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DEMAZURE ROOTS AND SPHERICAL VARIETIES: THE
EXAMPLE OF HORIZONTAL SL,-ACTIONS

KEVIN LANGLOIS AND ALEXANDER PEREPECHKO

ABSTRACT. Let G be a connected reductive group, and let X be an affine G-spherical
variety. We show that the classification of G,-actions on X normalized by G can be
reduced to the description of quasi-affine homogeneous spaces under the action of
a semi-direct product G, » G with the following property. The induced G-action
is spherical and the complement of the open orbit is either empty or a G-orbit of
codimension one. These homogeneous spaces are parametrized by a subset Rt(X) of
the character lattice X(G) of G, which we call the set of Demazure roots of X. We
give a complete description of the set Rt(X) when G is a semi-direct product of SLo
and an algebraic torus; we show particularly that Rt(X) can be obtained explicitly
as the intersection of a finite union of polyhedra in Q ®; X(G) and a sublattice of
X(G). We conjecture that Rt(X) can be described in a similar combinatorial way for
an arbitrary affine spherical variety X.
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INTRODUCTION

In this article we are interested in the automorphism groups of spherical varieties
defined over an algebraically closed field K of characteristic zero. Let G be a connected
reductive group. Recall that a G-spherical variety is a normal variety endowed with
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2 KEVIN LANGLOIS AND ALEXANDER PEREPECHKO

a G-action and containing an open orbit of a Borel subgroup. The Luna—Vust theory
describes such varieties with combinatorial objects defined by the geometric structure
of the open G-orbit [Kno91]. Their study has been motivated by numerous important
examples (see [Sat60), Dem70, KKMS73, MOT3|, [Pau81l [CP83]) coming in particular
from representation theory and enumerative geometry.

To begin studying automorphisms of G-spherical varieties it is natural to consider
the varieties with a relatively small automorphism group, for instance which neutral
component is expected to be generated by the G-action. The following families of such
spherical varieties are studied:

(1) smooth complete toric varieties [Dem70, [AG10];
(2) flag varieties [Dem77];

(3) spherical regular varieties [BB96];

(4) wonderful varieties [Bri07, Pez09];

On the other side, there are families of spherical varieties with quite rich automorphism
group, namely such that their automorphism group acts infinitely transitively on the
regular locus. Excluding one-dimensional case, the following families are appropriate:

(5) affine cones over flag varieties [AKZ12, Section 1];

(6) non-degenerate affine toric varieties [AKZ12l Section 2];

(7) equivariant SLo-embeddings considered as spherical varieties under the exten-
sion of SLy by a torus [BHO8|, [AFKKZ13, Section 5.2];

(8) smooth affine G-spherical varieties under a semisimple group G [AFKKZ13,
Section 5.2];

Related to this topic, our general aim is to provide a method of constructing auto-
morphisms of an arbitrary G-spherical variety in a combinatorial way. In this article
we study the classification of the G,-actions on affine G-spherical varieties that are
normalized by G. Restricting to toric varieties, such actions allow studying the auto-
morphism groups in case (1) via total coordinate spaces [Cox95| [Cox14]. They also
allow establishing the flexibility [AKZ12l Definition 0.1] in case (6).

In order to explain our results, we introduce the following notation. Let X be
an affine G-spherical variety. We say that two G,-actions ¢ : G, x X - X and
w2 : G, x X - X are equivalent, if there exists a constant A € K\ {0} such that

P1(Ap, ) = a(p, ) for any x € X, ju € G,.
In particular, two equivalent actions share the same orbits. Denote the G-action on X
by (g,z) — g-x. A G,-action
V:Gex X > X, (\x)» Az

is called normalized by G if there exists a character y : G — G, such that

g-(Ax (g7t -2)) = (W (g) *
for all x € X, g € G, and A\ € G,. The G,-action normalized by G naturally defines an

action of the semidirect product G, %, G on X, see
In Theorem we provide a correspondence in terms of Luna—Vust theory between

e cquivalence classes of G,-actions on X normalized by G and

e quasi-affine homogeneous spaces under the action of a semi-direct product
Gq %y G enjoying the following property: the induced G-action is spherical and
the complement of the open orbit is either empty or a G-orbit of codimension
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one. Furthermore, the character y satisfies a certain explicit condition imposed
by X; such characters are called Demazure roots of X and form the set denoted
by Rt(X). This definition is coherent with a classical one for toric varieties, see
[Dem70l Section 4.5, p. 571].

The set Rt(X) is defined in a geometric way. A natural question arises whether
Rt(X) is a combinatorial object. More precisely:

Question 0.1 (see [LIT]). Can Rt(X) be obtained explicitly as the intersection of a
sublattice of the character lattice X(G) and a finite union of polyhedra in Q ®7 X(G)?

The answer to this question is affirmative if GG is an algebraic torus. The simplest
non-abelian connected reductive group which we can consider is the semidirect product
G, =SLy %, T. It is the reductive group defined via the multiplication law

(A, t1) - (B,ty) = (A-e.(t1)(B),t1 - t2), where e.(t) (‘Z Z) - (Xe((lt)c X_ecgt)b)'

We prove that the answer is still affirmative for every affine G.-spherical variety X,
see Theorem [A.I8 We also provide a necessary and sufficient condition for affine G-
spherical homogeneous spaces to admit a nontrivial normalized G,-action, see .14l

To obtain these results we use AL-colored polyhedral divisors (by Arzhantsev and
Liendo) which provide a combinatorial description of compatible SLy-actions on affine
T-varieties of complexity at most one, see [AL12]. This description allows us to char-
acterize all spherical G.-actions on affine varieties. In fact, we establish an explicit re-
lation between AL-colorings on G.-spherical varieties and corresponding colored cones
in the Luna—Vust theory, see Theorem .7 and Propositions 313, B8

Let us outline the structure of this article. In Section 1 we recall elements of the
Luna—Vust theory for the embeddings of spherical homogeneous spaces. In Section 2
we briefly explain the Altmann—Hausen construction of polyhedral divisors (see [FZ03],
[AHO6], [Tim08g|) for T-varieties of complexity one and provide several known results
concerning normalized G,-actions (from [FZ05], [LielOal, [LielOb], [ALI12], [Lanl3
Chapter 5], and [LL]). In Section 3 we establish the connection between AL-colored
polyhedral divisors and colored cones. In Section 4 we deduce Theorem (4.5, we pursue
Question 11l in particular we answer it for affine G.-spherical varieties in Theo-
rem [£.18 and we study the existence of normalized G,-actions in Theorem [4.14]

Convention 0.2. Throughout this paper K is an algebraically closed field of charac-
teristic zero. By a variety we mean an integral separated scheme of finite type over
K. If X is a variety then K[X] denotes the coordinate ring of X, and K(X) denotes
its field of rational functions. A point of X is assumed to be a K-rational point. Fur-
thermore, all algebraic group actions are in particular morphisms of varieties. For an
algebraic group G acting on X the natural action on K[ X] (resp. K(X)) is defined by
the formula

(g-N)(x)=f(g" ),
where g € G, f e K[ X] (resp. feK(X)), and x € X.
1. PRELIMINARIES ON LUNA—VUST THEORY

In this section, we recall some notation from the Luna—Vust theory for the embed-
dings of spherical homogeneous spaces. We are mainly interested in the case where
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the embeddings are affine. We refer the reader to [LV83, [Kno91l [Pez10, [Tim11] for the
general theory. Let G be a connected reductive linear algebraic group and consider a
Borel subgroup B c G. We start by introducing classical definitions.

Definition 1.1. A variety with a G-action is called spherical (or G-spherical when
one needs to emphasize the acting group) if it is normal and contains an open B-orbit.

To define the notion of embeddings of a spherical homogeneous space, we introduce
the scheme of geometric localities (see [LV83|, Section 1]).

1.2. Let G/H be a spherical homogeneous space. A subalgebra of K(G/H) is affine if it
is finitely generated and if K(G/H) is equal to its field of fractions. A geometric locality
is a local algebra obtained by the localization of an affine subalgebra of K(G/H) and
having residue field equal to K. The set Sch(G/H) of geometric localities is naturally
endowed with a structure of K-scheme, where the spectrum of each affine subalgebra of
K(G/H) is an open subset. The group G acts on Sch(G/H) as an abstract group; this
action is induced by the G-action on K(G/H). We denote by Emb(G/H) the maximal
G-stable normal open subset which the G-action is regular (see [LV83] Propositions 1.2
and 1.4]). An embedding of G/H is a G-stable separated noetherian open subset of
Emb(G/H). If G is an algebraic torus, then an embedding of G is called a toric variety.

The toric varieties are described by objects from the convex geometry called fans,
e.g. see [KKMST73, MOT3|, [Oda88| [Ful93]. The Luna—Vust theory is a generalization of
this description for embeddings of homogeneous spaces. In the sequel, we denote by X
an affine embedding of a spherical homogeneous space G/H. We choose x € X so that
B.x is the open B-orbit.

Definition 1.3. Let K be an algebraic group acting on a variety Z. A K-divisor of Z
is a K-stable prime divisor on Z. In our situation, a B-divisor of the spherical variety
X that is not G-stable is called a color.

Identifying G.x with G/H we may view a color as the closure in X of a B-divisor of
G/H. Thus, colors are determined by the homogeneous space G/H.

1.4. The algebra of rational functions K(X) = K(G/H) is endowed with a natural
linear B-action. Consider the lattice L of B-weights of K(X') for this action. For a B-
eigenvector f in K(X) we denote by xs the corresponding weight. Since the quotient
of two eigenvectors of the same weight is B-invariant and therefore constant on the
open orbit B.z, the B-eigenspaces in K(X') are of dimension one, hence the weight y s
defines f up to a scalar. Summarizing, we have the exact sequence

1K - K(X)® - L0,
where K(X)®) denotes the multiplicative subgroup of B-eigenvalues of K(X)*. The
epimorphism K(X)®) - L is given by f ~ x;.
1.5. Recall that a discrete valuation on K(X) is a map v : K(X)* - Q such that

e v(f+g)>min{v(f),v(g)} for all f,geK(X)* satisfying f + g e K(X)*;
e v is a group morphism from (K(X)*,x) to (Q,+);
e the subgroup K* is contained in the kernel of the morphism v.
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Let V = Hom(L,Z) be the dual lattice of L and let Vy = Q ®; V' be the associated
Q-vector space. For every discrete valuation v of K(X') we associate a vector o(v) € Vg
by letting

o(v)(xs) = (xs, 0(v)) = v(f) for all feK(X)®.

Since X is normal, each prime divisor D c X naturally defines a discrete valuation vp
on K(X). So, we may identify any subset of B-divisors with the corresponding set of
discrete valuations, which we denote by the same letter.

