N
N

N

HAL

open science

Local zero estimates and effective division in rings of
algebraic power series

Guillaume Rond

» To cite this version:

Guillaume Rond. Local zero estimates and effective division in rings of algebraic power series. Journal
fiir die reine und angewandte Mathematik, 2018, 737, pp.111-160. 10.1515/crelle-2015-0041 .

01008774v2

HAL Id: hal-01008774
https://hal.science/hal-01008774v2
Submitted on 13 Jan 2016

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

hal-


https://hal.science/hal-01008774v2
https://hal.archives-ouvertes.fr

LOCAL ZERO ESTIMATES AND EFFECTIVE DIVISION IN
RINGS OF ALGEBRAIC POWER SERIES

GUILLAUME ROND

ABSTRACT. We give a necessary condition for algebraicity of finite modules
over the ring of formal power series. This condition is given in terms of local
zero estimates. In fact we show that this condition is also sufficient when the
module is a ring with some additional properties. To prove this result we show
an effective Weierstrass Division Theorem and an effective solution to the Ideal
Membership Problem in rings of algebraic power series. Finally we apply these
results to prove a gap theorem for power series which are remainders of the
Grauert-Hironaka-Galligo Division Theorem.
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1. INTRODUCTION

The goal of this paper is to give a necessary condition in term of local zero
estimates for a finite module defined over the ring of formal power series to be the
completion of a module defined over the ring of algebraic power series. Finding
conditions for the algebraicity of such modules is a long-standing problem (see
[Sa56] or [Ar66)] for instance). Let us recall that an algebraic power series over a

field k in the variables x1, - -, z, is a formal power series f(x) € k[z] (from now
on we denote the tuple (z1,--- ,x,) by x) such that
Pz, f(x)) =0
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2 GUILLAUME ROND

for a non-zero polynomial P(z,T) € k[z,T]. The set of algebraic power series is a
subring of k[z] denoted by k(x).
For an algebraic power series f, we define the height of f, H(f), to be the maximum
of the degrees of the coefficients of the minimal polynomial of f (see Definition .
If f is a polynomial its height is equal to its degree as a polynomial.
Let M be a k[z]-module The order function ordy, is defined as follows:

ordps(m) :=sup{ce N/ me ()M} ¥Ym e M\{0}.

Let p € k[z]® (resp. k(x)®). The degree (resp. height) of p is the maximum of the
degrees (resp. heights) of its components. Then our main result is the following:
Theorem 1.1. Let k be any field and let M be a finite k[x]-module,

k[«]*

M= L1
N

for some integer s and some k[z]-sub-module N of k[x]*. Let us assume that
the sub-module N is generated by a k{x)-sub-module of k(x)*. Then there exists a
function

C:N— R>0

such that
(1) ordy (f) < C(Deg(f)) - H(f) V[ €k(z)*\N.

Here Deg(f) denotes the degree of the field extension k(z) — k(z, f). Moreover
when char (k) = 0 then C' depends polynomially on Deg(f).

Corollary 1.2. With the notations of Theorem [I], let us assume that N is gen-
erated by a k{x)-sub-module of k(x)®. Then there exists a constant C' > 0 such
that

(2) ordy (p) < C'-deg(p) Vp € k[z]*\N.

Proof. Indeed, for a vector of polynomials p € k[z]* we have Deg(p) = 1 and
H(p) = deg(p), so the inequality is satisfied with C’ = C'(1) where C is the function
of Theorem [T 0

We also prove a partial converse of Corollary

Theorem 1.3. Let R be a ring of the form @ for some ideal I such that
I=P"N---NP"

where the P; are prime ideals with ht(P;) = ht(P;) for all i and j, and the n,; are
positive integers.
If there exists a constant C > 0 such that

ordp(p) < C - deg(p) Vp € k[z]\I

then I is generated by algebraic power series.

Remark 1.4. We remark that the hypothesis of Theorem [I.3] are satisfied for a
principal ideal I. In particular Theorems [I.1] and [I.3] provide a criterion for a
principal ideal to be generated by an algebraic power series.
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Remark 1.5. We will see in Section [9] that Theorem [I-3]is not true in general.

These two results are generalizations of previous results of S. Izumi (see [1z92al,

[Iz92D)], [Iz98] where he proved Corollary [1.2] when char (k) =0, s =1 and N is a
prime ideal of k[x]) and Theorem [1.3| when I is prime and char (k) = 0.
The proof of Theorem uses Hilbert-Samuel functions and is inspired by the
proof given in [Iz92b]. The proof of Theorem is more difficult and is the main
subject of this paper. In fact the first difficulty occurs already when s =1 and N
is an ideal of k[x] which is not prime. Corollary in the case of a prime ideal has
been proven by S. Izumi in [[z92a] in the complex analytic case using resolution of
singularities of Moishezon spaces and then for any field of characteristic zero using
basic field theory in [Iz98]. But when N is not prime his proof does not adapt at
all and the general case cannot be reduced to the case proven by S. Izumi.

The proof of Theorem that we give here is done by induction on s and n.
The induction steps require two effective division results in the rings of algebraic
power series which may be of general interest. These are the following ones:

i) In the case of the Weierstrass Division of an algebraic power series f by
another algebraic power series it is proven by J.-P. Lafon that the remain-
der and the quotient of the division are algebraic power series [La65]. The
problem solved here is to bound the complexity of the division, i.e. bound
the complexity of the quotient and the remainder of the division in function
of the complexity of the input data. This is Theorem and is the main
tool to solve the next division problem. Let us mention that this problem
is partially solved in [As05] Section 4 - see Theorem 4.6.

ii) Bounding the complexity of the Ideal Membership Problem in the ring of
algebraic power series, i.e. if an algebraic power series f is in the ideal
generated by algebraic power series gi, -+, gp, bound the complexity of
algebraic power series a1, -- -, a, such that

f=aigi+-+apgp.
This is Theorem [6.1]

The complexity invariants associated to an algebraic power series f are its degree
and its height. The first one is the degree of the field extension k(z) — k(z, f)
and the second one has been defined above. In particular we will prove that the
previous complexity problems admit a solution which is linear with respect to the
height of f (but it is not linear which respect to the other data). This is exactly
what we need to prove Theorem [T1]

Finally we apply our main theorem to give a partial answer to a question of H.
Hironaka. When f, g1, - -+, g5 are formal power series, we can write

f=a1g1+ - +asgs+r

where the non-zero monomials in the expansion of 7 are not divisible by the initial
terms of the g; (see Sectionfor precise definitions). When the power series f and
the g; are convergent then r is also convergent. This result has been proven by H.
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Grauert in order to study versal deformations of isolated singularities of analytic
hypersurfaces [Gr72] and then by H. Hironaka to study resolution of singularities
[Hi64]. But when f and the g; are algebraic power series, then r is not an algebraic
power series in general and H. Hironaka raised the problem of characterizing such

power series r (see [HiTT]). In this case we prove that such power series r are not
o0

too transcendental (see Theorem [12.1f). More precisely if we write r as r = Z Tn(k)
k=0
where 7,y is a non-zero homogeneous polynomial of degree n(k) and the sequence
(n(k))g is strictly increasing, we show that

. n(k+1)

limsup ———— < o0.

k——o00 n(k)
Let us mention that this division problem appears also in combinatorics: the gen-
erating series of walks confined in the first quadrant are solutions of such a division
but are nor algebraic nor D-finite in general (see [HKO08| or [KK12]).

Let us mention that the kind of estimates given in Corollary i.e. estimates
of the form
ordy p < y(deg(p))

where v : N — N is an increasing function, s = 1 and N is an ideal of analytic
functions are called zero estimates in the literature. Finding such estimates for
particular classes of functions is an important subject of research in transcendence
theory, in particular when the ideal N is generated by analytic functions of the
form

wp = fre(@, k1), T — falr, o Tpo1)
for some k < n and f, - - -, f, solutions of differential equations (see [Sh59], [BB85],
[NeST7] for instance) or functional equations (g-difference equations or Mahler func-
tions - see [Ni90] for instance).

