to g. But due to their uniqueness,
since Id is a solution everywhere, then uy and u_ are both equal to Id. The
situation is different in a neighborhood of the imaginary axis where there might
exist non trivial germs of solutions. And indeed, the solution A~ o h might
be non trivial depending on f.

In this section we study the behavior of germs of flat solutions near the
two imaginary half axis.
Proposition 7.3.1. — Let 41 = {]a:| < r;f < argr < m— 6} with
0 < B8 < 7/2 be a sector with vertex 0 neighboring the positive imaginary
azis. Any solution u € G(41) of the invariance equation (51) is exponentially
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flat of order 1 on 4.
The same result holds on a sector 49 = {|:B| <rg;Bf—m<argzr < —[3} neigh-
boring the negative imaginary axis.

Proof. — Tt suffices to consider the case of 43. Again, it is more convenient
to work in the chart of infinity. The sector 42 is changed into

1
52:{\z|>R2=E;B<argz<w—ﬁ},

the solution w is changed into U and we set U = Id +V. With these notations
the invariance equation reads

(52) V(iz+1)=V(2)
whose solutions are the 1-periodic functions. Hence, to solutions U € G(d2)
there correspond functions V of the form V(z) = wv(e?™*) that sat-

isfy lim V(z) =0.
Z—r00

Figure 4

Consider, in 89, a vertical half-stripe [iR, 1 +iR[ x |iR, +ioc[ with width 1
(see Fig. 4, p. 168). It’s easily checked that its image by the map z — ¢t = 27
is a punctured disc €29 centered at 0 in C. Moreover, a fundamental sys-
tem of neighborhoods of infinity in 82 is sent on a fundamental system of

neighborhoods of 0. Hence, the condition ZILIQO y(e2mz)
zZ€X
lim,o v(t) = 0. Consequently, by the Inexisting Singularity Theorem, v can

be continued into a holomorphic function at 0.
Now, suppose v is not identically 0. Then, it has a finite order, say k
at 0 (denote v(t) = O(t¥)). This implies that V(z) = O(e 2™*3(2)) as ~ tends

= 0 is equivalent to
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to infinity in 2. However, on 42, one has &(z) > |2|sin 8 and consequently,
V(z) = O(e=?7*sn(®)I2l) " Thus, V has (uniform) exponential decay of order
one on 47 at infinity and so does the solution u(z) = 1/(1/z+V (1/z)) at z = 0
on A4s. L]

7.4. 1-summability of the conjugacy series h

Recall that the conjugacy equation
hof=goh (46)

admits a unique formal solution %(:c) in G. The 1-summability of R is now
straightforward.

Theorem 7.4.1. — The series E(x) 15 1-summable with singular directions
the two imaginary half-azis.

Proof. — Let m/2 < g < 7 and consider the solutions hy(z) € H(I,,0)
and h_(x) € H(I} ,G) of Equation (46), asymptotic to h(z) (cf. Cor. 7.2.3).
The non Abelian 1-cocycle defined by hy = h=' o hy on |7 — ag, ap| and
by ha = hi' o h_ on | — ag, ap — 7| satisfies the invariance equation (51).
Denote h1 = Id +u; and hy = Id +us. It follows from the previous section that
w1 and ug are exponentially flat of order one on |7 — ag, ag| and | — ag, ap — 7|
respectively.

To apply the Ramis-Sibuya Theorem to /() on the covering Z = (I 1)
of S we must prove that the Abelian 1-cocycle equal to hy —h_ on |7 —ag, o]
and h_ — hy on | — ag, a9 — 7[ is exponentially flat. And indeed, from the
form hy =h ' o hy =1Id+wu; and he = h;l oh_ = Id+us of hy and hy we
deduce that

hy —h_ =h_ou; on |m— ayapl,
h_o—hy =hiouy on |—ap,a)—m7|
Hence, the Abelian 1-cocycle is exponentially flat of order one since so are uy
and ug while A_ and h, are asymptotic to the identity.
Since g can be chosen arbitrarily close to m we can conclude that the
series h(x) is 1-summable in all direction but the two imaginary half axis. [
One proves that these cocycles are not trivial in general while h(z) is
divergent; the non Abelian 1-cocycle (hi, he) classifies the analytic classes of
diffeomorphisms f(x) formally conjugated to g(z).






CHAPTER 8

SIX EQUIVALENT APPROACHES TO
MULTISUMMABILITY

8.1. Introduction and the Ramis-Sibuya series

We may observe that the examples of series given in the previous chap-
ters that are solution of linear differential equations are all k-summable for
a convenient value of k. In Theorem 6.2.5 sufficient conditions are stated for
the k-summability of solutions of linear differential equations (k-summability
must be understood there in its global meaning, that is, k-summablility in al-
most all directions). Recall that Corollary 6.3.13 asserts that a series both k-
and ko-summable for two distinct values k1 # ko of k is necessarily convergent.
Though, such a result is no longer valid if one considers k;- and ke-summability
in a given direction #: as shown in Example 6.3.14, the Leroy series L(x) is
both 1- and 2-summable in all directions 6 €] — 7 /4, +7 /4] mod .

A first natural question is to determine whether any series solution of a
linear differential equation is k-summable for a convenient value of k. This
question, known under the name of Turrittin problem although Turrittin after
Trjitzinsky, Horn and al. formulated the question in different terms, received a
negative answer by J.-P. Ramis and Y. Sibuya in 1984 (published later [RS89])
through a counter-example (c¢f. Exa. 8.1.1). A more intricate summation pro-
cess called multisummation had become necessary.

The counter-example given by J.-P. Ramis and Y. Sibuya with a proof of
the fact that the Ramis-Sibuya series is k-summable for no k£ > 0 is as follows.

Ezxzample 8.1.1 (Ramis-Sibuya series). — The Ramis-Sibuya series is the se-
ries

RS(z) = E(z) + L(x)
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sum of the Euler series E(z) = 2 nso(=1)"n! z"™ and of the Leroy series
L(z) = > nso(—1)"n! z?"*? deduced from the Euler series by substituting = for z
(¢f. Exa. 2.2.4 and 6.3.14). From the Euler equation z%y +y = x and the Leroy equa-
tion 2%y’ + 2y = 22 one deduces that the Ramis-Sibuya series satisfies the Ramis-Sibuya
equation
RS(y) = 4z + 22° + 10z° — 32"
where the operator RS reads
RS = 2°(2 — x)d*/dz® + 2% (4 + 52° — 22°)d/dx + 2(2 — = + z°).

It is worth to notice that the operator RS admits the following Newton polygon with

the two slopes 1 and 2. We will see that this indicates that the series solution of the
Ramis-Sibuya equation are all, at worst, (1,2)-summable as defined in the next sections.

A

4

;- N(RS)

2 va

-

0 T % >

Figure 1. Newton polygon of the Ramis-Sibuya operator

Check that the series f{\é(:c) is k-summable for no k > 0. Indeed, as we saw earlier
(¢f. Com. 6.1.9 and Sect. 2.2.2), the Euler series E(z) is 1-summable in all direction but
the direction # = w. As a consequence, the Leroy series i(x) is 2-summable in all direction
but the directions § = +7/2. We saw in Example 6.3.14 that the Leroy series, and then
also the Ramis-Sibuya series, is 1-summable in the directions 6 €] —7/4, +m /4] mod 7 and
in these directions only. In particular, the Ramis-Sibuya series is not l-summable. On
another hand, the Euler series E(m), and then also the Ramis-Sibuya series, is 2-summable
in no direction since its 2-Borel transform does not converge. In particular, the Ramis-
Sibuya series is not 2-summable. Consider now a direction 6 €|7 /4,37 /4] mod 7 and show
that RS(xz) is k-summable for no other value of k > 0 in direction §. This is the case for
k > 1 (and in any direction) from the same argument as for k = 2: the k-Borel transform
of f{\é(m) does not converge. Suppose there exists k < 1 such that ﬁé(x) be k-summable in
direction 0. Then, since RS(z) is a 1-Gevrey series, the Tauberian Theorem (Thm. 6.3.12)
of Martinet-Ramis [MR89] (taking k1 = k < 1 and ky = 1) would imply that RS(z)
be 1-summable in direction . Hence, the contradiction and we can conclude that PA{S(:E)
is k-summable for no k > 0 since this is the case in all direction 6 €]7 /4,37 /4] mod .

Let us also sketch another proof of this latter fact which relies on the study of the
Stokes phenomenon for P/{VS(x) and makes no use of the Tauberian Theorem. A k-sum
of P/{\S(x) would be a solution of the Ramis-Sibuya equation (cf. Prop. 6.1.10). The space
of solutions of the Ramis-Sibuya equation is the sum of the spaces of solutions of the Euler
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equation and of the Leroy equation. The Stokes arcs are the arc [r/2,37/2] inherited
from E(z) and the two arcs [r/4, 37 /4] mod 7 inherited from L(z). An arc centered at
the chosen direction 6 €]mw/4,3n /4] mod 7 with length > m/k > 7 contains a Stokes arc
of ﬁ(:c) and then all solutions of the Leroy equation asymptotic to i(x) must exhibit a
Stokes phenomenon with non trivial Stokes automorphisms on that arc. Moreover, the
discontinuities, i.e., the Stokes automorphisms of the Leroy series being given in terms
of exponentials of order 2 cannot be compensated by the Stokes automorphisms of the
Euler series that are given in terms of an exponential of order 1. Consequently, there
exists no solution of the Ramis-Sibuya equation asymptotic (and especially, k-asymptotic)
to f{\é(m) on such an arc and we can again conclude that P:é(x) is not k-summable in any
direction 6 €| /4,37 /4] mod .

A natural candidate for the sum of RS(z) is the asymptotic function E(z) + L(z)
obtained by adding the 1-sum of E(z) to the 2-sum of L(z). But that choice is not so

trivial as we will see soon. The (1,2)-summability of RS(x) following J. Ecalle’s approach
is widely developed in [LR90].

This example shows that the set of k-summable series for all £ > 0 is
insufficient to embrace all series solutions of linear differential equations. Hav-
ing in mind to sum solutions of linear differential equations another natural
question is the following;:

Is it possible to find a (in some way, minimal) set of series endowed with
a summation process compatible with the various k-summation processes,
that contains all solutions of linear differential equations?

From the example of the Ramis-Sibuya series we understand that any
such set should contain the vector space ) o< ., C{z}; of k-summable se-
ries for al k> 0(1). Observe however, with the example of the 1-summable
series f(z) = x/E(x), that not all k-summable series are solutions of lin-
ear differential equations. Since the derivative and the product of solutions
of linear differential equations satisfy themselves linear differential equations
such a set should also contain the differential algebra Alg,-, generated by the
spaces C{x}j, for all £ > 0 including k¥ = +oo. And it results from the factor-
ization theorem of solutions of linear differential systems [Ram85], [LR94,
Thm. II1.2.5] that the algebra Alg,., suffices. As a homomorphism of dif-
ferential algebras a summation operator S on Alg,, if it exists, is uniquely
determined by its values on the spaces C{x}; generating Alg,.,. The prob-
lem lies in the existence of the operator. Indeed, the compatibility condition
means that the restriction of S to each space C{x} has to be the k-summation

(1) One could also limit the choice to rational k > 0 since all levels of linear differential equations

are rational.
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operator. Hence, given an element of Alg, - in the form of a sum of products
of k-summable series its sum is obtained by replacing each factor by its k-sum.
The point is that an element in Alg, ., may have several decompositions into
sums of products of k-summable series and showing that these decompositions
all provide the same sum is not obvious. There exists no direct proof of that
fact. A solution is found in developing independently a theory of summation
called multisummation which extends the k-summation processes with exis-
tence and uniqueness of sums and showing that the elements of Alg, ., are
summable in that theory (cf. Prop. 8.2.14).

The same question may be addressed in a given direction # and the results
are more precise. It was proved by W. Balser in [Bal92a] that, under a
weak restrictive condition on levels, any multisummable series in direction 6
lives in the vector space ), . C{x}rg of k-summable series in direction ¢
for all k£ > 0. The decomposition is essentially unique (c¢f. Prop. 8.5.1) and
again the sum obtained by adding the k-sums of each term coincide with
the multisum in any other usual sense whatever the decomposition. However,
when the series is multisummable (i.e., multisummable in almost all direction)
the decomposition depends on the chosen direction in general (cf. Sect. 8.5).
One could think of this approach as a good numerical tool based only on simple
summation processes. This is not the case since the decomposition into a sum
is purely theoretical with no algorithm coming with.

The aim of this chapter is to describe in a general setting various defini-
tions of multisummability. Of course, we look forward to the same properties
as those of k-summation, i.e., uniqueness, homomorphism of C-differential al-
gebras,. ... We also compare these various approaches to prove their equiva-
lence. Comparison being not evaluation, our aim is not to grade the different
approaches. None approach can be considered as being the best, none as being
the worst. But any of them might be better than another one depending on
the question to answer.