1.6. A discrete valuation v on K(X) is said to be G-invariant if every fiber of the
map v is G-stable, for the natural linear G-action on K(X). It is well known that
the restriction of p to the subset of discrete G-invariant valuations is injective [LV83|
Section 7.4]. Furthermore, the image of this restriction is a polyhedral cone V of Vg
(see [BP&T, Corollary 3.2]), called the valuation cone of G/H. Thus, we will say that V'
is the valuation lattice. Recall that the spherical variety X is said to be horospherical if
the isotropy group of a general point contains a maximal unipotent subgroup of G. It
is well-known that X is horospherical if and only V = Vg (see [Kno91l Corollary 6.2]).

Let us introduce the classical notion of colored cone [LV83] p. 230]. In this definition,
an element of L is seen as a linear form on V.

Definition 1.7. A colored cone of the homogeneous space G/H is a pair (C,F), where

e F is a subset of colors of G/H such that 0 ¢ o(F);

e C c Vg is a strongly convex polyhedral cone generated by the union of o(F)
and of a finite subset of V;

e the intersection of the relative interior of C with the cone V is non-empty.

Moreover, a colored cone (C,F) will be called affine if there exists a lattice vector
m € L satisfying the following conditions:

e m is non-positive on V;
e m is zero on C;
e m is positive on all colors of G/H not belonging to F.

There is a natural way to build an affine colored cone of G/H from the embedding
X, see [Kno91l Section 2]. In the next paragraph, we explain this construction.

1.8. Note that the open orbit B.x is affine (see [Timl1l, Theorem 3.5]), and so its
complement in X is a union of B-divisors. So, X has a finite number of B-divisors.
We denote by P the set of G-divisors of X identified with a subset of V. Moreover,
since X is affine, X has a unique closed G-orbit Y, which is contained in the closure
of all the G-orbits of X. We denote by Fy the set of colors of X containing Y. The
associated colored cone of X is the pair (C,Fy ), where C c Vj is the cone generated by
the union of P and of the subset o(Fy ). According to [Kno91, Section 2] and [Kno91l
Theorem 6.7] the pair (C, Fy) is in fact an affine colored cone of G/H. Note that the
embedding X is called toroidal if Fy = @.

Conversely, to a colored cone (C,F) of G/H one can associate an embedding.

1.9. Let (C,F) be a colored cone of G/H. For a discrete valuation v of K(G/H)
we write @, the corresponding local algebra. Let Xp be the open B-orbit in G/H.
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Considering a finite subset P c V such that P u o(F) generates the cone C, we define
the algebra
AP, F)=K[Xp]n(O,n () Obp.
veP DeF

By [LV83|, Section 8|, A(P,F) is a normal affine subalgebra of K(G/H). The variety
Xo = Spec A(P,F) does not depend on the choice of the set P. Furthermore, X is an
open subset of Emb(G/H) (compare with [LV83, Proposition 8.10]). The associated
spherical embedding of (C,F) is the subscheme X = G - X, [LV83 Proposition 1.5].
This construction is also explained in [Tim11l, Chapter 3, Section 13].

More precisely, we have the following classical result (see [Kno91, Theorem 6.7]).

Theorem 1.10. The map defined by sending an affine embedding X of G|H to its
associated colored cone (C,Fy) is a bijection between

o the set of affine embeddings of G/H and
e the set of affine colored cones of G/H.

The next well-known lemma will be useful afterwards (see the proof of [Kno91, 6.7]).

Lemma 1.11. Let X be an affine embedding of G|/H with associated colored cone
(C,Fy). Let Fy be the set of colors of G/H. Then the cone I dual to the cone generated
by the B-weights of K[ X] is the polyhedral cone in Vi generated by the subset Cuo(Fy).
In addition, T 1s strongly convex.

Proof. Let U be the unipotent part of B. Since X is affine, the field of fractions
of K[X]Y is equal to K(X)V (see [Timll, Lemma D.7]). Consequently, every B-
eigenvector of K(X) is the quotient of two eigenvectors of K[ X]. This shows that T" is
a strongly convex cone. The rest of the proof is straightforward. O

2. PRELIMINARIES ON POLYHEDRAL DIVISORS AND NORMALIZED Ga—ACTIONS

In this section, we recall some basic facts from the theory of polyhedral divisors
for the case of complexity one [FZ03, [AHOG, Tim08]. We present also a brief survey
of known results concerning the classification of normalized G,-actions on affine T-
varieties of complexity one, see [FZ05], [Liel0a], [LielOb], [AL12], [Lan13, Chapter 5],
and [LILJ].

2.1. Polyhedral divisors and affine T-varieties of complexity one.
We denote by T an algebraic torus of dimension n. We fix a lattice M isomorphic
to the character group of T via m — y™.

Definition 2.1. The complexity of a T-action on a variety X is the transcendence
degree over K of the field extension K(X)T. By a result of Rosenlicht [Ros63], the
complexity is also the codimension of a general orbit in X. In particular, if the action
is faithful, then the complexity is equal to dim X —dimT. A T-variety is a normal
variety endowed with a faithful T-action.

Note that having a T-action on an affine variety X = Spec A is equivalent to endowing
A with an M-grading. If T acts on X and m € M, then we define the m-th graded
component of A by letting

Apn={fecAlt-f=x"(t)f forall teT}.
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In [AHOG], a combinatorial description of M-graded algebras corresponding to affine
T-varieties is given in terms of polyhedral divisors. We recall this construction in the
setting of the complexity one. We also introduce other notation from convex geometry
which will be useful in the sequel.

2.2. Let N = Hom(M,Z) be the dual lattice of M. Denote by Mg = Q ®z M and
Ng =Q ®z N the associated vector spaces. For a polyhedral cone 7 ¢ Ng the symbols
7V, lin.(7), and rel.int.(7) stand respectively for the dual cone in Mg, the linear part
(-7) n7, and the relative interior of 7. Considering v € Ny we may write v+ = {m
Mg |v(m) =0} for its orthogonal space and denote p(v) =inf{r € Z,o | rv e N}.

For every polyhedron A of Ny we denote by A(r) the set of its r-dimensional faces.
Let 0 ¢ Ng be a strongly convex polyhedral cone. A subset A c Ng is called a o-
polyhedron if A is a Minkowski sum @ + o for a polytopeﬂ Q) c Ng.

A o-polyhedral divisor over a curve C'is a formal sum ® =Y, .~ A, -z, where each
A, is a o-polyhedron, with the condition that A, = ¢ for all but finitely many z € C.
The finite subset {z € C'| A, # o} is called the support of ©. The degree of ©, denoted
by deg®, is the Minkowski sum of all the coefficients of ®, which is a o-polyhedron
(see [AHOGL 2.12]). For a vector m € Mg we let

D(m) %chggr(lo){v(m)} 2
which is a Q-divisor on C. If C is a normal curve, then the associated M-graded
algebra of ® is
AlC,D]= @ HY(C,0c(D(m)))X™

meoVnNM
The multiplication on A[C,D] is defined on homogeneous elements via the maps
H(C,0c(|D(m) [))x™ x H(C,0c(|D(m") [))X™ — H(C,0c(|D (m +m') [)) ™™
sending (f1, f2) to fi- fo. The polyhedral divisor © is called linear on a polyhedral
cone w ¢ My if

D(m+m')=D(m)+D(m’) for all m,m’ € w.

We denote by A(D) the coarsest quasifan of 0¥ where D is linear on each cone (see
[AHOG, Section 1] for details).

Definition 2.3. A o-polyhedral divisor ® on a normal curve C' is said to be proper if
D (m) is semi-ample for any m € ¥ and big for any m € rel.int.(oVv). This condition is
automatically fulfilled in case of an affine curve C'. Otherwise, if C' is projective, then
the properness condition can be split in two parts:
o deg® ¢ 0;
e for any m € 0¥ such that min,cqego{v(m)} = 0, m belongs to the boundary of
oV and ©D(m) is a nonzero Q-principal divisor.

In this paper we deal with proper polyhedral divisors over A! or P!. In this case,
we have a simple characterization of the properness: a o-polyhedral divisor over P! is
proper if and only if deg® ¢ o.

IWe recall that a polytope in a Q-vector space is the convex hull of a non-empty finite subset.
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2.4. If © is a proper polyhedral divisor over a normal curve C, then X = Spec A[C, D]
is an affine T-variety of complexity one. The cone ¢V is the weight cone of the M-
graded algebra K[X]. The curve C' is a rational quotient of X, i.e. K(X)T = K(C).
Conversely, every affine T-variety of complexity one is obtained in this way [AHO6
Theorem 3.1]. For the uniqueness of such representation, see [AHOG, Section 8§].

Let ® be a proper o-polyhedral divisor over a normal curve C. Consider the associ-
ated algebra A = A[C,®] and let X = Spec A. In the following paragraph we explain a
classification of T-divisors in terms of the pair (C,®) corresponding to X. See [AHOG,
Section 7], [Tim08], and [PS11] for further details.

2.5. Let o(1)* be the following subset of o(1). If C is affine, then we let o(1)* = o(1).
Otherwise, C' is projective and o(1)* is the set of 1-dimensional faces of o that do not
meet deg®. For every element p € 0(1) we denote by the same letter p its extremal
ray. There are two types of T-divisors in the variety X.
e Horizontal divisors denoted by D, for each p € o(1)*. The corresponding M-
graded ideal of such divisor D, is
I(D,) = P A", where 4, = H(C,0c(|D(m)])).
me(oV\pt)nM
A T-divisor D is horizontal if and only if the induced T-action on D is of
complexity one.

e Vertical divisors denoted by Dy .y, where z € C and v € A;(0) is a vertex of
A,. The associated M-graded ideal is

(D)) = G?M(Am Nn{feK(C)|ord, f>-v(m)})x™.

A T-divisor D is vertical if and only if the induced T-action on D is of complexity
Z€ero.

Moreover, if fx™ € A is homogeneous of degree m, then the corresponding principal
divisor is given by the formula

le(me) = diV(me)hor + diV(me)Ver

where
diV(me)hor = Z p(m) : Dp7
pea(1)*
div(fxm)ver = Z Z ,u(v) ('U(m) + OrdZ f) ’ D(Z,U)7

zeC veA(0)

see [PS11], Proposition 3.14]. The divisor div(fX™ )nor (resp. div(fx™)ver) Will be called
the horizontal part (resp. vertical part) of div(fx™).

2.2. G,-actions on affine T-varieties of complexity one.
In this subsection, we review results in [Liel0a] concerning the classification of nor-
malized additive group actions on affine T-varieties of complexity one.

2.6. Let Z be a variety. Let
KxZ->Z (g,x)~g-x
be an action of an algebraic group K on Z. An additive group action
V:GuxZ —>Z, (\x)—»Axx
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is called normalized by K if there exists a character x : K - (,, such that

g-Ax(ghx)) = (A (g))

forall x € Z, g e K, and X € G,. The character y will be called a degree of v. Note
that if v is non-trivial, then x is uniquely determined by ~.