We should also mention that the complexity of the Weierstrass Division for re-
stricted power series defined over the ring of p-adic integers which are algebraic
over Q[z] has been solved in [As05]. The complexity of the Ideal Membership
Problem is also solved in this situation. In this case the definition of the height of
an algebraic power series is more complicated.

The paper is organized as follows: after giving the list of notations used in the
paper in Section [2] we define the height of an algebraic power series in Section [3]
and give the first properties of it. In Section [d] we prove an effective Weierstrass
Division Theorem (see Theorem [L.F)). In Section [ we give some results about the
Ideal Membership Problem in rings which are localizations of rings of polynomials
(see Theorem [5.2] and Proposition and in Section [6] we give an effective Ideal
Membership theorem for algebraic power series rings (see Theorem [6.1). Then
Section [7] is devoted to the proof of Theorem [I.I] and Section [§] to the proof of
Theorem In Section [9] is given an example showing that the hypothesis of
Theorem cannot being relaxed. The next three sections concern the Grauert-
Hironaka-Galligo Division Theorem: in Section [10| we state this theorem and give
the example of Gabber-Kashiwara showing that the remainder of such division of
an algebraic power series by another one is not algebraic in general. We show in
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Section [L1] that the example of Gabber-Kashiwara is generic in some sense, i.e. in
general the division of an algebraic power series by another one does not have an
algebraic remainder (see Proposition . Finally we prove in Section [12| our gap
theorem for remainders of such division (see Theorem .

Remark 1.6. We show in Example [I0.4] that the bound in Corollary [I.2]is sharp.
For Theorem [I.1]it is not clear if such bound is sharp. Indeed, let f be an algebraic
power series and M = k[z]/I where I is an ideal generated by algebraic power
series. Let

ag(x)T + ag_1 ()T 4+ - + ag(x)
be the minimal polynomial of f. Then we have

(aaf" ' +ag1 fT2+ -+ ar)f = —ao.
We set g := aqf?® ' +ag_1f* 2+ - +ay. Ifag ¢ I, then
ordp (f) < ordy(gf) = orda(ao) < C H(f)

where C' is the constant of Corollary since ag(x) is a polynomial of degree
< H(f). This shows that in general the function C' of Theorem can be chosen
to be independent of Deg(f) except maybe when ag(x) =0 in M.

Acknowledgment. The author would like to thank Paco Castro-Jiménez and
Herwig Hauser for the discussions they had about the Weierstrass division Theo-
rem in the algebraic case. He would like also thank Matthias Aschenbrenner for
communicating the reference [As05].

The author is really grateful to the referee for their helpful suggestions for improving
the readability of the article.

2. NOTATIONS

In the whole paper k denotes a field of any characteristic. Let n be a non-negative

integer and set
= (21, ,xp) and 2’ := (21, ,Tp_1).
The ring of polynomials in n variables over k will be denoted by k[x] and its field of
fractions by k(x). The ring of formal power series in n variables over k is denoted
by k[x] and its field of fractions by k((x)). An algebraic power series is a power
series f(z) € k[z] such that
P(z, f(z)) = 0

for some non-zero polynomial P(x,T) € k[z,T] where T is a single indeterminate.
The set of algebraic power series is a local subring of k[z] denoted by k(x).
When k is a valued field we denote by k{z} the ring of convergent power series in
n variables over k. We have

klz] C k(z) C k{z} C k[z].
We will denote by K,,_; an algebraic closure of k((z")) = k((x1, -+ ,Zn-1))-

For a polynomial p € k[z] we denote by deg(p) its total degree with respect to
the variables z1, -+, xp. If y :== (y1, -+ ,ym) is a new set of indeterminates and
p € k[x,y] we denote by

deg(yl s Ym) (p)
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the degree of p seen as a polynomial in K[y] where K := k(z). When p € k[z]®
for some s, we denote by deg(p) the maximum of the degrees of the components of p.

For an algebraic power series f € k(z), the height of f is the maximum of the
degrees of the coefficients of the minimal polynomial of f (see Definition . The
height of a vector of algebraic power series is the maximum of the heights of its
components.

When (A, m) is a local ring we set
orda(z) :=sup{k € N/ z € m*} e NU{o0} Vz € A.
If M is a finite A-module we set
ordp/(m) :==sup{k €N / mem"M} Vme M.

When A = k[z] we write ord instead of ordy[,j. For an ideal of k[z] generated by
g1, -+, gp we define

Ordgl7'”7gp(f) =sup{k €N/ f € (g1,--- vgp)k} € NU {oo}.

3. HEIGHT AND DEGREE OF ALGEBRAIC POWER SERIES

Definition 3.1. Let a be an element of an algebraic closure of k() (for example an
algebraic power series). The morphism ¢ : k[z,T] — k(z, @) defined by sending
every polynomial P(z,T) onto P(x,) is not injective and its kernel is a prime
ideal p of k[z, T]. If ht(p) > 2 then p Nk[z] # (0) and there would exist a non-zero
polynomial P(z) € k[z] whose image by ¢ is zero which is not possible. Thus
ht(p) = 1 and p is a principal ideal. If P(z,T) is a generator of p then any other
generator of this ideal is equal to P(x,T) times a non-zero element of k. Such a
generator is called a minimal polynomial of . By abuse of language we will often
refer to such an element by the minimal polynomial of «.

Definition 3.2. [AB13] Let P(x,T) € k[z,T]. The height of P is the maximum
of the degrees of the coefficients of P(x,T') seen as a polynomial in 7T

Let a be an algebraic element over k(z). The height of « is the height of its
minimal polynomial and is denoted by H(«). Its degree is the degree of its minimal
polynomial or, equivalently, the degree of the field extension k(z) — k(z, @) and
is denoted by Deg(«).

When a = (a1, -+, auy) s a vector of algebraic elements over k(x) the height of «,
H(a), is the maximum of the heights of the components of « and the degree of «,
Deg(«), is the degree of the field extension k(x) — k(z, a1, - , )

Remark 3.3. If P(z,T) € k[z,T] is the minimal polynomial of an algebraic
element «, then H(a) = deg,(P) and Deg(a) = degp(P). In particular for
Q(z,T) € k[z,T] with Q(a) = 0, P divides @ hence we have H(a) < deg,(Q)
and Deg(a) < degr(Q).

Example 3.4. Let f be a polynomial in k[z], then H(f) = deg(f) and Deg(f) =1
since the minimal polynomial of f is T" — f.

Let f/g be a rational function in k(z). Then H(f/g) = max{deg(f), deg(g)} and
Deg(f/g) = 1 since the minimal polynomial of f/g is ¢T — f.
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If « is algebraic over k(x), then 1/« also and H(1/a) = H(«) and Deg(l/a) =
Deg(a).

If f(x) is an algebraic power series and M € Gl, (k) then f(Mz) is also algebraic
and H(f(Mz)) = H(f(z)) and Deg(f(Mz)) = Deg(f(x)).

Remark 3.5. There exists another measure of the complexity of an algebraic
element a over k(z) (and so, in particular, of an algebraic power series). This one
is defined to be the total degree of the minimal polynomial of o and denoted by
co(a) (cf. [Ra89] or [AMRO1]). Thus we have

H(a) + Deg(a)
2

This shows that co(«) is equivalent to H(«) + Deg(a). Moreover these bounds are
sharp. Indeed let P,(T) := (1 +2™)T™ — 1 (where z is a single variable and n € N
is not a multiple of the characteristic of k). Then P,(T) is irreducible and has a
root f, in k(z). Thus H(f,) = Deg(f.) = n and co(f,) = 2n. On the other hand
the polynomial @, (T) := T™ — (1 + 2™) is irreducible and has a root g, in k(z).
Thus H(g,,) = Deg(gn) = co(gn) = n.

For an algebraic power series f we choose to use H(f) instead of co(f) since the
complexity of the Weierstrass Division Theorem is linear in H(f) but not in co(f)
(it is not linear in Deg( f) - see Theorem [4.5]). Indeed we need to prove the existence
of a bound in Theorem [L.1{ which is linear in H(f).

< max{H(a),Deg(a)} < co(ar) < H(a) + Deg(a).

