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On the homology of the double cobar
construction of a double suspension

Alexandre Quesney *

Abstract

The double cobar construction of a double suspension comes with a
Connes-Moscovici structure, that is a homotopy G-algebra (or Gerstenhaber-
Voronov algebra) structure together with a particular BV-operator up to
a homotopy. We show that the homology of the double cobar construc-
tion of a double suspension is a free BV-algebra. In characteristic two, a
similar result holds for the underlying 2-restricted Gerstenhaber algebra.
These facts rely on a formality theorem for the double cobar construction
of a double suspension.

Introduction

For n > 1, the n-fold loop spaces (of SO(n)-spaces) are characterized by the
(framed) little n-discs operad. In case n = 1, the cobar construction provides an
algebraic model for the chain complex of loop spaces; it can be iterated to form
the double cobar construction that provides a model for the chain complex of
2-fold loop spaces.

We are interested in further algebraic structures on the double cobar con-
struction encoded by operads that are either equivalent to the chain little 2-
discs operad, or equivalent to the chain framed little 2-discs operad in the case
of 2-fold loop spaces of S!-spaces. Recall that the homology operad of the little
2-discs operad is the Gerstenhaber operad and that the homology operad of
the framed little 2-discs operad is the Batalin-Vilkovisky operad.

Let O2Y be the double loop space of a pointed topological space Y. Then
its rational homology H.(Q?Y) is a Gerstenhaber algebra:

o the graded commutative product is the Pontryagin product — - —;
e the degree 1 Lie bracket is the Browder bracket {—; —};
o they are compatible in the following way:

0.1) {a;b-c} = {a;b} - c + (1) a+ DIl 1g: 1,

for all homogeneous a, b, c € H.(Q?Y).
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If Y is endowed with an action of the circle S! (preserving the base point) then
the double loop space QO?Y = Hom(S?,Y) is also an S!-space with the follow-
ing action:

A :S' x Hom(S?,Y) — Hom(S?,Y)
(&) = (8- ¢)(s) =g (g -9),

where the circle S! acts on the 2-sphere S? by the base point-preserving rota-
tions. This action induces (together with the Pontryagin product) a Batalin-
Vilkovisky algebra structure (H.(Q?Y),A), [Get94].

In [Quel3] the author shows that the double cobar construction of a double
suspension is endowed with a Connes-Moscovici structure. Essentially it is a
homotopy G-algebra structure together with the boundary operator defined by
A. Connes and H. Moscovici in [CMO00], that is a BV-operator up to a homotopy.
This can be seen as a first step for obtaining a strong homotopy BV-algebra
structure on the double cobar construction.

Our main structural results are the followings.

Theorem (5.3). Let the coefficient field be Q. Then Q?C.(X2X) has a Connes-
Moscovici structure. The induced BV-algebra structure (H,(Q?C.(2%X)), Acym) is
free on the reduced homology H (X).

Therefore the Batalin-Vilkovisky algebras (H, (Q?C.(X?X)), Acy) and
(H.(Q?|2%X|), A) are isomorphic.

In characteristic 2 the homology of double loop spaces is 2-restricted Ger-
stenhaber algebra (see Definition 3.2).We obtain

Theorem (4.1). Let the coefficient field be Fy. Then Q?C.(X2X) has a Connes-
Moscovici structure. The induced 2-restricted Gerstenhaber algebra structure on H,(Q?C,(22X))
is free on the reduced homology H; (X).

Therefore the restricted Gerstenhaber algebras H, (Q?C,(22X)) and
H.(Q?|£%X|) are isomorphic.

The two previous theorems use the following formality theorem.

Let us mention that what we call a homotopy BV-algebra cf.[Quel3] has to
be understood as a homotopy G-algebra with a BV-operator up to a homotopy.
Such a structure has the Connes-Moscovici structure as an archetype.

Theorem (2.2). Let k be any coefficient field. Let C be a homotopy G-coalgebra with
no higher structural co-operations and such that any element of C* is primitive for the
coproduct. Then O*C and O?H., (C), endowed with the Connes-Moscovici structure,
are quasi-isomorphic as homotopy BV-algebras.

The main example of such a C is the simplicial chain complex of a double
suspension.



The paper is organized as follows.

In the first section: we fix notations, we recall both the cobar construction
and what are homotopy G-(co)algebras. The main result is the Proposition 1.3,
coming from [Quel3], that claims the existence of the Connes-Moscovici struc-
ture on the double cobar construction of a double suspension. The second
section is devoted to the formality theorem. The third section described the
2-restricted Gerstenhaber algebras coming from the homology of a homotopy
G-algebra. In the fourth section we prove that, in characteristic two, the homol-
ogy of the double cobar construction of a double suspension is a 2-restricted
Gerstenhaber algebra. In the last section the coefficient field is Q; we prove
that the homology of the double cobar construction of a double suspension
is BV-algebra. In the appendix we write the relations among the structural
co-operations of homotopy G-coalgebras.

1 A few algebraic structures on the cobar construction

This section does not contain new results. Here we recall a few algebraic struc-
tures on both the cobar and the double cobar constructions. The main result
of this section shows that the double cobar construction of an involutive ho-
motopy G-coalgebra has a Connes-Moscovici structure. Roughly speaking, a
Connes-Moscovici structure is a homotopy G-algebra structure together with a
BV-operator up to a homotopy. The terminology Connes-Moscovici structure
refers to the boundary operator defined on the cobar construction of an invo-
lutive Hopf algebra in [CMO00]; it is here the BV-operator.

The cobar construction is a functor
O :DGC — DGA

from the category of 1-connected differential graded coalgebras to the category
of connected differential graded algebras. By a 1-connected dg-coalgebra C we
mean a co-augmented co-unital (of co-unit €) dg-coalgebra such that C, = 0
ifn < O0Oorn =1and Cy = k. As a vector space, the cobar construction
of a dg-coalgebra (C,€,dc, V) is defined as the free tensor algebra T(st CH).
Here, s is the usual desuspension, (s M), = M,1, and C" is the reduced
dg-coalgebra C™ = Ker(e). The differential dq, of the cobar construction QC is
given as the unique derivation such that its restriction to s* C* is

dQ(S-l C) = — S_l dc+ (C) + (S-l X S-l)vC+ (C) Ve € C+.