Consider the algebraic group G, x,, K, where the underlying variety is G, x K and
the group law is given by

(A1,91) - (A2, 92) = (M + X (g1) A2, 01+ 92)

for \; € G, and g; € K; this algebraic group is the semi-direct product of G, and K
associated to the character y. Moreover, a K-action on Z and an additive group action
normalized by K of degree x naturally generate the action of G, x,, K on Z via the
formula

(A g)-x=Ax(g-),
where (A, g) € G, %, K and x € X. If K is the torus T and e € M is lattice vector, then
we denote G, %, T = G, »ye T.

The following definition is introduced in [FZ05] to describe normal quasi-homogeneous
affine surfaces and extended in [Liel0al Section 1.2] to varieties with a T-action.

Definition 2.7. Let Z be a variety endowed with a T-action. An additive group action
on Z normalized by T is called vertical if a general G,-orbit of Z is contained in the
closure of a T-orbit. Otherwise, the action is called horizontal.

2.8. For an affine variety Z, there is a well-known one-to-one correspondence between
the G,-actions on Z and the locally nilpotent derivations on K[Z] (called LNDs for
brevity). Indeed, let K[G,] = K[A] for a variable A over K. Then, given an LND 9 on
K[Z], the morphism

0! <
K[Z] - K[Z]ex K[A], f~ )] % ® N,
>0 v
defines a G,-action 9 on Z, and vice-versa. See [EFre(6] for details concerning the
theory of LNDs. Now assume that Z is endowed with a T-action. It is also known that

Gg-actions on Z normalized by T of degree x¢ correspond to homogeneous LNDs of
degree e with respect to the M-grading on K[Z] (see the proof of [FZ05, Lemma 2.2]).

For the next paragraphs, we keep the same notation as above for the o-polyhedral
divisor ®. We let X = Spec A[C,®] be the associated affine T-variety of complexity
one.

2.9. Let 0 be a homogeneous LND on K[X]. We have the following characterization.

e 7p is vertical if and only if K(C) c K(X)?, where K(X)? c K(X) is the field of
invariants.

e 75 is horizontal if and only if K(C)nK(X)? =K. In other words, the algebraic
group G, %, T acts on X with an open orbit.

We call the corresponding LNDs wvertical and horizontal respectively. The set of
non-zero vertical (resp. horizontal) LNDs on K[X] is denoted by LND,..(X) (resp.
LND},o-(X)).
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The following paragraph presents the classical description of vertical homogeneous
LNDs in complexity one. See [Liel0Ob] for the general case.

2.10. Recall from [Dem70, Section 4.5, p. 571] that a vector e € M is a Demazure
root of the cone o with distinguished ray p. € o(1) if p.(e) = =1 and p(e) > 0 for all
pea(l)~{pe}. We denote by Rt(o) the set of all roots of o. If e € Rt(c), then we let

®; = H(C,0c(|D(e)])) ~ {0}

Furthermore, ®* + @ if and only if p. € o(1)*, see [Liel0al, Corollary 3.13]. Assume

that ®; has an element ¢. We define a homogeneous LND 0, , of vertical type on the
algebra A = A[C,®] by the formula

Deo(fX™) = pe(m)pfX™"

where fx™ € A is an homogeneous element of degree m, see [LielOal Lemma 3.6]. More
precisely, let

Rt*(0) ={eeRt(o)|pe € a(1)*}.
Considering the set
®={(e;p)|eecRt™(0), pedl},
the map ® - LND,.,(A), (e,¢) ~ O, is a bijection [Liel0a, Theorem 3.8].

In the sequel, we consider the case of horizontal homogeneous LNDs in complexity
one. Note that if X = Spec A[C,D] admits a normalized G,-action of horizontal type,
then either C' = A! or C' = P! (see [LielOal, 3.16]). The next paragraph introduces
combinatorial objects that describe homogeneous LNDs of horizontal type on A =
A[C,D] (see [Liel0Oal Section 3.2], [AL12, Section 1.4], [Lan13, Section 5.6], and [LL]).
Note that our terminology will be slightly different.

2.11. Let © be a proper o-polyhedral divisor over Al. An (affine) AL-coloringl on
the polyhedral divisor D is a triple ©, = (D, {v? | z € Al}, zy), where 25 € Al, satisfying
the following conditions:

e cach v? is a vertex of A,;

® Uy = Xoear U2 I8 a vertex of the polyhedron deg® = 3.1 Ay;

e v2e N for any z € Al \ {z}.
The elements v? for z in the support of © are called the AL-colors of ®,. The point
zg is called the marked point of ©,. The support of D, is defined as the union of the
support of ® and of the marked point z5. The polyhedron

we = Cone(deg® - vy, )

is called the associated cone of D,.

Now let ® be a proper o-polyhedral divisor over P'. A (projective) AL-coloring on
the polyhedral divisor © is a quadruple ©, = (D, {v? | z € A}, 20, 200 ), Where z,, € P1,
Al =P\ {z.}, and the triple D3 = (D|p1,{v? | 2 € A}, zy) is an affine AL-coloring,.
We define the AL-colors, the marked point, the associated cone, and the support of D,
as those of D2, We also call z., the point at the infinity of D,.

Znamed by I. Arzhantsev and A. Liendo. The sign e will be substituted by — and + later on, when
we consider different AL-colorings of a polyhedral divisor.
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Remark 2.12. The definition of w, is motivated by the following relation:
(1) D(m)|pr = Y, vi(m) -z if and only if m e w,.

zeAl
2.13. Since we will consider several colorings on a same polyhedral divisor, it is con-
venient to represent them by a weighted graph. Let {z,..., 2.} ¢ Al be the support of
®,, where z; is the marked point. A representation of ©, will be drawn as

L] L] °
V2o Uz Vs,
i
20 21 Zr

where v®

2, -+, v are the corresponding AL-colors of D,.

Let us introduce other objects attached to a coloring of ©. In the following definition,
we keep the same notation as above for the AL-coloring 2,.

Definition 2.14. Let &, c (N @ Z)g be the cone generated by (w,,0) and (v, 1) if
C'=A', and by (w.,0), (v2,1), and (A, +v3, —v2 +w., —1) if C'=P'. The polyhedral
cone w, will be called the domain of ®,. Let e € M. A pair (D,,e) is said to be
coherent if the following conditions are satisfied.

o Let s= —ﬁ - v}, (e), where d(e) = inf{d € Z.¢ | dv3,(e) € Z}. The vector (e, s)

is a Demazure root of @,;

e v(e)>1+w2(e) for any z € A\ {2} and for any v e A,(0) \ {v2};

e v(e) > —s for any ve A, {vs };

o If C'=P!, then v(e) > —ﬁ — Ve (€) for any ve A, _(0).

The next theorem provides a description of normalized G,-actions of horizontal type
on the T-variety X = Spec A[C, D] in terms of coherent pairs [AL12, Theorem 1.10].
We fix a variable ¢ over K such that zg = {t = 0} and 2z, = {t = oo} (if exists), in
particular K[A!] = K[¢].

Theorem 2.15. Let © be a proper o-polyhedral divisor over C' = Al or C' =P and let
A=A[C,D].
i) Consider a triplet (\,D,,e), where A e K*, D, is an AL-coloring of ®, and (D.,,e)
is a coherent pair. Assume without loss of generality that v =0 for all z € A ~ {0}.
FEach such triplet (A\,D.,¢) defines a horizontal LND 0 on A via the formula
A" X™) = A-d(e) - (v3(m) +r)-t"*x™* for all (m,r)e M ®Z,
where s = -~ —v8(e). The kernel of the LND O corresponding to the triplet (A, D.,e)

d(e)
18

ker 0= P Kpnx™,

mewdNL
where L = {m e M | v3(m) € Z}, ¢m € K(C)* such that (div(pn,) + D(m))|a =0, and
W, is the associated cone of ©,. Moreover, w) is a mazimal cone of A(D|p1) (seel2.F).
it) All horizontal LNDs on A are obtained in this way.
Remark 2.16. More generally, if zq is arbitrary, z., = o0, and ©, be represented by

. . .
'UZO 'Uzl ,UZIc

20 21 2k
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then the LND 0, is given by the formula
O (£ = 20)"Emx™) = d(e) (v, (m) +7)(E = 20)" " EmreX™™,

where

k L] 1
m =1t -2)"% and s = ——— —v° (e).
£ E( i) and s 00 v3 (e)
2.3. Horizontal SL,-actions.
In this subsection, we recall generalities on compatible SLo-actions (see [ALI12, Sec-
tion 2]) of horizontal type for affine T-varieties of complexity one.

2.17. We make the convention that SLs is the algebraic group of 2 x 2 matrices over K
with determinant one. For every e € M we define the reductive group G, = SLy x, T as
follows. The underlying variety is SLs x T and the multiplication law is given by the
relation

(A t1) - (B,t2) = (A-ec(t1)(B), tr - t2),
where (A, t1),(B,ty) € G and the function ¢, satisfies

a b a —€(t)b
ge(t)(c d):(xe(t)c * d )

for all t € T and (2Y) € SLy. The group G, is the semi-direct product of SLy and T via
the map e..

2.18. In the sequel, we let T' c SLy be the maximal torus which consists of diagonal
matrices. We also consider the root subgroups
AEK}

oo {3 5) | ) w3 3)

with respect to 7. We make also the convention that SLs; c G, via the natural isomor-
phism SLy 2 SLy x {1}. We denote by B_ c G, (resp. B, c G.) the Borel subgroup
generated by U_ (resp. U,) and T x T.

In the following lemma we describe the subgroups of G..

Lemma 2.19. I. The group G, posesses a non-trivial center

(2 2(G.) - {((3 (ﬁl) ,t)

I1. Any closed subgroup of G. up to conjugation is of one of the following types:
(i) “center extension”, i.e. a subgroup H c G, such that the neutral component
He is contained in the center Z(G).
(ii) quasitorus Q c T x T such that Q° ¢ Z(G.);
(iii) “normalizing subgroup” N(Q) = Q U TQ such that Q° ¢ Z(G.), where
7=((9%),s) cG. satisfies the condition 7% € Q;
(iv) semidirect product U, x» QQ, where the quasitorus Q is a subgroup of T x T;
(v) semidirect product SLy x Q)', where the quasitorus Q' is a subgroup of T.
ITI. The spherical subgroups of G. are those with a non-central neutral component,

i.e. of types (ii)—(v).