Lemma 3.6. (JAB13| Lemma 4.1) Let o, - - -, o, be algebraic elements over k(z)
and ay, -+, ap € k(z). Then we have:
(i) Deg(aray + -+ -+ apap) < Deg(ar) - - - Deg(ay),

(i) H(aray - +apoap) <p-Deg(an) - Degloyp) (max{H(ai)} + max{H(a;)}),

(iii) H(a1 + 1) < H(ay) + Deg(an) - H(ay),

(iv) H(ayon) < H(o) + Deg(a) - H(ay)

(v) Deg(as -+ ap) < Deg(an) -+ Deg(ay),

(v H(as -+ ay) < p-Deg(as) -+ Deg(ay) max{H(ay)}.

Proof. All these inequalities are proven in [AB13| except the third and the fourth
ones that we prove here. Let us begin with the third one:
Let P(z,T) be the minimal polynomial of a7 and let us write a1(z) = b(x)/c(x)
for some polynomials b(z) and ¢(x). Then

Q(I7 T) = C(x)degT(P)P(xv T— al)

is a polynomial vanishing at a; + a;. Thus

H(ar + a1) < deg,(Q(x,T)) < H(o) + Deg(an) H(az)
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since Deg(ay) = degy(P) and H(ay) > max{deg(b(z)),deg(c(z))}.
To prove Inequality let P(x,T), b, ¢ as above. Then bd°8r (") P(x ¢/bT) is a
polynomial vanishing at a;cy. So

H(alal) S Deg(al) . H(al) + H(Oél).

Lemma 3.7. For an algebraic power series f we have:

ord(f) < H(f).

Moreover for any integer 1 < i < n we have:
H(f(O, 7Oa'r’ia"' 7xn)) < H(f)

and
ordg, ... z, (f(0,---,0,2;,--- ,x,)) <H(f).

Proof. Let P(T) = agT% + --- 4+ a;T + ag be the minimal polynomial of f. Since

P(f) = 0 there are two integers 0 < i < j < d such that ord(a; f*) = ord(a;f7).
Thus

ord(f) = ord(ai)'— (?rd(aj)

j—i

This proves the first inequality. The second one is proven by noticing that if
P(’Ila"' 793n7f(x15"' ,In)) = 0? thenP(O,x2,~-~ ,xn,f(O,x2,~~~ 7In)) = 0. Since
P is the minimal polynomial of f, then P is not divisible by x1, thus

P0,x9,++ ,x,,T) # 0.

This proves that f(0,za,- - ,x,) is an algebraic power series and its minimal poly-
nomial divides P(0,zs, -+ ,x,,T), hence

The first inequality implies

ordg, ... 4, (f(0, 22, ,2,)) < H(f).

Hence the last two inequalities are proven by induction on 3. O

< ord(a;) < deg(a;).

Remark 3.8. A formal power series f is said to be x,,-regular if f(0,---,0,z,) # 0.
In this case we say that f is x,-regular of order d if f(0,--- ,0,x,) is a power series
of k[z,] of order d.

By the previous lemma, if an algebraic power series f is x,-regular of order d then
d < H().

Remark-Definition 3.9. Let K, _; be an algebraic closure of k((x')) where 2’ :=
(1, - ,&n—1). The (z')-valuation ord,  defined on k((z')) extends uniquely to
K,,_1 and is still denoted by ord, . The completion of K,,_; for the valuation ord,
is denoted by ]Kn_l. Let o € HA{n_l such that ord,/(a) > 0 and f be a formal power
series. Then f(z', ) is well defined in K,_1. If f(2/,a) = 0 we call a a root of f.

If f is an algebraic power series, P(x,T) is the minimal polynomial of f and «
is a root of f then P(z/,,0) = 0 thus « is algebraic over k(z').
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Let f be a formal power series which is z,-regular of order d. Then, by the
Weierstrass Preparation Theorem, there exist a unit v and a Weierstrass poly-
nomial P = z¢ 4 ay(2")x%=1 + .- + aq(2’) such that f = vP. The polynomial P
is called the Weierstrass polynomial of f. Let a € K,_1 be a root of P. Since
ord,(a;(z")) > 0 for any ¢ we have ord, («) > 0. Thus f(a/,a) and v(z’, ) are
well defined in Kn,l and f(2/,a) = 0. On the other hand if « € ]IA{n,l is a root of
f, since ord,(a) > 0 then v(z’, ) # 0 in K,,_1, thus P(z',a) = 0. In particular «
is a root of the polynomial P in the usual sense thus o € K;,_1.

This proves that the roots of f are exactly the roots (in the usual sense) of P seen
as a polynomial in z, and are elements of K,,_;.

Lemma 3.10. Let a € K,,_1 be a root of a x,-regular algebraic power series f.
Then « is algebraic over k(z) and

H(a) < H(f) and Deg(a) < H(f).
Moreover if aq, - -+, agq are distinct roots of f, then
[k(z', 01, -, aq) s k(2')] < H(f)!

Proof. Let P(z,T) be the minimal polynomial of f. Since f(z’,«) = 0 we have
P(2',a,0) = 0.

Thus P(«’, T, 0) is a non-zero polynomial vanishing at a, proving that « is algebraic,
and

H(a) < deg, (P(2, T,0)) < deg(ys 4, (P(2', 2, T)) = H(f)
and

Deg() < degp(P(2",T,0)) < deg,, (P(2',z,,T)) < H(f).

Moreover P(z’,T,0) is a polynomial having aq, - -, g as roots. Thus a splitting
field of P(«',T,0) over k(z') contains these roots, thus

[k(x,7 Q- ,Oéd) : k(x/)] < degT(P(xlv Ta 0))'
([
Lemma 3.11. Let a be algebraic over k(z) with ord, () > 0. Let g(x,y) be an
algebraic power series where y is a single variable. Then g(x, ) is algebraic over
k(z) and
H(g(z,a)) < H(g) - (H(er) + Deg(e))
Deg(g(z,a)) < Deg(a) - Deg(g).

Proof. Let P(z,y,T) € k[z,y,T] be the minimal polynomial of g and Q(z,T) €
k[z,T] be the minimal polynomial of a. Then

Pz, o, g(x, ) =0
and P(x,a,T) # 0 otherwise P(x,y,T) is divisible by Q(x,y) which is impossible
since P is assumed to be irreducible. Thus g(z, «) is algebraic over k(x, a), hence



10 GUILLAUME ROND

over k(z). If we denote by R(z,T) the resultant of P(x,y,T) and Q(z,y) seen as
polynomials in y:
R(z,T) :=Resy(P(z,y,T),Q(x,y)) # 0,
then R(x,T) is a polynomial of k[x][T] vanishing at g(x, ). Let us write
P(z,y,T) = ap(z,T) + a1 (z,T)y + - - - + an(z, T)y" with aj, # 0.

Moreover, since P(x,y,T) is the minimal polynomial of g (as a polynomial in T,
for all ¢ we have

deg, (a;) +i < H(g),

deg(a;) < H(g) + Deg(g) —i < H(g) + Deg(g),

degy(a;) < Deg(g).