The cobar construction of a dg-coalgebra C can be enriched with a Hopf dg-
algebra structure for example when C is endowed with a homotopy G-coalgebra
structure, cf. [KadO4]. In this case the resulting double cobar construction
02C = Q(QC) has a structure of homotopy G-algebra, cf. [Kad05].
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1 A FEW ALGEBRAIC STRUCTURES ON THE COBAR CONSTRUCTION

0c H.(CPC)

Homotopy Hopf dg- Homotopy Gerstenhaber
G-coalgebra algebra G-algebra algebra

A homotopy G-coalgebra structure on a dg-coalgebra C is the data of a
coproduct V : QC — OC ® QC such that:

e (QC, V) is a (co-unitary) dg-bialgebra;
e V satisfies the left-sided condition (6.7) defined in the appendix.

The coproduct V being dg-algebra morphism it corresponds to a unique twist-
ing cochain E : C* — QC ® QC. We note

EW:Ct — (CH)® @ (Ch)®I

its (i, j)-component. The left-sided condition (6.7) says exactly that E"/ = 0
when i > 2. Both the coassociativity of V and the compatibility with the differ-
ential dq lead to relations among the E Lk’s For its particular importance, we
distinguish the co-operation E! and we denote it by V;. In particular:

e V; is a chain homotopy for the cocommutativity of the coproduct of C;
e the coassociativity of V is controlled by the co-operation E'2.

We refer to the appendix for the complete relationship among these co-operations.

Dually, a homotopy G-algebra structure on a dg-algebra A is the data of a
product y : BA® B A — B A on the bar construction (see [Kad05]) such that:

e (B A,p)is a (unital) dg-bialgebra;
o u satisfies a right-sided condition, see [LR10, 3.1 and 3.2].

The product y being dg-coalgebra morphism it corresponds to a unique twist-
ing cochainE: BA® BA — AT. Wenote

Eij: (A7) ® (AN — AF

its (i, j)-component. The right-sided condition [LR10, 3.1] says exactly that
E;j = 0 when i > 2. The associativity of y and the compatibility with the
differential ds of the bar construction leads to relations among the Ej;’s. We
distinguish the operation E; ; and we denote it by U;. In particular:

e Uj is a chain homotopy for the commutativity of the product of A;

e the associativity of Uj is controlled by the operation E »;
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e Uj is a left derivation for the product but it is a right derivation up to
homotopy for the product.

We refer to [Quel3] for explicit relations among the operations, or to [Kad05]
in characteristic two. However, for later use, let us write precisely the three
previous facts in characteristic two:

(1.1) ab —ba = (0U;)(a®Db),

(1.2) (aUrb)Urc—aUy (bUgc) = Eya(a;b,c) + E1a(a;c,b),
(1.3) abUic—a(bUjc) —(aUic)b =0,

(1.4) aUpbc— (aUpb)c —b(aUyc) = 0E12(a @b ®c),

for all a,b,c € A" and where, for n > 1, 9(f) = daf — fdaen is the usual
differential of Hom(A®", A).

A. Connes and H. Moscovici [CMO00, (2.21)] defined a boundary operator
on the cobar construction of an involutive Hopf algebra (that is a Hopf alge-
bra with an involutive antipode). This operator, named the Connes-Moscovici
operator, induces a BV-algebra structure on the homology of such a cobar con-
struction, [Men04]. In [Quel3] the author showed that the cobar construction
of an involutive Hopf dg-algebra H is endowed with the Connes-Moscovici
structure. The latter lifts the BV-algebra structure obtained by L. Menichi [Men04]
on H,(QH). Moreover, the homotopy G-coalgebras such that the antipode on
the resulting cobar construction is involutive was characterized as the involu-
tive homotopy G-coalgebras.

o' H.(@%C)

L. Menichi '04

Involutive Involutive Connes—\
homotopy (| Hopf dg- Moscovici |—>| BV-algebra

G-coalgebra algebra structure

Definition 1.1. Let H be an involutive Hopf dg-algebra H. The Connes-Moscovici
structure on the cobar construction Q) is the homotopy G-algebra structure
(QOH, Uy, {E1k}i>2) given in [Kad05] together with the Connes-Moscovici op-
erator Acyr : QOH — QH.

It satisfies the following properties:
(15) AZy=0;
(1.6) (1) (Acm(ab) — Acm(a)b — (=1)“ladcp (b)) = {a;b} +H(a; D),

for all homogeneous elements a,b € (OH, where H is a chain homotopy of de-
gree 2 and {a;b} :=aUy b — (—1)(AFDUbI+Dp 4y g,



2 FORMALITY THEOREM

The example of homotopy G-coalgebras C that we consider is the simpli-
cial chain complex of a simplicial set.
Given a pointed simplicial set X, we denote by C.(X) the simplicial chain
complex on X. The Alexander-Whitney coproduct makes C,(X) into a dg-
coalgebra. We denote by |X| a geometric realization of X.

H.-]. Baues [Bau81, Bau98] constructed a coproduct

Vo : QC.(X) = QC,(X) ® QC,(X)

on the cobar construction QC,(X) when the 1-skeleton of |X| is a point. It
satisfies:

e (OC.(X), Vy) is a Hopf dg-algebra;
e H,(O?C.(X)) = H.(O?|X|) when the 2-skeleton of |X]| is a point.
This coproduct corresponds to a homotopy G-coalgebra structure on C, (X).

Definition 1.2. A homotopy G-coalgebra (C, V1, {EV*}1>,) is reduced if V4
and EV* for all k > 2 are zero.

Proposition 1.3. [Quel3, Theorem 4.6] Let £2X be a double simplicial suspension.
Then

o Baues’ coproduct determines a reduced (hence involutive) homotopy G-coalgebra
structure C,(X2X);

e the double cobar construction QO>C..(X?X) has the Connes-Moscovici structure.

The Alexander-Whitney coproduct on C,(X?X) is primitive, that is all the
elements of C; (£2X) are primitive for the coproduct. In fact this is already the
case for a suspension X.X.

2 Formality theorem

In order to prove a formality theorem for the double cobar construction en-
dowed with the Connes-Moscovici structure we need to specify the category
of what we call the homotopy BV-algebras.

Definition 2.1. A homotopy BV-algebra is a homotopy G-algebra (A, U1, {E1 k }i>2)
with a degree 1 operator A satisfying:

(2.1) A?=0;

22)  (=Dll(A(ab) — A(a)b — (=1)"an(b)) = {a;b} + 9H (a;b),

for all homogeneous elements a,b € A, where H is a chain homotopy of degree
2and {a;b} = aUy b— (—1)(a D05 U, g,

An co-morphism between two homotopy BV-algebras A and A’ is defined as
follows. It is:



e a morphism of dg-bialgebras f : BA — B A’ between the associated bar
constructions (i.e. an co-morphism of homotopy G-algebras), its compo-
nents are f, : A" — A’,n > 1; and,

e the linear map f1 : A — A’ commutes with the BV-operators, i.e. f1A =
Afy.