X(t) = a*,a,t € K*}.
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Proof. Let (A,t) be an arbitrary element in G.. Conjugating by (B,t7!) € G, we
obtain

(3) (B'5e(t71)("4'ge(t)(Bil))vt) = (B '5e(t71)("4) 'Bil7t)'

It is easy to see that up to conjugation we may assume A to be upper (or lower) trian-
gular for any (A,t), and diagonal for a semisimple element (A,t) € G.. In particular,
if (A,t) is central, then A is diagonal.

Let us study the center Z(G). Consider the conjugation of a diagonal element
z= ((a 0 ),b) € G by an arbitrary g = ((2 %) ,t) € G:

0at!

(4) gozogl= ((a:pw —alyzxe(b), (a!'-axe(b!))zy ) ,b) .

(a—atx¢(b)wz, alzw-ayzxe(b')

So, z € Z(@G) if and only if a? = x¢(b). So, the first statement of the lemma is proved.

Let H c G, be a closed subgroup. Assume that all its elements are semisimple. Then
the connected component is diagonalizable, so up to conjugation H° c T x T.

If H° ¢ Z(G), then our group is of type (i), i.e. a “center extension”. Otherwise,
there exists h = ((gagl),b) € He° such that h ¢ Z(G.). Since H° is normal in H,
for any g = ((£¥),t) € H the conjugation g-h-g! lies in H° and in particular is
diagonal. By (@), zy = wz = 0. This is possible if g is either of form ((§9),*) or of
form ((25),*). Since Q = Hn (T xT) is a quasitorus, either H =Q or H = Qut( for
some T = ((agl ’0“) ,b). In the latter case, 72 € (). In addition, if we conjugate H by a
diagonal element, then @ is preserved and 7 can be reduced to form 7= ((§ ') ,b).

Now assume there is h € H that is not semisimple. By (B]), we may assume up to
conjugation that h is upper-triangular. Consider the Jordan decomposition h = hsh,
into the semisimple part hs and the unipotent part h,. Since H is closed, h, € H and
H contains U,.

Let H be contained in the Borel subgroup {((§ %),*)}. Then any element of H is
decomposed into an element of U and an element of T'x T. So, H = U x ), where
@ c T xT is a quasitorus.

Assume now that there exists h € H that is not contained in the Borel subgroup.
Then by direct computation we obtain that the subset

U -h-U -h™-U, cSLy

is three-dimensional and dense in SLy. Thus, H =SLy x @, ) c T.

Finally, let us describe spherical subgroups. A subgroup H c G, is spherical if and
only if the neutral component H° is spherical. The connected subgroup H° is spherical
if and only if B - H° is dense in G, for some Borel subgroup B. Since B c G, is of

codimension one, the latter condition is equivalent to H° ¢ B. So, a subgroup H c G,
is spherical if and only if H° ¢ Z(G.). O

Remark 2.20. In fact, normal closed subgroups of G, are exhausted by:
(1) central quasitori @ c Z(G.);
(2) semidirect products SLy x @', where @' c T.
2.21. Let us describe a G.-action on an affine variety Z. This is equivalent to having
(see [CDO03, Theorem 3))
e an M-grading on K[Z], and
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e three derivations 0_,d,0, on K[Z] satisfying
[0,0.] =+20, and
[04,0-]=0,00--0-00, =9,

where 0, is a homogeneous LND of degree +e and ¢ is a semi-simple derivation
inducing a downgrading of the M-grading.

Note that J_, 0,, and ¢ are given by the induced actions of U_, U,, and T respectively,
whereas the M-grading corresponds to the induced T-action. Assume that the T-action
on Z is of complexity at least one. Then the variety Z is Ge-spherical if and only if 0_
and 0, are both of horizontal type.

2.22. By [AL12, Corollary 2.3 (ii)], in case e = 0 we may consider the bigger torus
and fall into e # 0. So, the classification of affine G.-spherical varieties falls into the
following categories:

(1) e+ 0 and Z is not toric for the action of a larger torus than T.
(2) e+ 0 and Z is toric for the T-action.

Definition 2.23. An affine G.-spherical variety Z satisfying (1) (resp. (2)) is called
of type 1 (resp. of type II).

The following theorem gives a complete description of affine Ge-spherical varieties
of type I in terms of polyhedral divisors (see [AL12, Theorem 2.18]). Here t is a local
parameter on P! and 0,1, 0o € P! are chosen accordingly.

Theorem 2.24. Let X be an affine variety with a Ge-action such that the induced T-
action is faithful. Then X is G.-spherical of type 1 if and only if K[ X] is Ge-isomorphic
to a rational Ge-algebra A = A[C, D] enjoying the following properties.
(a) D =Y..c A,z is a proper o-polyhedral divisor over C' = Al or C =P supported
in at most three points 0,1, co.
(b) The horizontal LNDs 0_,0, are given by the coherent pairsfl (D_,-¢e), (D,,e),
where the marked point of . is 0 and the point at the infinity of ©, is oo.
(c) ©, D_, and ©, are defined by the following conditions separated in two cases.
e Fither (reflexive case) Ay = Conv(0,vp) + 0, Ay = Conv(0,vy) + o, where
vo,v1 € Nxa, vpe) =1, vi(e) = =1, A (0) c e, andl (e, -1 F3) e Rt(ws.).
Representations of ©_,0, are given respectively by

Vo 0 0 U1

0 1 0 1
e Or (skew case) Ag = vy + 0, Ay = Conv(0,v1) + o, where 2vy,v; € N \ o,
2vp(e) =1, vi(e) = -1, Au(0) c &', and (xe,-1 ¥ 3) € Rt(@.). Represen-
tations of ®_,®, are given respectively by

Vo 0 Vo U1

0 1 0 1

3By the abuse of notation we allow a coherent pair (D.,e) to denote a triplet (1,9,,e), cf. Theo-
rem [2.15]
4The polyhedral cone @ is the domain of ®, (see EZI4).
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Remark 2.25. The LND 0, corresponding to the coherent pair (D,,+e) in Theorem
is defined via the formulae (see the comment before [ALI2, Lemma 2.16] and the
proof of [AL12, Lemma 2.17])

either (reflexive case)

0. (t"eEX™) = [(% F %)vo(m) + T] -t”*%*%ggiexmie for all (m,r)e M @ Z,

0(t"x™) = (vg—v1)(m)-t"x™ forall (m,r)e M &7,

where & = (¢ — 1) (2%2)v1(m).
or (skew case)
O:(t"Emx™) = 2(vo(m) + 1) -tr‘%;%&niexm*e for all (m,r)e M ®Z,
O(t"x™) = =2v1(m) - t"x™ for all (m,r)e Mo Z,

where £ is again (¢t — 1) (z=2)vi(m),

Remark 2.26. The formulas for 9, can also be expressed for an arbitrary @) € K(¢). In
reflexive case they are:

0-(Qx™) =(vo(m)Q + Q)X
9. (Qx™) =(v1(m)@Q + (1 = 1)Q" )X,
where Q' = %. In skew case they are:

0-(Qx™) =2(uo(m)Q + 1Q) X",
0.(Qu™) =2 ((votm) (17 ) +1a(m)) @+ (- @) .

3. COLORED CONES VERSUS COLORED POLYHEDRAL DIVISORS

Let G, be the previously introduced reductive group SLgy x, T. The purpose of this
section is to express the approach of Arzhantsev-Liendo in terms of the Luna—Vust
theory applied to affine G.-spherical varieties. Sections [3.1] and are devoted to the
type I and Section 8.3 to the type II.

3.1. Classification of the type I.

Let X be an affine G.-spherical variety of type 1. Suppose that K[X] = A[C,D]
admits a presentation as in (either skew or reflexive case). We identify the open
Gc-orbit of X with a homogeneous space G, /H so that X is its embedding.

Remark 3.1. Since X is not horospherical [AL12, Proposition 3.8], Lemma 2T implies
that H is reductive. By the Matsushima criterion, G, /H is affine.

3.2. Denote by

the representations of ®_ and ©, respectively. For instance, in the reflexive case,
vy =9, v7 =0, v§ =0, and vy =v;. For every m € M we let

ot = (t - 1)*vf(m)t*[?f§(m)J.
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Then we have

(5) ker 0. = @ Keix™,

mewynL
where w, is the associated cone of ©. and
L={meM|vj(m)eZ}={meM|vg(m)eZ}.
In the following lemma we use the notation from 218

Lemma 3.3. Let A%, = @, K[t] - @£ x™. Then the following assertions hold.
(i) The lattice of By-weights of the By-algebra K(X) is L.
(ii) The variety X3, = Spec A3, is a principal open subset of X which coincides with
the open B.-orbit.
More precisely, the supports of all divisors div(pE, x™) for m € rel.int.(wY)N L are equal
and form the complement X \ X73;.

Proof. (i) The first assertion results from the fact that B,-eigenvectors in K(X) are
exactly quotients of non-zero homogeneous elements of ker 0.,.

(ii) By Remark 2.T2] we can add a principal polyhedral divisor to © so that for
any m € rel.int.(wY) n L the divisor ©(m)|y is supported in at most the point 0
and that ¢= = t"l%6(™]  Let us fix m € rel.int.(wY) N L and denote oy, = p*x™. By
[AHSO08|, Proposition 3.3|, the localization K[X],, is equal to A%,. Since a, € ker 0.,
the derivation 0. extends to an LND on A3, written by the same letter d.. Hence, X7,
is a B,-stable principal open subset of X.

Let us deduce that X3, is the open B, -orbit. Denote by E3}, the normalization of the
algebra A% [{/p*, x*¢], where d = d(e). Then the inclusion A%, ¢ E%, yields a finite
surjective map

7 Zy = Spec B3~ X5
By [Lanl13|, Corollary 5.3.6], the derivation 0. admits a unique extension to E%,, hence
there is a natural B.-action on Z3; and 7 is B.-equivariant. Denote ¢ = t. The map
v+ Ey > K[IM][¢] = %K[C]X"ﬂ Y™ e (s mym
is an isomorphism of M-graded algebras. Consider the extension of 0, to E}, denoted
by 0, and introduce . = 7 o0 d, o y~!, which is a homogeneous LND on K[M][(].
Then the induced B.-action on Spec K[M ][] = T x A! is transitive, and so is the B,-
action on Z3,. Since 7 is B,-equivariant and surjective, the B.-action on X7, is also
transitive. 0

Now we give an explicit description of the B,-divisors on X and compute their
images in the vector space Vg (see [[4], [LH]), where V = Hom(L,Z) is the valuation
lattice. Note that Vj is identified with Ng.

