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Abstract

This paper presents a numerical study of the influence of loading conditions on the
vibrational and acoustic responses of a disc brake system subjected to squeal. A simplified
model composed of a circular disc and a pad is proposed. Nonlinear effects of contact and
friction over the frictional interface are modelled with a cubic law and a classical Coulomb’s
law with a constant friction coefficient. The stability analysis of this system shows the
presence of two instabilities with one and two unstable modes that lead to friction-induced
nonlinear vibrations and squeal noise. Nonlinear time analysis by temporal integration is
conducted for two cases of loadings and initial conditions: a static load near the associated
sliding equilibrium and a slow and a fast ramp loading. The analysis of the time responses
show that a sufficiently fast ramp loading can destabilize a stable configuration and generate
nonlinear vibrations. Moreover, the fast ramp loading applied for the two unstable cases
generates higher amplitudes of velocity than for the static load cases. The frequency analysis
shows that the fast ramp loading generates a more complex spectrum than for the static
load with the appearance of new resonance peaks. The acoustic responses for these cases
are estimated by applying the multi-frequency acoustic calculation method based on the
Fourier series decomposition of the velocity and the Boundary Element Method. Squeal
noise emissions for the fast ramp loading present lower or higher levels than for the static
load due to the different amplitudes of velocities. Moreover, the directivity is more complex
for the fast ramp loading due to the appearance of new harmonic components in the velocity
spectrum. Finally, the sound pressure convergence study shows that only the first harmonic
components are sufficient to well describe the acoustic response.

1 Introduction

Brake squeal is characterized by noise emissions in the frequency range [1; 20] kHz. It mainly
appears for structures presenting nonlinear effects and non-conservative forces such as the fric-
tion forces, over a frictional interface [1]. During the braking process of a disc brake system,
a hydraulic pressure is applied over the back-plate of the pad. Then, the pad makes contact
with the rotating disc and the system reaches a quasi-static sliding equilibrium configuration.
This sliding equilibrium can be unstable due to friction and a slight disturbance gives rise to
the divergence from this equilibrium. Finally, nonlinear effects generate nonlinear vibrations
giving rise to noise emissions called squeal noise. Noise pollution is a major concern in industry
due to expensive warranty costs and the necessity to constantly improve the vehicles acoustic
convenience. Several mechanisms of initiation acting at different scales associated with contact,
friction or chaos [2] have been identified but squeal comprehension is still not complete.
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One of the most important point in the numerical study of squeal is the interface modelling.
Actually the nonlinear laws which represent the contact and friction play a capital role in
squeal initiation and an extensive review of the classical formulations can be found in [3, 4].
Involving the contact phenomena, two main formulations can be used and as explained in [5]
the most realistic is the penalty contact law which avoid the penetration between the disc
and the pad. In this paper the author highlights the influence of the contact tribology on
brake squeal and shows that contact and interface topology are essential in squeal initiation.
However, the main numerical limitation in avoiding penetration is that the time computation of
the dynamic response can be prohibitive. Another way to model contact is to use smooth contact
by introducing contact elements over the frictional interface. This phenomenological method
allows us to reduce computation time and is easy to implemented. Moreover, even if it allows
penetration between the two substructures, it is able to capture some squeal instabilities [6]. The
main limitations are the contact stiffnesses determination and a less realistic dynamic response.
However, it is well adapted to simplify phenomenological model and this simplified contact law
will be used in the present paper. On the other hand, the Coulomb’s friction law is commonly
used and the key point is the friction coefficient function. It has been shown by Butlin et
al. [7] that a sliding velocity dependent friction coefficient is essential to be in agreement with
experiments: this is the most realistic way to model the friction forces. It is also possible to
use a constant friction coefficient but the main issue is the fact that all the instabilities cannot
be represented as the stick-slip motion. However, the mode-coupling instabilities can be well
represented by this simple formulation and, as for the smooth contact law, are appropriated for
phenomenological study involving mode-coupling.

The calculation of the dynamic and acoustic responses associated with squeal occurrences
is a complex task which is mainly composed of three steps. First of all, the detection of the
instabilities and the squeal occurrences prediction are conducted with a stability analysis. This
analysis is based on a complex eigenvalues analysis and allows us to detect the squeal frequencies.
In [8], Ouyang explains that this analysis provides all unstable eigenvalues in one run and so it
allows us to detect when an unstable motion and a potential squeal noise may occur. Therefore,
parametric investigation of the stability can be performed with respect to several parameters
as the friction coefficient, the contact parameters... In [9], Fritz et al. focus on the stability for
a finite element model of an automotive disc brake. The authors show that the modal damping
parameters can change the mode-coupling patterns. Those results are in good agreement with
the results of Hoffmann et al. [10] who show the influence of the damping parameters on the
mode coupling of a minimal model with two degrees of freedom. Moreover, Massi et al. [11]
show that squeal occurrence predictions are in good agreement with the experiments for an
automotive disc brake system. Chevillot et al. [12] provide simulations and experiments of a
nonlinear aircraft braking system and show that the stability of the numerical model is efficient
to experimentally reproduce squeal instability. For the parameters corresponding to potential
squeal, the next step corresponds to nonlinear time analysis that is conducted to calculate the
friction-induced vibrations [13]. Finally, the acoustic response is estimated with the multi-
frequency acoustic calculation method as explained in [14].

However, it is now recognized that, in some cases, the stability analysis is not sufficient to
allow comparison between numerical simulations and experiments. Actually, if the nonlinear
time analysis does not satisfy the stability analysis assumptions, then the squeal motion cannot
be well predicted. For example, the temporal integration has to be initialized near the sliding
equilibrium configuration to be close to the associated linear system. As mentioned in [15], the
complex eigenvalues analysis may lead to an underestimation or an over-estimation of the “un-
stable modes” observed during the transient and stationary self-excited vibrations. It appears
that different nonlinear behaviours can be obtained for the same friction coefficient by only
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introducing a different initial disturbance around the nonlinear equilibrium point. The non-
linear time analysis shows that the displacement profile is modified and the spectrum analysis
highlights the appearance of new harmonic components. This fact was also illustrated in [13]:
the authors propose a global strategy based on experiments and transient simulations for squeal
understanding and characterization on industrial railway brakes. This study showed that the
nonlinear transient vibrations may induce the appearance of new resonance peaks and so that
the stability is not sufficient to predict squeal noise. Another limitation of the stability analysis
is that it does not consider time dependent loading but only static load. Therefore, this analysis
does not allow the detection of squeal associated with a real braking force profile. In the present
paper, this will be investigated by conducting temporal integration as mentioned in [16].