All along the chapter we use the Ramis-Sibuya series as our reference
example.

8.2. First approach: asymptotic definition

In this section, we generalize the asymptotic approach of k-summability
(cf. Sect. 6.1) to the case of several levels k; < ky < -+ < k,,. Watson’s Lemma
has to be replaced by the so-called Relative Watson’s Lemma although the
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Relative Watson’s Lemma is not a parametric version of the classical Watson’s

Lemma.

8.2.1. Relative Watson’s Lemma. — The Relative Watson’s Lemma is
due to B. Malgrange and J.-P. Ramis

[MR92].

Theorem 8.2.1 (Relative Watson’s Lemma). — Let 0 < ki < kg be
given and let I be a ki-wide arc (cf. Def. 6.1.2). Then,

HO(I; AS™M JAS™R) = 0.

When the length |I| of I is smaller than 27 the arc I may be supposed
to belong to S'. Otherwise, it must be considered as an arc of the universal
cover R of S'. This latter case can be reduced to the first one by an adequate
ramification of the variable x.

Compare Corollary 6.1.4 of Watson’s Lemma. Instead of considering a
ki-exponentially flat function on a ki-wide arc I one considers here a ki-
exponentially flat 0-cochain with jumps (its 1-coboundary) small enough to be
ko-exponentially flat. Roughly speaking, the theorem says that the 0-cochain
has too small jumps on a too large arc I to be not ko-exponentially flat itself.

In [MR92] the lemma is stated for closed ki-wide arcs. It is equivalent
to choose either closed or open ki-wide arcs. Indeed, if I is closed then an
element of HY (I P ASTR /.Agfk?) is represented by a 0-cochain that lives on
a larger open arc I’. If the lemma is true for open arcs then the cochain
is 0 in HO(I'; AS™™ / AS7%2) and induces 0 in HO(I; AS~k1 /AS7k2),
Conversely, suppose HO(I'; AS7F JAS™R2) = 0 for any closed ki-wide
arc I'. Let I be an open ki-wide arc and f = (fj)jes a 0-cochain
in HY(I; AS™h / AS™R2) associated with a covering Z = (I;)jes of I.
Up to refining the covering Z we can assume that it is indexed by Z and
satisfies I; NIy # 0 if |7 — 4| = 1 and I; NI, = () otherwise (and thus, in
particular, it has no 3-by-3 intersection), since there exists arbitrarily fine such
coverings of I. Write I as an increasing union of closed ki-wide sub-arcs I
Due to the form of the covering Z any open arc I; is contained in infinitely
many closed arcs Ij; choose one of them denoted by I, éj. Then, the restriction
of the 0-cochain f to Iéj induces 0 in H° (Iéj ; ASTRL J AS=h2)  This means,
in particular, that f; belongs to AS*’”(Ij). This being true for all j € Z we
can conclude that f induces 0 in HO(I; AS™F / AS—k2),

The Relative Watson’s Lemma can be reformulated as follows.
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Corollary 8.2.2. — Under the conditions of the Relative Watson’s Lemma
the following natural map is injective:

HO(I; AJ A=) — HO(I; AJAS™M).
Proof. — Consider the short exact sequence
00— ASTM/ASTR oy pjASTRe o pJASTR — 0.

The associated long exact sequence of cohomology over I provides the exact
sequence

0 — HO(I; AS M jAs~h) — HO(I; A/ ASF) — HO(I; A/ ASFY).
Hence, the equivalence of the Relative Watson’s Lemma 8.2.1 and its Corol-
lary 8.2.2. O

One can find in [MR92] a direct proof of the Relative Watson’s Lemma
(see also [Mal95]). Instead of reproducing it we prefer to include a proof

of the equivalence between the Tauberian Theorem 6.3.12 and the Relative
Watson’s Lemma 8.2.1 [MR92, Sect. 3 (ii)].

Lemma 8.2.3 (Malgrange-Ramis [MR92, Lemme (2.5)])
Let 1/2 < k1 < ko and a closed ki-wide arc I of St be given.
To any h in HO(I; AJAS™F2) there exist sections B’ in HO(I; A) and h"
in HO(S'; AJASTF2) such that
h= (b mod AS7%2) + "
The notation &’ mod AS~*2 stands for the element of HO(I;.A/AS™F2)
canonically induced by h' € H°(I;.A). Notice that, due to the condition

1/2 < kq, the arc I is less than 27 long. Observe that h”, unlike h, exists all
around S'. Roughly speaking the lemma says: a section of A/ AS"*2 over I

|1

can be continued into a section all over S' after “translation” by an adequate
asymptotic function defined on I.

Proof. — The section h can be represented as a finite 0-cochain (h;);c; as
follows.
Let J = {j1,2,.-.,Jp}. The components h; are functions in A(4;) for some

open sectors 8; = I;x]0,r;[ with vertex 0; the 2-by-2 intersections of these
sectors satisfy the conditions 4; N 441 # 0 and 4; N 4 = 0 when [j — ¢ > 1
and we assume that the global arc Iy Ul U--- U I, is less than 27 wide, the
union Io U---UIp_1 is included in I while Iy and I, are not. Moreover, the
differences —h; + hj41 belong to A (85N ;1) for all j € J. Complete the
family (4;);es into a covering 8 = {4;}jesux of S (denote also 8; = I;x]0,7;]
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for j € K) without 3-by-3 intersections and such that (UjexI;) N1 = 0. Con-
sider the 1-cocycle h= (hjj+1)jesur of 8 with values in A="*2 defined by

h ( ) —h]’(ZL‘) + hj+1(33) if j and j+1€J
i1 _
M 0 otherwise.

From the Ramis-Sibuya Theorem 6.2.1 and shrinking the sectors 4; if neces-
sary, there exist functions g;(z) belonging to A, ks (45) (cf. Not. 2.3.8) such
that
hj7j+1 =—9; t9j+1 forall j and j+1 in J.

We obtain thus the equality hj(z) — g;j(z) = hjt1(x) — gj+1(x) on 4;N8j41 for
all j and j+1 in J and the functions hj(z) — g;(x) glue together into a section
W (z) of H°(I; A). On another hand, by construction, the g;’s for j € JUK
determine an element 2”(z) of H°(S'; A/ AS7"2) and we obtain

W mod A2 4+ b = (hj —g;)+g; =h; on &; forall je.J
J
Hence, the result. O

Proposition 8.2.4. — The Tauberian Theorem (Thm. 6.3.12) and the Rel-
ative Watson’s Lemma (Thm. 8.2.1) are equivalent.

Proof. — Let 0 < k1 < ko and a closed ki-wide arc I be given. By means of
a convenient ramification we may assume that the arc I is less than 27 long
(which implies k1 > 1/2) and this allows us to work on S'. As usually, we
denote S1 = 1/](51 and SS9 = 1/k‘2

> Show that the Relative Watson’s Lemma implies the Tauberian Theo-

rem 6.3.12. Let the series f(z) be both sp-Gevrey and kj-summable with sum

f(x) on a ky-wide arc I. We must prove that f(z) is also ko-summable on I.

As a s9-Gevrey series and according to Corollary6.2.2, the series f(:z:) can
be identified to an element of H (Sl; A/AS_’”), i.e., to a 0-cochain g = (g;)
where g; is asymptotic to f(az) for all j and g; — g; takes its values in AS~*2 for
all 7, j. It follows from the Ramis-Sibuya Theorem 6.2.1 that g;(x) is actually

so9-Gevrey (and hence also, sj-Gevrey) asymptotic to f(z). The 0-cochain
¢ induces canonically an element of H° (SI;A/AS_I“), thus characterizing

f(z) as a s1-Gevrey series. Since f(z) is a ky-sum of f(x) on I we deduce
that f = g mod AS™% on I (indeed, f — 9i, is s1-Gevrey asymptotic to 0;
cf. Prop. 2.3.17). From Corollary 8.2.2 of the Relative Watson’s Lemma, it
follows that f = ¢ mod A="%2 on I which proves that f(w) is ko-summable

on I with ke-sum f(x). Hence, the result.
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> Conversely, show that the Tauberian Theorem 6.3.12 implies the Rela-
tive Watson’s Lemma. Let h(z) belong to H°(I;.A/AS7*2). The section h(z)
admits a canonical image in H°(I; A/AS7*1): we specify h(z) mod AS~k2
when h(z) is seen as an element of H(I;.A/A<7*2) and h(z) mod AS™™ to
denote its canonical image in H° (I; A/Ag_kl). We must prove (cf. Cor. 8.2.2)
that h(z) = 0 mod A<~ on I implies h(x) = 0 mod AS~*2 on I.

From Lemma 8.2.3 there exists ' € H(I; A) and h” € H°(S'; A/ AS7F2)
such that h = (A’ mod AS7%2) + 1|, By definition, h”(z) can be scen as
a O-cochain h” = (h) where the various components h’ are asymptotic to a

same Taylor series % (x) and h; — h; takes its values in AS7F2 for all i, j. And
we know, from the Ramis-Sibuya Theorem 6.2.1 that the h;-’ (x)’s are actually
so-asymptotic to h”(z).
The assumption h(z) = 0 mod A=~ on I implies h”'(x) = —h/(x) mod AS—F

on I and the series h”(z) is ki-summable on I with ki-sum —h'(z) (B is
a true function; see Def.6.2.4). On another hand, by definition, h”(z) is
a sy-Gevrey series. By the Tauberian Theorem 6.3.12 the series h(x) is
then ko-summable on I with the same sum —h/(x). This implies the equal-
ity h”(x) = —h/(x) mod A="*2. Hence, h(x) = 0 mod AS~*2 as followed. [

8.2.2. Asymptotic definition of multisummablilty. — Towards the
generalization of the asymptotic definition (cf. Def. 6.1.6, Sect. 6.1) of k-
summability we proceed as follows. Begin with the case of two levels k1 < ko,
that is, the case of (k1, k2)-summability.

Suppose we are given a series f(ib) and two arcs I D Iy of S! respectively
k1- and ko-wide. Set as usually, s; = 1/k;.

Definition 8.2.5 ((k1 k2)-summability). —
The series f(x) is said to be (ki, kz)-summable on (I1, I5) with sum (f1, f2) if
(i) fi(z) belongs to HO(I1; As, JAST2);
(ii) fa(w) belongs to HY(I3; As,) (thus, is a true asymptotic function
on Iy);
(iii) f1 and fo agree on Ia, i.e., f1\12 = fo mod AS"F2;

(iv) f1 and fo are s1-Gevrey asymptotic to f(x) on I1 and Iy respectively:
TSI,Ilfl(x) = T81J2f2(l') = f(x)

To be more precise the sum (fi, fo) is also called multisum or (ki,k2)-

sum of f(x) on (I1,I2). Sometimes and especially when I; and I have a

same bisecting direction 6, one talks of fa as a (ki, k2)-sum of f(x) on (I3, I2)
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letting f; understood. In the latter case, one also says that fo is a (ki1, k2)-sum
of f(z) in direction 0.

Remark 8.2.6. — Suppose I7 and Iy are closed arcs. Sections over I; or Iy
live then on larger open arcs. From Condition (ii), one can represent fi by a
0-cochain containing fs as a component. One can also choose a 0-cochain over
an open covering of I; by arcs with no 3-by-3 intersection and no intersection
2-by-2 on I. Thus, Definition 8.2.5 can be reformulated as follows:

The series f(xz) is (ki,ko)-summable on (I1,I5) if there exists a O-
cochain f, si-Gevrey asymptotic to f(x) on Iy, that has no jump on Iy and
only ky-exponentially flat jumps on I \ Is.

The couple (f1, f2) where f is the natural image of f in H(I1; As, /| AS™F2)
and f its restriction to Iy is a (kyi, ka)-sum of f(z) on (I1, ).

Recall that, in general, a O-cochain which is s;-Gevrey asymptotic to a
given series may have jumps (its coboundary) as large as kj-exponentially
flat (Prop. 2.3.17). The condition that the jumps are kg-exponentially flat is
strong and guaranties the uniqueness of the (ki, k2)-sum of f(z) on (I1, I5) as
we show below.

Watson’s Lemma and the Relative Watson’s Lemma give sense to the
notion of (ki, k2)-summability by implying the uniqueness of (ki, ka)-sums.

Proposition 8.2.7 (Uniqueness of (k; ky)-sums). —

The multisum (f1, f2) of f(x) on (I1,Is), when it exists, is unique.

Proof. — Suppose (f1, f2) and (ff, f3) are (ki, ke)-sums of f(z) on (I, I2).
By Prop. 2.3.17 the difference f; — f] belongs to H° (Il;AS_kl/AS_kQ) and
the Relative Watson’s Lemma (Thm. 8.2.1) implies that f; — f{ = 0. This, in
turn, implies that fo = f mod AS7*2 and from the classical Watson’s Lemma
(Thm. 6.1.3) that fo = f} since Iy is ko-wide. O

Exzample 8.2.8. — The Ramis-Sibuya series RS(z) (Exa. refRSseries) is (1,2)-
summable on (I1,l2) if and only if I; does not contain the Stokes arc of the Eu-
ler series [m/2,3w/2] and I» contains none of the two Stokes arcs of the Leroy series
[7/4,3n /4] mod 7.