Proposition 3.4. Denote by o, the map that sends a discrete valuation v of K(X)
into the linear form p.(v) € Vg defined as follows. For any B,-eigenvector o € K(X)
of weight xo € L we let

0.(1) (xa) = (@),
To simplify the notation, we also let o(D) = o(vp) for a prime divisor D c¢ X. Then
the colors of X are given in the following table in accordance with notation [2.3.
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Reflezive case Skew case
B_-action | 0-(D(0,0)) = —vo, 0-(D(,w)) =1 | 0-(D(1,01)) =01
B -action Q+(D(O,Uo)) = Yo, Q+(D(1,o)) =" Q+(D(1,o)) ="l

Moreover, the G.-divisors on X are exhausted by D, for p € o0(1)* and D(w) for

v e Ax(0). We have 0.(D,) = p for all p € o(1)*. The images of the vertical G.-
divisors are given in the following table.

Reflexive case Skew case
B_-action | 0-(D(eo,w)) = (v)(v0 +0) | 0-(D(oo,)) = p1(v) (v +v)
B -action | 0.(D(so)) = #(v)(v1 +v) | 04+ (D(oo,)) = p(v) (v +v1 +v)

Proof. We will illustrate our calculation method on the B,-action in the reflexive case.
It can be easily adapted to the remaining cases that are left to the reader.
A representation of ®, in the reflexive case is given by

0 U1

0 1

Let m € rel.int.(wY) n L. We have ¢, = (t = 1)~1(™). By Lemma B3] the B,-divisors
of X are exactly the irreducible components of the support of the principal divisor
div(gpx™) = >, p(m)-Dy+ > >3 p(v)(v(m)+ord.¢p) - Dz
peoa(1)* 2€{0,1,00} veA,(0)
Since m € rel.int.(oV), the integer p(m) is non-zero for every p € o(1)*. Hence all the

horizontal divisors on X are B,-stable.
An easy computation shows that the vertical part of div(g;, x™) is

diV(SO?nXm)vert =2+ 21 + Yo,
where
2o = Uo(m) 'D(o,vo),
Y= —Ul(m) : D(I,O)a

Y= ), )0 +v1)(m) - Dico)-
V€A oo (0)

We may choose m such that vy(m) and v;(m) are nonzero. By Lemma B3] this holds
for every m € rel.int.(wY) n L. Hence the divisors ¥y and ¥; are nonzero, and so
D0,v): D1,0) are B,-stable. Furthermore, since © is proper,
N .
orde @), + verAnir(lO) v(m) > 0.
Thus, for all v € Ay (0), (v; +v)(m) > 0. This shows that the vertical divisors of the
form D (s ) are B,-stable.

Making the same computation for the divisor div(g;, x™) where m € rel.int.(w¥)n L,
we obtain that the divisors of the form D, and D .) are B_-stable. Hence they form
the set of G.-divisors of X.

The divisors D) and D1y do not appear in the support of div(y;,x™). This
implies that Do), D(1,0y are the colors of X for the B,-action. Finally, one concludes
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by the formula
div(gpx™) = 3, 0u(Dp)(m)-Dy+ 30 >, 0:(Diwy)(m) - Dz .
pea(1)* 2€{0,1,00} veA,(0)

O

Remark 3.5. Let us consider the subalgebra A" = A[AY ©¢ /] c K(¢)[M] defined by
the polyhedral divisor

D¢, /n = A(Ge [H)o- {0} + A(Ge [H)y - {1}
with the conditions A(G. /H)o = Conv(0,vq), A(G. /H); = Conv(0,v,) in the reflexive
case, and A(G. [H)o={v}, A(Ge/H); = Conv(0,v;) otherwise.
Then K[X] c A" and A" is G.-stable as a subalgebra of K(X). Therefore, X" =
Spec A" is an embedding of G, /H, see Since X" does not include G.-divisors by

Proposition B4, and G, /H is affine by Remark B, X" = G./H. So, the polyhedral
divisor D¢, /u characterizes the open orbit.

The closed G.-orbit Y c X is described as follows.

Lemma 3.6. The vanishing ideal of Y is
I= P AnX™, where A, = H(C,0c(|D(m)])).

me(oVilin.(oV))nM

Proof. Let R=K[X]/I and Z = Spec R. We will prove that Z =Y.

Case C'= Al. Since [ is generated by U,e,1) [(D,), the ideal I is G-stable and R
is a rational G.-algebra. Let us describe R in terms of polyhedral divisors. Consider
the projection 7: N - N, where N = N/(lin.(¢¥)* n N). The lattice N is the dual of
lin.(c¥) N M. Let D be the polyhedral divisor with coefficients in ]\7@ = Q®yz N given
by

D = Conv(0,7(vg)) - {0} + Conv (0, w(vy)) - {1},

in the reflexive case, and by

D = {m(v)} - {0} + Conv(0,7(vy)) - {1}
in the skew case. Note that e € lin.(cv)\{0} (see |[Liel0al Lemma 3.1}) and 7(vg), 7 (v1)

are nonzero. We have a G-equivariant isomorphism R = A[C, @] The induced homo-
geneous LNDs on A[C,D] are horizontal and represented by the graphs

m(vg) m(vy) m(vg) m(vy)

0 1 0 1

In particular, Z is an affine spherical variety of type I which is homogeneous under G,
according to Remark So, Z is the closed G-orbit.

Case C = P'. By properness of ©, every homogeneous element of degree m €
lin.(¢v) n M is invertible and so belongs to kerd_ nkerd,. Hence I is G.-stable.
Furthermore, the T-action on Z is transitive. This allows us to conclude. O

The following theorem provides the Luna—Vust description of the affine GG.-spherical
variety X in terms of its AL-colorings ©_,9,.
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Theorem 3.7. Let X be an affine G.-spherical variety admitting a presentation as in
Theorem [2.24 Then the following statements hold.

(i) If C = A' then X is a toroidal spherical variety with colored cone (o, D).
(ii) If C' =P then the colored cone of X is given by the following table.

Reflezive case Skew case
B_-action (w,, {D(0,0 D<17v1)}) (w,, D<17v1))
B, -action | (w.,{D(0,0), D1,0)}) | (wi, D1oy)

Proof. By Proposition 8.4l and Lemma [B.6], the closed orbit is contained in all colors
of X in the case C' = P! and is not contained in any colors in the case C' = Al'. In the
former case, one concludes by Lemma [L.TTl O

3.2. Horizontal and vertical G.-invariant valuations.

As before, X is an affine embedding of type I of a spherical homogeneous space
G.[H with the associated colored cone (C,Fy). In this subsection, we provide the
representation of K[X] by a polyhedral divisor and AL-colorings in terms of (C,Fy ).
For this, we examine the valuation cone of G. /H.

3.8. Without loss of generality, we may suppose that K[G./H] is equal to the G-
algebra A[A', D¢ y] defined in Remark Thus, a variety Z is an affine embedding
of G. [H if and only if K[Z] is a G.-stable normal affine subalgebra of A[A', D¢ /i ].

Inspired by [Tim08], we introduce the following terminology.

Definition 3.9. A non-trivial G-invariant valuation v on K(G, /H) is called horizontal
(or central) if v is trivial on the subfield K(¢). Otherwise, v is said to be vertical. We
denote by Vhor (resp. Vyert) the subset of horizontal (resp. vertical) valuations in the
valuation cone V of G, [H.

We make the convention that Vyor N Veerw = {0}, i.e. the trivial valuation is both
horizontal and vertical. For the next result, we emphasize that vectors in Ng are
regarded as primitive with respect to the valuation lattice V = Hom(L,Z).

Lemma 3.10. Consider the B.-action on G.[/H. Then V = (Qso(Fe))V. Further,
denote

S = Cone(-p.(Fo)),
where Fy is the set of colors of Ge [H. Then Vyor N (VN S) = et ~ {0}.

Proof. Let us show that V = Cone(Fe)" with respect to the B,-action. For any primitive
p € et~ {0}, let us define the affine embedding Z = Spec A[A},D,] of G, /H via

D, =A5-{0} + AT- {1},
where Af and Af are as in Theorem [2.24] with o = Cone(p). Then by Proposition 3.4]
Z has a unique horizontal G.-divisor D,, hence p = p.(D,) is contained in V. This
yields et c Vyo,. Using again Proposition [3.4] we may construct an affine embedding of
G. [H having a vertical G-divisor D, «) such that 0.(D(,«)) € {v e Ng| Fe(v) > 0}.
Hence

Cone((¥€)*) = Cone (¢* U 02 (D)) < V.
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Since G, [H is not horospherical, by [Kno91l, Corollary 6.2] we obtain ¥V = Cone(Fe)".
Take a primitive vector v € ¥V N S and consider the colored cone (C,Fy) of G./H
given by the following conditions:
(1) Fy is the set of all colors of G, /H;
(2) C=Qsv+ Y DeFy Qs00(D).
We note that C is strongly convex, since v ¢ S. Assume further that v ¢ et. In this case
(C,Fy) is an affine colored cone. Indeed, o(Fy)nV = @ by Proposition 3.4, and we
set m =0 in Definition [L7l Let Z’ be the embedding corresponding to (C,Fy ). Then
7' is not toroidal and so admits a presentation K[Z'] = A[P!,®’] as in Theorem
By B4, the only G.-divisor D’ on Z’ is vertical and o(D’) = v. Thus, v € Vyeri. The
assertion follows. O

Remark 3.11. The primitive vectors in V \ S are exactly the images of the G.-divisors

of all affine embeddings of G, /H.

Definition 3.12. Given a vector v € Ng \ e*, we introduce the following function
By + Ng - Q. Consider the linear projection m, : Np - Q- v along et. Then given
x € Ng, By(x) is the unique rational number such that m,(z) = 8,(x)v. We say that =,
is the projection defining 3,.

This notation is used in the following proposition that introduces the explicit con-
struction of the AL-colorings corresponding to an affine embedding of G, /H of type I.
This is the inverse of Theorem [B.7

Proposition 3.13. Let X be an affine G.-spherical variety of type I, whose open G-
orbit is identified with the homogeneous space G [H. Let 3_ be B,, and (3, be either
Bu, in the reflexive case or By, s, in the skew case (cf. latter table in Proposition[3.7]).

Denote
Clert:{ﬁj(]v) UEC(l),’U(@)>O}.

Let 0 c Ng be the strongly convex polyhedral cone equal to either
o = Cone(C(1) net,CYe CYrt 1+ vy, CY™ F 0y, CY"™ + vg F 1)

in the reflexive case or

o =Cone(C(1) net,Cr CY" +vy)

in the skew case. We have K[X] = A[C,D], where ® is a o-polyhedral divisor over
C =Al if C cet, and over C =P, otherwise. The non-trivial coefficients of © are

defined as follows (see[33).
AO = A(Ge/H)O-FO', AI = A(Ge/H)l + 0, and
v—my(v)
A, =Conv [{ ——=
({ Bi(v)

where . s the projection defining S..

UEC(l)\el})—i—U if C =P,

Proof. First, we note by [Kno91, Lemma 2.4] that C(1) NV consists exactly of images
in Ng of the Ge-divisors of X, and elements of C(1) ne* (resp. C(1) \ e') correspond
to horizontal (resp. vertical) G.-divisors.