Here we prove that the double cobar construction of a reduced homotopy
G-coalgebra is formal as homotopy BV-algebra in the following sense:

Theorem 2.2. Let k be any coefficient field. Let C be a reduced (hence involutive)
homotopy G-coalgebra with a coproduct such that all the elements of C* are primitive.
Then O*C and O*H, (C), endowed with the Connes-Moscovici structure, are quasi-
isomorphic as homotopy BV-algebras.

This theorem relies on the homotopy transfer theorem (HTT for short) for
Ac-coalgebras.
The latter transfers the A-coalgebra structure along a contraction:

T (cd) (H, d)
C ~

where p and i are chain maps and v is a chain homotopy such that:
pi =1d
ip—Id=dv+vd
pv = vi = v*> = 0 (Gauge conditions).
Theorem 2.3 (Transfer Theorem). [Gug82] Let (C,d, V) be a connected dg-coalgebra
such that C; = 0, and (H,d) a dg-vector space. We suppose them related by a con-

traction as above. Then there exists on H an Ac-coalgebra structure (H, d;), and also
an Ae-quasi-isomorphism

f:(C,d,V)— (H, o).
The 0; are given by:
do = dn
o= (p®@p)Vi
9 = p(Vv®Id—1d® Vv)Vi,
and more generally, fori > 2,
o= Y, Ep¥TN 1A% @ Vv Id¥T TR (139 @ Vv @ 1d9TT) L

0<k;_1<i—1
0<k; ,<i—2

0<k; <1

~(Vv®Id—1d ® Vv)Vi.



2 FORMALITY THEOREM

The quasi-isomorphism f is equivalent to a twisting cochain T : C — QH with
components T =Y ;= T; where 7; : C — H® 1 is:

To=Pp
7 =((pepVv
T =pB(Vveld—1d® Vv)Vv

and more generally, fori > 2,

=Y &I @ Vv e [d¥T R (Id%F @ Vv @ dUT )L
0<k;_1<i-1
0<k; »<i-2

0<k; <1

~(Vv®Id—1d® Vv)Vv.

Proof of Theorem 2.2. The chain complex C is formal as dg-coalgebra. More pre-
cisely, over a field we have a contraction (cf. [Gug82]),

p

v /\
C (C,d) (H.(C,d),0)
i~

where, p and i are chain maps and v is a chain homotopy such that:

(2.3) pi = Id
(2.4) ip—1d=dv+vd
(2.5) pv =vi = ¥ =0 (Gauge conditions).

The transfer theorem for A-coalgebra [Gug82] transfers the dg-coalgebra struc-
ture (seen as an A-coalgebra) from C to H,(C,d). Since the coproduct of C is
primitive, the obtained A-coalgebra structure (H,(C,d), d;) is reduced to the
only coproduct

H(Ve) : Ho(C,d) — H.(C,d) ® H.(C,d).

Moreover, H(V¢) is primitive. Indeed, the HTT provides a differential (which
is also a derivation) § : QH.(C,d) — QH,(C,d). This one is given by § =
Yi>1 6; with §;(H.(C,d)) C (H.(C,d))®*1. Let us denote H.(C,d) by H. Ex-
plicitly, we have,

So=dy =0

(31 = (p X p)VCZ = VH
6 = pPB(Vev®@ Id — 1d @ Vev) Vi,



and more generally, fori > 2,

si= Y. Aptt (a1 @ Ver @ Id¥T ) (1d%F @ Ve @ 1d9 1K) L
0<k;_1<i-—1
0<k;_,<i—2

0<k, <1
(Vv ®1Id — 1d @ Vev)Vei.
In our case, V¢ is primitive, and since v satisfies the gauge conditions, then

only é; is not zero. Moreover, let us write the twisting cochain 7 : C — QH
provided by the HTT. Its components T = ¥ ;- T; where 7; : C — H®""! are:

T = p
T =(p®p)Vcv
T =pP(Veve Id — 1d® Vev)Vev
and more generally, fori > 2,
t= Yy, E£pT (I @ Ver@ [d¥ TN (1 @ Vev @ 1d¥17F) L

0<k;_1<i—1
0<k;_r<i—2

0<k; <1

...(VCV ®Id—1d® ch)VCV

Thus it is reduced to
To=Pp: C — H.

Thus, p is an Ae-coalgebra morphism, i.e. QQp is dg-algebra morphism. Its
components (Qp), on (s C)®" are given by:

(Op)y =stps@s'ps®--- @5 ps.

We obtain the contraction

Qp
r T
C (QC, d) (QH, 0)
o~

where,
(2.6) QpQi = 1d
(2.7) QiQp—1d=dI' +Td
(2.8) Qpl =TQi = =0 (Gauge conditions),

and where T is defined by its restrictions ', to (s C)®":

(T), = Z +1d%0 @ (s1vs) @ [d%F @ (s1ovs) @ Id¥M @ (s ovs) @ [dk

ki +-+ks1=n—s
1<s<n

® - @ (sTovs) @ [d%+,



2 FORMALITY THEOREM

1

where ov := dv + vd. Equivalently, setting I'1 := s™ vs, we have:

[,=1dT, 1+stvs®dl, 1 tstvs®Id®" ! n>2.

The homotopy G-coalgebra structure of C endowed QQC with a dg-coalgebra
structure; we set (QQC,d, V) the obtained dg-coalgebra. This dg-coalgebra
structure on Q2C, seen as A-coalgebra structure, transfers to an As-coalgebra
structure on QO H, which is As-equivalent to the dg-coalgebra (QQC, d, V). Let
us show that the obtained As-coalgebra structure (QH,(X?X), ;) is reduced
to the coproduct H, (V). The higher coproducts

0; : OH — (QH)®™1,
are given by:
d =0
91 = (Qp @ Qp)VeQi = H. (V)
92 = (Qp)*3(VoI @ Id — Id @ VoT) Vo Qi

and more generally, fori > 2,

o= Y, Q)P Id%1 @ VI @ [d% k) (1d%F @ Vol @ d¥17F) ..
0<k;_1<i—1
ogk,»,“zgi—z

0<k; <1

...(Vor ® Id — 1d ® VoI')VoQi.