Make explicit the (1,2)-summability of RS(z) according to Definition 8.2.5 above in
the case when, for instance, I = [0,n] and I = [0,7/2] C I;. Choose 0 < ¢ < 7/4 and
consider the open covering Z of I by the arcs I1 =|r/2,7m + €[ and Iy =] — &, 7/2 + ¢].
Notice that I7 N Iz = () as mentioned to be a possible choice in Remark 8.2.6. Denote
temporarily by E(z) the determination of the Euler function defined on —e < arg(z) <

m + ¢. Denote by E} and E} the restrictions of E to I] and I} respectively. Clearly, the
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0O-cochain (E},Ej) of Z takes its values in .41 and has a trivial coboundary Ej —E5 = 0.
Denote by L] and Lj the 2-sums of L(z) on I and I respectively. The 0-cochain (L7, L5)
of T takes its values in A;,o hence also in A; and its coboundary L; — L5 belongs to
HO(I{NI5; AS?). It follows that the O-cochain (Ej + L/, E5 4 L5) determines an element
f1 of H® (11; A1/.A§72). Denote by f2 the element of H°(I2;.A1) defined by Ej 4+ L. Both
f1 and f2 are l-asymptotic to the Ramis-Sibuya series f{\é(x) The couple (f1, f2) is the
(1,2)-sum of f{é(m) on (I, I).

Conversely, if I; contained the Stokes arc [r/2,37/2] of the Euler series E(x) then
we would have to use two different determinations of E on I; generating a non trivial
coboundary with values in AS™! and not in AS~? and, thus, Condition (i) of Defini-
tion 8.2.5 would fail. If I> contained a Stokes arc [r/4,37w/4] or [—3n/4,—m/4] of the

Leroy series L(z) then we would have to split the 2-sum L} of L(z) into a 0-cochain with

non trivial coboundary on I> and Condition (ii) of Definition 8.2.5 would fail.

Let us now state the general case.

Definition 8.2.9 (multi-level k and k-multi-arc). —

> We call multi-level, and we denote by k = (k1,ka,...,k,), any finite
sequence of numbers ki, ko, ..., k, satisfying the conditions

0<ki<ky<--- <k
> We call k-multi-arc, and we denote by I = (I, 1o, ...,1,), any sequence
of arcs satisfying the conditions
L2L2 21,
for j=1,...,v, the arc I; is kj-wide (cf. Def. 6.1.2).

Observe that our levels are always ordered in increasing order: k1 < ky < --- < k,,
while some authors order them in decreasing order.

From now on, suppose we are given a series f(z), a multi-level k =
(k1,ko,...,k,) and a k-multi-arc I = (I, I2,...,1,). As usually, we set s; =
1/ky.

Definition 8.2.10 (multisummability). —

A series f(x) is said to be k-summable on [ with k-sum f = (f1, f2,..., fu) if
> fj belongs to HO(Ij;Asl/AS_kHI) forallj=1,2,...,v—1;
> fy belongs to H(I;; As,);

> the fj’s are compatible:

fj‘lli»l = f]+1 mOd Ag_kj-O-l fOT allj = ]_’2"‘. , U — 1’
J
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> for all j, the section f; is s1-Gevrey asymptotic to the series f(x) on I;:

Ty, 1, fi(w) = f(x) for all j =1,2,...,v.

In the case when the arcs 1, Iy, ..., I, are all bisected by a same direction
6 then f is called a k-sum of f(x) in direction 6. By abuse of language, one

sometimes talks of f, as a k-sum of f(x) on I, the components fi, fa,..., fu—1
being understood.

Remark 8.2.11. — Remark 8.2.6 can be generalized as follows.
Suppose [ is a closed k-multi-arc.
Definition 8.2.10 is equivalent to saying that

f(x) is k-summable on I with k-sum f = (f1, f2,..., fu) if there exists a
0-cochain f on Iy which is s1-Gevrey asymptotic to f(a:), which has no
jump on I, and otherwise, has jumps that are at least k,-exponentially
flat on I,,_1, ky_1-exponentially flat on I,_o, ... and ko-exponentially flat
on I7.

If so, the k-sum [ is defined by taking as f;, for j = 1,2,...,v — 1,
the natural image of f in HO(Ij;Asl/AS_kﬁl) and taking as f, the
restriction of f to I,.

Proposition 8.2.12 (uniqueness). — The k-sum f(x), when it exists, is
UNIQUE.

Proof. — The proof proceeds as in the case of two levels (cf. Prop. 8.2.7).

Suppose (f1, fo,..., fv) and (f], f5,...,f,) are k-sums of f(x) on I. By
Proposition 2.3.17 the difference f; — f| belongs to H° (Il;AS_kl/AS_kQ)
and, I being kj-wide, the Relative Watson’s Lemma (c¢f. Thm. 8.2.1)
implies that f; — f{ =0. This, in turn, implies that fo — f} belongs to
HO(IQ;AS_kQ/AS_ki”). Again, the Relative Watson’s Theorem implies
that fo — f, =0 and that f3 — f} belongs to HO(I3; AS™hs/AS7k). And
so on, until the v*" step where f, — f belongs to H° (I,,;.AS_I“’) and we
conclude by the classical Watson’s Lemma (Thm. 6.1.3) that f, = f], since I,
is k,-wide. O

Notation 8.2.13 (multisummable series). —
Given a multi-level k and a k-multi-arc I we denote by

> C{z}k1y the set of k-summable series on I;

> C{x}k0) the set of k-summable series in direction 0.
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> Sumyy y the subset of H;’;ll HO(I;; As, JAS7Fi+1) x HO(I,; A, ) made
of the elements satisfying the compatibility condition of Definition 8.2.10 (iii).

> Sty C{ete.y — Sumy, ny the k-summation operator on I which
to any k-summable series on I associates its unique k-sum on I according to

Proposition 8.2.12.
> Sumyy gy and Sy gy instead of Sumyy 1y and Sgy, ry in direction 6.

We leave as an exercise the proof of the following proposition generalizing
Proposition 6.1.10.

Proposition 8.2.14. — Let k = (k1,ko,..., k) and I = (I1,12,...,1,) be a
multi-level and a k-multi-arc (cf. Def. 8.2.9).

(i) The set C{z} 1y is a differential sub-algebra of the differential C-al-
gebra Cl[x]]s, of si-Gevrey series.

(ii) Let k' be a multi-level extracted from k and I' the corresponding k'-
multi-arc extracted from I.

Then, C{z}y 1y is a differential sub-algebra of C{x} ;-

In particular, the differential algebras C{z}, 1,y of kj-summable series
on I for j =1,2,...,v are differential sub-algebras of C{x} ;-

(iii) The Taylor map

Toyp : Sumgyy — Cla}ny

is an isomorphism of differential C-algebras with inverse the k-summation
operator S 1 on I.

Remark 8.2.15. — The previous proposition asserts that C{z} {k,1} contains
the differential algebra generated by the algebras (C{.CC}{kj’ y.J=12,...,vof
k;-summable series on I;. It will be shown in Section 8.5 that the two algebras
are actually equal.

Although we do not provide an extensive proof of Proposition 8.2.14 let
us observe how a kj-summable series may be regarded as a k-summable se-

ries. Consider the example of j = v, all cases being similar. Suppose f(x) is
k,-summable on [,. This means that there exists a function (its k,-sum)
fv e HO(L,;.ASV) satisfying T, 1, f,(z) = f(z). This implies also that the

series f(z) is s,-Gevrey and the Borel-Ritt Theorem (Cor. 2.4.4) allows to
complete the sum f, into a 0-cochain f], over I; whose components are all s,,-
Gevrey asymptotic (hence, s;-Gevrey asymptotic) to f(w) and its cobound-
ary has values in ASFv, Recall that the sheaves AS~F satisfies the in-

clusions AS~k c AS7Fv-1 ... c AS7F1. Thus, the O-cochain f!, induces
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canonically elements f; € H(I1; As, JASF) | fo € HO(Iy; Ay, JASF2) and
soon... and f, € H° (L,;.Asl) defined on Iy, Io, ..., I, respectively and satis-
fying Def. 8.2.10. Thus, (f1, f2,..., f,) defines the k-sum of f(x) on I.

To end this section let us mention the fact that Proposition 6.1.11 and its

Corollary 6.1.12 remain valid if one replaces k-summability by multisumma-
bility.
Recall notations of Sections 2.3.2 and 6.1: given a series g(t) we denote by g;
its r-rank reduced series defined for j = 0,1,...,r—1, by g(t) = Z]:O g, (t7);
given an arc I = (a, f)we denote by Ifr the arc ((a + 2¢7)/r, (8 + 2(m)/r).

We can state:

Proposition 8.2.16. — Let r > 1 be an integer.

: (i) Extension of the variable. A series f(z) is k-summable on I = (I, I, ..., 1,)
if and only if the series g(z) = f(w’") is rk-summable on I, =
(Il/ra 12/7'7 ce 7II//T')'

: (ii) Rank reduction.  The series g is rk-summable on the arcs Ifr for
all ¢ =0,1,...,7 =1 if and only if the series g; for j = 0,1,...,r —1,
are k-summable on I.

Proof. — (i) Let f(z) = (fi(z), f2(x),..., fu(x)) be the k-sum of f(z) on T.

Then, g(z) = (g1(x) = fi(2"), g2(x) = Faa"). (@) = fy(@) is the k-
sum of g(z) on Z,,.

(ii) Suppose the series gj(x) are all k-summable on I. By definition, these
series satisfy g(t) = Z;;é t7g;(t"). From (i) and Proposition 8.2.14 it follows
that g(t) is rk-summable on the arcs corresponding to the Various determi-
: /7. Conversely, use formula 7t/ g;(t") = 3j—5 w7 G(w't)
where w = €*™/7 to conclude that the series gj(t") are rk- summable on I?T

nations of t = z

and then, using (i) again, the series g;(z) are k-summable on . O

Proposition 8.2.16 allows us to assume k large or small at convenience. In
what follows, the assumption k& > 1/2 is quite often convenient.

8.3. Second approach: Malgrange-Ramis definition

For convenience, we assume any k > 1/2 so that arcs of length m/k are
proper sub-arcs of the circle S'. This is always made possible by a conve-
nient change of variable x = t" according to Proposition 8.2.16. Like in the
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Ramis-Sibuya approach for k-summability, the aim is now to get rid of Gevrey
asymptotics.

8.3.1. Definition. — Suppose we are given an s;-Gevrey series f(z), a
multi-level k = (ki, ko, ...,k,) and a k-multi-arc I = (I3, Is,...,1,). Denote
by o € H°(S'; A/ AS7F1) the ki-quasi sum of f(z).

Definition 8.3.1 (Malgrange-Ramis multisummability)

The series f(x) is said to be k-summable on I with k-sum f = (f1, f2,..., f)
if

> fj belongs to HO(Ij;A/AS_kJ'“) forallj=1,2,...,v—1;
> fy, belongs to HO(1,; A);
> the f;’s are compatible:
Fily,., = fiw1 mod ASTNH forall j=1,2,...,v — 1
> the f;’s are compatible with the ki-quasi-sum g of f(x):

Pol; = fj mod AR forall j=1,2,... 0.

Proposition 8.3.2. — Definitions 8.2.10 and 8.3.1 of multisummability are
equivalent (with same sums). In particular, Malgrange-Ramis k-sum, when it
exists, 18 unique.

Proof. — Suppose f = (f1, f2,..., fy) isa k= (k1 ka,...,k,)-sum of f(z) on
I in the sense of Def. 8.3.1. By the Ramis-Sibuya Theorem 6.2.1 the k;-quasi-

sum o of f(z) belongs to H°(S'; Ay /AS~*) and is asymptotic to f(z).
The compatibility Condition (iv) implies that the same is true for f; hence,
Definition 8.2.10 is satisfied.

Conversely, suppose that f is a k-sum of f(x) on [ following Definition
8.2.10. By the Borel-Ritt Theorem 2.4.1 a 0-cochain representing fi; can be
completed into a 0-cochain over S! representing ¢g; hence, satisfying Defini-
tion 8.3.1. O

Example 8.3.3. — Let us go back to Example 8.2.8 in view to make explicit
Malgrange-Ramis definition for the Ramis-Sibuya series ﬁé(w) and prove its (1,2)-
summability on the (1,2)-multi-arc I = (I1,I2) where Iy = [0,7] and I» = [0,7/2] C I1.
We want to represent the 1-quasi-sum of f{\é(ac) by a 0-cochain with no jump on I2, flat
jumps of exponential order at most 2 on I3 and flat jumps of order at most 1 out of
I,. To this end, choosing again 0 < ¢ < 7/4, we consider the open covering Z' of S*
by I =|7/2,37/2[, I3 =] —e,7/2 +¢] and I3 =] — /2 — £,0[. Denote by ET the deter-
mination of the Euler function E(z) defined on | —7/2, 37 /2[ and by E~ its determination
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on ] — 3m/2,7/2[. Denote by LT the 2-sum of the Leroy series L(z) on ] — 37 /4, 37 /4] and
by L™ its 2-sum on |7 /4, 77 /4[.