Despite great insights in the understanding and modelling of brake squeal, only few numerical
studies propose a complete characterization of squeal with the calculation of the nonlinear
vibrations and the estimation of the noise emissions. In [17], von Wagner et al. investigate
the stability analysis of a finite element model of a disc brake, with respect to the friction
coefficient. A transient analysis is performed and the self-excited vibrations are calculated near
the sliding equilibrium. This numerical approach allows for choosing the model parameters
to perform experimental test. The author is able of reproducing squeal in laboratory and
provides and experimental estimation of squeal noise which reaches 82 dB. Another relevant
work carried out by Lee and Singh [18] proposes to calculate the sound pressure for a simplified
disc brake rotor subjected to modal force vibrations with a semi-analytical model. The results
have been validated by the Boundary Element Method and experiments. More recently, Oberst
et al. [19] provide an extensive numerical study of the influence of pad geometry on the acoustic
radiations and highlight the necessity to use a realistic representation of the frictional interface.
A precise study of the influence of pad chamfers and disc-pad lift-offs on the directivity patterns
has been performed and the authors show that these considerations strongly modify the noise
levels and the directivity. A peculiar horn effect which generates a noise level increase has also
been numerically observed due to the presence of chamfers. Moreover, one of the conclusions
is that the interface dynamics (i.e. the contact/friction formulations and the interface mesh
refinement) has a strong impact on the acoustic behaviour. For the two previously mentioned
papers, the dynamic response has been generated with a directly calculated forced response.
This allows us to estimate the noise radiation for a given frequency and thus, to investigate the
influence of parameters on several harmonic components which contribute to squeal noise. In
the present work, the acoustic study will aim at estimating the global noise radiation associated
with a “non-forced” dynamic response (the nonlinear dynamic response is only generated by an
initially unstable equilibrium point, i.e. friction-induced vibrations) with a complete frequency
spectrum.

In the present paper, a particular attention is drawn to the influence of time dependent
loading on the dynamic response and the acoustic radiations for a brake system subjected to
mode-coupling instabilities. The two main questions of interest are: (1) can the loading profile
contribute to squeal initiation? (2) How the loading profile modifies the nonlinear dynamics
and the acoustics of a system subjected to nonlinear friction-induced vibrations?

To achieve the previous objectives, the paper is organized as follows: firstly, the disc brake
model and the loading conditions are presented. Then, the Boundary Element Method and the
treatment of the normal velocity used in the acoustic study are detailed. Secondly, numerical
simulations of brake squeal that are conducted by: performing a stability analysis with respect
to the friction coefficient, calculating the dynamic responses associated with static load for
classical cases of instabilities (i.e. a stable case and two cases presenting one and two unstable
modes), calculating for the same cases the dynamic responses for ramp loadings with different
growth rates. The influence of the ramp loading is investigated by comparing both dynamic
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Fig. 1. Brake system model and contact model. (a): simplified brake system; (b): position of the pad,
contact nodes (•) and geometrical parameters; and (c): nonlinear contact elements over the interface.

responses and frequency spectrum. Finally, the impact of this time dependent loading on the
associated noise emission is investigated: the multi-frequency acoustic calculation method is first
remembered, then all the acoustic radiations of the previous cases are calculated and compared
to investigate the influence of the ramp loading on the squeal noise.

2 Brake system model

Most disc brake systems are composed of a disc, a calliper which contains pads, a wheelhouse
and the geometry of this kind of system can be complex. However, the two main components
involved in squeal phenomenon are the disc and the pad which share a friction interface. In this
paper, a simplified brake system model is studied and it is composed of a disc and a pad. In
this section, the finite element model, the contact and friction laws are presented. Then, the
loading conditions used to model the braking force are detailed. Finally, the boundary element
model which allows us to calculate noise emissions is presented.

2.1 Finite element model and contact/friction formulation

As previously explained, the focus is on a simplified brake system which is composed of a
disc and a pad. These two components are modelled with simplified geometries and both are
circular (see Figure 1 (a)). The inner radius of the disc is clamped and the outline of the upper
surface of the pad can only translate along the normal direction. These boundary conditions
are widely used in this kind of investigation and they are close to the configuration of a real
brake system. The finite element model contains about 34000 degrees of freedom and eight-node
linear hexahedron elements are used. A convergence study of the finite element mesh has been
performed with respect to the finite element length and it shows that the model is valid up to
15 kHz (result not presented). However, this convergence study has been performed for the non
coupled system (i.e. without contact/friction). The material and geometrical properties used
are listed in Table 1 and the geometrical parameters are illustrated in Figure 1 (b).

The friction interface between the disc and the pad is modelled by introducing nine uniformly
spaced contact elements as shown in Figure 1 (b). The contact force is described with a cubic law
in order to fit experimental pad compression curves and contact/loss of contact configurations
is taken into account [20]. Thus, the disc and the pad can separate at several local nodes of
the friction interface. The contact force vector for a given node can be written as shown in
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Table 1
Material and geometrical properties of the brake system

Material properties Disc Pad
Young’s modulus E GPa 125 2
Density ρ kg.m−3 7200 2500
Poisson’s ratio ν 0.3 0.1
Inner radius Rinner cm 3.4 9.1
Outer radius Router cm 15.1 14.7
Thickness t cm 1.9 1.28
Pad angle θ degree - 50

Model parameters
Linear stiffness kL 9e4 Nm−1

Cubic stiffness kNL 4e9 Nm−3

Damping percentage ξ 1 %
Damping rate ζi 10 -

Equation 1.

F d
contact,z =

{

kLδ + kNLδ
3 if δ < 0

0 otherwise
(1)

where δ = Xp −Xd is the relative displacement, Xp and Xd denote the normal displacements
of the pad and the disc respectively (see Figure 1 (c)). kL and kNL are the linear and cubic
stiffnesses, F p

contact,z and F d
contact,z are the components of the normal contact force vector applied

to the pad and the disc respectively. It can be noted that F p
contact,z = −F d

contact,z. Figure 1 (c)
illustrates a contact element introduced at the friction interface during contact configurations.
The main limitation of this formulation is that it allows penetration between the disc and the
pad. However, it is able of reproducing mode-coupling instabilities.