Let us remark that: each term of I' has at least one operation v; the coprod-
uct Vy, being a shuffle-coproduct, is the composition of deconcatenations fol-
lowed by permutations. Thus, each term of VI has the operation v. Then,
because of the gauge condition pv = 0, the post-composition by Q0p vanishes
each term of VI

Therefore only the co-operation H, (V) is non trivial.

The same argument shows that the A.-quasi-isomorphism between the
dg-coalgebras (QC,d, Vo) and (QH,0, H.(V))) is strict. Indeed, the twisting
cochain

7:QC — O%H,

with components 7; : QC — (QH)®*1is;
T = Qp
7 =(QpeQp)V,T
T = (Qp)*3} (VoI ® Id — Id ® VoI') VT,

and more generally, fori > 2,

T= Y. E(Qp)(Id¥ @ VI @ 1d¥ TR (1d%F @ Vol @ 1d®1F)...
0<k;_1<i—1
0<ki_p<i—2

0<k; <1

...(Vor RId—Id® Vof)Vor.

10



As a consequence, the double cobar construction Q?C is quasi-isomorphic to
O2H, as homotopy BV-algebras. O

3 The 2-restricted G-algebras

In this section the field of coefficients is FF».

Definition 3.1. Letr € IN. A 2-restricted Lie algebra of degree r is a connected
graded vector space L endowed with a Lie bracket of degree r,

[——1r L ® Ly = Liykqr, j k>0,

and a restriction,
Cr: Ly — Loyyr,

satisfying:
1. [—; —]; is symmetric;
2. & (kx) = K& (x);
3. [vly:zhlr + ly: [z 6]y + [z [yl ]y = 0
4. [6(x);ylr = [% [x; vl ; and,
5. &r(x+y) =& (x) + [yl + & (v),
for all homogeneous elements x,y,z € L.

Definition 3.2. A 2-restricted Gerstenhaber algebra is a degree one 2-restricted
Lie algebra, G, and a graded symmetric algebra such that:

L [oyzh = [xvyhz+ylx zh;

2. Silxy) = ¥*61(y) + G (0)y? + x[xyhy,
for all homogeneous elements x,y,z € G.

Proposition 3.3. The homology H. (A, d) of a homotopy G-algebra (A, d, -, U1, {E1k }k>2)
over IF is a 2-restricted Gerstenhaber algebra. The restriction is induced by the map
x — x U x.

Remark 3.4. The restriction ¢y is a part of Dyer-Lashof operations ¢, {1 [Coh76]
in prime characteristic. In [Tou06] V. Turchin gives explicit formulas for the
operations in homotopy G-algebras inducing the Dyer-Lashof operations in
homology. He showed via a different method that, in prime characteristic p, a
homotopy G-algebra A is, in particular, a p-restricted Lie algebra of degree 1.
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3 THE 2-RESTRICTED G-ALGEBRAS

Proof. The bracket [x;y]1 = x U; y + y Up x together with the multiplication of
A define a Gerstenhaber algebra structure on H..(A), [Kad05]. We set,

&1(x) :=xUp x,

for all x € A. To alleviate notation, let us remove temporarily the index 1 and
write ¢ as ¢. It suffices to check that ¢ induces a homological map satisfying
the properties of a restriction. First, we show the properties 4 and 5 from Defi-
nition 3.1 are satisfied on A, next, we show that the property 2 from Definition
3.2 is satisfied up to homotopy.

We show the equality [(x);y]1 = [x; [x;y]1]1. We have

3.1)
[x;[x;y]l]l =xUq (XU1y+]/U1X)+(XU1y+]/U1X)U1x
=xUp (xUpy) +xU; (WU x) + (x Uy y) Up x + (y Ug x) Ug x.

From the equation (1.2), the two first terms satisfy:

xUp (xUry) = (x Uy x) Uy y + Enp(x;x,y) + Enp(x;y,x) ;
xUp (yUrx) = (xUry) Ut x + Erp(x;y, x) + Erp (x5 x, ).

Then
xUp (xUry) +xU; (Ui x) = (xUpx) Ury + (v Ug ) Uy .
Similarly, the last term from (3.1) reads:
(YU x)Urx =y Uy (x Uy x) + E1o(y;x,x) + E1o(y; x, x) = y Uy (x Up x).
Thus,
[x; [yl = (x U x) Uy +y Ur (xUrx) = §(x) Uy +y Ui §(x) = [G(x); vl

The following equality &(x +v) = &(x) + [x;y]1 + {(y) is straightforward:

S(x+y) = (x+y)Ur (x+y)
(3.2) =xUix+yUix+xUiy+yUry
= &(x) + oyl + ().

The equality &(xy) = x*¢(y) + &(x)y? + x[x; y]1y is satisfied up to homotopy
on the chain complex A. This is a consequence of the equations (1.3) and (1.4).
Denoting by ~ the homotopy relation, we can write,

¢(xy) = xy Uy xy
= x(y U1 xy) + (x U1 xy)y
~ x*(yUry) 4+ x(y Ur x)y + x(x Uy y)y + (x U; x)y
~ *E(y) + x[x yhy + E(x)y?

12



Now we show that ¢ induces a restriction on the homology H.(A).
From the equation (1.1) the operation U; is a homotopy for the commutativity
of the product. In particular,

dxUpx) +dxUpx+xUjdx =xx+xx =0, forall x € A.
Thus, if x € A is a cycle,
di(x) =d(x Ui x) =dxUyx+xU;dx=04+0=0.
If y = dx € Aisaboundary, then
E(y) = yUry = dx Uy dx = d(dx Uy x) +d>x Uy x +dx - x + xdx = d(dx Uy x) +d(x?),

is a boundary. Thus, for a cycle x € A and an element y € A, we obtain from
(3.2):

S(x+dy) = ¢(x) + [x;dyl + &(dy)
E(x) 4+ d[x; yl1 + [dx; y]1 + d(dy Uy y)
= ¢(x) +d[xy)s +d(dy Uy y) +d(y?).

Therefore ¢ induces a restriction in homology. O

Remark 3.5. The above proposition also results from the following fact. Recall
that for a homotopy G-algebra A the bar construction B A is a dg-bialgebra.
Then, by composition with the restriction morphism £, — AS, the bar con-
struction B A is a p-restricted Lie algebra (of degree 0). The projections on A
of both the bracket and the restriction of B A correspond respectively to the
bracket and the restriction described in [Tou06]. The latter operations make
A into a p-restricted Lie algebra of degree 1. In other words, the Lie bracket
[—; —]o and the restriction ¢y on B A give, after projection, the degree one Lie
bracket [—; —]; and the restriction ¢; on A, respectively.