The Ge-algebra K[X ] = A[C,®] admits a presentation as in Theorem 2.24] where
® is a o’-polyhedral divisor for some strongly convex polyhedral cone ¢’ ¢ Ng. Using



DEMAZURE ROOTS AND SPHERICAL VARIETIES 21

PropositionB.4land Theorem B.7], we remark that o ¢ Ny is generated by /(1) if C' = Al
and by ¢’(1)* and deg® if C'=P!'. Hence o = ¢’. Clearly, we have Ag = A(G/H)o+ 0
and Ay = A(G/H); + 0. For the case C =P!, the description of A, follows again from
3.4 O

3.3. Classification of the type II.

In this subsection, we explain the connection between Demazure roots and affine
colored cones for the type II. Let e be a nonzero vector of M. Note by [AL12, Propo-
sition 3.8] an affine G -variety X is not of type I if and only if X is horospherical.
The following result shows that an affine G.-spherical X that is not of type I can be
assumed to be of type II for a larger reductive group.

Lemma 3.14. Let Q) be a quasi-affine G.-horospherical homogeneous space. Assume
that the induced T-action on ) is of complexity one. Then there exists an open subset
Q of the affine closure Q = Spec K[Q], which is a homogeneous space under a reductive
group Gz = SLy »; T containing G. with the following properties.

(a) The torus T is a subtorus of T.

(b) The T-action on Q is of compleity 0.

(c) Q is an embedding of the G.-spherical homogeneous space ).

Moreover, the inclusion map €2 —>~§~2 naturally identifies the affine G.-embeddings of )
with the affine Gz-embeddings of 2.

Proof. First of all, K[Q] is finitely generated, so Q = Spec K[Q?] is an affine variety and
codimg (2 \ Q) > 2. Since the SLy-action induced by G, on € is horospherical and
horizontal, [AL12, Proposition 3.8] implies the existence of the Gz-homogeneous space
Q c Q that is a G.-equivariant embedding of €.

Moreover, let X be an affine G.-embedding of 2. The éé,—action on X is constructed
in [AL12, Proposition 3.8] by extending the torus T c G, by the torus S commuting
with G, see [ALI2, Corollary 3.4]. The torus S corresponds to the grading defined by
the decomposition into isotypic components with respect to the SLy-action. Hence it
does not depend on the embedding X. Therefore, é;, = G and Gs-action on X is the
extension of Gz-action on . O

For the next paragraphs, we let X be an affine G.-spherical variety of type II and
assume that T-action on X is faithful.

3.15. Since the torus T acts on X with an open orbit, we may represent the M-graded
algebra K[ X ] as the semigroup algebra
Klo¥nM]= @ Kx™,
meoVnM
where o c Ny is a strongly convex polyhedral cone. For any m € 0¥ n M the character
x™: T - G,, is identified with a regular function on X. Recall that the set of semi-
simple roots [Oda88, Section 3.4] of o is

Rt.(c) = Rt(0) n (~Rt()).

By JALI12, Theorem 2.7], we have e € Rty (0). Denoting by p. the distinguished ray of
xe, the sly-triplet on K[ X ] corresponding to the Ge-action on X is {0_, 4,0, }, where
0. (x™) = (m, ps)x™*e for all me 0¥ n M, and ¢ = [0,,0_].
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Lemma 3.16. The following assertions hold.

(i) The lattice L. of B.-weights of K(X) is the sublattice of M generated by T, M,
where 7. c oV 1s the dual facet of the ray p, c o.
(i) The open B.-orbit on X is Xp, = SpecK[p} n M].
(iii) The open G.-orbit on X is the toric T-variety Xs associated to the fan ¥ =

{p-.{0},p+}.

Proof. (i) This follows from the equality ker 0, = K[7. n M].

(i) Xp, 2 Al x Gt where n=dimT, is an open B.-stable subset of X. It consists
of two T-orbits, namely {0} x G?* and G,, x G%! 2 T. Since a U,-orbit, which is an
affine line, cannot be contained in neither T-orbit, one concludes.

(iii) By the above step, the open B.-orbit corresponds to the fan {{0}, p.}, hence
the open G.-orbit contains Xs. So it remains to show that Xy is SLg-stable. The
coordinate ring of Xy, is K[AnM], where A = p¥npY c My. Since K[ Xy] is SLy-stable,
it remains to show that the complement Spec(K[An M]) \ Xy, is also SLg-stable. The
ideal of the complement

I= P Kx™ c K[AY n M]
me(ANlin(A))nM
is 0.-stable, which proves the assertion. O

Remark 3.17. Given an affine horospherical embedding X, the associated colored cone
is (C,F), where F is the set of all colors of X, see Definition [[.7 In particular, for any
affine embedding of X, the associated colored cone contains exactly one color.

The main result of this subsection is the following proposition. It can also be obtained
from [AKP13, Theorem 1.1].

Proposition 3.18. Let X be an affine G.-spherical variety of type 1. Assume that the
induced T-action on X is faithful.

(i) Assume that X is the toric T-variety corresponding to the strongly convex cone
o c Ng. Let w, be the image of the cone
Z Qw-pco
peo(Dn{ps}
under the projection Ng - (V.)g = Hom(L.,Q) = (N/(p+))q, and D,, be the
T-divisor on X corresponding to the ray p.. Then the associated colored cone
of X in (V.)q with respect to the B.-action is (w.,D,,).

(ii) Conversely, assume that X is an affine embedding of the G.-homogeneous space
Xy, (see[310) given by a colored cone (C,D.), where D, is the color of X for
the Bi-action. Then X is equal to the toric T-variety SpecK[CY n pYy n M],
where p. € N 1s the primitive vector corresponding to the T-divisor D..

Proof. (i) By Lemma[3.10, the G-divisors of X correspond to elements of o (1)~{p_, p; }
and the image of the unique color (with respect to B.) is p..
Assertion (ii) follows directly from (i). O

4. DEMAZURE ROOTS AND AFFINE SPHERICAL VARIETIES

The existence of normalized G,-actions on an affine spherical variety imposes restric-
tive conditions on its geometric structure. We study some of these conditions in the
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framework of the Luna—Vust theory. In particular, we define the notion of Demazure
roots of an affine spherical embedding X (see [£3]), which describes the normalized
G,-actions on X. Section is devoted to the example of affine GG.-spherical varieties,
where G, is the reductive group SLg %, T.

4.1. General case.
We denote by G a connected reductive group and fix a Borel subgroup B c G. We
also let U be the unipotent radical of B. We begin with a preliminary lemma.

Lemma 4.1. Let Z be a quasi-affine variety endowed with a G-action. Let O be an
LND on K[Z]. Then the G,-action corresponding to O is normalized of degree x if and
only if
9-9(f) =x(9)-9(g- f)

for all f € K[Z] and g € G. If the latter condition holds, then O sends B-eigenvectors
into B-eigenvectors. Furthermore, if Z contains an open B-orbit and O is nonzero,
then O is uniquely determined by the character x up to the multiplication by a nonzero
constant.

Proof. See [FKZ13| Section 1.1] for the existence and properties of the LND 0. The
first claims are obtained similarly to the proof of [FZ05, Lemma 2.2]. Moreover, for
any b€ B and B-eigenvector f € K[Z] with B-weight x, one has

b-0(f) = x(b)-0(b- f) = (x - xs)(b) - (f).
Hence, 0 sends B-eigenvectors into B-eigenvectors.

Assume that Z contains an open B-orbit. Passing to the normalization, we may
suppose that Z is normal. Since the semi-simple G-module K[Z] has no multiplicities,
the subalgebra K[ Z]Y is a 0-stable normal finitely generated semi-group algebra. Fur-
thermore, the restriction 0’ of 0 on K[Z]V is a homogeneous LND. Since every simple
submodule of K[X] is generated by G.f for some B-weight f € K[X], 0 is uniquely
determined by @’. One concludes by [Liel0Oal, Corollary 2.8]. O

In the sequel, we fix an affine embedding X of a spherical homogeneous space G/H
given by a colored cone (C,Fy ). We denote by Fy the set of colors of X and by I" the
cone generated by o(Fy) uC. We recall that I'V is the cone of B-weights of K[ X] (see

Lemma [[TT]).

4.2. An embedding Z of G/H is called elementary if Z has two orbits so that the
complement of the open orbit is a divisor. In particular, every elementary embedding
is smooth. There is a natural bijection between non-trivial normalized discrete G-
invariant valuations on K(G/H) and elementary embeddings of G/H (see [BP87, 2.2]).

Let v € T'(1). We say that v corresponds to a G-divisor of X if there exists a G-
divisor D c X such that v = o(D). In the sequel, we make the following convention. If v
corresponds to a G-divisor of X, then X, denotes the associated elementary embedding
of G/ H given by the colored cone (Qsg-v,@). Otherwise, v € Qs¢-0(Dy) for some Dq € Fy
(see [Kno91, Lemma 2.4]) and we let X, = G/H.

Let us introduce the main definition of this subsection.

Definition 4.3. A character x of G is called a Demazure root of X if x € Rt(I') and
the following holds. The embedding X,, where v = p, is the distinguished ray of x
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(see 2.10), admits a normalized G,-action of degree y and is homogeneous under the
induced G, %, G-action.

We denote by Rt(X) the set of Demazure roots of X. A root y € Rt(X) is said to be
exterior if p, corresponds to a G-divisor. Otherwise, x is called interior. We denote
by Rtexs(X) (resp. Rting(X)) the set of exterior (resp. interior) roots of X. Clearly,
we have

Rtext(X) N Rtint(X) =J and Rt(X) = Rtext(X) U Rtint(X)-

4.4. Two nonzero LNDs 0,0" on K[X] are called equivalent if 9 = A -0’ for some
A € K. We denote by LND¢(X) the set of equivalence classes of nonzero LNDs on
K[X] corresponding to normalized G,-actions. Since degd = degd’ for equivalent 0
and 0', the degree is well defined on LNDg(X). It also coincides with the degree of
the homogeneous LND on K[ X ]V induced by any 0’ € [0].

The following theorem allows to reduce the classification of normalized G,-actions
on X to the case when X is either quasi-affine homogeneous or elementary, and the
induced action of G, %, G' on X is transitive.

Theorem 4.5. The map
(6) t:LNDg(X) — Rt(X), [0] ~ degd

is well defined and bijective. Furthermore, let 0 € LNDg(X) and x = degd € Rt(X)
have the distinguished ray v. Then the following hold.

(i) The open orbit of the induced G, x,, G-orbit on X is X,.
(ii) We have —v e V.
(iii) The kernel ker O is a finitely generated subalgebra.