For the frictional definition, we consider a simplified Coulomb law with a constant fric-
tion coefficient without stick-slip motion. Thus, the nonlinear friction force vectors over the
tangential plane of the friction interface are defined by:







Fd
friction = µF d

contact,z

vr

||vr||

Fp
friction = − Fd

friction

(2)

where Fd
friction and Fd

friction are the friction force vectors applied to the disc and the pad
respectively. vr is the relative velocity vector between the disc and the pad. In this paper,
the rotation velocity of the disc is assumed to be such that the relative velocity direction is
constant. This global formulation for the finite element model with the contact assumption
does not attempt to capture all effects realistically. However, this modelling has been chosen to
illustrate a suitable range of behaviour and to investigate the nonlinear behaviour and acoustic
emission of the system subjected to various time dependent ramp loadings. For the interested
reader and more details on this point, Butlin et al. [7] and Hetzler [21] highlight the fact that
a sliding velocity dependent friction coefficient is much more realistic than a constant one. On
the other hand, in the present formulation, the linear and cubic stiffnesses are constant: this
allows a non-physical penetration between the disc and the pad. To avoid this phenomenon, a
penalty algorithm which adjusts the contact stiffnesses can be used to apply an impenetrability
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condition. More details about the importance of the contact law in squeal initiation can be
found in [5].
The structural mesh convergence, has been investigated for the non-coupled system (i.e. without
contact/friction): the contact elements are uniformly spaced over the interface mesh; therefore,
there positions change with the mesh refinement and the coupled model convergence cannot be
observed. The coupled system modes are very sensitive to the interface mesh refinement and
for the reader comprehension, it can be mentioned that this inaccuracy/limitation in modelling
can influence the numerical results and the conclusions of the present study.

2.2 Loading conditions

During the braking process, a hydraulic pressure is applied to the back-plate of pad. The brake
slows down the rotation of the wheel by the friction caused by pressing the pad against the disc.
So, during braking, time dependent pressure forces are transmitted from the piston to the pad,
compressing the rotating disc. In most studies, the loading conditions are a constant pressure
(i.e. the transient dynamic behaviour is undertaken around the sliding equilibrium point [15]).
As the focus is only on the disc and the pad, the vibrations of the surrounding are neglected.
However, the vibrations of the calliper can result in a time dependent normal loading applied
over the pad. Therefore, for a more realistic brake simulation, forced vibrations play a role
together with self-excitations.

In this paper, attention is paid to the influence of the pressure forces, transmitted from the
piston to the pad, on the nonlinear dynamic behaviour of the brake system. To carry out this
study, three kinds of loading conditions will be tested. The first one considers a static load
and the two others are ramp loadings defined by two different speeds of loadings. Equation 3
presents the expression of the ramp loading denoted by F(t).

F(t) =







t

tR
Fmax if t ≤ tR

Fmax otherwise
(3)

where tR is the duration of the linear part of F(t), t is the time and Fmax is the force vector
associated with the maximum braking pressure Pmax. The influence of the speed of loading over
the brake response is investigated by using different values for the parameter tR: 10

−1 and 10−3

second which represent slow and fast loadings respectively. The brake responses for the two
previous ramp loadings will be compared with the response of the static load in section 3.2.2.

For the reader comprehension, the integration scheme will be performed around the sliding
equilibrium point for the static load: initial condition corresponds to a disturbance around the
sliding equilibrium point, whereas a disturbance around zero position (i.e. starting point of the
brake) is used for the two ramp loadings.

2.3 Equation of motion

Then, the Craig and Bampton method is applied to reduce the brake system size. The reduction
basis is composed of all the attachment modes and the first hundred eigenmodes of the structure
assuming the interface nodes are held fixed. This reduction provides a good correlation between
the whole and the reduced brake models until 20 kHz. This frequency corresponds to the
maximum audible frequency so it allows to perform squeal noise calculations in the audible
domain. Finally, the equations of motion for the reduced model are given by Equation 4:

MẌ+CẊ+KX = FNL(X) + F(t) (4)
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where M,C and K are mass, damping and stiffness matrices. X is the generalized displacement
vector and the dot denotes derivative with respect to the time. FNL defines the global nonlinear
force vector which contains linear and nonlinear parts of the contact force vector and also the
friction force vector for both disc and pad. Involving the damping matrixC, the following modal
damping is applied: a damping percentage ξ is applied for stable modes and a damping rate ζi
is used for unstable modes, where i denotes the indice of an unstable mode. The damping and
contact parameters used in this analysis are listed in Table 1.

2.4 Boundary element method

In this part the focus is on the calculation of the sound pressure radiated by the disc brake
subjected to friction-induced nonlinear vibrations. The sound pressure is given by the Fredholm
integral equation of the second kind (see Equation 5 and Figure 2):

αP (r′) =

∫

S

(

P (r)
dG(r′|r)

dn
−G(r′|r)

dP (r)

dn

)

dS (5)

where S is the surface of the body, r defines a point over the surface S (i.e. coordinates of M
in Figure 2), r′ defines a point over the field plane (i.e. coordinates of M ′ in Figure 2). For
a surface point (M ′ ∈ S), 0 < α < 1 whereas for a field point (M ′ ∈ Vext) the coefficient α is
equal to 1 and in this case, Equation 5 is called the representation formula. The normal vector
n is directed into the computational domain. The volume Vext is the free space and G is the
Green’s function for 3-D free space defined by:

G(r′|r) =
e−jnwave|r−r′|

|r− r′|
(6)

where j2 = −1 and nwave denotes the wave number. The boundary element collocation method
is used to discretize the surface S with elements Sk and the sound pressure is approximated
with shape functions such as:

P (r) ≈

Nelt
∑

k=1

λkνk(r) (7)
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where Nelt denotes the number of elements, νk are the shape functions and λk are the pressure
components onto the shape function basis. Therefore, Equation 5 takes the following form:

αP = APS −B
dPS

dn
(8)

where the vector PS corresponds to the sound pressure over the boundary element mesh S, and
the vector P is the sound pressure in Vext. The field of normal velocity over S is known in the
acoustic problem so that ∂PS

∂n
is known. The coefficients of the matrices B and A are composed

of integrals of the Green’s function G and correspond to the BEM matrices. Finally, the BEM
equation is given by:

αP = APS + jcnwaveρairBVS (9)

where nwave is the wave number, ρair is the density of the fluid, c is the speed of sound and
the vector VS denotes the field of normal velocity over the surface S in the Fourier frequency
space. For the numerical acoustic study, parts of the Open BEM toolbox are used [22]. For a
theoretical background about the Boundary Element Method, the reader could refer to [23,24].