Definition 3.6. A morphism of 2-restricted Gerstenhaber algebras is a degree
0 linear map compatible with the product, the bracket and the restriction.

Definition 3.7. An co-morphism of homotopy G-algebras A and A’ is a mor-
phism of unital dg-bialgebras f : BA — B A’

Such a morphism is a collection of maps f, : A" — A’, n > 1 satisfying
some relations, see [Quel3, Appendix Definition 4.17] for details. In particular,

(3.3) 3 =0;
B4) AU AW+ AlxUiy) = foalxy) + fa(y;x) forallx,y € A

An co-morphism of homotopy G-algebras induces a morphism of Gersten-
haber algebras in homology, see [Quel3, Appendix, Proposition 4.20]. A direct
check shows the compatibility of the co-morphisms with the restriction:
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4 THE HOMOLOGY OF THE DOUBLE COBAR CONSTRUCTION OF A DOUBLE
SUSPENSION OVER F»

Proposition 3.8. An oco-morphism of homotopy G-algebras induces a morphism of
2-restricted Gerstenhaber algebras in homology.

Proof. Take y = x in the equation (3.4), this gives:

fi(G1(x)) = G1(f1(x)).

Now we define the free 2-restricted Gerstenhaber algebra.

Let L1, be a 2-restricted Lie algebra of degree 1. Then the free graded com-
mutative algebra on Ly,, S(L1,) is a 2-restricted Gerstenhaber algebra. Indeed,
the Poisson identity

[xy; 2l = x[y; zlh + [x; 2Ty,
is equivalent to the fact that
adl(x) = [—; ]1 : S(Llr) — S(L]r)
y = lyxh
is a derivation of degree +1 for the algebra (S(Lj,),-). Let us consider a ba-
sis of Ly, as k-vector space. It is sufficient to extend the application ad;(I) :
Ly, — L1, C S(Ly,) as a derivation on S(Ly,) for all I € Ly,, and next to extend

[x; =]1 : L1y — S(Ly,) forall x € S(Ly,).
The restriction is extended via the property 2 from Definition 3.2.

Let V be a dg-vector space with V = 0. If L;,(V) denotes the free degree
one 2-restricted Lie algebra on V, then S(L1,(V)) is the free 2-restricted Ger-
stenhaber algebra on V.

4 The homology of the double cobar construction of a
double suspension over [F;

Theorem 4.1. Let the coefficient field be Fy. Then O*C..(£2X) has a Connes-Moscovici
structure. The induced 2-restricted Gerstenhaber algebra structure on H,(Q?C,(22X))
is free on the reduced homology H; (X).

It was proved in [Coh76] that H,(Q?%?Y) is the free 2-restricted Gersten-
haber algebra on H; (Y), then we obtain

Corollary 4.2. The restricted Gerstenhaber algebras H, (Q?C.(22X)) and H.(Q?|2%X|)
are isomorphic.

Proof of Theorem 4.1. From Proposition 1.3 and the formality Theorem 2.2 the
homotopy G-algebras O?C, (£2X) and O?H, (£2X) are quasi-isomorphic. There-
fore, it remains to prove that the structure of homotopy G-algebra on the dou-
ble cobar construction Q?H, (£2X) induces the free 2-restricted Gerstenhaber
algebra on H;f (X).

14



We denote by [—; —]; the Gerstenhaber bracket on H.(Q?H.(X?X)),
[yl =xUiy+yUix,
and we denote by ¢; the restriction,
&1(x) =xUpx,

for all x € H.(Q?H,(£?X)).

We have an inclusion ¢ : H} (X) = s2 Hf (22X) — H.(QO?H,.(X?X)).
Thus, from the freeness of the functors S and L;,, we have the commutative
diagram:

SLlr(l)
SLi,(H} (X)) ——— H,(Q?H,(22X))

(L

H (X)

where SL1,(¢) is a morphism of 2-restricted Gerstenhaber algebras. It remains
to show that SL1,(¢) is an isomorphism. To do this, we construct two spectral
sequences E and E, and a morphism @ : E — E of spectral sequences satisfy-

mng:

TH} (ZX) ® SLy,H (X) = E? w E’ = H,(QH, (22X)) ® H, (Q2H, (£2X)).

We conclude by mean of the comparison theorem [ML95, Theorem 11.1 p.355],
using that both T(1) and ®* are isomorphisms.

Let us consider the application
m: QH, (22X) ® O2H, (£2X) — QH,(2%X)

defined by 71(x ® y) = €(y)x, where € is the augmentation of QH, (X2X). The
total space
£ := OH,(Z?X) ® O?H, (2X)

is endowed with a differential d and a contracting homotopy s defined as in
[AH56, Axioms (R1),(R2),(D1),(D2)], see below for the details. The total space
is acyclic [AH56, Lemme 2.3]. We set

B = QH.(X?X)

and
A= 02H,(2*X)

15



4 THE HOMOLOGY OF THE DOUBLE COBAR CONSTRUCTION OF A DOUBLE
SUSPENSION OVER F»

so that £ = B ® A. We define a filtration of £ as

FE =B, A.

p=r

Following [AH56], we get a spectral sequence E associated to this filtration.
The abutment is the homology of £, the second page is

E,, = Hy(QH.(22X)) ® H,(Q?H,(£2X)).

The total space being acyclic we have Eq = IF, E;c:q =0if (p,q) # (0,0).
The following spectral sequence of dg-algebras is used by F. Cohen [Coh76,
IIL,p.228] as a model for the Serre spectral sequence associated to the paths
fibration,

Q"IEMIX — POSTIX - 'SIX, > 0.

He shows that the homology H.(Q"H1Z"*1X) is the free 2-restricted Gersten-
haber algebra of degree n on H; (X).

We defined the spectral sequence E’. Its second page is given by
Epq = (T(HS(2X)))p @ (S(Lir(H (X))))g,

the differentials are defined such that E” is a spectral sequence of dg-algebras
whose transgressions are

H(Xx) = x
H(EG(Zx)) = Cf(x)
t(ado (le) s ado(Zxk,l)(Zxk)) = adl (xl) cee adl (xk,l)(xk),

for all Xx, Xx1, ..., 2xx € H (£X), where:
e Zo(x) = x? is the restriction of TH; (£X);

¢1 is the restriction of SLy,(H; (X));

e [—; —]o is the Lie bracket of TH (£X);

e [—; —]1 is the Gerstenhaber bracket of SL1, H;" (X); and,

o adj(x)(y) = [y;x]j forj=0or 1
Then the r-th transgression t = d” : E:,o — 136,,71 is extended to d" : E;,q —
E},_, 4+r—1 as a derivation.