Proof. Consider [0] € LNDg(X). Let us show that y = degd € Rt(X). By Lem-
mas [[LTT], A1), and [LielOal Theorem 2.7], we have y € Rt(I"). Choose a B-eigenvector
f € K[X] such that x; e rel.int.(I'npt) n L, and let B.x be the open B-orbit of X.
Since f € ker 0, the subset X = X \div(f) is stable under the G,-action induced by 0.

Assume first that v = p, € I'(1) does not correspond to a G-divisor of X. Then we
may consider the non-empty subset of colors

F'={D"eFy| o(D") =v}.

Using the relation

div f = DE;UP<Xf7 o(D))- D,

where P is the set of G-divisors of X, we obtain the equality
X;=X~ U D.
PUFNF'

The complement to (G/H)n Xy in Xy is of codimension at least two, hence the subset

7 =Gy (X;~ (G/H))
is G,-stable and of codimension at least one. Thus, G/H = G-(X\Z) is also G,-stable.
Hence x € Rtint (X)) and (i) is proven for this case.

Now assume that v = p, € I'(1) corresponds to a G-divisor D, of X. Then
Xp=X~ U D.
(PuFo)~{Dv}
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So, the open subset G - X is G,-stable and its unique G-divisor is D,.

Let us prove by contradiction that G, = D, is dense in X. If G, * D, is not dense,
then G/H is G,-stable. Remark that the dual cone I'y of the B-weights of K[G/H] is
the subcone of I' generated by o(Fy). By considering the induced LND on K[G/H |V
(see [AT]), which has same degree x, we have x € Rt(I'g). Let v’ be the distinguished
ray of x with respect to I'y. The inclusion

K[X]Y nK(X)? c K[G/H]Y nK(X)?

yields the inclusion of facets v+ nI'V c v+ nT'y. Hence vt = vt Since v,v’ are primitive
vectors and T is strongly convex, we have v = v’ € I'(1) n'y(1). Therefore v does not
correspond to a G-divisor of X, a contradiction. Hence G, x D, is dense in X.

Let G.y be the orbit which closure in G - Xy is D,. Such an orbit G.y exists due to
the fact that X has a finite number of orbits. Then the subset

ZOZGXf\(G/HUGy)

is closed of codimension at least two. So, Z; = G, x Zj is a G, %, G-stable subset of
codimension at least one. Hence 7y nG/H = @. If Z; n G.y #+ @, then Z; contains
D,, yielding a contradiction. Therefore, Z; = Z, and X, is G,-stable. Since D, is not
G,-stable, G, %, G acts homogeneously on X, and x € Rtex (X). This proves (i) and
shows that ¢ in (@) is well defined. Note that the injectivity of ¢ follows from Lemma
4.1 and the surjectivity is a consequence of (i).

(ii) We define the discrete G-invariant valuation w on K(G/H) by letting

w(f)=-max{i e N|9'(f)#0}

for every nonzero f € K[X,]. Further, if f is a B-eigenvector, then w(f) = (xs,—v).
Hence w = —v e lin. V.

(iii) This follows from the fact that the (ker )V is finitely generated (see [Kur03|
Theorem 1.2] and [Liel0al, Corollary 2.11]) and that ker d = G - (ker 9)V. O

By the previous result we may introduce the following definition.

Definition 4.6. A non-trivial normalized G,-action of degree x on X is said to be
exterior (resp. interior) if x € Rtex (X)) (resp. x € Rting (X))

As a direct consequence of Theorem [4.5] we have the following results.

Corollary 4.7. If G is semi-simple, then Rt(X) = @. If V is strongly convez, then
Rtext(X) =d.

Proof. This follows from the fact that Rt(X) c Rt(I") and from the part (ii) of Theorem
4.5 0
Corollary 4.8. If X has three orbits including a fixed point y, then Rteg(X) = o[

Proof. Take y € Rtexy(X). By Theorem .5 X admits a normalized G,-action on X
that induces a transitive G, x, G-action on X,, where v € C(1)nV. Therefore, X \ X, is
Gg-stable and y is the unique fixed point for the G,-action. This yields a contradiction
(see [Bia73]). O

SWe are thankful for valuable suggestions to Hanspeter Kraft and other participants of the seminar
“Algebra and Geometry” at the Mathematisches Institut, Basel Universitét.
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Example 4.9. Consider the spherical action of G = GLyx GLy on the variety X = Ma,o
of 2 x 2 matrices via the relation (P,Q) - M = PMQ! for all (P,Q) € G and M € X.
Then X has three orbits:

00 10 10
o o) oo o) o 3)

where the first is the fixed point. Hence by Corollary 4.8, every exterior normalized
G,-action on X is trivial.

In the following paragraph, we recall the construction of the odd symplectic Grass-
mannian (cf [Mi07]). This contruction provides examples of non-trivial exterior nor-
malized G,-actions in the projective situation.

Example 4.10. Let F be a K-vector space of dimension 2r + 1. Consider a skew form
w € A E* of rank 2r, where E* is the dual vector space of E. The closed subgroup
of GL(F) preserving the form w is called the odd symplectic group Spa1. Up to an
appropriate basis of F, this algebraic group is isomorphic to a semi-direct product
G?" % (Spy, x G,,,), where Sp,, ¢ GLg, is the classical symplectic group. Recall that a
linear subspace F' c E is said to be isotropic (with respect to w) if w(vy,v9) =0 for any
v1,vy € F'. To specify the latter property we will write w(F') = 0. Denote by Gry(FE)
the Grassmannian of d-dimensional linear subspaces of E. Then the odd symplectic
Grassmannian is defined as the closed irreducible subset

X = {F e Cry(E) | w(F) =0}

Assume that d < r. The algebraic group Spoy; acts naturally on X. Let G =
Sps, * Gy, © Spars1, then the variety X is G-spherical. By [Mi07, Proposition 4.3],
the variety has an open Spg,;i-orbit O, which decomposes in two G-orbits. Hence
the induced G%r-action on X is non-trivial. Furthermore, O is the total space of a
line bundle over the symplectic Grassmannian Z of d-linear subspaces of K?" whose
fibers concide with the G2-orbits and also with the closures of the G,,-orbits in O.
The closed G-orbit in O corresponds to the zero section and is therefore isomorphic
to Z. In particular, every one-parameter unipotent subgroup H c G?2" yields a vertical
Gg-action on O normalized by G,,.

The set Rt(X) of Demazure roots of an affine spherical variety X is defined in
geometric terms. A natural question is to know whether Rt(X) is described in combi-
natorial terms. More precisely, we propose the following problem.

Question 4.11. For any affine spherical variety X, is the set Rt(X) equal to the
intersection of a finite union of polyhedra in Lg with the lattice L?

4.2. Description for the reductive group G..

Let X be an affine Ge-spherical variety with associated colored cone (C,F). We
assume that e # 0. The aim of this subsection is to provide an explicit description of
the set Rt(X) of the Demazure roots of X in terms of the pair (C,F), see Theorem
418

4.12. Let 0 be the LND on K[ X ] corresponding to a non-trivial normalized G,-action
of degree x?, where 6 € M is nonzero. Equivalently, d is nonzero, homogeneous of
degree 6 with respect to the M-grading of K[X], and satisfies [0,0-] = [0,0,] = 0,
where 0, is the LND corresponding to the U.-action on X.
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Applying Lemmal4.to the Borel subgroups B_ and B, of G, we immediately obtain
the following result.

Corollary 4.13. Assume that X is of type 1. Without loss of generality, we may
suppose that K[ X ]| admits a presentation as in[2.24. Then in the notation of Section
and[{. 13, we have 0 € Rt(w-) nRt(w,), and there exists a facet <, c wy such that
kerd, nkerd= @ Keix™.
mesenL
Proof. By Lemma (1] the restriction of 0 to kerd, = K[X]Y+ is well defined, non-
trivial, and homogeneous. Since ker 0, is a semigroup algebra, we conclude by [Liel0Oal,
Lemma 2.6]. O

The following theorem gives examples of affine spherical homogeneous spaces admit-
ting a non-trivial normalized G,-action.

Theorem 4.14. Let X is be a G.-spherical homogeneous space of type 1. Consider the
representation K[ X] = A[A!, D] as in Remark[3.3, where ® =D¢_jy. Then X admits
a normalized G,-action if and only if X s reflexive and vy, vy are linearly independent.
Under this condition, all normalized G,-actions are horizontal, and we have

Rt(X) = Rty (X) ={0 € L|vo(0) =v1(0) =1 or vo(0) =v1(0) =-1}.

Proof. Let 0 be the LND corresponding to a non-trivial normalized G,-action on X.
Denote by 6 the degree of 0, and by w the weight cone of ker 0. By [LielOal, Lemma
3.1], 0 is horizontal with respect to the M-grading of K[X].

Assume that X is skew. Then the quasifan A(D) (see 2.2) has exactly two maximal
elements. By Theorem 2.13] they are exactly w¥ and wY, hence w coincides with one of
them. But this contradicts Corollary .13l Thus, we may suppose that X is reflexive
and A(D) has at least three maximal cones. The latter condition is equivalent to vg, vy
being linearly independent. In fact, in this case A(®) has four maximal cones, and w_,
Wy, 0 are among them.

By Theorem 215, the LND 9 can be given by a triple (A, D,, ), where we let A =1
for simplicity and where the colored polyhedral divisor is given by

D= (D {p:lze A} 20).

Since w_ and w, correspond to diagrams

Yo 0 0 u

0 1 N 0 1
the two possible cases remaining for w are

0 0 v9 U1

0 1 N 0 1

where the marked point zy is not yet known.
Case 1. The coloration ®, is represented by one of diagrams

0 0 0 0 0 0 0

z20=0 1 0 z=1 0 1 20




28 KEVIN LANGLOIS AND ALEXANDER PEREPECHKO

The LND 0 is given by the relation

2(Qx™) = Q'x™? for any Q € K(t),x € M.
Let us study the conditions [0, 0, ] =[0,0-] = 0. Recall that

9-(QX™) =(vo(m)Q +tQ")x™*, for any Q e K(¢), x € M,
9:(Qx™) =(v1(m)Q + (t - 1)Q")x™"* for any Q € K(¢),x € M.
Then
900 (Qx™) =(vo(m)Q" + Q" +1Q")X"™"=*,
90 9(Qx™) =(vo(m +0)Q" +tQ")x™"~°.
90 0. (QX™) =(v1(m)Q" + Q"+ (t = 1)Q")x""*,
0y 0 (QX™) =(v1(m +0)Q" + (t - 1)Q")x™*"**.

The conditions [0,0-] = 0 and [0, 0, ] = 0 are therefore equivalent vy(#) = 1 and v1(0) = 1
respectively.