2.5 Disc brake boundary element mesh and normal velocity treatment

In this work, the surface mesh is built by wrapping the finite element mesh of the disc brake.
The boundary element mesh is composed of quadrangular element with linear shape functions.
In this work, only the upper part of the previous skin is selected as illustrated in Figures 3 (a)
and (b). This approximation is due to the fact that, in our cases, the normal surface velocity of
the circumferential disc surface is almost nil. This investigation can be conducted only with the
dynamic response calculation which will be detailed in the next section. Therefore, the upper
and lower surfaces can be assumed to be disconnected: only the upper surface contributes to
the noise radiation along the +z-direction. On the other hand, reflections between the disc and
the pad also play an important role in the noise radiations.
Considering the friction interface, it can be observed that this surface can radiate only during
loss of contact configuration. So, this area is not considered in the acoustic calculation. However,
it is important to note that the disc and the pad have separated finite element meshes. So, the
nodes located over the outside boundary between the disc and the pad have to be merged during
the wrapping process (see Figures 3 (a) and (b)). Merging those nodes highlights the problem of
normal velocity field approximation. Actually, as seen on Figure 3 (c), the disc and the pad have
different velocities and normals at the connected points. When the connection is performed,
an unique normal ñ is built as illustrated in Figure 3 (d). The disc and the pad velocities are
then projected onto the new normal. The first approximation used is this paper consists of
averaging the normal velocities of the connected points as shown in Figure 3 (d). The second
approximation deals with the contact model used. The interior nodes of the interface are not
taken into account but the nodes over its boundary are considered (i.e. connected points). As
explained in Section 2.1, the contact formulation allows for penetration between the disc and
the pad, and the previous connected points can experience penetration. During this kind of
configuration, these nodes are not in contact with the fluid and so cannot radiate. In this study,
this phenomenon is neglected and these nodes velocities are considered in the acoustic problem.

On the other hand, there are some limitations with this approach. The first one involved the
fact that the finite element mesh and the boundary element mesh have been matched together.
This method is not the most accurate and a wrapping mesh algorithm could be used to optimize
the surface mesh and to avoid integrations errors. For the reader comprehension, an extensive
study of the structural mesh with a wrapping mesh algorithm has been previously performed
by Oberst et al. [19] and the authors show that this point plays a significant role in the acoustic
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(e)
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(d): meshes connexion process; (e): averaging velocities on the connected points (final boundary element
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response accuracy. A common rule to determine the mesh characteristic length is to use from 6
to 10 elements per wavelength [25].

In order to build the BEM mesh, the characteristic length has been determined to reach the
convergence of the surface sound pressure associated with the highest frequency under study
(about 20 kHz). It is observed that a characteristic length of about 8×10−3 m is fine enough to
reasonably well describe the radiations associated with this frequency.
Another important point involving the use of the BEM is the appearance of characteristic
frequencies. These frequencies correspond to the eigenfrequencies of the corresponding interior
problem: they have no physical meaning and are only mathematical singularities. To estimate
the validity of the BEM mesh, a unit surface velocity is applied, the sound pressure level is
calculated at a field point and for the frequency range under study. Then, the curve of the level
against the frequency is analyzed to detect irregular peaks which correspond to the irregular
frequencies. In our case, the BEM model does not present irregular frequencies in the frequency
range [0 20] kHz. Several numerical methods are efficient to avoid these singularities and the
interested reader could refer to [26,27].

3 Numerical simulation of brake squeal

The study of friction-induced vibrations for brake systems can be divided into three parts:
the stability analysis, the generation of nonlinear vibrations, and the estimation of the sound
pressure. In the following sections, these three approaches will be detailed and the list of cases
investigated in this work is presented.
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3.1 Stability analysis

In order to predict the occurrences of squeal nonlinear vibrations, a classical stability analysis
can be performed.

For a dynamic system, instabilities are defined by the divergence of a quasi-static sliding
equilibrium configuration due to friction. The sliding equilibrium configuration X0 is defined
by Equation 10:

KX0 = FNL(X0) + Fmax (10)

which corresponds to the nonlinear static problem associated with the maximum hydraulic
pressure applied Pmax. Then, the dynamic system is linearized around the static sliding equi-
librium configuration and the stability is given by performing a complex eigenvalue analysis of
the linearized system for a given set of parameters (contact, damping, material and geometrical
properties). The complex eigenvalue analysis of the linearized system is given in Equation 11:

(

λ
2M+ λC+ (K− JNL,X0

)
)

Φ = 0 (11)

where λ and Φ are the eigenvalues and eigenvectors matrices respectively. JNL corresponds to
the linearized expression of the nonlinear force vector FNL around X0 (Equation 12).

JNL,X0
X̃ =

∑

i

∂FNL(X̃)

∂X̃i

∣

∣

∣

∣

∣

X0

X̃i (12)

where X̃ is the disturbance of the equilibrium point X0. The complex eigenvalues provide
information about the local stability of the sliding equilibrium point. If all eigenvalues have
negative real parts, X0 is a stable configuration. If at least one eigenvalue has a positive real
part, X0 is an unstable equilibrium point which can lead to nonlinear oscillations. Finally, the
stability of the nonlinear system is the same as the linear one and this result is provided by the
Lyapunov theorem.

For Pmax = 12.5×105 Pa and µ ∈ [0; 1], the system presents two classical cases of instabilities:
one and two unstable modes (see Figure 4). The first instability is detected for µ = 0.72 and
the associated fundamental frequency f1 is 929.8 Hz as illustrated in Figure 4 (a). The second
instability occurs for µ = 0.731 and the fundamental frequency f2 is 9421 Hz (Figure 4 (b)).
In the following next section (i.e. analysis of the nonlinear vibration and calculation of noise),
we will focus on three cases: a configuration without unstable equilibrium point (µ = 0.69), a
single instability case (µ = 0.72) and a case with two unstable modes (µ = 0.731). The stability
results are listed in Table 2.

It is important to note that the previous stability analysis and the calculation of the sliding
equilibrium point are performed with a static load Fmax.

Table 2
Stability results: material properties, contact and damping parameters of Table 1, Pmax = 12.5× 105

Pa and µ ∈ [0, 1].

Case Friction coefficient Frequency f1 (Hz) Frequency f2 (Hz) Area of stability

1 0.69 - - stable
2 0.72 929.8 - one unstable mode
3 0.731 930 9420.9 two unstable modes
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Fig. 4. Stability analysis of the brake system, real part against frequency and friction coefficient. (a):
first instability; (b): second instability

3.2 Nonlinear vibrations

As explained in [15,28], the stability may lead to an under-estimation or over-estimation of the
unstable modes observed in the nonlinear time simulation due to the fact that linear condi-
tions are not valid during transient oscillations. Moreover, applying an time dependent braking
pressure can influence the generation of friction-induced nonlinear vibrations. Therefore, a
numerical resolution of the complete nonlinear system with the time dependent applied pres-
sure (see Equation (4)) is performed to estimate the nonlinear behaviour of the transient and
stationary responses of the system.