Let us investigate the example of one generator Xx € H,; (£X) of degree n;
the spectral sequence is:

16



3n
IF, >x (Zx)? (Zx)3

All the brackets are zero since [Zx; Zx]o = 2(Xx)? = 0 and [&(Zx); Zx]o =
[Zx; [Zx; Zx]o]o ; it remains: the element Lx, the restriction & (Xx) = (Zx)? and
its iterations, plus the resulting products. This spectral sequence split into ele-
mentary spectral sequences on the transgressive elements Xx, &o(2x), &3 (Zx),...
with differentials the corresponding transgression. Indeed, T(Xx) can be writ-
ten additively as the exterior algebra on the transgressive elements Zx, &k (Zx),
k > 1. Also, S(L1,(x)) can be written additively as polynomial algebra on the
image of these transgressive elements x, C’l‘(x), k > 1. Then the elementary
spectral sequences are of the form

A(y) @ P(t(y)),

where y run through the transgressive elements of T(Xx). Such a presenta-
tion of T(Xx) can be extended to TH; (XX) via the [—; —]o-elementary prod-
ucts. This presentation is due to P. J. Hilton [Hil55]. Let us consider the Lie
algebra L(H; (XX)) without restriction, and with bracket [—; —]o. The [—; —]o-
elementary products are defined as follows.

The elements x € H,; (XX) are the [—; —]p-elementary product of weight 1.
Suppose that the [—; —]o-elementary products of weight j have been defined
for j < k. Then, a product of weight k is an element [x; y]o such that:

1. xisa [—; —]o-elementary products of weight u;

2. yisa[—; —]o-elementary products of weight v;

3. u+v=xk

4. x < y,and if y = [z;t]p for z and t elementary, then z < x.

We order the generators (Xx;); of H; (£X) by their dimension; the [—; —]o-
elementary products are the elements

g, e, (D Zxglo, -, [2g; (2 ZxgfoJo, -

17



4 THE HOMOLOGY OF THE DOUBLE COBAR CONSTRUCTION OF A DOUBLE
SUSPENSION OVER F»

where j < k < I. From [Hil55] we obtain
L(H; (£X)) & span{y | y a [—; —]o — elementary product},

as vector spaces. Denoting by p; the [—; —]o-elementary products we have the
isomorphism of vector spaces

TH (£X) = @ P(p),
]

where P denotes the polynomial algebra. To take into account the restriction,
we write P(p;) as /\kzo(p;-"k) where A denotes the exterior algebra!. We obtain
a decomposition into [—; —]o-elementary products and o-elementary products,

THF (2X) = @ A (1)

i k>0

On the other hand, we recall that Ly, = s L, s, that is [x; y]; = s™![s x;sy]o and
&1(x) = s1&(sx). Then we obtain that

SLy,(H, (X)) = S(span{y, & (y) | yis a [—; —]; — elementary product, k > 1}).

Then the spectral sequence E decomposes into tensor products of elementary
spectral sequences

Ay) @ P(E(y)),

where y run through the set of [—; —|p-elementary products and o-elementary
products.

Thus the spectral sequence E converges to Egy, = IFp, E5, = 0if (p,q) #
(0,0).

Return to the application
T(1) ® S(Ly, (1)) : E2 — E.
From the comparison theorem [ML95, Theorem 11.1 p. 355], it is sufficient
to show that: the application ®* := T(i) ® S(Ly,(1)) induces morphism of
spectral sequences ® : E — E; the morphism T(:) is an isomorphism; and

=00 . . .
o : E® — E  is an isomorphism.

We show that the application ®:

TH (£X) ® SLi,H (X) w H,(QH,.(22X)) ® H.(Q?H,(X*X))

1To avoid any ambiguity, we recall that over IF,, the exterior algebra AV of a vector space V
is defined as the tensor algebra TV quotiented by the ideal generated by {v® v | v € TV}.

18



induces a morphism of spectral sequences.
To do this, let us write with details the differential of £ = B® A. The
axioms (R1) and (R2) determine a contracting homotopy on &:

(R1) s(1) =0, s(s*x)=x, s(x) =0, for slxec A
R2)  s(xy) =s(x)y +e(x)s(y), for x € £,y € A.

The axioms (D1) and (D2) determine he differential of £:

(D1) d(x) = (1—sd)(s'x), for x € B
(D2) d(xy) = d(x)y + (=1)¥xd(y), for x € £,y € A.

Then, for all x € s! H;Zrl(ZzX) C By, we obtain

d(x) =s'xcs2H}

F1(Z2X) C Ré,

since the coproduct V is primitive on H; (£2X). Thus, for such elements x of
degree p, we have d”(x) = 0if r < p. Moreover, forall x € s’ H;H(ZZX) C leo C By,
we obtain

dP(x) =stxes? Hy

(Z2X)C Ep, 1 C Apa.
More generally, the degree p elements in B, = QH,(X?X),, which are (after
desuspension) cycles for d4, belong to EZ,O' On the other hand, from the con-

struction (see [Kad05, section 4]) of the operation
Up : O?H, (2%X) @ O%H, (Z*X) — Q?H, (X*X),

the Gerstenhaber bracket [—; —]; = Uj o (1 — T) is compatible with suspen-
sions, i.e. forall x,y € s72 H (£2X) C s QH,(22X), we have [x;y]; = s[s x;sY]o-
And similarly for the restriction & (x) = s & (s x). Then

t(ado(st xy) - -ado(s xe_q) (st xp)) = ady (x1) - - - ady (xp_1) (xk)

HES(s™ %)) = Gi(x),

for all st x,stxq,...,s1x € sTH}F(X2X). Finally, since ®? is an algebra mor-

phism, it commutes with the differentials. Therefore ® is a morphism of spec-

tral sequences.

The morphisms ®* and T(:) are clearly isomorphisms. This ends the proof.
O
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5 THE HOMOLOGY OF THE DOUBLE COBAR CONSTRUCTION OF A DOUBLE
SUSPENSION OVER Q

5 The homology of the double cobar construction of a
double suspension over Q

In this section the coefficient field is Q.

5.1 Free Gerstenhaber algebra structure

Theorem 5.1. Let the coefficient field be Q. Then Q>C..(£2X) has a Connes-Moscovici
structure. The induced Gerstenhaber algebra structure on H,(Q*C.(X2X)) is free on
the reduced homology H (X).