The 1-quasi-sum ¢q of ﬁé(m) is represented by the 0-cochain of Z’ defined as follows:
RSi(z) = ET(2) + L (z) on I}
RS2 (z) = E+( )+L+( ) on I
RSs3(z Y+ LT(z) on Ij.

Ss(x) =
A
Ef+L*
it 1,
1
>
Et+L~ p
3
E+LT

Figure 2

E+
E$
We observe that RS; —RS; = L™ —LT = cel/s? (c is the corresponding Stokes
multiplier) is exponentially flat of order 2 on I7 N I3 while RS2 — RS3 and RS3 — RS are
exponentially flat of order 1 on I5 N I3 and I3 N I] respectively. The (1,2)-sum (f1, f2) of

f{é(:r) on (I, I2) is given by the restriction of ¢ to I1 and Is respectively, i.e., , for fi by
the 0-cochain (RS1,RS2) and for f2 by fo = RS».

8.3.2. Application to differential equations. — In this section, we ex-
tend Theorem 6.2.5 to the case of several levels.

We consider a linear differential equation (or system) Dy = 0 with mero-
morphic coefficients at 0 and we suppose that the equation Dy = 0 has a series
solution f(z) with multi-level k& = (ky, ko, ..., k,) (cf. Def. 4.3.6 (iv)). Recall
that levels are ordered in increasing order: k; < kg < --- < k.

Definition 8.3.4. — A k-multi-arc I = (I1, 1o, ..., 1,) is said to be k-generic
(or simply, generic) for f(x) if, for all j, the arc I; contains no Stokes arc of
level < k; associated with f(x).

Theorem 8.3.5. — A series f(w) as above, 1i.e., solution of a differential
equation with multi-level k = (k1,ka, ..., k), is k-summable on any k-generic
multi-arc 1.

Proof. — Recall that with no loss of generality we assume that k; > 1/2.
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The Stokes phenomenon says that solutions asymptotic to f(xz) may be
continued around 0 as long as no Stokes arc is passed. When a Stokes arc of
one or several levels ky is passed to stay asymptotic to f(az) the solution must
be added kg-exponentially flat terms. Thus, an asymptotic solution on I,
given, for instance, by the Main Asymptotic Existence Theorem 4.4.2 may be
continued by adding k,-exponentially flat terms over I,,_1, k,_1-exponentially
flat terms on I,,_o, ..., ko-exponentially flat terms on I;. Outside of I; it can
be continued into a full 0-cochain over S* by allowing jumps ki-exponentially

small. Hence, a k-sum of f(z) on 1. O

8.4. Third approach: iterated Laplace integrals

The method is due to W. Balser [Bal92b]. It proceeds by recursion and
is based on the fact that a convenient Borel transform of the series is itself
summable with conditions that we make explicit below. Among the known
ones this approach is probably the best from a numerical view point to nu-
merically evaluate multisums.

As previously, we develop first the case of two levels (ky, k2).
Suppose we are given 0 < k; < ko and a (ki,ks)-multi-arc (I3, I2)
(cf- Def. 8.2.9) and set
111
k1 ki kg
Denote by 6,0, the bisecting directions of I7, Is and by IAl,fg arcs centered
at 01,0y with length |f1\ = || — 7/k2 > w/k1 and |f2| = |Iz| — 7/ks respec-
tively. We assume that I; and fl, resp. Io and TQ, are simultaneously open or
closed®.

Definition 8.4.1 ( (k1 k2)-Li-summability). — A series f(z) is said to
be (k1,k2)-summable by Laplace iteration on (I, 1I2) (in short, (ki,ks)-Li-
summable on (Iy, 1)) if its ke-Borel transform g(§) = B, (f)(&) satisfies the

following two conditions:

> G(€) is ki-summable on Iy

(2) In case I is closed of size |I2] = w/k2 then TQ reduces to one point. Recall that, handling
presheaves or sheaves, asymptotic conditions of sections over a closed set are valid on a convenient
larger open set.
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> its ki-sum g(§) can be analytically continued to an unlimited open

o~

sector 3 containing Iox]0, +o0o[ with exponential growth of order ko at infinity.

The (ki, ko)-Li-sum f(x) of f(x) on (I, I3) is defined as

FH(@) = Lip(9)(@)

for all direction 6 € ¥ and corresponding .

It follows from the definition, that the (ki, k2)-Li-sum of f(z) on (I1, I2),
when it exists, is unique.

Example 8.4.2. — (even part of the Ramis-Sibuya series)

Again, we illustrate the definition on the example of the Ramis-Sibuya series RS(z)
(Exa. 8.1.1) for which k& = (ki,k2) = (1,2) and, again, we choose I = (I1,1I2) with
I, = [0,7] and I, = [0,7/2] C I,. Then, I = [r/4,37/4], I = {n/4} and k; = 2 so that
we must apply to RVS(I) a 2-Borel transform. In order to make the calculations simpler
we choose to use rank reduction of order two, i.e., to perform the calculations separately
on the even and the odd part of the series. Treat now the case of the even part and thus,
consider the series M(z) = Eo(az) + L(z) where Eo(w) =3 o, —(2n — 1)1z is the even
part of the Euler series E(z).

~0 ~0
Look first at what happens to E (z) after a 2-Borel transform. The series E (z)
satisfies the equation

(53) Dy =2y’ + 225y —y = 22

The homogeneous equation Dy = 0 admits the two linearly independent solutions el/®
and e/, Tt follows that the anti-Stokes directions for Eo(x) are the two real half-axis.
To apply a 2-Borel transform one has to apply a ramification x = /2 followed by a 1-Borel
transform and the inverse ramification. So, set x = t'/2. The series EO(tI/Q) is a series in
integer powers of ¢ (this is why we separated the even and the odd part of RS(z)) and it
satisfies the equation

4y +66°Y — Y =t.
Its 1-Borel transform Y (7) satisfies the equation

4V 4 (6r—1)Y =1
(Substitute 7 for t*d/dt and d/dr for 1/t. If we had not restricted the study to an
even series, terms in /2 would appear and this Borel equation would be a much more
complicated convolution equation). With the inverse ramification 7 = €2, the formal
2-Borel transform ﬁ(&) = )7(7'), of B (z), satisfies the equation

(54) AU =260 + (662 — 1)U = 1.

The Newton polygon of A has a unique slope, equal to 2, at 0 and a null slope at

infinity.
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A A

Vo ? [y
e i/
o————> ofF—

Figure 3. Newton polygons of D (slope 1) and A (slope 2)

The 1-dimensional space of solutions of the homogeneous equation AU =0is gener-
ated by u(¢) = e_l/(452)/§3. The anti-Stokes directions of equation (54) are then the two
real half-axis and, in all other direction 0, the series U(€) is 2-summable (¢f. Thm. 6.2.5).
For the choice § = 7/2 this means that 17(5) is 2-summable on I;. Hence, the first con-
dition of Definition 8.4.1 is satisfied. On another hand, the 2-sum U (£) of U(£) satisfies
equation (54) which admits 0 and infinity as unique singular points. It can then be an-
alytically continued up to infinity in the direction § = /4 and neighboring ones, i.e., to
an unlimited open sector ¥ containing f2><]07 +oo[. From the Newton polygon of A we
know that all solutions of (54) have moderate growth at infinity and the second condition
of Definition 8.4.1 is satisfied. It follows that the 2-Laplace transforms Ej(z) of U(€) are
defined in all direction § € . The functions EJ(x) are analytic continuation from each
others since U(§) admits no singular point in these directions and therefore, they define
the (1,2)-Li-sum E°(z) of Eo(sc) on (I1,I2). To summarize:

Eg(z) = L2900 L2490 BagoBayg ( Eo(w))

where the Borel series are replaced by their sum and analytic continuation when necessary.
Notice that the function E9(z), although asymptotic to E’ (z), is not 1/2-Gevrey asymp-
totic since, otherwise, the series Eo(cc) would be a 1/2-Gevrey series (cf. 2.3.10), which is
not.

Look what happens to the series E(x) in this procedure. The 2-Borel transform
of L(x) produces the convergent series V(€) = 3, (=1)"€>" = 1/(1 4 €2). 1Tt is then,
2-summable in all direction, and especially on I,. It can be continued up to infinity with
moderate growth but in the directions § = +m/2. It can then be applied a 2-Laplace
transform in any direction of an unlimited open sector ¥ containing I x]0, +00] to define
the (1,2)-Li-sum L(z) of L(z) on (I, I2).

We conclude that the series M(z) is (1,2)-Li-summable on (11, I2).

Compare (1,2)-sum and (1,2)-Li-sum. Denote by M (z) the (1,2)-sum of M(z)
on (I1,I2). The (1,2)-Li-sum E°(z) of Eo(cc) can be continued all over I; by applying
2-Laplace transforms in directions 6 from 7/4 — € to 37/4 + ¢ (indeed, the unique anti-
Stokes directions for U(£) are @ = 0 and 6§ = m; therefore, the 2-sum U(z) of U(&)
exists. It can be continued with moderate growth at infinity on the unlimited sec-
tor —m/4 < arg(§) < 5m/4). Taking 2-Laplace transforms in directions 6 €] — 3w /4, —m /4]
allows to complete E°(z) into an element £° of H° (Sl; A/.Agfl). Similarly, the section L
over I can be completed into an element £ € H° (SI;A/Afka) and the sum &° 4+ L
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provides a ki-quasi-sum of M(z) in the form of a section over S' with no jump on I and
flat jumps of exponential order 2 on I; and of order 1 out of 11, so that, Definition 8.3.1 is
satisfied. By restriction to I; and Iz, this ki-quasi-sum determines the (1, 2)-sum (M1, M2)
of M(z) on (I, I5) in the sense of Definition 8.3.1. It follows that Ms(z) = M (z) on Is.
This fact is general as it is proved below (Balser-Tougeron Theorem).

Let us finally observe that the previous procedure can as well be applied to the odd
part of RS(z) after factoring z. This shows that the procedure applies to the Ramis-Sibuya

series P/{\S(;z:) itself giving rise to the same (1,2)-sum as before.

The main result is as follows.

Theorem 8.4.3 (Balser-Tougeron: case of two levels)

(k1, k2)-Li-summability on (I, I2) and (k1, ka)-summability on (11, I2) are
equivalent with “same” sum. _
Precisely, if f¥ denotes the (ki, ko)-Li-sum of a series f(x) and (fi, fo)
its (k1,ko)-sum on (I1,I3) then, fo(x) = fY(x) on Iy and thus,
fo(x) = Ly, 0,0 Ly, g7 © By, 0 Bry 0 f()
when the formula makes sense and especially, for directions 0 and 6/, close
enough to the bisecting direction 0y of Is.

The latter formula explains the denomination “by Laplace iteration”.

Proof. — For simplicity of language assume that I; and Is are closed arcs.

> Prove that (ky, ko)-summability implies (ki, ka)-Li-summability.

We use the notations of Definition 8.4.1 and above. In particular, ky
is given by the formula 1/ky = 1/k; —1/ks. By hypothesis, there exists
a ki-quasi-sum of f(z) which induces the function fo(z) on I and the
O-cochain fi(z) on I; (using the same notation for the 0-cochain and the
element of H° (Il;A/AS_kZ) it defines); the coboundary of f; has values in
AS7F2 (no jump allowed on I and exponentially flat jumps of order at most
k2 on Iy \ Io; cf. Def. 8.3.1). Denote again g(§) = By, (H)(©).

For simplicity, we assume that fi(z) has only one jump, the case of more
jumps being treated similarly. Thus, assume that, in restriction to I (i.e., to
a neighborhood of I7), the kj-quasi-sum reduces to two components: f(z) =
f2(x) over an open arc I containing I and f*(x) over an open arc I* which
we can assume to satisfy I* N Iy = () jointly with T U I* D I.

The proof of Theorem 6.3.11 (part (i) = (ii)) remains valid for f(z)
and I D I, although I is shorter than m/k;. Like in Theorem 6.3.11, denote
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by I the (open since I is open) arc deduced from I by shortening it of 7/(2ks)
on both sides. It follows that there exists an unlimited sector ¥ containing
T x]0, +o00[ on which there is an analytic function g(§) both k;-Gevrey asymp-
totic to g(§) at 0 and having exponential growth of order at most k2 at infinity.
As I is smaller than I the sector © has opening smaller than |I;| = 7/k1 but
contains the direction #3. The question is to analytically continue g(&) into a
k1-Gevrey asymptotic function on fl To this end, let us use again the vari-
ables Z = 1/2%2, ¢ = ¢*2 and notations as in the proof of Theorem 6.3.11
choosing A2 = 0 by means of a rotation. In particular, the series J?(:r) reads
now F(Z) = > n>ko an/Z™*2. We are led to the following situation:
: > a function F(Z) satisfying the asymptotic Condition (42) at infinity on
a sector
8= [—wl, —H,UQ] X [R0,+oo[
which contains the right half-plane ®(Z) > 0 but the disc |Z| < R,
: > a function F*(Z) satisfying the asymptotic Condition (42) at infinity on
a sector
3" = [wi,ws] X [Ry, +oo[ where, say, 7/2 < w} < way < w3,
: > the difference F(Z) — F*(Z) being exponentially flat of order 1 on the
intersection
3 NS™ = [wi,we] X [Ry, +00l.