Section 3.1 provides three cases which correspond to three different kinds of stabilities (see
Figure 4) and for each cases, two kinds of loading conditions will be investigated: one static
load and two ramp loadings. In a first time, the two set of loading and initial conditions used
are presented. Then, time responses for all cases are presented and compared.

3.2.1 Loading and initial conditions

The first set of conditions corresponds to time integration initialized with the static sliding
equilibrium configuration with a disturbance around this sliding equilibrium point and the
loading condition is a static load defined by Fmax. Most works in the literature uses this
approach and the stability analysis defined in Section 3.1 is able to predict occurrences of
nonlinear vibrations. The main disadvantage of this approach is the fact that the evolutions of
the nonlinear vibrations generated by a temporal loading are neglected. So, the second kind of
initial and loading conditions consists of initializing temporal integration with a ramp loading.
These two loading conditions are of the forms presented in Equations 13 and 14:

Static loading: F(t) = Fmax, X(t = 0)= X0+ǫ, Ẋ(t = 0)= 0 (13)

Ramp loading: F(t), X(t = 0)= 0, Ẋ(t = 0)= 0 (14)

where the vector ε defines a slight disturbance around the sliding equilibrium point X0. For the
static load, the numerical simulation will be performed around the sliding equilibrium point due
to the fact that this equilibrium verifies Equation 10. For the two ramp loadings, simulations
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will be conducted at the start of braking to investigate the influence of the time dependent
brake pressure. It can be noted that no disturbance is introduced for the ramp loading case.

Table 3
List of cases with static loadings and ramp loadings (Equation 14)

Ramp loading cases tR (s) Static load cases Friction coefficients

- 1fast ramp - 10−3 1static 0.69
2slow ramp 2fast ramp 10−1 10−3 2static 0.72
3slow ramp 3fast ramp 10−1 10−3 3static 0.731

As previously explained, the main objective is to be able to compare the effect of the ramp
loadings for both the non-linear vibrations and the acoustic emissions. So, the stability analysis
is investigated to be able to compare the different initial conditions regarding the ramp loading
(without or with the ramp loading). For the interested reader, it can be observed that the brake
system without ramp loading corresponds to a purely self-excited system (i.e. an autonomous
system with a static applied load) whereas the brake system with a ramp loading is subjected
to the effect of the time dependent ramp. However, for each case, the friction-induced nonlinear
vibrations are generated by an unstable point.

3.2.2 Time responses and spectrum analysis

Destabilization due to the fast ramp loading: case 1static against case 1fast ramp

In this paragraph the time responses of cases 1static and 1fast ramp are presented. These cases
correspond to a friction coefficient of µ = 0.69 and the stability analysis predicts a stable sliding
equilibrium for the case 1static according to Figure 4 (a).

By using the loading and initial conditions presented in Equation 13, friction-induced non-
linear vibrations cannot be generated. For the reader comprehension, the time integrations
are performed for the case 1static and the amplitudes of the brake vibrations decrease until the
sliding equilibrium configuration is reached.

In the case 1fast ramp , the loading and initial conditions applied are those defined by Equation
14 and the ramp loading used is defined by tR = 10−3 s. Figure 5 (a) shows the velocity of
the case 1fast ramp for a normal dof of the friction interface. It can be noted the divergence of
the velocity during a short transient with high amplitude, and then a stationary regime. Thus,
for a fast ramp loading, the system can be subjected to friction-induced nonlinear vibrations
which are not predicted by the stability analysis. In order to identify the frequency content of
the nonlinear vibrations, spectrum analysis are performed for the case 1fast ramp. Figure 5 (b)
shows the Fourier transform of the velocity and it can be seen that all the resonance peaks are
of the form ±mf1 ± nf2, where f1 and f2 are the fundamental unstable frequencies and m and
n are positive integers. These linear combinations of the fundamental frequencies correspond to
the spectrum of a case presenting several unstable modes. The response is mainly led by f1 and
its harmonics 2f1 and 3f1. The second fundamental frequency f2 appears but its contribution
is limited. The previous spectrum analysis provides f1 = 944 Hz and f2 = 9401 Hz. These
frequencies do not correspond to the results given by the stability analysis (see Table 2) but
they are close to the frequencies predicted for µ = 0.731. The variation of these frequencies can
be explained by the evolution of the average position of the brake and the non linearities [15].
In this case, the mean position during the braking process does not reach the associated sliding
equilibrium configuration (Figure 7) that has been calculated in section 3.1.

This analysis highlights the fact that the time dependent loading plays a significant role in
squeal initiation in addition to nonlinear effects.
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Fig. 5. Dynamic responses of cases 1fast ramp, 2static and 2fast ramp. Column 1: velocity; Column 2:
Fourier transform; (a) (b): case 1fast ramp ; (c) (d): case 2static; (e) (f): case 2fast ramp

Influence of the ramp loading for the single instability cases: case 2static against
cases 2slow ramp and 2fast ramp The time response of the case 2static is calculated with the
static loading and the initial conditions defined by Equation 13. The system leaves the initial
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condition and self-excited vibrations are generated as indicated in Figure 5 (c). The associated
nonlinear spectrum is composed of the fundamental frequency f1 and its harmonic components
2f1 and 3f1 (see Figure 5 (c)). The detected fundamental frequency f1 is 930 Hz and this value
is in accordance with the stability analysis prediction. The evolution of the average position,
the system oscillates around its static sliding equilibrium configuration throughout the response
(Figure 7).

The time response, the spectrum and the mean position of the case 2slow ramp are exactly
the same as for the case 2static (results not presented).

In the case 2fast ramp, the time response is significantly different and Figure 5 (e) shows that
the amplitude of velocity reaches 65 ms−1 during transient and the amplitude growth rate is
higher than for the cases 2static and 2slow ramp. Moreover, the amplitudes during the transient
are higher than during the stationary oscillations. The nonlinear spectrum presents harmonic
components of the form ±mf1±nf2 as indicated in Figure 5 (f). The two detected fundamental
frequencies are f1 = 944 Hz and f2 = 9424 Hz: f1 is different from the frequency predicted by
the stability analysis whereas f2 is very close to the second fundamental frequency predicted
for µ = 0.731. As previously detailed, the evolution of f1 can be explained by the nonlinear
contacts and loss of contact interactions, and the fact that the system does not oscillate around
its static sliding equilibrium configuration (Figure 7). It can also be seen that this response is
very similar with the response of case 1fast ramp.