It was proved in [Coh76] that H, (QZZZY) is the free Gerstenhaber algebra
on H (Y), then we obtain

Corollary 5.2. The Gerstenhaber algebras H,(Q?C.(X%X)) and H.(Q?|Z?X]) are
isomorphic.

Proof of Theorem 5.1. The proof is analogous to that of Theorem 4.1. We replace
the functor Ly, by L; adjoint of the forgetful functor from the category of de-
gree 1 Lie algebras to the category of graded vector spaces. The symmetric
algebra S(V) on a graded vector space V, is TV /I where I is the ideal gener-
ated by the elements v @ w — (—1)1?*lw ® v. Then S(L;(V)) is a Gerstenhaber
algebra; its bracket is [v,w]; = vw — (—1)PI=V(#"Dyy for v,w € V. The
main difference is the decomposition of the model spectral sequence E. In-
deed, on a generator Zx € H,  (XX) of even degree n, the spectral sequence
is:

qu”—l °

On a generator £x € H,' (£X) of odd degree 1, the spectral sequence is:
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5.2 BV-algebra structure

Qx3 y3(n—1

| \
Q[x; x|; .%\“\\ Q
Qx2,2(n 1)
\ A&
Qx .1’1—1
\
dn
0 n
Q

Q Xx Q(Zx)? Q(zx)?

The spectral sequence E decomposes into elementary spectral sequences
P(y) ® S(t(y)) and 5(z) @ P(t(2))
where y and z run through the respectively even and odd degree [—; —]o-

elementary products of TH; (£X). O

5.2 BV-algebra structure
5.2.1 Free Batalin-Vilkovisky algebra

We fix a connected vector space V and an operator A : V., — V,; such that
A% = 0. We define the free Batalin-Vilkovisky algebra on (V, A) as

S(Li(Va®A(V))).
The operator A is extended as BV-operator via the formula

Axy) = D)y + (=1)Mxay) + ()M v,

for all homogeneous elements x,y € L1(V), and

A([xyh) = (A6 yh + (DM G A,

for all homogeneous elements x,y € L1 (V).

If A:V — Vistrivial then A : S(L1(V)) — S(L1(V)) is the BV-operator given
by the extension of the Gerstenhaber bracket. The resulting Batalin-Vilkovisky
structure is called canonical Batalin-Vilkovisky algebra structure S(L1(V)), cf. [TTO0O0,
Section 1.1].

Moreover, if the free Gerstenhaber algebra S(L;(V)) is a Batalin-Vilkovisky al-
gebra such that the BV-operator is zero when it is restricted to V, then S(L1 (V))
is the canonical Batalin-Vilkovisky algebra.
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5 THE HOMOLOGY OF THE DOUBLE COBAR CONSTRUCTION OF A DOUBLE
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5.2.2 Batalin-Vilkovisky algebra on the homology of a double loop space

Let us make explicit the Batalin-Vilkovisky structure given by E. Getzler [Get94]
on H,(Q?¥2X).

Let Y be a S!'-space, that is a pointed topological space with base point *,
endowed with an action of the circle S! such that ¢ - * = x for all g € S!. E.
Getzler shows [Get94] that the diagonal action of S' on Q?Y = Hom(S?,Y):

A: S' x Hom(S?,Y) — Hom(S?,Y)
(8:9) = (3 9)(s) =8 ¢(g7" +5),
induces a Batalin-Vilkovisky algebra structure on H, (QZY). For a double sus-
pension Y = ¥2X = $2 A X, we endowed Y with the canonical action of S?
on S? and the trivial action on X ie. g- (sAx) = (g-s) Axforallg € S! et
s Ax € S A X. Then the adjunction X — Q?¥2X is equivariant for the trivial

action on X and the diagonal action on O?¥%X. As a consequence, cf. [GMO08],
(H.(Q?X2X),A) is a canonical Batalin-Vilkovisky algebra, free on H; (X).

5.2.3 Homology of double cobar construction

Theorem 5.3. Let the coefficient field be Q. Then Q>C..(£2X) has a Connes-Moscovici
structure. The induced BV-algebra structure on (H.(Q?C.(X%2X)), Acpm) is free on
the reduced homology H (X).

Asa consequence,

Corollary 5.4. The Batalin-Vilkovisky algebras (H,(Q?C.(22X)), Acm) and (H, (Q?|22X]), A)
are isomorphic.

Proof of Theorem 5.3. From Proposition 1.3 and the formality Theorem 2.2, O?H, (X2X)
has a Connes-Moscovici structure and its homology H.(Q?H, (£%X)) is a Batalin-
Vilkovisky algebra isomorphic to H, (Q*C, (X2X)).

On the other hand, the simplicial set X is seen as endowed with a trivial action

of S'. Then the inclusion

1 (H(X),0) = H,(O*H,(X%X)),
lifts to a unique morphism of Batalin-Vilkovisky algebras,
SL(1) : S(L1(H} (X))) — H.(O*H,(X%X)),

with the usual commutative diagram.
Let us observe the operator

H(Acpm) : Ho(O?H,(2?X)) — H.(Q?H.(X%X)),

induced by the Connes-Moscovici operator Acys : Q*H, (£2X) — Q?H, (2X).
By construction we have (see [CMO00, (2.22)]):

ACM’S-I OH,(22X) =0 and ﬂfOTtiOTi ACM‘S—Z Hi (22X) =0.
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Then
H(Acm)| gz (x) =0

Moreover, from Theorem 5.1, the underlying Gerstenhaber algebra H., (O%H. (2?X))
is the Gerstenhaber algebra, free on H; (X). This concludes the proof by the
argument from section 5.2.1. O

6 Appendix

In this appendix we write down the whole relations among the co-operations
defining a Hirsch coalgebra. Homotopy G-coalgebras are particular Hirsch
coalgebras.

Definition 6.1. A Hirsch coalgebra (C,d, V¢, E = {E"}) is the data of a co-
product Vg : OC — QC ® QC on the cobar construction of the 1-connected
dg-coalgebra (C,d, V) such that QC is a co-unital dg-bialgebra.

The coproduct Vg corresponds to a twisting cochain
E:s'CT - QC®OC.
The (i, j)-component is
E':stct — (sTChH® @ (s1Ch)®.
To alleviate notation, we set C := s1 Ct.
Thus , ,
Ei:C—»C eoc.
The degree of E" is 0.

Let us make explicit the co-unit condition, the compatibility with the dif-
ferential and the coassociativity of the coproduct.

