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Abstract

We analyse folding phenomena in layered viscous rock in which we assume that the
thickness of each layer is much smaller than characteristic structural dimensions. We
derive constitutive relations and apply a computational simulation scheme suitable for
problems involving very large deformations of layered viscous materials. We then
consider buckling instabilities in a finite, rectangular domain. Embedded within this
domain, parallel to the longer dimension we consider a stiff, layered beam under
compression. We analyse folding up to 40% shortening. The effect of layering manifests
itself in that appreciable buckling instabilities are obtained at much lower viscosity ratios
(1:10) than required for the buckling of isotropic beams (roughly 1:500). The
wavelength induced by the initial harmonic perturbation of the layer orientation seems to
be persistent. A linear instability analysis is conducted to clarify the numerical results
and also to examine the potential role of couple stresses on the folding process

1 Introduction

The founding fathers of modern geology established that most sedimentary rocks were
originally deposited in sequences of soft horizontal layers at the bottom of shallow seas
and hardened over time. The challenge remains in many instances to explain the
evolution of the enormous variety of shapes and forms observed in sedimentary-and
crustal rock structures. Observed structures include folds, shear- and kink bands and
fractures. The strains under which these structures formed are typically high and the
strain rates are low( 1075 ), viscous, elastic, and brittle effects influence the observed
structures. The example in figure 1 illustrates another reason for the popularity of
folding as a subject of geological interest: the frequent association of fluid flow and
mineralization with tightly folded rocks.

We develop a mechanical model including a large deformation formulation for multi-
layered rock. The formulation describing materials which also have a fine internal
layering, which can be described by a single director orientation. This constitutive model
is specifically designed for geological deformation problems involving very large
deformations. Although there are more general descriptions possible, this formulation is,



in fact, very broadly a pplicable t o c rustal r ocks, w here the p reponderance of layering
arises from deposition of one rock type onto another under gravity.

Figure 1. A plaque in Castlemaine commemorating gold discoveries in the Bendigo Gold Fields:
“ANTICLINAL FOLD: This fine exhibit was disclosed when Lyttleton Street East was constructed in 1874.
Saddle reefs occur in similar folds of the sandstones and slates in lower geological horizons”.

We revisit the basic finite element formulation for viscous materials and demonstrate
how the standard element vectors and matrices can be extended to include anisotropy.
We next describe a computational method capable of following the evolution of
macroscopic interfaces and the internal layering direction introduced in the constitutive
relationship. The Particle-In-Cell (PIC) finite element method, as this technique is
known, is a hybrid scheme which falls between the Finite Element Method and a purely
Lagrangian particle method such as the Discrete Element Method. PIC is derived from
standard finite elements but includes moving integration points to carry director
orientation information and other history variables.

We explore scenarios from global to internal buckling in nonlinear finite element
studies. These show that buckling can be induced at much lower strength contrasts
between the matrix and the embedded beam than would be the case for isotropic
materials. An explanation for this is attempted within the framework of linear stability
analysis which also provides insight into the expected modes of deformation at the onset
of instability, and the different regimes of behaviour one might expect to observe.

2. Mathematical formulation

Layered materials are ubiquitous in geological formations. Accordingly, virtually every
mathematically-minded structural geologist has, at some stage, contributed to this field
(Chapple, 1969; Fletcher, 1974, 1986; Johnson & Fletcher, 1994; Schmalholz &
Podladchikov, 1999; Hunt et al.,, 1997; Vasilyev et al, 1998). Layering may be caused by
purely mechanical, hydro-mechanical or chemo-mechanical means (eg Williams, 1972;
Robin, 1979; Ortoleva, 1994). From a mechanical point of view, the salient feature of
such materials is a distinguishing orientation given by the normal vector field n;(x,,t)
of the layer planes, where (x,,x,,x;)are Cartesian coordinates, and ¢ is the time. We
assume linear viscous behaviour and designate with 7 the normal viscosity and 7 the
shear viscosity in the layer planes normal to n; The orientation of the normal vector, or



director as it is sometimes called in the literature on oriented materials, changes with
deformation. Using a standard result of continuum mechanics, the evolution of the
director of the layers is described by

¥ =W/n, where W =W,~ (DyA, -DyA,) and A,=npn, 1)

where L=D+W is the velocity gradient, D is the stretching and W is the spin. The
superscriped n distinguishes the spin W" of the director n (the unit normal vector of the
deformed layer surfaces) from the spin W of an infinitesimal volume element dV of the
continuum.