In particular h < H(g) and deg,(a;) < H(g) for all i. We write

Q(z,y) = bo(x) + br(@)y + -+ + be(z)y
with e = Deg(o) and deg(b;) < H(w) for all i. Since R(x,T') is homogeneous of
degree h in by, - - -, b, and homogeneous of degree € in ay, - - -, ap, we see that

degy(R(z,T)) < e- Deg(g) = Deg(a) - Deg(g)

and

H(R(z,T)) < h-H() + e - H(g).
This proves the lemma. O
Corollary 3.12. Let f be a x,-regular algebraic power series and let aq, -+, aq

be distinct roots of f in K,,_1. Let g € k(z) be any algebraic power series. Then
[k('xlv Qy, - ,Oéd,g(x/, Oél), e 39(1'/7 Old)) : k(l'/)] < H(f)' Deg(g)d

Proof. By Lemmas [3.10] and [3.11] the degree of this field extension is finite. By the
proof of Lemma [3.11] we have, for any i:

k(z' a1, aq, 92, ;) 1 k(2 a1, -+, aq)] < Deg(g).
Thus
k(z',oq,- g, 9@, a1), -, 9@, aq)) k(2 o, -, aq)] < Deg(g)?.
Hence the result follows by Lemma [3.10] O

Remark 3.13. Let g(z,y) be an algebraic power series where y = (y1,- ", Ym)
is a tuple of indeterminates and let a1(z), -+, an,(x) be algebraic power series
vanishing at 0. If P(x,y,T) is the minimal polynomial of g, then

P(z,a(x), g(z,a(x)) =0
but it may happen that
P(z,a(z), T) =0.
Hence the previous proof does not extend directly to this case. For example let
Pi(z,y) = yi — (1 + )
Py(z,y2) =5 — (1 + )
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where z is a single variable and k is a field of characteristic # 2 in which —7 is a
square. Then P; and P, have a common root in k(xz), say a(x). Let

P(z,y,T) := (P, + P)T? + P\T + P,.
The discriminant of P is equal to
A := P} —4P,(P, + P,) =
=y1 — 21+ a)yi + (1 +2)* +4(y3 — (L +2))2(L +2) —yi —93) =
=i+ 2004+ 2 — 2y2)y? + 12(1 + 2)y? — 4ys — 7(1 + z)?
and is not a square in k[x, y1,y2], thus P is irreducible in k[x,y, T]. But A is unit
in k(x,y) since A(0,0,0) = —7, and P, + P» is also a unit. So A has a root square

in k(z,y) since char (k) # 2 and —7 is a square in k. Thus in this case P(z,y,T)
has two distinct roots in k(z,y). But here

P(z,a(z),a(x),T) = 0.
Nevertheless we can extend Lemma [3.11] as follows:

Lemma 3.14. Let g(z,y) be an algebraic power series where y = (Y1, ,Ym) S @
tuple of indeterminates and let a1 (x), - - -, am(x) be algebraic power series vanishing
at 0. Then

—

H(g(z, a(z))) < < (H(a:) +Deg(ai))> -H(g),

i=1

Deg(g(z, a(z))) < (H Deg(az—)) - Deg(g).

Proof. Let us set
9o, Y157+ s ym) = g(2,9),
91(3373/2» e 7Zl/m) = g()<377 a/l(x>7y2a T 7y’m)»
92(I3y37 e aym) = gl(xv QQ(I),yg, e 7ym)7
I () = gm-1(2, an(v)) = g(z, a()).
Then by Lemma [3.11] we have
Deg(g:) < Deg(a;) - Deg(gi-1),
H(g;) < H(gi—1)(H(a;) + Deg(a;)).

This proves the lemma. O

Lemma 3.15. Let f be an algebraic power series. Then % is an algebraic power

series and

(52 ) < 4Deg(r)?Po= ),

Deg (g) < Deg(f).
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Proof. Let P(x,T) be the minimal polynomial of f. Since P(z, f) = 0 we have
oP of B
@ @) + 5 @) 5 o @) =0

Since f is separable over k() (indeed k(z) is the Henselization of k[z](,) and the
morphism from a local ring to its Henselization is always a separable morphism -

see [Na62] p. 180), then OP # 0. Moreover P is the minimal polynomial of f so

92 (z, f(x)) # 0. Thus OTJ;( ) is an algebraic power series and

of or or

(@) = =5 (o F @)/ 7 (. £ (@) € K. ).

So we obtain

and, by Lemma ,

3 H (;xi( )) < 2Deg(f max{
We have

Deg< )<Deg
(3 se) (2 )

Deg(f)—1
oP
) < H(f). Thus, by Lemma [3.6] (i),

for some polynomials a;(x) with deg(a;
H (57 (o2 ) < Des() - Deg( )+ D250 max{H(F) + (o))

< Deg(f)P*#") ((Deg(f) — 1) Deg(f)P# V= H(f) + H(f)) < Deg(f)* = H(f)
since f0 =1, f! € k(x, f) for all i and
H(a;) = deg(a;) <H(f), H(f") <iDeg(f) H(f) Vi

by Lemma .

We also have
Deg(f)

r, @ TP = 3 @I

for some polynomials b;(z) with deg(b;) < H(f). Thus in the same way

H (0 0))) < Dea() - Dog(7) -+ Dea( =) (max(H( ) + H(N))

< Deg(f) )+ (Deg(f) Deg(f)P= H(f) + H(f)) < 2Deg(f)> e T2H(f).

Replacing these inequalities in Inequality we are done. ([l
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Lemma 3.16. Let f(x,y) be an algebraic power series where x = (x1,-+- ,T,) and
y is a single variable. Let q be a positive integer. Then f(x,y?) is an algebraic
power series with the same degree as f(x,y) and

H(f(z,y)) < H(f(x,y?)) < ¢H(f(x,y)).

Proof. If P(x,y,T) is the minimal polynomial of f(z,y), then P(z,y?,T) is a poly-
nomial having f(z,y?) as a root. Thus f(z,y?) is an algebraic power series.

Since k[, y, T] is a free k[x, y?, T]-module with basis 1, y, - -+, y?~ 1, if Q(z,y,T) is
the minimal polynomial of f(x,y?), we can write in a unique way

Q(xa y7T) = QO(:Ca yq’ T) + Ql(xv yq, T)y +-+ qul(% yq’ T)yqil

where the Q;(z,y?,T) are polynomials. Since Q(z,y, f(x,y?)) = 0, then we see
that Q;(x,y?, f(x,y?)) = 0 for all ¢. Since @ is the minimal polynomial of f(z,y?),
then @ divides all the Q;(z,y?,T), hence @ = Qo and Q; = 0 for all ¢ > 0. This
shows that the minimal polynomial of f(x,y?) has coeflicients in k[x, y?].

Now if Q(x,y?,T) is the minimal polynomial of f(x,y?) then Q(x,y, f(z,y)) = 0.
This proves that P(z,y,T) is the minimal polynomial of f(x,y) if and only if
P(x,y9,T) is the minimal polynomial of f(z,y?).

Since

degT(P('T7 Y, T)) = degT(P(‘Ta yqv T))
we see that f(x,y) and f(x,y?) have the same degree.
Moreover

deg(w,y)(P(xvva)) < deg(w,y)(P(xquaT)) <q- deg(z,y) (P(xuva))

This shows the inequalities concerning the heights. O

Lemma 3.17. Let f(z,y) be an algebraic power series where y is a single variable
and q be a positive integer. Let us write ¢ = rp°® where p = char(k), e € N and
ged(r,p) = 1 (we set e = 0 when char (k) = 0 and by convention ¢ = r). Let us
write

fla,y) = fola,y?) + file,yDy + -+ fooa (@, yy?
Then the power series f;(x,y?) are algebraic and for any 0 <i < ¢ — 1 we have

e(e+1)

H(fi(w,y") < q°p > 47 Deg(f)*r Do/ +os <H<f>+q<q2 1)) ife>0,

H(fi(x,y?)) < Deg(f)(¢H(f) +q—1) ife =0,
Deg(fi(z,y")) < Deg(f)".

Proof. We need to consider several cases:

(1) First we assume that e = 0 i.e. ged(q,p) = 1. By taking a finite extension
of k we may assume that k contains a primitive ¢-th root of unity. Let & be such a
primitive root of unity. Then

Q
|
-

fla,&y) = fulz,yHEy* YV kL
0

E
Il
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Thus we have _

f=V(Er
where fis the vector with entries f(z,¢ly), 1 <1< g, F is the vector with entries
fo(z,y?), yfi(z,y?), -,y fo—1(z,y?) and V(£) is the Vandermonde matrix

1 & &£ ... ga—l
1 & ¢t .. gD
1 & ¢ . g3l
i gq féq .. g(q.:l)q
Thus N
F=VE©)™f

Since the entries of V(¢)~! are in k and H(f(z,¢ly)) = H(f(z,y)), by Lemma
and (i) we have
H(F) < qDeg(f)* H(f),
Deg(F) < Deg(f)?.

Thus by Lemma
H(fi(x,y?)) < ¢Deg(f)?H(f) + Deg(f)?(q — 1) = Deg(f)*(¢ H(f) + ¢ — 1),
Deg(fi(z,y?)) < Deg(f)? Vi.