6.0.4 The co-unit condition
The following relation (e ® 1)Vg = (1 ® €) Vg = Id gives:
6.1) E¥' = EY = Idz and E%* =E* =0 fork > 1.

6.0.5 The compatibility with the differential
We investigate the equation (dg ® 1+ 1®dq)VE = Vedqg.

On the component E®k ® E®l C QOC ® OC, we obtain:

®E®1Ek’l — Ek'ldé = _ Z k((1®i ® V@ ® 1®j) Q 1®Z)Ek—1,l
i+24j=

©2) - )y l(1®"® (1% ® Ve ®1%7))EM-1
. i+2+j=

k1,1 ko,l
+ Y posa(EM @ ERR)VE,
k1 +ky=k
I+l=I

d6®k
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6 APPENDIX

where ki +1; > 0and k, + 1, > 0.

The terms pnga(ER"t @ EF2) V5 read as follows. We set

E¥(a) = aﬁ ® a‘T> and Ve(a) = a' @ %
Then
Hoen (B0 @ BV = £k @ a2l @ (a1l @ a2 ),

On the component C ® C C QC ® QC the equation (6.2) gives:
(6.3) deocE — EMde = Ve +1V5
thatis,onCT™ ® C*:
(6.4) derocr EX + EXldes = Ver — Ve,
where M = (s1@s1)EM s,
Thus E' is a chain homotopy for the cocommutativity of the coproduct V.

We distinguish it from the co-operations E*/ and we denote it by V; as a dual
analogue to the Uj-product.

6.0.6 The coassociativity condition

On the component ¥ 2 C” T we obtain:

i+j N N
Z Z (‘ugl()g()(Ell']l ®..&Q El"f]n) ® 1®k)E”’k
n=0iy+...+iy=i
J1tetin=j
(6.5) o

=Y L (Voo e.oEr))E".
n=0 ]1++]n:]
ky 4+t kn=k

In particular, fori = j = k = 1, we have:

(EM@1)EV+ (10 1)E* + (t@1)E> = A EMYEM + (19 1)EM + (1@ 17)EM2
That is,

66) (Viel)Vi-(1®V))Vi=(1® (1+1)E? - ((1+71)®1)E>.

The lack of coassociativity of V; is controlled by the co-operations E'? and
E>L.

Definition 6.2. A homotopy G-coalgebra (C,d, V¢, E"') is a Hirsch coalgebra
such that E"/ = 0 fori > 2.
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Proposition 6.3. Let (C,d, V¢, E") be a Hirsch coalgebra. Then EY = 0 fori > 2
is equivalent to the following left-sided condition:

(6.7)

VreNN, ], = @n§r6®n is a left co-ideal for the coproduct Vg : QC — QC ® QC.

Proof. If ], is a left co-ideal then Vg(J;) C J, ® QC. Then for r = 1, we have
Ve(C) = Y, E¥(C) ¢ C® QC. This implies that E”/ = 0 for i > 2. Con-
versely, if El =0 fori > 1, then

Ve(r ® - ® ¢y) = Y ‘ug)(Eilrh ® - ®Emin)(c; @ «- - cy)
il/"‘/in/jl/“‘/jn
belongs to @Eiﬁ”'“n RQOC. Sincei; < 1forl <s <mn,theniy+---+1i, <
n. |
References

[AH56] J. F. Adams and P. J. Hilton. On the chain algebra of a loop space.
Comment. Math. Helv., 30:305-330, 1956.

[Bau81] H.]J.Baues. The double bar and cobar constructions. Compositio Math.,
43(3):331-341, 1981.

[Bau98] Hans-Joachim Baues. The cobar construction as a Hopf algebra. In-
vent. Math., 132(3):467—489, 1998.

[CMO00] Alain Connes and Henri Moscovici. Cyclic cohomology and Hopf
algebra symmetry. Lett. Math. Phys., 52(1):1-28, 2000. Conference
Moshé Flato 1999 (Dijon).

[Coh76] Frederick Cohen. The homology of C,41-spaces, n > 0, in the homol-
ogy of iterated loop spaces. Lecture Notes in Math.(Vo0l.533):207-351,
1976.

[Get94] E. Getzler. Batalin-Vilkovisky algebras and two-dimensional topolog-
ical field theories. Comm. Math. Phys., 159(2):265-285, 1994.

[GMO08] Gerald Gaudens and Luc Menichi. Batalin-Vilkovisky algebras and
the J-homomorphism. Topology Appl., 156(2):365-374, 2008.

[Gug82] V. K. A. M. Gugenheim. On a perturbation theory for the homology
of the loop-space. J. Pure Appl. Algebra, 25(2):197-205, 1982.

[Hil55] P. J. Hilton. On the homotopy groups of the union of spheres. J.
London Math. Soc., 30:154-172, 1955.

[Kad04] T. Kadeishvili. Measuring the noncommutativity of DG-algebras. J.
Math. Sci. (N. Y.), 119(4):494-512, 2004. Topology and noncommuta-
tive geometry.

25



REFERENCES

[Kad05] T. Kadeishvili. On the cobar construction of a bialgebra. Homology
Homotopy Appl., 7(2):109-122, 2005.

[LR10] Jean-Louis Loday and Maria Ronco. Combinatorial Hopf algebras. In
Quanta of maths, volume 11 of Clay Math. Proc., pages 347-383. Amer.
Math. Soc., Providence, RI, 2010.

[Men04] Luc Menichi. Batalin-Vilkovisky algebras and cyclic cohomology of
Hopf algebras. K-Theory, 32(3):231-251, 2004.

[ML95] Saunders Mac Lane. Homology. Classics in Mathematics. Springer-
Verlag, Berlin, 1995. Reprint of the 1975 edition.

[Quel3] A. Quesney. Homotopy BV-algebra structure on the double cobar
construction. ArXiv e-prints (submitted), May 2013.

[Tou06] Victor Tourtchine. Dyer-Lashof-Cohen operations in Hochschild co-
homology. Algebr. Geom. Topol., 6:875-894 (electronic), 2006.

[TTOO] D. Tamarkin and B. Tsygan. Noncommutative differential calculus,
homotopy BV algebras and formality conjectures. Methods Funct.
Anal. Topology, 6(2):85-100, 2000.

26



	A few algebraic structures on the cobar construction
	Formality theorem
	The 2-restricted G-algebras
	The homology of the double cobar construction of a double suspension over Lg
	The homology of the double cobar construction of a double suspension over Lg
	Appendix