Recall Condition (42) for F(Z) on &: there exist A,C > 0 such that

N-1 N
Qp, N/k’ A
‘F(Z) > S| < ONNR R for all N and all Z € 8.
n=ko

We also assume that —m < —w; and w] < w2 < wj < 7. Otherwise, we
would proceed in several steps like in the proof of Theorem 6.3.11.

Defining G(¢) by G(¢) = 1/(2mi) f7 F(U)eSYdU where v =41 Uz Uz
(see Fig 4) is the boundary of 4 provides a function satisfying Condition
(ii) of Theorem 6.3.11 on the sector ¥ = {—wq + /2 < arg(¢) < 4wy — 7/2}
(condition translated in the variable ¢ = £¥2). Observe that ¥ contains the
direction #3 = 0. Extend now the domain of definition of G(¢{) by moving v,
towards ~] in the direction wj. To this end, set

G*(¢) = 1(/ F*(U)eﬁUdU+/ KF(U)eCUdU).

2
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—w1

Z-plane ¢-plane

Figure 4

By Cauchy’s Theorem the difference A(¢) = G(¢) — G*(() is given by

1
AlQ) = — | (FU)-F*U))eVdU
270 )y,
etw2 400 ] ) i
_ F wa\ F* 174 wo (Ve 2dv

27”/1%0 (F(Ve*?) (Ve™?))e
However, by hypothesis, there exists A > 0 such that |[F(U)— F*(U)| <
e~ AlUI (the coboundary in the variable z is exponentially flat of order k) so
that

‘(F(Vein) - F*(Veiw2>)eCVeW2’ < e(_A"'%(C@i“?))V

and the function A(() is defined and holomorphic on the half-plane R(¢e2) <
A. The function G*(¢) + A(¢) provides the analytic continuation of G(¢) to a
(limited) sector £* based on I* = [—wi+7/2, —wi+7/2] near 0. From now on,
denote by G(() this analytic continuation of the initial G(¢) to X*UX. Observe
that the arguments above are unable to prove that the analytic continuation on
>* can be pushed up to infinity. This might however be possible, for instance,
by Theorem 6.3.11, when the series ]?(33) is not only (k1, k2)-summable on
(I1,I3) but kj-summable on I;.

Recall Condition (41) for G(¢) on X: there exist A, C’ > 0 such that

N-—1
_ Gn n/ke=1| « v pTN/K1 gIN | | N/k2—1
‘G(C) n_EkO F(n/kQ)C < C'NNm A ¢ for all N and all ¢ € ¥.

Like the initial one the new function G(() satisfy an asymptotic condition of
the same type as Condition (41) at 0 on ¥ U X* since this is the case for G(()
on ¥ and for G*(¢) and A(¢) on ¥*. We can thus conclude that g(¢) = G(&+2)
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is k1-asymptotic to g(&) on I,. This achieves the proof of the fact that f(z)
is (k1, k2)-Li-summable on (11, ).

> Prove that (ky, ko)-Li-summability implies (ki, ko)-summability.

Conversely, suppose G(() is defined on ¥ U X*, has exponential growth at
infinity on ¥ and satisfies at 0 the asymptotic Condition (41) on ¥ U X*.
From the proof of Theorem 6.3.11 we know that Laplace transforms in direc-
tions belonging to ¥ provide a function F(Z) which satisfies Condition (42)
on [—wi, wal.
Let b= |ble’® € S N* with, say, 8 = —was +7/2, and dg be the half-line
issuying from b in direction 5. Consider the truncated Laplace transform
F2Z) = fob G(¢)e=%%d¢. We prove, like for P in the proof of Theorem 6.3.11,
that F°(Z) satisfies an estimate of the type of (42) on a half-plane R(Ze®) > 0
(with new constants). Since G(¢) has exponential growth |G(¢)] < C"eBICl
on dg the difference F(Z) — F*(Z) = fdb G(¢)e~?4d( satisfies

|F(Z) _ Fb(Z)’ < ol /+ e(B—?R(ZeiB))TdT
[b]

and has then exponential decay on the half-plane R(Ze*®) > B based on the
arc Jwa — m, wa (i.e., bisected by —f = wy — 7/2).

Consider now b* = |b|e!?” with f* = —w3 + 7/2 in ©*.

The function F*" (Z) = fob* G(¢)e~?¢d( satisfies an estimate of type (51)
on the half-plane R(Ze") >0 and the difference F(Z) — FY(Z) =
fﬁ?ﬁ G(¢)e™%Cd¢ is exponentially small of order one on the intersection

of the two half-planes R(Ze??) > 0 and R(Ze?") > 0 (since G(¢) is bounded

on the arc f*B). Turning back to the variable x this provides functions
f(z) = F(z*) and f* () = F" (2*2) that are ki;-Gevrey asymptotic to
fx) on I D Iy and I* D I, \ I respectively, the difference f(z) — f*(x)
being exponentially flat of order ko on I N I*. In other words, the couple

(¥ (z) = F¥" (2*), f(x) = F(2*?)) defines a (k1, kz)-sum of f(z) on (I, I).

> Prove the formula. We have proved that the (ki,kg)-Li-sum and the
final (K1, k2)-sum are both equal to f(z). By construction, F'(Z) is the Laplace
transform of G(¢) in directions belonging to ¥, that is, f(z) is the ko-Laplace
transform of g(§) in directions 6% close to the bisecting line 5 of I. The k;-sum

g(€) of (&) reads g(€) = Ly, g © By, (§)(€) for 8] € Ty and §(&) = By, () (&)



8.4. THIRD APPROACH: ITERATED LAPLACE INTEGRALS 193

by definition. Hence, the result

f(@) = Ly, 0, 0 Ly 9, © Bry © By © f ()

for all compatible choices of 0], 6, and x. This ends the proof. O

Summability by Laplace iteration can be generalized by induction to the
case of any multi-level k = (ki, ko, ..., k,) as follows.

Let I = (I1,I2,---,1,) be a k-wide multi-arc. Recall (cf. Def. 8.2.9)
that this means that 0 < k) < k9 < --- < k,, the arcs I, Is,...,I, are re-
spectively ki-, ko-,...,k,-wide and satisfy Iy D Iy D,--- D I,. Denote
by fl,fg, . ,IAI, the arcs deduced from Iy, Io,..., I, by truncating an arc of
length 7/(2k,) on both sides of each arc and set :I\ = (fl, fg, e f,,_l). Define
E = (@1@2, e ,%,,,1) by setting

[

forall j=1,2,...,v—1.

111
Ej kj Ky

Definition 8.4.4 (summability by Laplace iteration: general case)

A series f(x) is said to be k-summable by Laplace iteration on I ( in short,
k-Li-summable on I) if its k,-Borel transform g(§) = Bky(f)(ﬁ) satisfies the
following two conditions:

> g(&) is k-Li-summable on 1,

> its E-Li—sum 9(&) can be analytically continued to an unlimited open
sector X3 containing f,,x]O, +oo[ with exponential growth of order k,, at infinity.

The k-Li-sum f(z) of f(z) on I is defined as fH(z) = Ly, 0(9)(x) for all
direction 6 € 3 and corresponding x.

From the definition, the k-Li-sum f™ when it exists is unique.
Denote by k1, ko, ..., kK, the numbers given by

1 1 1
— =7 for j =1,2,...,v setting

=0
rio ki ki V1
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or equivalently, by

(11
k, Ky,
I L1
kzx—l Ky Ry—1
1 1 1 1
— = — 4+ + o4+ —
\ k1 Ry Ry—1 K1

Theorem 8.4.3 can be generalized as follows.

Theorem 8.4.5 (Balser-Tougeron: general case)

k-Li-summability on I and k-summability on I are equivalent with
“same” sum.

Precisely, the k-Li-sum of a series f(x) with k-sum (f1, fa,..., fy) on I
s equal to f, and consequently, f, reads

fl/(x) = ‘Cﬁuﬂ{, ©-+-0 ‘anﬁé © ‘Cm,@{ © Bm ©--+0 Bﬁu_l o BNV © f(x)

when the formula makes sense and, especially, for directions 0}, ...,0,, close
to the bisecting direction 0, of I, and corresponding x.

Proof. — The theorem can be proved by recurrence as follows. It is trivially
true for v = 1 (and proved for v = 2 in Theorem 8.4.3). Suppose it is true for
v — 1 and prove it for v. The fact that f(z) be k-Li-summable on I is now
equivalent to the fact g(§) be E—summable on I with k-sum (g1,92,---,9v—1);
and that moreover, g,_1 be defined with exponential growth of order k, at
infinity on X. The proof that this is equivalent to saying that J?(:v) is k-
summable on I with sum (fi, fo,..., f,) satisfying f, = Lk, (g,—1) is similar
to the proof of Theorem 8.4.3 but the fact that the 1-cochain f; has to be
replaced by (fi, fo,..., fu—1) with jumps of order k, on I,,_; \ I,, ky,_1 on
I, o\ I,_1,...,ky on I; \ Io. We leave the details to the reader.

Suppose by recurrence that the sum g,_1(§) of g(§) satisfies the for-
mula of the theorem computed with values (ki,ko,...,k,) replaced by
(/151,/14\:2, .. .74:\,,_1). Then, the associated values (k1,kg,...,ky—1) remain un-
changed. Moreover, f, is given by Ly, ¢ (g,—1) (observe that k, = k,) and

the formula follows. This ends the proof. O
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8.5. Fourth approach: Balser’s decomposition into sums

Suppose again that we are given a multi-level & = (ki,ko,..., k)
(cf. Def. 8.2.9) and a k-multi-arc I = (I, Is,...,I,). We saw in Proposition
8.2.14 (ii) that a sum >, fj(z) of kj-summable series on I; is a k-summable

series on I. We address now the converse question:
Do such splittings characterize k-summable series on 17

The answer is yes when k1 > 1/2. Otherwise, one might have to introduce
ramified series. The condition k; > 1/2 is weakened in Theorem 8.6.7.

8.5.1. Case when k; > 1/2. — Look first at the relations between the
various splittings of a given series.

Proposition 8.5.1. — Splittings are essentially unique.
Precisely, suppose the series f(x) admits two splittings

f(@) = fila) + ol@) + - + [ (@) = fi(2) + fa(@) + - + [ ()

where, for j =1,2,...,v, the series j:;(x) and fj’
Then, there exist series u;(x) such that, for j =

fi@) = (x) + fj(x) = Uy ()

where w1 = Uy41 = 0 and, for j = 2,...,v, the series u; is kj-summable

(x) are kj-summable on I;.
1

32y, U,

on Ij—1~
Moreover, the kj-sums f; of the f;’s and f]’ of the fj’ s satisfy

@)+ fol@) + -+ fole) = fil@) + folx) + -+ () on I,

Notice that since u;(z) is kj-summable not only on the kj-wide arc I; but
on the k;_q-wide arc I;_1 it is also k;_j-summable on I;_1.

Proof. — The series y(z) = f(z) — f,(z) is ky-summable on I, and, in
particular, is an s,-Gevrey series. Being equal to

(@) +-+ foa@) = (fil@) + -+ fl_1(2))
it is also (k1, ..., k,—1)-summable on (Iy,...,I,_1). From the Tauberian The-
orem 8.7.5 we deduce that u,(x) is k,-summable on I,,_; and, a fortiori, is

k,_1-summable on I, 1. Applying the same argument to the series f(:c) —f,,(m)
and to its two splittings

fil)+ -+ foa(@)  and  fi(@) 4o+ floa(@) + (foi(@) + T (2)

proves the existence of 4, _;(x) and we conclude to the existence of all u;’s by
decreasing recurrence. The equality of the sums follows directly. O
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We can now give a new definition of multisummability as follows.

Definition 8.5.2. — Assume k1 > 1/2.

> A series f(x) is said to be k-split-summable on I if, for j =1,2...,v,
there exist kj-summable series f;(x) on I; such that

f(x) = filz) + fa@) + - + [ ().

> The k-split-sum of f(z) on I is the function f(x) uniquely defined on

I, from any splitting of f(x) by

f(x) = fi(x) + folx) + - + fu(2),
where, for j =1,2,...,v, fj(x) denotes the kj-sum of ]?](x) on Ij.