The material layering may be in the form of an alternating sequence of hard and soft
materials or in the form of a superposition of layers of equal width of one and the same
material, which are weakly bonded along the interfaces. We designate the normal shear
modulus and the normal shear viscosity as x and 7 respectively; the shear modulus and
the shear viscosity measured in simple, layer parallel shear we designate as i and 7.

In the following simple model for a layered viscous material we correct the isotropic part
2nD’; of the model by means of the A tensor (see appendix Miihlhaus et al, 2001, for

the derivation) to consider the mechanical effect of the layering; thus

-pd.. 3)

0, = 20D}, = A=A :
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where a prime designates the deviator of the respective quantity, and

ljkl ( (n, nké‘lj+n nk6ll+nlnl§kj +n .n é;k) 2n. n]nknl) 4)

3. Finite element formulation

The constitutive relationships derived in the previous section translate naturally into
standard finite element matrix formulation for almost incompressible materials as
follows:

o oo

K is the so-called global stiffness matrix which contains all the material property
parameters, G is the divergence expressed in matrix form, u and p are the unknown
velocities and pressure respectively, and F is a vector of driving terms comprising body
forces and surface tractions (e.g. see Hughes, 1987).

The matrixes K and G are global matrixes composed in the usual way of elemental
matrixes; in the following we designate element matrixes and vectors by a superscripted
E. The components of an element stiffness matrix may be written as



Kf = | B" (x)C(x)B(x)dQ (7
QE

The matrix B consists of the appropriate gradients of interpolation functions which
transform nodal point velocity components to strain-rate pseudo-vectors at any point in
the element domain.

The constitutive operator corresponding to (3) is composed of two parts C= C;;, +C,
representing the isotropic part of the constitutive model and a correction term
considering the influence of layering an. In two dimensions,

1 -A, A, -A
n
Ciso = 277 1 ; Clayer =_277( 7; _1) A0 _AO A1 (8)
1 1
2 —A AL oA

. . 2.2 3 3
in which Ay =2n'n; and A, =(n n; —nin,).

4. The particle-in-cell finite element method

Some difficulties arise in devising a practical implementation of the finite element
formulation described in section 3 for the large deformation modeling of layer folding.
In particular, since the C matrix is a continuously evolving function of position through
its dependence on director orientation, it is necessary that we are able to track an
evolving vector function of the material during deformation.

We have therefore developed a hybrid approach —a particle-in-cell finite element method
that uses a standard Eulerian finite element mesh (for fast, implicit solution) and a
Lagrangian particle framework for carrying details of interfaces, the stress history etc.

Our particle-in-cell finite element method is based closely on the standard finite element
method, and is a direct development of the Material Point Method of Sulsky ez al.
(1995). The standard mesh is used to discretize the domain into elements, and the shape
functions interpolate node points in the mesh in the usual fashion. The problem is
formulated in a weak form to give an integral equation, and the shape function
expansion produces a discrete (matrix) equation. For the discretized problem, these
integrals occur over sub-domains (elements) and are calculated by summation over a
finite number of sample points within each element. For example, in order to integrate
equation (7), over the element domain Q" we replace the continuous integral by a
summation

Kf=3w,B"(x,)C,(x,)B(x,) 12)
V4

In standard finite elements, the positions of the sample points, x,, and the weighting, w,
are optimized in advance. In our scheme, the x,,’s correspond precisely to the Lagrangian
points embedded in the fluid, and w, must be recalculated at the end of a time step for



the new configuration of particles. Constraints on the values of w, come from the need to
integrate polynomials of a minimum degree related to the degree of the shape function
interpolation, and the order of the underlying differential equation (e.g Hughes,1987).
These Lagrangian points carry the history variables including the director orientation
which are therefore directly available for the element integrals without the need to
interpolate from nodal points. Moresi et al. (2001) give a full discussion of the
implementation of the particle-in-cell finite element scheme used here including full
details of the integration scheme and its assumptions.

5. Numerical simulations

<t

Figure 2. Initial geometry for the folding experiment. Layer 1 is compressible, viscous (7],,) background
material, layer 2 is identical to layer 1 but incompressible (see text for an explanation), layer 3 is the test
sample: viscoelastic ( 7,7), )with a director orientation (I). The anisotropic layer contains small

perturbations to the otherwise horizontal internal layering. V=10 is constant during any given experiment and
unchanged between different experiments.