(2) If g = p > 0, then we have

0
8%; =f+2fy+-+ -1 f1y?
oP~Lf
ayp71 = (p 1)!fp—1
Thus we have B
Af=Mf

where A f is the vector of entries giy,{, for0<k<p-1, fis the vector with entries
fi(z,y?), for 0 <1 < p—1, and M is a upper triangular matrix with entries in k[y]
and whose determinant is in k. We can check that the (p — 1) x (p — 1) minors of

M are polynomials of degree < @. Thus the height of the coefficients of M !

is less than @. Since

f=M"Af,
by Lemma we obtain

-1
H(fx(z, ")) < pDeg(f) Deg <g£> -+ Deg (gzp{) x

(o {n (50) #2577

Thus by Lemma [3.15 we have
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(i) < pDesr (e fr(51)} 4 220

0<i<p—1
By applying Lemma p — 1 times we obtain

or—t _ o _
H (ayp{) < 4p1 Deg(f)(QD g(f)+4)(p—1) H(f).

Thus we have

H(ful,17) < pa? = Degl( P stsor () 4 P2,

Moreover, still by Lemma [3.15] we have
Deg(fx(z,y")) < Deg(f) Vk.

(3) If ¢ = rp°® where ged(r,p) = 1 and e > 0, we write
f = .%(xayp) + ﬁ(xa yp)y + -+ f;—l(‘r7yp)yp71

~ ~ 2 ~ 2 rs 2 —
fi(z,y?) = fio(@,y? ) + fin (@, yP )P + -+ fipoi(a,y? )yP®=

~ 2 ~ 3 ~ 3. 2 ~ 3. o2,
fii(x, ) = figol@,y? ) + fija(x, yP WP + -+ fijpi(z,y? )y? P~H

~ e ~ e e—1¢
) = fi17"' 71'671,0(1‘, yp ) +e fil,"' 7ie—1yp—1(x’yp )yp (p=1)

e—1

fil:"'ﬂ;e—l(x?yp
Firvric @) = Fir 0@, y®) A+ fi e (a,y )y 7Y,
Then by (2) we obtain, for k < e,
Deg(ﬁly"‘ yik (CU, yp)) < Deg(ﬁl,“' yik—1 (1'7 y)),
H(foy oo iy (2,97)) < pAP 7 Deg(foy iy, (0, )P0 DB (i) +op—4

(H(ﬁl,“. i (,9) + p(p_l)) :

2
Thus by Lemma [3.16] we have

1

~ k _ ~ k—1 —1)Deg(fir ... O _
FH(fil,"',ik(xﬂyp )) §p4p 1Deg(fi1,”',ik—1(x7yp ))Z(p D Deglfiy. i (0 Dtor 4><

(H(ﬁl,-- i@y )+ ”“’;”) .

By (1) we obtain
Deg(ﬁlf" slet1 ($7 y'r)) < Deg(ﬁh"' yie ((,C7 y))r7
H(fiy e (2,97) < Deg(fiy oo (2,9))" (0 H(fiy i () +7 = 1)
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and, by Lemma [3.16]

L H(F, e (,97) < Deg(fiy i (2,97 ) (P H(fiy i, (2,97)) + 7 = 1)

Since the power series f;(x,y?) of the statement of the lemma are expressed by the
power series

fi17"' Jied1 (‘T7 yq)a
by induction and Lemma [3.16] we deduce

Deg(fi(z,y")) < Deg(f)",

H(fi(o, ) < 95"~ Doy )7 +20-DeDest0 60 () e 1) 1)

e(e+1)

< q2p 7 449 Deg(f)ZqDeg(f)-i-Sq (H(f) I q(q—l)) .

2

4. EFFECTIVE WEIERSTRASS DI1VISION THEOREM

In this part we prove an effective Weierstrass Division Theorem for algebraic
power series. The proof (thus the complexity) is more complicated in the positive
characteristic case since the Weierstrass polynomial associated to the divisor f may
have irreducible factors that are not separable. The proof we give here is essentially
the same as the one given in [La65].

Lemma 4.1 (Weierstrass Preparation Theorem). Let k be any field. Let f be
an algebraic power series which is x,-reqular of order d. Then there exist a unit
u € k() and a Weierstrass polynomal P € k(z')[z,] such that

f=u-P

and
Deg(P) < H(f)!,
H(P) < 2dH(f)*

Proof. The existence of u and P comes from the Weierstrass Preparation Theorem
for formal power series.

Let aq, -+, ag € K,,—1 be the roots of P(z,) counted with multiplicities. Then
we have P = H?Zl(:vn — ;). By Remark [3.9| the roots of P(x,,) are the roots of f
thus, by Lemma P is an algebraic power series. Hence u is also an algebraic
power series.

By Lemmam H(z, — az ) < H(ey;) + Deg(c;) and Deg(x,, — a;) = Deg(a;) <

H(f) for all i by Lemma Thus, by Lemma E .,

H(P) < d-Deg(ai) - - - Deg(aq) - max{H(a;) + Deg(a)} < dH(f)(H(f) +H(f)).
Moreover P € k(z, a1, ,aq). But [k(z, a1, -+ ,aq) : k(z)] < H(f)! by Lemma

hence
Deg(P) < H(f)!
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Lemma 4.2. Let f be an algebraic power series which is x,-regular of order d
and let us assume that f has d distinct roots in K,,_1. Let g be any algebraic
power series. Then there exist unique algebraic power series q and r such that
r € k{z')[x,] is of degree < d in x,, and

g=rfq+r.
Moreover, if r =19+ 11T + -+ + rd_lel_l, we have
H(rs) < 4a(H(H)™ (7Y Dogtg) mas { 0 N0 B0 1) ™2, o) |

< 4H(H)"D™ Deg(g)(H(g) +1) Vi,
where O(d) denotes a function of d bounded by a linear function in d,

H(r) < d (H(f)! Deg(g)") (max{H(r;)} +d - 1)

and Deg(r;), Deg(r) < H(f)!Deg(g9) Vi.

Proof. The Weierstrass Division Theorem for algebraic power series is well known
(see [La6h]), the only improvement is the inequalities on the heights and degrees.
The Weierstrass Division Theorem for formal power series gives the existence and
unicity of ¢ and r. Thus we have to show that ¢ and r are algebraic and to prove
the bounds on the heights and degrees. Let aq, -+, ag € K,,_1 be the roots of f.
Then we have

g(@' ;) =r(x ;) Vi

By writing r = ro + 112, + -+ + r4—12371 with r; € k[2'] for all j, we obtain:
V(e)r = g(a)
where V(a) is the d x d Vandermonde matrix of the «;:
1 a a2 - ail_l
1 ar a3 --- 04371
1 a4 0‘?1 ag_l

7 is the d x 1 column vector with entries 7, and g(«) is the d x 1 column vector
with entries g(z’, ;). Since the «; are distinct V(«) is invertible and we obtain

(4) 7=V(a)"'g(a).

By Lemmas and we see the g(z’, ;) are algebraic. Then Equality
shows that the r; and r are algebraic power series, thus ¢ is also an algebraic power

series. Again by Lemmas and we have for all i:
H(g(2',a;)) < 2H(g) - H(f),
Deg(g(2’, a;)) < H(f) - Deg(9).