Theorem 8.5.3 (Balser [Bal92a]). — Assume k; > 1/2.
A series f(x) is k-split-summable on I if and only if it is k-summable
on I. Moreover, the k-split-sum and the k-sum agree.

Proof. — The “only if” part was considered in Remark 8.2.15 and above.
Prove the converse assertion: if f(x) is k-summable on [ then it is k-split-
summable on .

Treat first the case when v = 2. Set s1 = 1/k; and s9 = 1/ky as usually.
The series f(w) being s1-Gevrey has a kj-quasi-sum fo(z) € H° (5’1; .A/.AS_I’“)
(cf. Def. 6.2.3) and, by hypothesis (cf. Def. 8.3.1), there exists fi(x)
in HO(Il;A/AS_'”) such that f; mod AS™® = fy on I; and there ex-
ists fa(x) in HO(IQ;A) such that fo mod AS™% = f; on I,. In other
words, fp can be represented by a 0-cochain ¢y with values in A/AS™F
and satisfying the following properties: its restriction @1 = ¢y ,, to I; repre-
sents f; and has values in A/AS"*2; its restriction to I3 is the asymptotic
function g = f2. From Lemma 8.2.3 applied to fi(z) on I; we are given

fi(z) € HY(I1; A) and f{(z) € H°(S'; A/ AS7*2) such that
fi=f] mod AST®2 1 f on I.

There exists then a O-cochain ¢ with values in A/AS~*2 representing f}
which satisfies ¢ = ¢1 — f] in restriction to I;. From Corollary 6.2.2, f{'(x)
can be identified to an so-Gevrey series fi'(z) of which f](z) is a ka-quasi-sum.
In restriction to I the 0-cochain ¢} belongs to H%(I3;.A) since go’l’II = fo —
— 2
f{II . Therefore, according to Definition 6.2.4, the series f{ () is ko-summable
2

on I with ke-sum fo(x) — f{h (x). Consider now the 0-cochain ¢} = pg — ¢
2



8.5. FOURTH APPROACH: BALSER’S DECOMPOSITION INTO SUMS 197

which belongs to H (Sl; A/Ag_kl) and denote by ﬁ(m) the s1-Gevrey series
it defines (c¢f. Cor. 6.2.2). The 0O-cochain ¢} has no jump on I; since

S00|I1 - 90/1/‘11 =¥f1- (801 - f{) = f{

And this, again by Definition 6.2.4, means that fl(:c) is ki-summable on I;.
We have thus proved that f(z) = fi(z) + f2(z) where f; is kj-summable on
I; and f; = ﬂ’ is ko-summable on Is.

To prove the general case one proceeds by recurrence. It suffices to prove
that when f(x) is k-summable on I there exist a k,-summable series ]?l,(x) on
I, and a k’-summable series §~(a:) on I’ (Wher~e kK = (k1,ko,... . ky—1) and I' =
(I1, I3, ..., Iy—1)) such that f(z) =g(z) + f,(z). Indeed, let (f1,f2,..., fv)
denote the k-sum of f(z) on I. The ki-quasi-sum fo(x) is now represented
by a 0-cochain ¢y with values in A/AS~% with the following properties:
for j =1,2,...,vitsrestriction ¢; to I represents fj on I; for j = 1,2,...,v—
1 the restriction to I; has values in A/ A~%+1 and for j = v the restriction to I,
is ¢o|,, = fu. Apply Lemma 8.2.3 to f,—1 on I, to get f'(z) € HO(I,_1; A)
and f”(z) € H°(S'; A/AS7") such that

fu_1=f" mod AS™® 4+ f"on I, ;.

Like for f] above, the section f” determines a series ﬁ,(x) which is k-
summable on I,. There exists a O-cochain ¢” with values in A/ AS"% which
represents f” and satisfies the condition ¢’ = ¢, 1 — f" on I,_;. The 0-
cochain ¢y — ¢ shows that the series §(z) = f(z) — f,(x) is k’-summable
on I’. Hence, the result. O

Remark 8.5.4. — One must be aware of the fact that the splitting strongly
depends on the choice of the multi-arc of summation (on the direction of sum-
mation if all arcs are bisected by the same direction). It would be interesting
to know which series admit a global splitting, i.e., the same splitting in almost
all direction.

8.5.2. Case when k; < 1/2. — Choose 7 € N such that rk; > 1/2.
We know from Proposition 8.2.16 (i) that the series f(z) is k-summable
on I if and only if the series §(z) = f(2") is rk-summable on I /e We
can then apply Balser’s Theorem 8.5.3 to g(z) to write g(z) =3_"_, g;(x)
where the series g;(x) are rkj-summable on [;/,.. This way, we obtain a split-

ting f(z) = > i1 E(m) of f(xz) by setting E(a:) = gj(z'/7) for all j. How-
ever, the series E(:c) thus obtained are, in general, ramified series (in the
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variable z'/7) and the splitting does not fit the statement of Theorem 8.5.3.
Actually, as shown by the example below in the case when k; = 1/2 there
might exist no splitting in integer powers of x and we are driven to set the
following definition.

Definition 8.5.5. — Suppose k1 < 1/2.
A series f(x) is said to be k-split-summable on I if, given r € N such
that k1 > 1/2, the series g(x) = f(x") satisfies Definition 8.5.2.

With this definition and Proposition 8.2.16 (i) we can assert in all cases
the equivalence of k-summability and k-split-summability on I with “same”
sum.

Uniqueness holds as follows:

Let r and ' be such that rk; and 'ky > 1/2. Set g(z) = f(z") and §'(z) =

f(2"") with splittings §(z) = §1(z) + -+ + G (z) and §' (2) = G} () + - - + §,(2)
respectively. Denote by R = pr =p'r’ the lcm. of r and 7. Then,

G1(zP) + -+ Gy (2*) and §(2”) + --- + g, (z*') are two splittings of f(z)

into Rki-, ..., Rk,-summable series. Henceforth, they are essentially equal

(cf. Prop. 8.5.1).

Show now that there might exist no splitting into integerl power series.

To this end, consider the case of a multi-level k = (k1, k2) satisfying
1/k1:=1/k1 — 1/ky > 2.

Let (I, I2) be a k-multi-arc. Assume, for instance, that I3 and I are closed
with same middle point 6y and, by means of a rotation, that 8y = 0. For
simplicity, assume that 1/k; < 4 and that |I3] = 7/ke. Thus, with notations
of Sections 6.3.3 and 8.4, the closed arc I centered at 0 with length |I;| =
|I1| — m/ko overlaps just once (since 2m < 11| < 47) and T, reduces to 6 = 0.

Consider a series f(z) = f1(z) + f2(x) which is the sum of a k;-summable
series fi(z) on I; and of a ky-summable series fo(z) on I (series in inte-
ger powers of x). Denote by g = B, (f), g1 = B, (fl) and g2 = By, (]?2) the
series deduced from ]?,]?1 and fg by a ko-Borel transform. We know from
Theorem 6.3.11 that g1(§) is k1-summable on ./7\1 with ki-sum ¢1(§). The
theorem asserts also that g1 (£) has an analytic continuation to an unlimited
open sector ¥ = J; x]0, +00[ containing I x]0, +o00[ with exponential growth
of order ko at infinity. Since ¥ is wider than 27 it has a self-intersection 5
that contains the negative real axis. Narrowing it if necessary we can assume
that ¥ overlaps just once like I; does. Denote by 31(6) = g1(6) — g1(&e2™)
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the difference of the two determinations of g; on . On the other hand,
92(§) is convergent with sum g¢o(§). Hence, the difference of two determina-
tions §5(€) = g2(€) — g2(£€%™) is identically 0 near 0 and can then be continued
all over 3 by 0. Set 3(&) = g1(€) + go(&). We can thus state:

Lemma 8.5.6. — The germ §(&) can be analytically continued all over 5.

Proposition 8.5.7. — With notations and conditions as before (and espe-
cially, the condition 1/k1 := 1/k1 — 1/ky > 2) there exists series that are
(k1, ka)-summable on (11, I3) but cannot be split into the sum of a ki-summable
series on 17 and a ko-summable series on Iy if one restricts the splitting to
series in integer powers of x.

Proof. — To exhibit a counter-example to the splitting of (ki, k2)-summable
series suppose that g(—1) # 0 and consider the series G(€) = g(§). >2,,50(—1)"E™.

Set then G(§) =g(£)/(1+&) and C.T‘(f) =g(&)/(1+¢) and denote the ko-
Laplace transform of the series G(&) by F(z) = Ly, (G)(z). The function G(¢)
is k1-asymptotic to @(5) on I (¢f. Prop.2.3.12) and it can be analytically
continued with exponential growth of order ks at infinity to an unlimited open
sector o containing Ix]0, +oo[. Indeed, the function 1/(1 + £) is bounded at
infinity and has a pole at -1. The function g(§) is analytic with exponential
growth of order ko at infinity on an unlimited open sector ¢’. In case o’
does not contain the negative real axis one can take o = o’; otherwise, set
o =d NRE) >0 for instance. According to Definition 8.4.1 and Balser-
Tougeron Theorem 8.4.3 this shows that the series F/(x) is (ki1, ko)-summable
on (I,Iz). However, C.T*(ﬁ) = g(&)/(1 + &) has a pole at & = —1 which
belongs to 5 and, thus, é({) cannot be continued up to infinity over 5. From
the lemma we conclude that the series F(x), however (ki, ks)-summable on
(I1,12), is not the sum of a kj-summable series on I; and of a ky-summable
series on I if one requires series in integer powers of x. O

8.6. Fifth approach: Ecalle’s acceleration

Historically, this approach called accelero-summation was the first able to
solve the problem of summation in a case of several levels. First introduced
by J. Ecalle in a very general setting applying to series solutions of non-linear
equations and more general functional equations, it was adapted by J. Mar-
tinet and J.-P. Ramis to the case of solutions of linear differential equations
in [MR91]. The method proceeds by recursion on increasing levels whereas
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the iterated Laplace approach runs with decreasing levels. Each step is per-
formed with the use of special integral operators called accelerators or Ecalle’s
accelerators which involve the successive levels taken two-by-two.

In this section, for simplicity, we work in a given direction 6y, i.e., we
consider only multi-arcs I = (11, I3, ..., I,) with common middle point 6.

Begin by observing what happens on the example of the Ramis-Sibuya
series RS(z) (Exa. 8.1.1).

Ezxzample 8.6.1 (accelero-summation of RS(x)). — We saw in Exam-
ple 8.1.1 that the series RS(z) is k-summable for no k > 0 in the directions 6 €
[r/4,37/4] mod m and therefore, no k-Borel-Laplace process applies in these directions.
In the case of ﬁé(m) and more generally of a (1,2)-summable series the method consists, in
some way, in applying simultaneously a 1- and a 2-Borel-Laplace process as shown below.

Fix a non anti-Stokes direction 6 belonging to |7/4,3n/4] mod 7 and, when no
confusion is possible, denote simply by B: and B: instead of Biy and Bz the 1- and
the 2-Borel transforms in direction 6§ and by £; and L2 instead of £1¢ and L34 the
1- and the 2-Laplace integrals in direction 6 (cf. Def. 6.3.5). Contrary to the 2-Borel
transform the (formal) 1-Borel transform applied to E(z) and L(z) provides convergent
series. This invites us to begin with the 1-Borel-Laplace process followed by the 2-Borel-
Laplace process. The 1-Borel transform of E(x) can be continued to infinity in direction 6
(and neighboring directions) with exponential growth of order one and can then be applied
a Laplace operator £1. On the contrary, the 1-Borel transform of L(z) can only be
continued with exponential growth of order two (cf. Exa. 6.3.14). Hence, the Laplace
operator £1 does not apply to Bi ( f{\é(aj)) &).

A solution to this problem consists in merging the next two arrows of the process as
indicated in the diagram:

RS(@) —— ¢(§) 50w s 4(Q) —=—RS(a)
A2‘1

Formally, we can write

Az1(9)(C) = B2 (Ll ) (€)
_ /t —e/11/2 0\ dt
= / (e ag) &

%0 2
= L i éﬂ(f)/ exp (% — tl%) d—f d¢ (commuting the integrals)
Y26

- QLm Oe ) e(&) /Hexp (u - %ul/z) 2 d¢ (setting u = ¢*/t)

where H denotes a Hankel contour around the negative real axis. Setting u'/? = v in

’u,fT'u.l/

the integral kernel Ca(7) = 2%” fH e * du we recognize the derivative of the Fourier

transform of the Gauss function e*” and we obtain Ca(7) = 76_72/4/(2\/%). This kernel
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is (for RT > 0) exponentially small of order two and can then be applied to the 1-Borel
transform (&) of the Ramis-Sibuya series RS(z). The operator Az ; defined by
6

! /0 DT p(O)Ca(e/0)de

Az (9()(C) = =
is called (2, 1)-accelerator.