We present an example of a simulation of folding of a layer of anisotropic viscous
material sandwiched between two isotropic layers of equal viscosity (Figure 2). To
accommodate the shortening of the system, one of the isotropic layers is compressible.
In benchmarking this sandwich of incompressible and compressible embedding material
was found to give-good agreement with analytic results assuming an infinite domain
(Moresi et al, 2001). We present three cases which have normal viscosity contrasts
between the embedding material and the beam (77,, /1) of 1 (case 1), 1/10 (case 2) and

1/100 (case 3). For case 1, the ratio 7/7, =100, whereas for cases 2 and 3 7/, =10.
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Figure 3. Case 1: Evolution of folding in anisotropic viscous layer. Isotropic embedding material has viscosity
1, layer has shear viscosity 0.01, normal viscosity 1. Results are shown for perturbation to the director
orientation with wavenumber ¢ =27 and ¢ =107

For case 1 (Figure 3), the small growth rates observed at the outset produce only very
small deflection of the layer interfaces after 40% shortening. Of interest, however, is the
fact that a perturbation with wavenumber ¢ =107 produced a corresponding layer
deflection of larger magnitude than a perturbation at g =27, suggesting that the growth
rate remains flat as a function of g even at finite amplitude deformation.

For case 2 (Figure 4), the growth rate is higher for smaller wavenumber in the
infinitesimal deformation limit, and this persists with finite amplitude deformation.
Growth at wavenumber g=2ris significantly more developed after 40% shortening
than growth at g=107.

For case 3 (Figure 5), we observe the same overall trend as case 2: high wavenumber
perturbations do not grow as fast as low wavenumber. However, we also observe that
low wavenumber modes are excited in the finite deformation limit irrespective of the
perturbation wavenumber. The perturbation causes a secondary variation in the interface

deflection.
- - - -
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Figure 4. Case 2: Evolution of folding in anisotropic viscous layer. Isotropic embedding material has viscosity
1, layer has shear viscosity 1, normal viscosity 10. Results are shown for perturbation to the director

orientasion with wavenumber ¢ =277 and g =107

g=2x
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Figure 5. Case 3: Evolution of folding in anisotropic viscous layer. Isotropic embedding material has viscosity
1, layer has shear viscosity 10, normal viscosity 100. Results are shown for perturbation to the director
orientation with wavenumber ¢ = 277and g =107

6. Linear instability analysis

The numerical simulations show a propensity to, amplify the deformation at the finest
available wavelength: the one provided by the finite element mesh. The anisotropic layer
itself shortens almost uniformly, but the internal layering direction develops an
extremely strong periodicity in the shortening direction. Couple stresses (neglected in
our numerical analysis) would stabilize the solution at a finite wavenumber and, thus, at
least ameliorate the mesh-sensitivity of the result (Muhlhaus, 1993). We conclude the
main body of this paper with a linear instability analysis in which we consider the
potential effect of couple stresses as well. We present only the key assumptions and
results of the analysis; for details of the derivation we refer to (Muhlhaus et al 2001).

We consider a plate of thickness 4 consisting of a layered viscous material. The layering
is assumed to be parallel to the plate surfaces. The plate is embedded in an infinite,
isotropic material. The viscosity of the embedding material is 7,,. The thickness of the
individual layers is ¢. The resistance of the embedding medium against the folding of the
structure is considered Biot-style (1965a) by the traction
20, =—477M wqexp(ar)U cos(qxl). Couple stresses may be significant in situations

where the gradient of n; changes strongly over a short distance (limiting case:
disinclination). In such cases we have to take the variations of the normal stresses across
the layer cross sections into consideration (e.g. Muhlhaus, 1993). The couple stress
theories (see e.g. Mindlin and Thiersten, 1962; Muhlhaus, 1993; Miihlhaus & Aifantis,
1991a,b) provide a convenient framework for the consideration of stress fluctuations on
the layer-scale without having to abandon the homogeneity properties of the anisotropic
standard continuum approach. In the present case the couple stress enhancement leads
naturally to the superposition of bending stiffness on our standard continuum model. In



connection with layered materials the internal length scale introduced by the couple
stresses is proportional to the layer thickness (ranging from microns to kilometers in
geological applications) and to the differences between the viscosities and shear moduli
governing pure and simple shear respectively (see e.g. Miihlhaus, 1993). In layered
materials the explanation for non-symmetry of the stress tensor is straightforward: In a
continuum description the stresses represent average values over multiples of the layer
thickness. In bending, the shear stress obtained by averaging normal to the layering is
different in general from the shear stress parallel to the layering. The latter may be zero
in the case of a stack of perfectly smooth cards (a standard continuum model would
break down in this case). Within the framework of a couple stress theory one considers
the variation of the normal stress across the layer thickness (cf. standard engineering
beam and plate theories), and introduces statically equivalent couple stresses to balance
the difference between the shear stresses. As usual in plate theories, the couple stresses
(moment per unit area) are conjugate in energy to a suitable measure for the rate of
curvature. We assume that in the reference configuration the layer normal is parallel to
the Cartesian x; axis. Without going into details, in our 2D linear instability analysis, the
only non-zero component of the curvature rate is: &}, = v,,;, (Muhlhaus et al 2001). The