The determinant of V() is the sum of d! elements of the form

0 1 2 d—1
A (0)¥ (1) X (2) " Yo (d—1)>

where o is a permutation of {0,---,d — 1}. Each of these elements belongs to
k(z', a1, -+, aq) so their degree is bounded H(f)! by Lemma Again by Lemma
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3.10| H(c;) < H(f) and Deg(a;) < H(f) for any 4, thus by Lemma [3.6] we see
that for any permutation ¢ we have:
_ d(d—1) da(d—1)
H(a) 0y (1) 2) - "O‘i(dl—l)) < TH(f) CE
Thus by Lemma we have
d(d—1
H(det(V(a))) < d! ( 5 )

H(f) ™7 T H())

The entries of V(a)~! are (d — 1) x (d — 1) minors of V(c;) divided by det(V («)).
Exactly as above the height of such an (d — 1) x (d — 1) minor is bounded by

(d— 1);% (H(f)!)(d—l)!

and its degree is bounded by H(f)! since it is an element of k(a/, aq,- -+, aq) (see
Lemma [3.10). Hence by Lemma the height of the entries of V(a)™! is
bounded by

(d=1)(d—2)
H(f)" =

ad(d—1) H(f)%H _

Hy = 2d1(H()!P(H(H) S5

()™= H()H.

d(d—1)
— | S
2d1=—

Moreover their degree is bounded by H(f)! since they belong to k(z, a1, -, aq).
If v is an entry of V(a)™! Lemma shows

H(vg(2', ;) < 2H(f)! Deg(g(z', o)) max{Hy, H(g(z', o))} Vi.
Since r; is of the form vig(z',0q) + - - - + vag(2’, aq) where vy, ---, vg are entries
of V(a)~! (by Equation () we obtain from Lemma ({i):

H(rj) < d(H(f)!)dmiaX {2H(f)! Deg(g(2’, a;)) max{Hy, H(g(z", ;) } } -
Hence Lemmas and [3.11] show
H(r;) < 4d(H(f))**" H(f) Deg(g)x

max {d!d(d21) H(f)C“dz‘”l(H(f)!)d’“,H(f)H(g)}

d(d—1)
2

— a7 (P Delg) mao { N () @) )}

Moreover r; and r € k(z', a1, ,aq,9(z',01),- -+, g(2', aq)), hence we have (by
Corollary [3.12)):
Deg(r;) < H(f)! Deg(g)", Deg(r) < H(f)! Deg(g)".
Since
r=7T0 4 Tntn 4+ 28 ray,

H(r) < d (H(f)! Deg(g)") " (max{H(r;)} +d - 1)
by Lemma . ([l
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Lemma 4.3. Let assume that k is a field of characteristic p > 0. Let f be an
irreducible algebraic power series which is x,-reqular of order d and let us assume
that its Weierstrass polynomial is not separable. Let g be any algebraic power series.
Then there exist unique algebraic power series q and r such that r € k(') [z,] is of
degree < d in z,, and
g="fq+r

Moreover, if r =194+ 11T + -+ + rd_lefl, we have

H(r;) < (2H(f))*"7 Deg(g)* P +2)(H(g) +1) Vi,
H(r) < (2H(F) MDY Deg(q) 0 P=0) (H(g) +1) Vi,

Deg(r;), Deg(r) < H(f)!Deg(g)" Vi.

o(d)

Proof. Let P denote the Weierstrass polynomial of f. Since f is an irreducible
power series then P is an irreducible monic polynomial of k[z'][z,] hence P is an
irreducible polynomial of k((«'))[z,]. Then we can write

D
P = H(l‘n — Ozi)pe
k=1

where aq, -+, ap are the distinct roots of P(z,) in K,,_; and e is a positive
integer. Thus P € k(z')[zE"] by Lemma and d = Dp°. By the Weierstrass
Division Theorem for formal power series we have

g=Pq+r
where
r=rg+7T1%y+ -+ Td_1xi_1
and r; € k[2']. Let us write

9=go(@',al )+ gi(a' @ )an + -+ gy (2, af )b !
where g; := gi(¢/, 2" ) € k(z', 2P") for all i by Lemma .
We define P by
Pz’ 2P") = P(a', z,,).
Then P(',,) is a Weierstrass polynomial in x,, of degree D with algebraic power
series coefficients and H(P (2, x,)) < H(P(2',z,)) by Lemma Let us perform

the Weierstrass Division of g;(2', x,) by P:
N D—1
gi(@'xn) = P+ Y ri(2 ).
§=0

By Lemma [4.2| the r; ;(2’) are algebraic power series and

(5)
H(ri;) < AD(H(P)))P*' H(P)? Deg(gi(z’, )

DD —1) g p) (H(P)!)D!”’H(gi(x"x"))}'

By Lemma we have Deg(g;(z’,z,)) < Deg(g(z’,zP")) for every i thus, by
Lemma we have Deg(g;(z',z,)) < Deg(g). Again by Lemma we have

H(gi(2',z,)) < H(g(z',2P")). Moreover by Lemma H(P) < 2dH(f)4*. Thus

D(D-1)
2

max {D!
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we obtain (by using Lemma and since D < d, p® < d and d < H(f) by Lemma
3.7)

(6)
H(ri;) < 4d((2dH(f)T )T (2dH(f)**)? Deg(g)

d(d—1)

ML) faam(pyten) 2 (am () )y,

X max {d!

e e e (p¢—1
p2€pe(e+1)/24p Deg(g)2p Deg(g)+5p (H(g)—i—p (p2 ))}

o(d) e
< (2H(S))PHUT Deg(g)>(Ps@)+2) (H(g) + 1).

Finally, since
D-1
gi@',af ) = Pai(a,af )+ Y i)l
§=0

then

bS]
©
|
—
i
—

r= Ti,j (x’)l’%pe”
i

by unicity of the remainder in the Weierstrass division. Thus Lemma shows
H(r) < p°D - Deg(r; j(a'))"" P max{H(ri (")) + jp°}.
i,j

Il
=)
<.

Il
o

Moreover

Dea(rs,), Deg(r) < H(f)! Deg(g:)° Vi, j
since r; ; and r € k(2', a1, -+ ,ap,gi(2’, 1), - ,g:(2',ap)) (as shown in the proof
of Lemma . Hence

H(r) < (2H(f))@HEN% Deg(q) 0 Peel0) (H(g) + 1).

We will use at several places this basic lemma:

Lemma 4.4. For anye >0, a >0 and d € N we have

1+5)

(2d) (2d)* < 220(4

Proof. Let a > 0 and € > 0. There exists a constant C' > 0 such that for any d
large enough we have:
adIn(2d) + In(In(2d)) < C'1n(2)d* ¢ + In(In(2)).
Thus
(2d)*? In(2d) < In(2)26¢""
and
(2d)(2d)ad é 22Cd1+5 .
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Theorem 4.5 (Weierstrass Division Theorem). Let k be a field. Let f be an
algebraic power series which is x,-reqular of order d. Let g be an algebraic power
series. Then there exist unique algebraic power series g and r such thatr € k{z')[xy,]
is of degree < d in x,:

r=ro+rE, + rg1xil o eklz’) Vi
and

g="fqg+r

Moreover we have the following bounds (for any e > 0):

i) if char(k) = 0:

H(r) < 2277

4, 33 2 .
Deg‘(g)d +d°+6d 5d+3(H(g)+1)7

QO H(H

7 Deg(g)? I (H(g) + 1) Vi,
Deg(g)4'+#+64"=34+5 Dog () (H(g) + 1).

H(TZ') S 2

H(g) < 227"
ii) if char(k) > 0:

ey1+e
H(r) < 227" Deg(g) 0 P (H(g) + 1),
1+e
H(r;) <2277 Deg(g) @' Pes@ ) (H(g) +1) Vi,

H(g) < 22”""" Deg(g)2" 50" Deg()(H(g) + 1).
In both cases we have
Deg(r) < H(f)! Deg(g)*,
Deg(r;) < H(f)! Deg(g)* i,
Deg(q) < H(f)! Deg(g)"*" Deg(f).

Proof. Let us write f = u.P where u is a unit and P a Weierstrass polynomial in
Zy. Let us decompose P into the product of irreducible Weierstrass polynomials

P=P P,
Let us consider the following Weierstrass divisions:
g=PQ1+ R
Q1= PQ2 + R
Qs—l = Pst + Rs.
Then
g=P - PQs+ R+ PRy + PIPaR3+ -+ P1- - Ps_1Rs.
Thus, by unicity of the Weierstrass division, we have
u-q= QS)
7"Z=R1+P1R2+P1P2R3—|—"'—|—P1"'P3_1R3
are the quotient and the the remainder of the division of g by P
Here s < d since P is monic of degree d in x,. Let d; be the degree in x, of the

polynomial P; for 1 <i < s. Let us choose 1 < i < s and let us denote by oy, ---
ad; € K,—1 the roots of P;.