Case 2. The set of AL-colors {, |z € Al} is {vg,v1}. Since ¢, = wnwy is a facet that
separates full-dimensional cones w and wY in ¢V, we have ¢, nrel.int.(¢") # @. This
implies that

ker 0= P K¢=vo(m) (¢ — 1)7vi(m),
mewnlL
and therefore z € {0,1} by Remark By applying the formula from Remark 2.10]
one can see that in both cases zg = 0 and zy = 1 the derivation 0 is the same. namely
for any Q € K(t),m e M

a(QXm) _ ((vo(tm) + U; (_’n;) ) Q " Q/) ,YXer@ where v = t—vo(e) (t _ 1)—1)1(9).

Let us study the conditions [0,0-] = [0,0,] = 0. Using 7' = —vo(0) T —v1(0) 7, we have

t
9o 0_(t) =0(tx™) = t_—17X976,

t

00 0(t) =0-(7x") = ~n1 ()77 X"™,

t-1
900.(1) =0((1 - x) = =l

t-1

0.0 0(1) =0 (7X") = =vo () ——=1x""",
The conditions 0 o0 0,(t) = 0, o 9(t) and 0o 0_(t) = 0- o O(t) are therefore equivalent
vo(0) = -1 and v1(0) = -1 respectively. Thus, v =1¢(¢-1) and

a(Qx™) = ((vo(m)(t = 1) +v1(m)H)Q +(t - Q)X

It is easy to check that 0o d_(xy™) = 0_ o d(x™) and o0 0,(x™) = 0, 0o (x™) for any
m €. Therefore, 0 commutes with 0_ and 0,.

Finally, from cases 1 and 2 we obtain the condition vg(6) = v1(6) = £1, which implies
that € is the Demazure root of the domain of ©,. Now the proof of the theorem is
completed. O

Let us give an example of a non-trivial interior normalized G,-action.
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Example 4.15. Assume that M = N =Z? and Mgy = Ng = Q2. The pairing between
M and N is given by the usual scalar product. Consider the polyhedral divisor

D = Conv(0,vp) - {0} + Conv(0,vy) - {1}

over the affine line A!, where vy = (-1,0) and v; = (0,-1). An easy computation shows
that A = A[A!, D] = K[uy,us, uz, uyg], where uy = x10 uy = x O g = (¢ = 1)y (0D,
and uy = ty(10) satisfy the irreducible relation ujuy — usus — 1. Hence X = Spec A
is identified with the hypersurface V(zixy — 2223 — 1) ¢ A% The action of the torus
T = (K*)2 on the coordinates is given by the formula

(t17t2) ’ (LUl,.TQ,ZL’g,SL’4) = (tl T, lo 'Ig,til 'Ig,til ’ $4)7
where (t1,t3) € T. Consider the vector e = (=1,1). Then we have (vg,e) = 1 and
(v1,€e) = =1. The corresponding LNDs are given by
0
O =Up— +us— and 0, = uj— + uz—

ouy Ous Ousy Quy
Thus, the action of the algebraic group G, = SLs %, T is defined by the formula

G- (21,19, 23,24) = (dt171 + Ctomy, bty + atoxs, dty T3 + cty ay, bty w3 + aty'xy),
where g = ((25),(t1,t2)) € G.. In particular, we have
g-(1,0,0,1) = (dt,,bty, ctyt, ath).
The isotropy subgroup of (1,0,0,1) is equal to

{5 2o

and we have a G.-isomorphism X ~ G, /H. Let us describe the non-trivial normalized
Gg-actions on X. By Theorem .14l we observe that Rt (X) = {(1,1),(-1,-1)}. The
associated LNDs to the vectors (-1,-1), (1,1) are given respectively by

0
Uz— +uy— and u;— + Uup——

8u1 8u2 8u:), 8U4 7

and the associated G,-actions by

t1,t9 € K*},

>\ * ($1,$2,x3,$4) = (1‘1 + )\l’g,l‘g + )\.1'4,1'3,1'4)

and
)\ * ('r17x27x‘37x4) = ($17x27x3 + )\'rlu'r4 + )\.TQ)

for any A € G,.
Let us describe the G, xy Ge-homogeneous space X = X, associated to the root
0 € Rty (X)) with the distinguished ray p. If 8 = (=1,-1), then we have

(N g)-(1,0,0,1) =X« (g-(1,0,0,1)) = (dt; + Aet;', bty + Aat;h, ety ath).
The isotropy subgroup of (1,0,0,1) for the G, xy G.-action is

H, = {(—btl, (tol tfl)a(tlatQ)) ‘ be K, (tlth) € (K*)Q}
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We have a G, xg Ge-isomorphism X ~ (G, xg G.)/H;. Similarly, for 6 = (1,1) the
isotropy subgroup of (1,0,0,1) is

4 [(t1 O x
H2 = {(—Ctll, (C1 t_l) s (tl,tg)) | CE€ K, (tl,tz) € (K )2} R
1
and X ~ (G, »y G)/Ha.
The next two lemmas will be used in the proof of Theorem [£.18

Lemma 4.16. Let X be an affine G.-spherical variety of type 1. Assume that the torus
T acts faithfully on X. Then every exterior normalized G,-action on X is vertical for
the induced T-action.

Proof. According to Theorem [4.5] it is enough to consider the G, xy G.-homogeneous
variety X,, where p is the distinguished ray of 6 € Rteyx(X). Note that a priori X, is
not necessarily affine. By Theorem [5|(ii) and Lemma B.10, we have p € lin.(V) = et.
This implies that X, is affine and described by a o-polyhedral divisor over A!, where
0= Qs p. By [LielOal, Lemma 3.1], the equality p(#) = -1 implies that the G,-action
on X, is vertical. 0

Lemma 4.17. Let ¢ € K(t)*, s € Z, d e Z~ {0}, ve Ng, pe Ng~ {0}, and e,0 € M.
Consider the derivations 0,0, on K(t)[M] defined by the relations

0o(t"x™) = d- (v(m) +7)x™ 1",
A" x™) = p(m)pt"x™? for all(m,r) e M & Z.
Then [0,0.] =0 if and only if p € e*, v(0) € Z, and v = \t=O) for some X € K*.
Proof. Let us compute the Lie bracket [0,,0](t"x™). For all (m,r) e M & Z, we have

Qe 0 O(t"X™) =d - p(m) [Cfi_(tpt +(v(m+0)+ r)@] trsxymrer? - and

8 o) 8.(trxm) =d - p(m + e)(v(m) ¥ T)(ptr+sxm+e+€.
Thus, the condition [9,0,](t"x™) = 0 is equivalent to

) (000 + 152) = ple) (wm) + )

for any r € Z, m € M. The left-hand side does not depend on r, hence [0, 0, ] = 0 implies
p(e)rp =0 for all r € Z and is equivalent to

{p(e) =0,

v(0)p + tdjﬁ =0.
The latter equation is equivalent to ¢ = At=?(¥) for some \ € K*. O

The following result gives a description of Demazure roots of an affine G.-spherical
variety.

Theorem 4.18. Let X be an affine G-spherical variety. Assume that e # 0 and that
T acts faithfully on X. Let (C,F) be the associated colored cone of X with respect to

the By-action. Let I" be the polyhedral cone generated by the subset C and by the images
of all colors of X. Then the following hold.
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(i) If X is of type 1, then X is isomorphic to an embedding of G |H, where G, |H
is an in 30 In the reflexive case,
Rtext(X) = {(9 € Rt(F) n L|p9 € IIH(V), Uo(e) = 01(9) = O},
and in the skew case
Rbext (X) = {0 e Rt(T') n L] pp € lin.(V), v1(6) =0}.
Furthermore, if X is skew or vg,v, are linearly dependent, then Rty (X) = @;
otherwise, we have
Rting (X) = {0 e Rte(I') n L|vg(0) =v1(0) = -1 or ve(0) =v1(0) =1}.

(i) If X is not of type 1, then X is a Gz-spherical variety of type 11 (see Lemma[3.17)
isomorphic to an embedding of Xx, as in Lemma (310, We have Rty (X) = @
and, in the notation of[3.18,

Rbext (X) ={0 e R(T)n L, |0 € ptnpt and pyee'}.

Proof. (i) Note that the description of Rt (X) is a direct consequence of Theorem T4l
Let us describe the exterior Demazure roots of X. Let 6 € Rtey(X) with the distin-
guished root p = pp. Then by Lemma [£.16, the corresponding G,-action on X, is
obtained from a vertical LND 0 on K[X,] of degree # such that the algebra K[X] is
O-stable, see By Lemma .17, the condition [0, 0-] = 0 implies that vy(0) € Z and
0 is given by the formula

AQX™) = p(m)t= @ Qx™?,
where () € K(t) and m € M. The other implication p € et is equivalent to p € lin.(V).

Reflexive case. Using formula for 9, in Remark 2.2 and the equality p(e) = 0, we
have

[02:0)Qx™) = p(m) (02(8) = vo(0) = | £ OQU for any @ K (1), m e M.

Therefore, 0 and 0, commute if and only if vy () = v1(0) = 0. We conclude by remarking
that O(K[X]) c K[X] gives the condition 6 € Rt(T").
Skew case. Similarly,
[0.,01(QX™) = 20(m)uy (B @ Q™ for any Q e K(t), m € M.

Thus, 0 and d, commute if and only if v;(0) = 0. Moreover, let ©’ be the polyhedral
divisor over A! associated to X,; here we identify K[X,] with a subalgebra of K[G. /H ].
Note that the condition on the vertical derivation 9 = 9y -0y imposed by .10, namely

00 ¢ by = HO(AL, 0, (|19 (9) ) ~ {0},

is always fulfilled. Again, we have the condition 6 € Rt(I").

(il) K[X] is the semigroup algebra K[oVn M], where 0¥ c Mg is the weight cone for
the T-action. Let 6 € Rt(X) with the distinguished root p = pg. Then 6 € Rt(o) and it
corresponds to the homogeneous LND 0 given by

D(x™) = plm)x™".
The conditions [0,0-] = [0, 0, ] = 0 are equivalent to (see the notation of B.15])

{p-(Q)p(m) = —p(e)p-(m) for any m e gV n M,
p+(0)p(m) = p(e)ps(m) for any me oV n M.
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In other words, p_(0)p = —p(e)p- and p,(0)p = p(e)p,. Moreover, these two vectors are
collinear. Since p_ and p, are not, p(e) =0. Moreover, p # 0 implies p_(0) = p,(6) = 0.
But p(0) = -1 by definition, hence p ¢ {p_, p,}. So, Lemma [B.I6(iii) implies that p is
exterior and Rty (X) = @. Finally, under the conditions p(e) = p_(0) = p+(0) = 0 the
induced G,-action is indeed normalized by G.. O

Corollary 4.19. Let e € M be a nonzero element. Then the answer to Question [{.11]
1s affirmative for the reductive group G..
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