simplest possible constitutive relationship for the couple stress is obtained by setting
my, =1/3(u — Uy )tzl(1 1 - Note that the corotational rate is equal to the material rate
because m;;=0 in the ground state. Assuming modes of the type

27
d¢2 =Uexp(wr) cosT x| = U exp(wr) cos ax; 541 =0, 13)

the critical condition is obtained as:

okt o8 43
3775
w= 14)
k2 (1-19) (Y 3 ) (7-n9) (1Y 3 )
3—775(7]Sk+ 3 7 k™ + UM)+ 3 0 k™ + Ty

where k=27h/L=qh, L is the wavelength of the perturbation (13) and w is its growth
coefficient (dimension 1/time). In the limit 7 s 0 we obtain

oo as)

4n +-1—r7{-5)2k3
M3k

. Next we consider the limit 7; = 7. In this case no micro lamination exists. The
structure behaves like a monolithic beam of thickness h.:

w= o (16)

1.2,,7.3
4 I+=k“)+—+k
UM( 3 ) 3




The key results can be summarized as follows (Figures 6 and 7): For ¢/h=0 we obtain
the standard continuum case ( Figures 6a and 7a). Structural buckling does not occur if
the ratio of 7n/m,is low (Figure 6a). In all standard continuum cases the short
wavelength limit (obtained as k — o) of the growth coefficient @ is obtained as
w = o /7, . If structural buckling is suppressed due to a low ratio of 7/7,, (see Figure 6a)
the shortest wavelength grow fastest (w = o /7 ), are dominant, and we have to expect a
strong dependency of finite element solutions on the mesh size. A similar situation
occurs in connection with strain localisation and strain softening (de Borst et al, 1993).
The same holds true if structural buckling occurs (Figure 7a) if the ratio of
n /s sufficiently high. For moderate ratios of 7/7;, a dominant wavelength associated
with a maximum of the graph w(k) still exists. In contrast to a monolithic plate we have
w(k — o) = o/ 15 # 0 in general. If couple stresses are considered (#h>0, Figures 6b and
7b) the graph w(k) always has a maximum, and @w(k — ) — 0 i.e. the mesh sensitivity
of finite element solutions for decreasing element size should, at least in principle, not
occur. However the maximum may occur at such small wavelength that they are beyond
the resolution of practical finite element models i.e. the effect of micro-couples will not
be “felt” by the model.
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Figure 6. Disperion relationship: (a) 77/7],, =1, h=0 (no couple stresses); (b) 7/7,, =1, th=1/100
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Figure 7. Dispersion relationship: (a) 77/7],, = 1000, th=0 (no couple stresses); (b) 77/17,, = 1000,
vh=1/100



7. Conclusions

We have presented a simple formulation for the consideration of viscous deformation in
layered systems. The combination of the basic model with a large deformation, particle-
in-cell finite element method allows the simulation of a diverse range of crustal
deformation problems. By way of examples we have given a realistic treatment of
folding which includes the mechanical influence of fine-scale. The model is relatively
simple in its present form but still gives a useful insight into the physical processes
involved in certain types of folding.

One of the most interesting results occurs for purely viscous, layered simulations where
low-wavenumber folding is induced even for very low viscosity contrasts between
embedded and embedding media. In the past, the very large viscosity contrasts required
to produce Biot-type folding in purely viscous media have led people to discount the
possibility that viscous buckling occurs at all in geology.

Linear instability analysis gives a good insight into the expected modes of deformation
at the onset of instability, and the different regimes of behaviour one might expect to
observe. Consideration of the finite thickness of the individual layers within the
framework of a couple stress theory sometimes does not suffice to remove the mesh
sensitivity of the finite element solution. A possible remedy may be to introduce a
suitable scalar measure for the director fluctuations as a dynamic quantity in order to
separate the effect of small wavelength contributions from the mean field response. Such
a strategy would not be unlike the treatment of the kinetic energy of the velocity
fluctuations in the turbulence theories of fluid dynamics.
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