)
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First let us prove the lemma when char(k) = 0. In this case these roots are distinct.
Then

d;
Pi = H(mn — Oéi).
i=1
We have H(z,, — ;) < H(a;) +Deg(a;) < 2H(f) (by Lemmal[3.6] (ii)) and Deg(,, —
;) = Deg(a;) < H(f). Then, by Lemma [3.6 and since d; < d < H(f) (by
Lemma , we have

H(P,) < d; H(f)% - 2H(f) < 2H(f)1+2,

Moreover
Deg(P;) < H(f)!

since P; is in the extension of k(x) generated by the roots of f.

Exactly as in the proof of Lemma [d.2] we have
Ri S k(l’, Qp, 04, Qifl(x/a a1)7 e aQi71<mla Oéd)).

Since Q;—1 = Qiz2=fiz1 we obtain, by induction,

Py
Qi—1(a',ap) e k(z' o, g, Qi—a(a’, 1), -+, Qi—2(a', aq))
thus
(7) Ri,Qi, P ek(z,a1, + ,aq,9(x' 1), -+ ,g(x’,aq)) Vi
and

Deg(R;), Deg(Q;), Deg(r), < H(f)! Deg(g)? Vi
by Corollary Since g = g;T, then

q e ]k(a:,oq, e ,Oéd,Q(.’I}l,Oé]_), e ag(l‘/aad>7g?f)

and deg(q) < H(f)!Deg(g)%*! Deg(f). Thus the inequalities on the degrees are
proven.

Let € be a positive real number. By Lemma [£.2) the height of R; is bounded
by
d1 (H(Py)! Deg(g)™)® (4 H(P)TP” ™ Deg(g)(H(g) + 1) + di — 1)

and so we obtain
(®) H(Ry) < 27777 Deg() (11 () + 1)
by Lemma [4.4] since H(P;) < 2H(f)")+2 and d; < d < H(f).
By Lemma and we have
11(Qu) =11 (L) < 2Des(Py) Dty — )
x max{H(P;), 2 Deg(g) Deg(R1) max{H(g), H(R:)}}

< 4H(f)! Deg(g)* Deg(R1)* max{H(P;), H(g), H(R:)}
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since Deg(Py) < H(f)! and d < H(f). Hence by Lemma [£.4] and the bound on
H(R;) we obtain

om(fH)Hte)
<2?

9) H(Q1) Deg(g)? 243 (H(g) + 1).

Still by Lemma and as we have shown for H(R;), we have

(10) H(R;) < 227" Deg(Qio1) (H(Qi_1) + 1),

and by Lemma and , and as we have done for H(Q1), we have

H(Qi) < 2Deg(P;) Deg(Q;i—1—R;)x
x max{H(P;),2Deg(R;) Deg(Q;_1) max{H(R;),H(Q;-1)}}
< 4H(f)! Deg(Qi—1)* Deg(R;)* max{H(P;), H(Qi—1), H(R;)}
< A(H(/)!)* Deg(g)" max{H(F;), H(Qi-1), H(R;)}.
The previous bound on H(R;) gives

Q0H(H)IFE

H(Q:) <2 ' Deg(9)' Deg(Qi—1)™ M (H(Qi—1) + 1)
Since d < H(f), Deg(Q;) < H(f)!Deg(g)? for i, and by using the bound @[) on
H(Q1), we obtain by induction on i

oH(H)HITE) 3, g2 i 2 .
H(Q) < 2° Deg(g)@ T4 HADEDHERAE3(H(g) 4 1) Vi > 1.
Thus the bound gives

Q0H(NHFE)

(1)  H(R)<2 Deg(g)(* + 4 HADHE =613 (F(g) 1) i > 2.

By Lemma , for all i > 2

H(Py--- Pi-1R;) < iDeg(P1) - -- Deg(Pi-1) Deg(R;)x
max{H(Py),--- ,H(P;_1), H(R;)}

< i(H(f)!)' Deg(g)* max{H(P1), -, H(Pi-1), H(R:)}

o(fHFE) 31 42 iLd?_
< 22 Deg(g)(d +d“+4d)i+d 5d+3(H(g) + 1)

by . We have P; and R; € k(x,aq, - ,aq,9(x(;a1), - ,g(z',aq)) for all 4,
then
Deg(P; --- Pi_1R;) < H(f)! Deg(g)? Vi.

Thus by Lemma we obtain
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s oH(NHITE) 3, g2 std?—
H(r) < s(H(f)! Deg(g)?) - 22 Deg(g)(# 4 HAD =003 (1 (g) 4 1)

owm(f)1te)
< 22

since s < d and d < H(f).
Thus by Lemrna and

H(g) = H (9‘) < 2Deg(g — r) Deg(f)

f
max {H(f), 2 Deg(g) Deg(r) max{H(g), H(r)}}

QO (H(f)1FE)

4, 13 2
Deg(g)d +d”+6d 5d+3(H(g) + 1)

< 4Deg(g)? Deg(r)? Deg(f) - 2 Deg(g)®'+#+64"=5d+3 (H(g) 4 1)

om(f)tte) 4 3 2_
<2? Deg(g)? +4 0T =345 Deg(£)(H(g) + 1).

If we write r(z) = ro(z') + r1(2")zn + - - - + 7q—1(2)2d~! we have
ro(z’) = r(2’,0)
and

1) )= (

In particular, from @, we have

r—(ro+rxy + -+ izl

i
Ln

) (z',0) Vi>D0.

r; € k(x/,ala"' 7adag(m/,a1)a"' ,g(fE/,Oéd)) Vi

hence Deg(r;) < H(f)! Deg(g)? for all i by Corollary
From , Lemma and Lemma we obtain

H(ri1) <H (T —(ro+ Mn ¥ Tix”))

< (i+2) Deg(r) Deg(rg) - - - Deg(r;) max{H(r) +i,H(ro) +4, -+ ,H(r;—1) +1,H(r;)}
< (d+1)(H(f)! Deg(g))*" (max{H(r), H(ro), -+ ,H(ri—1), H(r:) } +d).
Thus, by induction on ¢ and using the bound on H(r) proven above, we see that

)1+s)

O(H(f 4 .
H(r;) < 22 eg(9)? ) (H(g) +1) Vi

In the case char (k) = p > 0 the proof is completely similar using Lemma
instead of Lemma so we skip the details. O

Remark 4.6. We could prove directly the Weierstrass Division Theorem from the
Weierstrass Preparation Theorem as done in [CL13|. But this would give a bound
on the height of the remainder which is not linear in H(g). This linear bound in
H(g) is exactly what we need to prove Theorem [1.1
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5. IDEAL MEMBERSHIP PROBLEM IN LOCALIZATIONS OF POLYNOMIAL RINGS

Before bounding the complexity of the Ideal Membership Problem in the ring of
algebraic power series we review this problem in the ring of polynomials and give
extensions to localizations of the ring of polynomials that may be of independent
interest.

Let k be a field and « := (21, -+ , 2, ). The following theorem is well known (such a
result has first been proven by G. Hermann [He26] but a modern and correct proof
is given in the appendix of [MMS82]):

Theorem 5.1. [He26|[MMS82] Let k be a infinite field. Let M be a submodule of
k[z]? generated by vectors f1, ---, f, whose components are polynomials of degrees
less than d. Let f € k[z]9. Then f € M if and only if there exist a1, - -+, ap € k[z]
of degrees < deg(f) + (pd)?" such that

f=afi+-+apfp.

If we work over the local ring k[z](,) the situation is a bit different. Saying that
[ € klz]? is in k[x] ;)M is equivalent to say that there exist polynomials ay, ---,
ap and u, u ¢ (x), such that

(13) wf =aifi+---+apfp.