Influence of the ramp loading for the case with two unstable modes: cases 3static
against cases 3slow ramp and 3fast ramp According to Figure 4, this friction coefficient of
0.731 provides two unstable modes at 930 Hz and 9421 Hz for the case 3static.

In the case 3static, the system diverges from the initial condition (see Equation 13), then
stationary oscillations with amplitude of about 25 ms−1 are observed as indicated in Figure 6
(a). Figure 6 (b) shows that the harmonic components are still linear combinations of the form
±mf1 ± nf2. Several components appears but f1, f2 and 2f1 are predominant.

In the case 3slow ramp, the features of velocity and spectrum are similar with the case 3static
but the stationary regime is reached much later (results not presented). For the two previous
cases, the detected fundamental frequencies are f2 = 9421 Hz and f1 = 920 Hz and the latter
is not predicted. This is due to the fact that the mean position leaves the sliding equilibrium
and the system oscillates around another constant configuration when the stationary regime is
reached (Figure 7).

In the case 3fast ramp, the nonlinear vibrations are significantly different: the velocity presents
a predominant transient and the final stationary regime is quickly reached whith amplitude of
about 27 ms−1 (Figure 6 (c)) and this is higher than the two previous cases. Moreover, the
spectrum is much complex with numerous harmonic components as indicated in Figure 6 (d) but
the stationary response is mainly led by f1, 2f1, 3f1. The associated fundamental frequencies are
not predicted and this is still due to an evolution of the mean position in addition to nonlinear
effects (Figure 7).

Another case associated with a higher friction coefficient of 0.74 has been investigated (results
not presented). For this case, the stability analysis shows two unstable modes. Both the
static and the fast ramp loading generates higher amplitude of velocity than all the previous
cases. Moreover, and as for the previous cases, the mean position does not reached the sliding
equilibrium and is different from the mean positions of cases 1fast ramp, 2fast ramp and 3fast ramp.

The previous analysis show that the amplitude of velocity can be very high. As explained
in [29], the limit cycle amplitudes are very sensitive to the friction coefficient. Moreover contact
stiffnesses and damping parameters are also important and the parameters used in this work
are not experimentally validated and this explains the high amplitude of velocity, in addition
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Fig. 6. Dynamic responses of cases 3static and 3fast ramp. Column 1: velocity; Column 2: Fourier
transform; (a) (b): case 3static; (c) (d): case 3fast ramp

to the model simplifications.
To conclude this comparison, a “slow” ramp loading provides the same stationary response

than a static one whereas a “fast” loading can have several effects. The first corresponds to
high amplitude of velocity and is explained by the fact that it generates fast displacement
variations which are directly linked to the velocity. The second is the appearance of new
harmonic components which are basically associated with cases presenting several fundamental
frequencies. This highlights the fact that the ramp loading is able of changing the attractor
onto which the system tends to. The final mean positions associated with the cases with a fast
ramp loading are close and this explains that the three dynamic responses and spectrum are
similar. The last effect is a variation of the fundamental frequencies due to the evolution of the
mean position and the nonlinear interactions at the frictional interface.

3.3 Noise emissions during squeal event

In this section, attention is paid to the sound pressure field radiated in the free space by the
disc brake during squeal event. First of all, the method of calculation which has been developed
is remembered and the different field planes over which the sound pressure level is displayed
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are presented. Then, for all the previous cases (see Table 3), the propagation of squeal noise
is characterized in terms of directivity and levels. Finally, a convergence study of the pressure
with respect to the number of retained harmonic components is performed.

3.3.1 Acoustic calculation method

The multi-frequency acoustic calculation method has been described in [14] but in the current
paper, it is reformulated in a more general way. The method of calculation presented in this
paragraph aims at calculating the sound pressure generated during squeal phenomenon. This
method is based on the resolution of the Fredholm integral equation (see Equation 8) and the
main difficulty is that the pressure depends on the frequency of the velocity. However, as
previously shown in 3.2.2, the velocity can be composed of several harmonic components due
to nonlinear effects. In order to consider this point, the proposed approach can be divided into
three steps: the first point of this method is to perform time integration to calculate the field
of velocity. The two last steps correspond to the decomposition of the velocity spectrum and
the calculation of the sound pressure.

Detection of the vibration frequencies and decomposition by order: spectrum anal-
ysis are then performed in order to detect all the frequencies which appear in the velocity Ẋ(t).
Resonance peaks are defined by linear combinations of the fundamental frequencies: if the spec-
trum contains p fundamental pulsations ωj with j ∈ [1; p] , the harmonic components of the
response are linear combinations of the following form:

k1w1 + k2w2 + ...+ kiwi + ...+ kpwp (15)

16



with ki ∈ [−Nh, Nh] and Nh is the number of retained harmonic components. Then, the normal
velocity over S ẊS(t) can be decomposed in a Fourier serie which is of the following form:

ẊS(t) ≈

Nh
∑

k1=−Nh

...

Nh
∑

kp=−Nh

ak1, ..., kp cos(k1w1+...+kpwp)t+bk1, ..., kp sin(k1w1+...+kpwp)t (16)

where ak1, ..., kp and bk1, ..., kp are the Fourier coefficient vectors corresponding to the linear
combination of w1, ..., wp. By introducing the basis ω =[w1 ... wp]

T and the vector τ = ωt,
the approximated velocity takes the following form:

ẊS(τ ) ≈ a0 +
∑

k∈Zp

ak cos(k.τ ) + bk sin(k.τ ) (17)

where the vector k contains the coefficients of all the linear combination of the fundamental
pulsations ωj . It can be noticed that the velocity associated with the harmonic components m
is of the following form:

ẊSm
(τ ) = akm cos(km.τ ) + bkm sin(km.τ ) (18)

where ẊSm
denotes the contribution of the harmonic components m in the field of normal

velocity over S. The vector km corresponds to coefficients of the linear combination of the
harmonic components m. The vector akm contains the Fourier coefficients associated with km.