Now, the function Az (¢(€))(¢) satisfies the same equation as Bz(RS(x))(¢) and
can thus be applied a 2-Laplace transform (see Exa. refRSsum3). Finally, we obtain an
asymptotic function on a quadrant bisected by 6. This function has the Ramis-Sibuya

series RS(z) as Taylor series since, formally, the followed process is the identity.

The formal calculation made above to define the accelerator As; can be
made with Ay, », = By, (L, (¢)) for any pair of levels k1 < ko. We obtain

Aty (9(6)(Q) = /5 " () g (670 (1)

(P Jeo
where the kernel Cy, 1, is defined by
1 a
Co(T) = / ewiTwl/ dw, a>1.
21 Sy

When it is useful to make explicit the direction 8 in which the integral is taken
we denote Az%kl.

Proposition 8.6.2. — Given o > 1 let B denote its conjugate number:
1/a+1/5=1.

The kernel Co(T) is flat of exponential order B at infinity on the sec-
tor |arg(T)| < w/(2p), i.e., for all § > 0 there exist constants ci,ca > 0 such
that

%) on |arg(r)| < 7/(28) - 6.

Proof. — The proof was already given in the part “(i) implies (ii) point 3” of
the proof of the pre-Tauberian Theorem 6.3.11. To use the same notations,
perform the change of variable U = 7%w in the integral defining C, (7). Set
F(U) = exp(—=UY?), ¢ =1/7* and G(¢) = Co(¢Y*)/¢. We obtain G(¢) =
1/(27i) [,, F(U)eSVdU. Then, set ky =1, ko = a and k1 = 8. Set ap, = 0 for
all n in (42) (the exponential F(U) is flat on arg(U) < am/2). We conclude
from Estimate (41) and Proposition 2.3.17. O

ICa(T)| < ¢1exp(—ca|T

Corollary 8.6.3. — Denote, as before, 1/k1 = 1/k; — 1/ka.
The accelerator Ay, i, applies to any function ¢ with exponential growth of
order k1 at infinity in direction 0.
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With this result the accelerator Ay, i, appears like similar to a x1-Laplace
operator and has similar properties. Let us state the following result general-
izing Theorem 6.3.11 “(ii) = (i)” (¢f. [Bal94, Thm 5.2.1]).

Lemma 8.6.4. — Let E, k1, ko > 0 be given. Assume k1 < ko and define k
and k by

1t 1t e 1.1
k ki ke M R TRTT

Let & = Ix]0,400] be an unlimited sector and denote by I the arc with
same middle point Oy as T and length |]A\ +7/k.

Suppose that g(§) is analytic on @, it belongs to Al/E(JA') at 0 and it has
exponential growth of order x at infinity on .

Then, the function f(§) = A,k (9)(§) belongs to Ay /i (I).

Definition 8.6.5. — Let k = (k1, ks, ..., k,) be a multi-level and 0y a direc-
tion. A series f(x) is said to be k-accelero-summable (or, accelero-summable)
in direction 60y if it can be applied the following sequence of operators in direc-
tion 6 = 6y and neighboring ones resulting in the accelero-sum f(z):

~ B A A Ak, 1k L
f(x) kl o k2’kl [ ] k31k2\ e """ e t ! s . i f(a:)
By the expression “can be applied” we mean that the kernels of the integral
operators have, at each step, the right growth rate at infinity for the integral
to exist.

The term accelero-summation is commonly used for a larger class of op-
erators associated with various kernels depending on the type of problem one
wants to solve. Here, we refer always to the definition given above.

Theorem 8.6.6. — k-multisummability and k-accelero-summability in a
given direction 0y are equivalent with “same” sum.

Precisely, if (f1, fa,..., fv) is the k-multisum of a series f(a:) in direc-
tion 0y then, f = f, is its k-accelero-sum in direction 6.

Proof. — We sketch the case of two levels k = (ki,ka) letting the reader
perform the general case by iteration. Since the theorem holds true for poly-
nomials we can assume that the given series have valuation greater than ks so
that their ko-Borel series contain only positive powers of &.

> multisummability implies accelero-summability.
Without loss of generality we can assume that k; > 1/2. From Theorem 8.5.3
it is then sufficient to prove that ki- and ko-summable series in direction 6

are accelero-summable in the same direction. Suppose f(z) is kj-summable
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in direction 0y with ki-sum fi(z). Then, By, (f)(§) is convergent at 0 and its
sum ¢(&) can be analytically continued with exponential growth of order k; at
infinity in direction 6y and neighboring ones. Since x1 > k; one can apply the
accelerator Ay, i, to ¢(§) in direction fy and neighboring ones and the result-
ing function can be analytically continued to infinity with moderate growth;
it can then be applied a ky-Laplace transform to produce a (ki, k2)-sum f(x).
Actually in that case, Ay, , (¢) = Bi, o Ly, (¢) (the integrals commute). It
follows that f(x) = Ly, o B, (f1)(z) and f(x) is the restriction of f; to an
open sector with opening larger than 7/ks (but possibly smaller than 7 /k;)
centered at 6.

Suppose f(z) is ky-summable in direction fy with kg-sum f(z) and let
be defined by 1/k; = 1/k1 — 1/ks. The k;1-Borel transform g;(§) = Bkl(f)(f)
of f(@ defines an entire function g; () with exponential growth of order k1 at
infinity. Lemma 8.6.4 applied to g1 (¢) with 1/k = 0 shows that A, i (g1)(8) is
k1-asymptotic to g2(§) = By, (]?) (€) on a sector of opening larger than 7/k1 bi-
sected by 6. Since f(z) is ko-summable in direction 6 its ko-Borel series ga(€)
is convergent and Ay, x, (91)(§) coincide with the sum g2(§) of series ga(£). A

ko-Laplace transform provides then the kg-sum f(z) of f(z) in direction 6p.

> Accelero-summability implies multisummability.

Suppose f(x) is (k1, k2)-accelero-summable in direction #y. Thus, its k;-Borel
transform g(§) = >_ -, cpa? converges on a disc ﬁp ={[¢] < p}. Its sum g(§)
can be analytically continued to an open sector o neighboring the direction 6y
with exponential growth of order ki at infinity (recall 1/k1 = 1/k; — 1/k2).
We choose & so narrow about 6y that f(z) is (k1, ko)-accelero-summable in
all direction 6 belonging to o. Without loss of generality, we assume that
1/k1 < 2. Show now that under that condition the series f splits into a
sum f(z) = f1(x) + fo(z) where fi(z) and fo(x) are k- and ky-summable in
direction 6y respectively (cf. [Bal92a, Lem. 1 and 2]).

Show first that it suffices to consider the case when f(x) is (ki,ks)-
summable (i.e., (k1, k2)-summable in almost all direction). Let 0 < r < p.
The circle v centered at 0 with radius r belongs to lA?p. Denote by ~; the
arc of v oriented positively outside the sector o and by =9 the arc oriented
positively inside . From Cauchy’s integral formula we know that, on the
interior D, of v, the function g(&) satisfies

9(§) = ;m/wg(_n){dn
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and g(§) = g1(§) + g2(§) there if one sets

1 9(n) 1 9(n)
91(§) = 27”'/71 ﬁdﬁ and  g2(§) = 27m‘[/2 ﬁdﬁ-
The function g1 (¢) has an analytic continuation to D, U & which is bounded
at infinity. The k;-Laplace transform fl(az) of the Taylor series g1(&) of g1(§)
is therefore a kj-summable series in direction . Denote by c¢/(7) the closure
of ¢ and set ¢/ = C\ ¢/(7). Thus, C =5 Ud' Ud' Ud” where d’ and d” are the
two half-lines limiting & and ¢’. Similarly to g1 (), the function go(£) has an
analytic continuation to lA)T U o’ which is bounded at infinity. Its k;-Laplace
transform fg(x) is thus k1- hence (k1, k2)-summable in all directions of 6’. On
another hand, fg(w) = flz)— fi(z), is (k1, k2)-summable in all directions of 7.
We conclude that _]?2(.’]}) being (k1, k2)-summable in all directions but, maybe,
the singular directions d’ and d", is (k1, ko)-summable. To continue the proof

we can then assume that f(x) is (ki, k2)-summable (in almost all direction).

dl/

Figure 5

Prove now the followed splitting f(z) = fi(z) + fa(z) where fi(z) and
f2(x) are respectively ki- and ke-summable in direction 6y. From Lem. 8.6.4
the function h?(¢) = Az%kl (9)(¢) is k1-asymptotic to a same series (precisely,

to the ks-Borel transform of f) on a sector of size 7/k; in all non-singular
direction 6. These functions are analytic continuations from each others as
long as 6 does not pass a singular direction. With f(z) we can thus asso-
ciate a O-cochain (¢;(¢))jes with ¢; € Ay, (U;) all asymptotic to the same
series f(() = Bk, (/)(€), the sectors U; having opening |U;| > m/k1 and mak-
ing a good covering U = (Uj);ez/pz of a punctured neighborhood of 0 in C
(cf. Def. 3.2.9). We can choose the covering U such that Uy is bisected by 6.
Denoting by 6; the direction bisecting U; observe that, under such conditions,
there might be several singular directions between ¢; and ¢;,1. Notice that

such a covering is made possible due to the condition 1/k; < 2. Denote, as
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previously, by [}j: U;j NUj41 the nerve of Y. For all j € Z/pZ choose a; 6(:7]-
and apply the Cauchy-Heine Theorem (Thm. 2.5.2) to build a new 0-cochain
with associated 1-cocycle (Q.OJ: ©j—¢j+1). The construction is as follows. De-
compose the 1-cocycle (p;) into the sum of the elementary 1-cocycles cp;- = @;

L] L] ./ L]
on U; and 0 on Uy when ¢ # j. Set r’ = min(|a;|) and U,;=U; N{[¢| < r'}.

o/
Denote by U J’ the sector with self intersection U;. The Cauchy-Heine Theorem
(Thm. 2.5.2) says that the function

o 1[92 (1)
%(C)—zm./o tj_icdt

can be analytically continued to U} with 1-cocycle ¢’ (¢) and ¢%(¢) is x1-Gevrey

asymptotic to the series > ¢, (™ where ¢, = 1/(274) [37 9.0]- (t)/tm+1dt. It has
also an analytic continuation to C deprived of the half-line d; =]0, o[, a; =
arg(a;) and it tends to 0 at infinity. Define the analytic function v;(¢) on U;
by setting
v = D %ilo), CeU;
(eZ/pl

(choose the determinations of the 1); that are analytic on all of U;). Suppose
now that ag and a,—; have been chosen so that the angle |ag — ap—1| is >
7m/k1 and bisected by 6y. This is possible since the opening of Uy is larger
than 7/(2k1) on both sides of §y. Denote by Vp the unlimited open sector
lap—1,a0[x]0, 00[ and by ¥y(¢) the analytic continuation of 1y({) to Vy. The
sector Vj is k1-wide; the function ¥o(¢) has a kj-asymptotic expansion \TIO(C )
at 0 and an exponential growth of order less than ks at infinity on V. Denote
by f1(x) the ko-Laplace transform of the series Wo((). It follows from Theorem
6.3.11 (ii)==>(i) that the series f,(z) is k1-summable in direction 6.

On another hand, denote by QASQ(( ) the asymptotic series of ¢g (it
is actually the ky-Borel transform of f(x)). By hypothesis, one can
apply a Ly,-Laplace transform to ¢g in direction 6y and neighboring
ones. This means that g has an analytic continuation to an unlim-
ited sector V{ containing the direction 6, with exponential growth of
order k. The 0-cochains ¢;(¢) and v;(¢) induce the same 1l-cocycle
on (U;')jGZ/pZ' It follows that ¢;(¢) — ¢j+1(¢) = 1;(¢) — ¥j41(¢) for all
j and the functions ¢;(¢) —1;(¢) glue together into an analytic function on
the disc D’ = {|¢| < '} which is the sum of the series ¢o(¢) — Wo(¢). Denote
by fg(:c) the ko-Laplace transform of that series. Therefore, the function
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©0(¢) — ©¥o(¢) can be continued into an analytic function on Vj U D’ with
Taylor series By, (ﬁ)(( ) and it has exponential growth of order ko at infinity.
This means that the series fo(z) is kg-summable in direction 6y. Moreover,
f(z) = fi(z) + fa(z) and the result follows. O

The second part of the proof of Theorem 8.6.6 provides the following
improvement of Theorem 8.5.3:

Theorem 8.6.7 (Balser [Bal93]). — Let be given a multi-level k = (ky, k2)
and a k-multi-arc I = (I1,1). Denote 1/k1 = 1/ky — 1/ko. Under the condi-
tion

/€1>1/2

then, k-split-summability and k-summability on I are equivalent with same
sum.

The property extends to multi-arcs I = (I, ...,1I,) of length v > 2 under
the conditions

kj > 1/2 where 1/kj =1/k;j —1/kjq1 for j=1,...,v—1

Observe that the counter-example in Proposition 8.5.7 corresponds to v =
2 and k1 = 1/2.

8.7. Sixth approach: wild analytic continuation

8.7.1. k-wild-summability. — Like Ramis-Sibuya definition of k-summability
was translated in terms of analytic continuation in the infinitesimal neighbor-
hood X* of 0 endowed with the sheaf F* (cf. Sect. 6.4.1) Malgrange-Ramis
definition of k-multisummability can be translated in terms of analytic con-
tinuation in the infinitesimal neighborhood X* of 0 endowed with the sheaf
FE (cf. Sect. 4.5.3).

Definition 8.7.1 (k-wild-summability). — Let £k = (ki,...,k,) be a
multi-level and let I = (I1,...,1,) be a k-multi-arc (cf. Def. 8.2.9). Set
{ky+1,0} = 400 (c¢f. Nots. in Sect. 4.5.2).
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> A series f(x) = Y, ~0anx" is said to be k-wild-summable on I if it
can be wild analytically continued in the infinitesimal neighborhood (X%, Fk)
of 0 to a domain containing the closed disc D(0,{k1,0}) and the sec-
tors I;x]0,{kj;+1,0}] forallj=1,...v .

> Its sum is the germ of analytic function defined on I, by this wild
analytic continuation. It is said to be k-wild-summable in direction 0 if all
arcs I are bisected by the direction 0.

> The series is said to be k-wild-summable if it is k-wild-summable in
almost all direction, i.e., all direction but finitely many called singular direc-
tions.

y ""_ -------------- R ([l is k1-wide;
{klao} ,":o’/’ N :' N 1_2 i kz_Wide)

Figure 6. Domain for a (ki, k2)-sum in X*1*¥2 (in white)

It follows from the Relative Watson’s Lemma 8.2.1 and Watson’s Theorem
6.1.3 that the continuation, hence the sum in the sense of wild-summation,
when it exists, is unique.

Since Definition 8.7.1 exactly translates Malgrange-Ramis definition of
multisummability (Def. 8.3.1) we can state:

Proposition 8.7.2. — k-wild-summability is equivalent to k-summability in
any of the previous sense with same sum.

Definition 8.7.83. — Let I be a k-multi-arc.

> A sector built on I like in Definition 8.7.1 (cf. Fig. 6) is called a k-sector
in Xk,
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> A kj-arc Ij such that f(x) can be wild analytically continued to the open
sector 1;x]0, {kj, 0}[ but not to the closed sector 1;x]0,{kj,00}] in X is said
to be a singular arc of level k; (for f(x)); otherwise it is said to be non singular.

> A direction 0 bisecting one or several singular arcs is said to be a sin-
gular direction for f(a:), otherwise it is said to be non singular.

From the viewpoint of wild analytic continuation the following results are
straightforward.

Proposition 8.7.4. — Let k= (ki,ka,...,ky) be a multi-level.

> A series is k-summable if and only if it admits finitely many singular
arcs in X%,

> Let k' be a multi-level containing all levels ky, ko, ..., k, of k. A series
which is k-summable in a direction is also k'-summable in that direction. In
other words, k-summability is stronger than k'-summability.
Proof. — > If there is finitely many singular arcs then the series is k-summable
in all directions but the finitely many bisecting directions of the singular arcs.
Conversely, suppose that the series has infinitely many singular arcs. If k
contains several levels then there is at least one level supporting infinitely many
singular arcs and all bisecting directions of these arcs are singular directions
for the series. Hence, the non-summability of the series.

> From the viewpoint of wild analytic continuation the domain one has
to continue the series towards its k-summability in direction # contains the

domain one has to continue it towards its &’-summability in the same direction.
O

8.7.2. Application to Tauberian Theorems. — The Tauberian The-
orems 6.3.12 and 6.3.13 are easily generalized to multisummable series
(cf. [MR91, Prop. 8 p. 349]). Without loss of generality we assume that the
smallest level k; is greater than 1/2.

Theorem 8.7.5. — Let k = (k1...,k,) be a multi-level, I be a k-multi-arc
and ky41 = 0o. Suppose k' satisfies kj < k' < kji1 for some j € {1,2,...,v}.

Then, a series f(x) which is both k-summable on I and 1/K'-Gevrey is
(K, Ej1,. .., ky)-summable on (I;,Ijt1,...,1,).

Proof. — Denote by k' the multi-level k£ augmented by k' in case k' # k;j.
The proof is performed in the space (X’f,,}"ﬁ,). The series f(x) being 1/k'-
Gevrey it can be continued as a section of FE to the closed disc Dy with
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radius {%’,0}. Being k-summable on I it can be continued to the k-sector 4
built on I. With the same arguments as in Section 6.4.2 one proves that the

two continuations agree on Dy N 8 ;. Hence, f(z) can be continued to the
(K kjt1,. .., ky)-sector 8" = Dy U )1 and the result follows. O

Given two multi-levels ' = (K}, k5, ..., k,) and k" = (k{,k5,... k)
we define the multi-level K = (Kj,...,K,) as being the shuffle of k" and k"
starting from K7 = max(k}, k7).

Proposition 8.7.6. — A series f(x) which is both k'~ and k"-summable in
a direction 0 is K-summable in direction 6.

The proof is similar to the previous one.

Such a result is of poor interest since, in general, K has more levels than
both k' and k” and being K-summable in direction 6 is more complicated
than being £'- or k”-summable in direction 6. It would be more interesting
to get K-summable series for a K equal to the intersection of k' and k”. This
is impossible when one considers summable series in a given direction. More
interesting is the case of series that are both globally (i.e., in almost all direc-
tions) k’- and k”-summable since, then, one has the following generalization
of the Tauberian Theorem 6.3.13.

Theorem 8.7.7. — With notations as before let Kk = k' Nk" be the multi-level
defined on the common values of k' and k" : k = (K1y...HKy,) satisfies

(K1, Fiug} = LR Ky KLY O LR R K

A series f(x) which is both k'- and k”-summable satisfies the following
properties:

(i) if K = 0 then f(x) is convergent;

(ii) if kK # 0 then f(x) is kK-summable.
Proof. — (i) Case when & is empty. Suppose for instance that k&’ and k" satisfy
/ / /" 1 / / /"
kp <o <hp g <Ky < <y <k < <Ky <k <o

It is sufficient to prove that the series has no singular arc in (X E/U’ﬁ”, ]-'EUE”).

Prove first that a k-summable series (k = (k1, ko, ..., k,)) with no singular
arc of level ky in (X*, F¥) is (ko, ..., k,)-summable. Indeed, in that case, one
can choose a covering of X* by k-sectors 4° based on k-arcs (I{,I%,...,IY)
with the following properties: the sectors 4° are sectors of k-summation of the
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series; the I f ’s form a cyclic covering of S! and the consecutive intersections
NI f“ are made of arcs of length larger than 7/k;. From the Ramis-Sibuya
Corollary 6.2.2 and the Relative Watson Lemma 8.2.1 we conclude like in
Section 6.4.2 that the corresponding sums glue together into a section of F¥
over the closed disc Dy, with radius {k2,0}. The series is then 1/ko-Gevrey
and, by Theorem 8.7.5, it is (ka, ..., ky)-summable.

The series f(z) being both k'-summable and 1/ K/-Gevrey we know

from Theorem 8.7.5 that it is at worst (kf, ;,,...,k'y,)—summable. As a
1
k'-summable series it has then no singular arc of level < &} and then of level

< k},. This proves that f(z) is (k:;.,,k;/H,..
1 1 1

the role of the £”’s and of the k”’s we show the same way that the series

is ( 911,7 ;IEIH’ ...,k )-summable; then (k;é, k;‘§+1’ .

on. .. until no singular arc is left.

.,k ,)-summable. Exchanging

V,

,k!,)-summable and so

(ii) Suppose for instance that &} = k;i’

The previous reasoning remains valid on any arc I of summability. In-
stead of a continuation to the full infinitesimal neighborhood (X&VE" FEUE")
we obtain the continuation to any s-multi-sector but the finitely many ones
that are based on arcs of levels in £’ N k” that are singular for the £’- and the

k”-summation of f(z). This ends the proof of the theorem. O

With this result we see that any multisummable series is k-summable for
a unique k of smallest length. This is no more true for directional summabil-
ity. Recall, for intance, the case of the Leroy series which is both 1- and 2-
summable in infinitely many directions (cf. Exa. 6.3.14).
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proper inclusion of sectors
sheaf over S' of germs of asymptotic functions
subsheaf of A of s-Gevrey germs
subsheaf of A of flat germs, i.e., asymptotic to 0
subsheaf of A<° of germs exponentially flat of order k
formal Borel transform
Borel transform in direction
k-Borel transform in direction 6
Riemann surface of logarithm
differential algebra of formal power series
with complex coefficients and derivation d/dx
differential sub-algebra of C[[z]] restricted to convergent series
differential sub-algebra of C[[z]] restricted to Gevrey series
of order s, i.e., of level k =1/s
differential sub-algebra of C[[z]] of k-summable series on I
differential sub-algebra of k-multisummable series on [
Euler series
Euler function
homogeneous Euler operator
exponential integral function
presheaf and associated sheaf
example of a hypergeometric series
g(z) = Z743F0({37 4,5}[1/2)
example of a solution of a mild difference equation
example of a solution of a wild difference equation

levels (positive numbers)

47
47
47
47
125
125
129

18
116
181

49
10
42
11
11
13
14
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INDEX OF NOTATIONS

multi-level and multi-arc

Laplace transform in direction 6

k-Laplace transform in direction 6

orders, i.e., inverses of levels s = 1/k,s1 = 1/ku, ...

open sector {z; a < arg(z) < 8 and 0 < |z| < R} in C or C

open sectors in C* or C at 0

open sector in C* or € at infinity

closure of the sector 4 in C* or C

k-summation operator on the arc I

k-summation operator in direction 6

k-summation operator on the multi-arc [

Poincaré asymptotic expansion at 0 on 4 (usual Taylor map)

s-Gevrey asymptotic expansion at 0 on 4 (Taylor map)

coordinates on the Riemann sphere near 0 and oo
respectively (Laplace plane)

coordinates after Borel transform (Borel plane)

180
125
129

115
115
181

23

125
125
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Asymptotics
Poincaré asymptotics, 6
Gevrey asymptotics, 17
Basic transformations
k-Borel and k-Laplace transforms, 28, 129
Borel and Laplace transforms, 125
Truncated k-Laplace transform, 29
Borel-Ritt
application, 31, 88, 114, 166
theorem, 26, 30, 51, 58
Cauchy-Heine
application, 104
integral, 31
theorem, 32, 61
Cyclic vector lemma, 64, 68
Deligne-Malgrange theorem, 103
Determining polynomial, 75
Differential module
D-module, 65, 67, 69
connection, 65
Definition, 65, 68
equivalence of equations, 70
equivalence of systems, 66, 68
Examples
Euler, 8, 18, 21, 30, 35, 48, 59, 60, 83, 89,
103, 113, 115, 116, 123, 141
exponential integral, 10, 21
hypergeometric, 11, 18, 22, 83, 89, 116, 123
lacunar series, 46
Leroy, 150
mild, 13, 18, 22, 116, 142
Ramis-Sibuya, 171, 179, 184, 187, 200
wild, 14, 18, 22, 116, 142

Fine Borel-Laplace summation, k-fine
summability, 132
Formal fundamental solution, 72, 81
Germs of diffeomorphism
Birkhoff-Kimura theorem, 163, 166
conjugacy, 159
invariance, 167
summability, 169
Homological system, 75, 90
Index, irregularity
definition, 99, 100
example with no index, 101
theorem, 103, 105, 110
Infinitesimal neighborhoods
application, 109, 155
big point, 93, 96, 110, 157
definition, 90, 93, 96
Maillet-Ramis theorem, 108, 121
Main asymptotic existence theorem
application, 78, 102, 104, 121, 122
theorem, 88, 89
Malgrange-Sibuya theorem, 78
Newton polygon
characteristic equation, 86
definition, 81, 82
indicial equation, 86
N. polygon & Borel transform, 84
Presheaves
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As, 21
A<O flat functions, 7, 15
A=—Fk 925
definition, 37
morphism, 38
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Ramis-Sibuya theorem, 119
Resurgence, summable-resurgence, 153
Sectors, arcs

k-wide sector, k-wide arc, 110, 113, 115

Open or closed sector, 5

Proper sub-sector, 6
Sheaves

definition, 41

direct image, 51

espace étalé, 42

extension by 0, 53

morphism, 44

quotient sheaf, 48

restricted sheaf, 52

sheaf A, 47

sheaf A<9, flat germs, 47

sheaf AS—F 47

sheaf As, 47
support of a section, 53

Stokes phenomenon

anti-Stokes directions, 75, 78
application, 78, 102

example, 35

levels, 75

size of sectors of summation, 89
Stokes arcs, 74, 105

Stokes cocycle, 79

Stokes cocycle vs sums, 80
Stokes directions, 76, 102, 104
Stokes matrices, 80, 81

Stokes values, 152, 154

‘Watson

relative Watson’s lemma, 175
Watson’s lemma, 114