Sound pressure radiated and characterization of levels and directivity: the sound
pressure PSm

denotes the pressure over S and corresponds to the harmonic components m. It
depends on the normal velocity field over S denoted by ẊSm

. The boundary element equation
(Equation 8) can be solved for each harmonic components: the global wave is decomposed into
elementary waves. By using Equation 9, the acoustic equation for the harmonic components m
takes the following form:

αPm = AmPSm + jcnwave,mρairBmVSm
(19)

wherePm is the sound pressure in the free space and nwave,m denotes the wave number associated
with the harmonic components m. VSm is the surface normal velocity in the frequency space
associated with the harmonic components m. It can be noted that the matrices Am and Bm

depends on the wave number and thus have to be calculated for each harmonic components. A
possible way of building the “global” sound pressure is to sum the pressure of each harmonic
components Pm. However, in the time domain, these components are delayed due to the
presence of several fundamental frequencies. To consider these delays, the contribution of Pm

is weighted by a coefficient corresponding to the ratio between the maximum amplitude of ẊSm

and the amplitude associated with an arbitrary time. In this study, the weight associated with
Pm is denoted by βm and the associated time step is the one which provides the maximum ratio
for the maximum number of components to obtain the maximum sound pressure. Therefore,
the reconstructed sound pressure field P̃ can be obtained by superposition (see Equation 20):

P̃ =
∑

m

βmPm (20)

Finally, the sound pressure levels in decibels LdB are given by LdB = 10 log10

(

P̃P̃∗/P 2
ref

)

, where

Pref denotes the minimum audible sound pressure (Pref = 2 × 10−5 Pa), and the star denotes
the complex conjugate. In order to characterize the levels in the near and far fields, LdB is
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Fig. 8. (a) Definition of the field planes Pθ; (b) field planes Pθ used: P0 and Pπ

2

evaluated over five field planes. The first is the boundary element mesh, the second is a square
of 1.5 × 1.5 m centered over the disc and placed at 5 × 10−2 m high. The third is a square of
4 × 4 m and placed at 1.5 meter high. Two other planes are also used and correspond to the
planes Pθ as illustrated in Figure 8 (a). For this study, the values of θ will be 0 and π

2
(see

Figure 8 (b)).
In the following, the term “near field” will denote the field plane placed at 5× 10−2 m and

the term “far field” will be the field plane placed at 1.5 m from the top of the pad. For the
interested reader, the precise definition of the near and far fields corresponds to nwaver << 1 and
nwaver >> 1 respectively, where nwave denotes the wave number and r is the distance between
the field point and the source. However, it can be noted that the near field effects do not occur
for the previously defined field planes due to the fact that the lower value of nwaver is close to
1.
The field plane mesh convergence, i.e. the optimal number of field points which allows us to
well describe the sound pressure over a field plane, has been investigated: in our case 1000 field
points per plane is fine enough.

3.3.2 Calculation of squeal noise

By applying the acoustic calculation method defined in 3.3.1, noise emissions for all the cases
during stationary regime are calculated. Attention is paid to the surface velocities and sound
pressure levels but also to the radiations over the field planes. Comparisons of the directivity
patterns in the near and far fields for all the cases are also presented. An overview of noise
emissions in the near and far fields for all the cases is given in Table 4.

Noise emissions for the case 1fast ramp This case corresponds to the destabilization due
to the fast ramp loading. An illustration of the surface normal velocity field used for this
calculation is presented in Figure 9 (a). This velocity generates a surface sound pressure field
with a maximum level of about 166 dB as indicated in Figure 9 (b) and the pad is the most
radiating structure in comparison with the disc. Figure 9 (c) shows the 3-D noise propagation
and the latter is close to be omnidirectional with the scattering of circular wave front lines which
denotes an alternation of low and high sound pressure. The near and far field sound pressure
level maps also present a circular propagation of noise (see Table 4).

It can be concluded that destabilization due to the fast ramp loading can generate peculiar
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Table 4
Comparison of the sound pressure levels in the near and far fields for the cases under study

µ Case near field far field

0.69 1static - -
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patterns of noise propagation which are omnidirectional with significant sound pressure levels.

Noise emissions for the cases 2static, 2slow ramp and 2fast ramp These cases correspond
to the single instability cases defined by a friction coefficient of µ = 0.72.

Case 2static: The surface velocity field of this case presents low amplitude as indicated in
Figure 9 (a) and this generates a surface sound pressure with a maximum level of 122 dB (see
Figure 9 (b)). The maximum levels are still located over the pad and this repartition generates
the 3-D noise propagation of Figure 9 (c). The pattern is smooth due to the contribution of
the first fundamental frequency and few of its harmonic components. The directivity presents
a predominant central lobe which indicates that the propagation is mainly along the z-axis.
However, the near field sound presents four predominant lobe whereas only two of them remains
in the far field (see Table 4).

Case 2slow ramp : As explained in Section 3.2.2, time response and spectrum analysis for
the case 2slow ramp are similar with the case 2static. Therefore, acoustic radiations for this case
are the same as for the case 2static (results not presented). So, the slow progressive load does
not disturb both time and acoustic responses.

Case 2fast ramp: For this case, the normal velocity field shape is different from the two
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Fig. 9. Acoustic responses of cases 1fast ramp, 2static and 2fast ramp during the stationary regime. column
1: surface normal velocity field; column 2: surface sound pressure level LdB; column 3: LdB in the near
field ∩P0 ∩ Pπ/2; (a) (b) (c): case 1fast ramp; (d) (e) (f): 2static; (g) (h) (i): case 2fast ramp

previous cases: the amplitudes are higher and the repartition of the maximum amplitudes
changes (Figure 9 (g)). This normal velocity field generates a surface sound pressure levels
which presents the pattern illustrated in Figure 9 (h) and the maximum level is about 163
dB. Involving the noise propagation, it can be seen on Figure 9 (i) that the pattern seems to
be composed of the superposition of a unidirectional propagation (as for the case 2static) and
circular waves. It has been shown in Section 3.2.2 that the fast ramp loading significantly
modifies spectrum: several harmonic components become more predominant than for the static
load case. Thus, the previous superposition can be explained by the predominance of f1 and
2f1 for the case 2fast ramp in contrast to f1 for the case 2static. The near and far field pressures
are also modified by this phenomenon (see Table 4).

The acoustic study of cases 2static, 2slow ramp and 2fast ramp allows to conclude that considering
a fast ramp loading can significantly modify squeal noise levels in our cases. Moreover, it
completely modifies the directivity patterns due to the predominance and appearance of new
harmonic components.
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Fig. 10. Acoustic responses of cases 3static and 3fast ramp. column 1: surface normal velocity field;
column 2: surface sound pressure level LdB; column 3: LdB in the near field ∩P0 ∩Pπ/2; (a) (b) (c): case
3static; (d) (e) (f): case 3fast ramp during the first stationary regime

Noise emissions for the cases 3static, 3slow ramp and 3fast ramp These cases correspond to
the two unstable modes cases with the static load, the slow and fast ramp loadings respectively.
For all these cases, noise calculations are performed during the final stationary regime.

Case 3static: In this case, the surface normal velocity field present a complex patter with
high amplitude as indicated in 10 (a). Therefore, the surface sound pressure pattern is also
complex with several localized maximum over the pad (see Figure 10 (b)). Another point is the
fact that acoustic wave reflections of the pad over the disc occur that generate the two lobes
over the disc. The maximum level is about 176 dB which is significantly higher than all the
previous cases. The 3-D noise propagation is also complex with several lobes which denotes
privileged directions of propagation as illustrated in Figure 10 (c). Moreover, the near- and
the far- field propagation also present different lobes making the radiations more complex (see
Table 4).

Case 3slow ramp: For this case, the acoustic radiations are similar with those of the previous
case 3static (results not presented).

Case 3fast ramp: The surface normal velocity is completely modified in comparison with the
two previous cases: the pattern is different and the amplitude is lower as indicates in Figure 10
(d). Therefore, the surface sound pressure levels are also different in terms of patterns and levels
(Figure 10 (e)). This surface pressure is very similar to the cases 1fast ramp and 2fast ramp and this
is explained by the similar spectrum. Finally, for the same reason, the 3-D noise propagation is
also similar to the cases 1fast ramp and 2fast ramp (Figure 10 (f)).

To conclude this comparison, due to the fact that the “fast” ramp loading strongly modifies
the dynamic response, it is able to strongly change the noise radiations. In our cases, the
directivity patterns are changed, lobes are changed into circular wave front lines and the levels
can be amplified (cases 3static and 3fast ramp) or decreased (cases 2static and 2fast ramp).

This increase/decrease of noise level depends on how the frequency content is modified.
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The fast ramp loading tends to increase the normal velocity and the system presents new
frequencies which radiates more or less. In our case, the friction coefficient is also able to
modify the sound pressure level and the case with a higher friction coefficient of 0.74 (results
not presented) presents very high sound pressure level due to high normal velocity for the
static load condition. The simplifications in the disc brake modelling are responsible for these
unrealistic sound pressure levels. In our cases, the sound pressure levels are higher than the
classical squeal noise measurements of about 80-120 dB. However, as the comparison between
static and ramp loading cases are performed for the same model, it is relevant to estimate the
influence of the loading on the propensity of squeal.

3.3.3 Convergence study

As previously explained, all the harmonic components detected in the field of velocity are
retained for the acoustic calculations. The calculations are performed for each components and
they can be numerous as for the case 3fast ramp . So, investigating the convergence of the pressure
with respect to the number of retained harmonic components can be very use full in terms of
time computation. In order to study the convergence, the error ǫI (see Equation 21) is used :

ǫI =

∥

∥

∥

∥

PN − PI

PN

∥

∥

∥

∥

for i = 1...N (21)

where I denotes the number of retained harmonic components and N the total number of
components.

The relative error for the case 1fast ramp is presented in Figure 11 (a). It can be noticed
that it globally decreases with the number of harmonic components retained. However, several
components are more predominant in the convergence than others. By using only f1 the error
is about 5.6% and adding f2 (i.e using f1 and f2) does not increase the accuracy. However,
adding 2f1 and 3f1 (i.e using f1, f2, 2f1 and 3f1) provides an error of 1.4% which is close to
the reference (i.e. the sound pressure calculated by retaining all the harmonic components).

Involving the case 2static, the convergence is fast as illustrated on Figure 11 (b): using f1
provides an error lower than 0.4% and lower than 0.05% by adding 2f1. The sound pressure for
this case is mainly led by the first harmonic component.

Figure 11 (c) shows the error evolution for the case 2fast ramp during the stationary regime.
The fast ramp loading generates a more complex spectrum with more harmonic components
than for the case case 2static. The convergence is slower than for the case 2static and predominant
components are noted. Actually, using f1 provides an error of about 2% and the components
which significantly improve the accuracy are 2f1, 3f1, 4f1 and 10f1− f2 as illustrated in Figure
11 (c).

The error evolutions for the cases 3static, 3slow ramp and 3fast ramp are not presented, but
for the first two, the error is lower than 1% by using only f1 and f2. The cases 3fast ramp

has a different convergence which is similar with the cases 2fast ramp and 1fast ramp due to the
similarities between the spectrum.
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Fig. 11. Evolution of the relative error ǫI with respect to the number of retained harmonic components
in the Fourier basis. (a): case 1fast ramp ; (b): case 2static during final stationary regime; (c): case
2fast ramp during final stationary

4 Conclusions

This paper focuses on a simplified brake system model composed of a circular disc and a pad.
Due non linearities of contact and friction over the interface, the system can be subjected to
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friction-induced nonlinear vibrations. The stability analysis of the brake system provides two
classical cases of instabilities of one and two unstable modes. For these cases, the time and
acoustic responses with the progressive brake pressure are calculated and compared with the
static load cases (i.e. purely self-excited vibrations).

Secondly, the numerical results show that a stable configuration predicted by the stability
analysis can be destabilized by a sufficiently fast ramp loading. Involving the single and the two
unstable modes cases, the ramp loading has three effects: the amplitudes of time response are
higher than for the static load; new harmonic components are activated due to non linearities and
the fact that the sliding equilibrium configuration is not reached. This investigation highlights
the fact that ramp loading can change the attractor onto which the system tends to and thus,
strongly modify the brake dynamics.

Thirdly, a method based on the elementary waves superposition which allows us to estimate
both levels and directivity of the noise emissions during squeal events has been proposed. A
simplified boundary element model of the brake system is used to performed noise calculations.
The comparisons of noise emissions between the static and ramp loadings highlight the fact
that the directivity pattern is strongly modifies by the time dependent loading due to the
modifications of the nonlinear spectrum. Moreover, the levels are also modified: is our cases
the fast ramp loading is able of significantly decreasing or increasing the levels.

Finally, the sound pressure convergence study shows that for the static load cases, only the
first elementary waves (i.e. associated with the firsts harmonic components) are sufficient to
describe the global radiations. However, considering the ramp loading needs more harmonic
components to well describe the radiation.

It can be concluded that the friction-induced nonlinear vibrations due to various time depen-
dent ramp loading have a significant influence over the dynamic response in terms of amplitudes
and spectrum, and over the acoustic response in terms of noise levels and directivity.
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