There exists an analogue of Buchberger algorithm to compute Grébner basis in
local rings introduced by T. Mora [Mo82] but it does not give effective bounds on
the degrees of the a;. We can also do the following:

Saying that is satisfied is equivalent to say that there exist polynomials a1,
v+, Qp, by,.., by such that

f=afi+ - +apfp+bizif+-+byxnf
In this case v =1 — )", z;b;.
Thus by applying Theorem 5.1} we see that f € k[z](,)M if and only if is satis-
fied for polynomials u, aq, - - -, a, of degrees < deg(f)-+((p + n) max{d, deg(f) + 1hH?".
But this bound is not linear in deg(f) any more, which may be interesting if fi,

-+, fp are fixed and f varies.
Nevertheless we can prove the following result:

Theorem 5.2. For anyn, g and d € N there exists an integer y(n, q,d) such that
v(n,q,d) = (2d)20(n+q) and satisfying the following property:

Let k be an infinite field, M be a submodule of k[x1,- -+ ,x,]9 generated by vectors
fi, -+, fp of degree < d and let f € kl[z]?. Let P be a prime ideal of klz].
Then f € k[z]pM if and only if there exist polynomials a1, ---, a, of degrees
< deg(f)+~v(n,q,d) and u, u ¢ P, of degree < ~y(n,q,d) such that

uf:a1f1+"'+apfp-

Proof. Let R be the ring defined as follows (this is the idealization of M - see
[Na62]): the set R is equal to k[z] x k[x]? and we define the sum and the product
as follows:

o, H+@, f)=@+0, f+f)
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@, ). f1) = ', pf" +9'f) Y, [), (0, f) € klz] x k[z]?.

Let I := {0} x M C R. Then I is an ideal of R and it is generated by (0, f1), - - -,
(0, fq)-
Moreover R is isomorphic to the ring
k[xla"’ y Ly Y1, 0 ,yq]

(y17 e 7yq>2
and the isomorphism o : R — R’ is defined as follows:
If (p, f) € R, f:= (fW), -+, £@) then o(p, f) is the image of p+ f My +- - -+ f( Dy,
in R'.
The image I by o is an ideal of R’ and we denote by I’ an ideal of k[z,y] whose
image in R’ is equal to o(I). Thus, by identifying R and R’, we have the following
equivalences:

feM«(0,f) el D+ + fD(x)y, € I' + (y)°.

R =

Let us assume that the theorem is proven when ¢ = 1. We will apply it when
M =T+ (y)? is an ideal of k[z,y]. If we write f; = (fi1, -, fiq) for 1 <i<p

then I’ + (y)? is generated by fi(x,y) := Yo frgys o fol@sy) = 20010 v
and the y;y; for 1 < i < j < ¢, whose degrees are less than d + 2. Thus, by
assumption, there exist u(z,y), a1(z,y), - -, ap(x,y), a; (z,y) for 1 < i < j <

with %(0,0) # 0 and such that

P
(14) u (f(l)(fﬂ)yl ot f(Q)($>l/q) = aifi+ > aiviy
i=1 1<i<j<q
and
deg(ar), deg(a; ;) < deg(f) +~v(n+4¢,1,d+2)
where y(n+¢,1,d+2) < (2d)2o(nﬂ). By identifying the coefficients of y,..., y, of
both sides of the Equality we obtain

and this proves the theorem. Thus we only need to prove the theorem when M = I
is an ideal of k[z] (i.e. for ¢ = 1).

Let I = Q1 N---N Qs be an irredundant primary decomposition of I in k[z].
Let us assume that Qq, ---, Q. C P and Q; ¢ P for i > r. Then

Ik[.’lﬁ]p = Qlk[.ﬂp n---N Qrk[ai]p

is an irredundant primary decomposition of Ik[z]|p in k[z]p (see Theorem 17, Chap.
4 [ZS58]). Let J be the ideal of k[z] defined by J = Q1 N --- N Q.. Obviously
Ik[z]p = Jk[z]p and moreover for any f € k[z], f € Jk[z]p if and only if f € J.

If r = s, then I = J and for every f € klz|, f € Ik[z]p if and only if f € I.
So this case is exactly Theorem
In the general case r < s the problem can also be reduced to Theorem as fol-

lows. Each ideal QQ; may be generated by polynomials of degree < (Qd)zo(n) and this
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bound depends only on n and d (see Statements 63, 64 and 64 [Se74]). By State-
ment 56 of [Se74], the ideal J is generated by polynomials of degrees < (2d)20(n)
and once more this bound depends only on n and d. Let g1, ---, g: be such genera-

tors of J. Since deg(g;) < (2d)20(n) for any 4, then ¢ will be bounded by the number

n 20(n) n
of monomials in z1, - - -, T, of degree < (2d)20( ), thus t < ((Qd) N +”) < <2d)20< )
also.

If f € Ik[z]p, then f € J and by Theorem there exist polynomials cq, -+, ¢
such that

f=cgi+-+cg
where deg(c;) < deg(f) + (td)?" < deg(f) + (2d)20(n) for every i.
Let J’ be the ideal of k[x] equal to Q,11 N---NQs. Then as for J, J' is generated

by polynomials of degrees < (2d)20(n). Since J' ¢ P, one of these generators is not
in P. Let u be such a polynomial. Then we have ug; € JNJ' = I for every i. Thus
there exist polynomials b; ;, for 1 <4 <t and 1 < j < p, such that

ugi =y bijf;.
J

20(n)

Still by Theorem we may choose the b; j such that deg(b; ;) < (2d) . Hence
uf = Z (Z Cibi,j> i
j i
Then the result follows since deg(u) < (2d)20(m and
deg (Z cz-bi,j> < deg(f) + (2d)*".
Z (]

Let S be a multiplicative closed subset of k[z]. The proof of Theorem [5.2] gives also
the following result:

Proposition 5.3. Letk be an infinite field. Let M be a submodule of k[x1, -+, x,]?
generated by the vectors f1, ---, fp and S be a multiplicative closed subset of k[x].
Then there exists a constant C' > 0 (depending only on M ) such that the following
holds:

For any f € k[x]?, f € S™*M if and only if there exist polynomials ay, -+, a, of
degrees < deg(f) 4+ C and u, u € S, of degree < C such that

uf:a1f1+..._|_apfp_

Proof. We can adapt the proof of Theorem as follows (we keep the same nota-
tions): the reduction to the case where M = I is an ideal of k[z] remains the same.
Then if I = Q1 N---NQ; is an irredundant primary decomposition of I in k[x], we
may assume that Q1, -+, Q, C k[z]\S and Q; NS # 0 for i > r. Then as before

I-5'k[z] = Q1S 'k[z] N NQy - S k[z]

is an irredudant primary decomposition of I - S~'k[z]. If J denotes the ideal
Q1N---NQ, of k[x], then for any f € k[z], we also have f € I-S™'k[z] = J-S~1k[z]
if and only if f € J.



28 GUILLAUME ROND

Then we follow the proof of Theoremm if f € k[z]and f € I-S~'k[z] then f € J
and there exist polynomials ¢y, - -+, ¢; such that

f=cg+- - +cg

where deg(c;) < deg(f) + (td)?" < deg(f) + (2d)20(") for any ¢ and g,..., g¢ are
generg(tc;rs of J. Moreover the degrees of the g; and the integer ¢ are bounded by
(2d)%7".

Now the only difference with the proof of Theorem [5.2|is that k[z]\\S is not an ideal
of k[z]. So let us choose a non-zero polynomial u € Q,41N---N Qs NS (such a
polynomial exists since S is a multiplicative system and Q; NS # () for all 7 > r)
and let us denote by D its degree: D = deg(u). Then ug; € I for every .

Still by following the proof of Theorem [5.2] we see by Theorem [5.1] that there exist
polynomials b; ;, for 1 <4 <t and 1 < j < p, such that

ugi =Y bi;f;
J

with deg(b; ;) < D + (2d)2o(n) for every i and j. Then

uf = Z (Z Cibi,j> fj

and
20(n)

deg (Z Cibi,j> < deg(f) + D + (2d)

So the proposition is proven with C = D + (2d)2o(n).

6. IDEAL MEMBERSHIP IN RINGS OF ALGEBRAIC POWER SERIES

Theorem 6.1. Let k be any infinite field. Then there exists two computable
functions Cy(n,q,p, Hy, D1, D2) and Cy(n,q,p, H1, D1, D3) such that the following
holds:

Let n, q, p, Hi, Ha, D1 and Dy be integers and f = (f1,---,fq) and g1 =
(91,17 T 7gl,q); Ty 9p = (gp,la T 7gp,q) be vectors 0f]k<$1, T 7xn>q satisfying

H(g;) < Hy for all i, H(f) < Ha,
k(z, gij)1<i<p, 1<j<q : k()] < Dy,
k(z, fj)1<j<q 1 k(z)] < Da.

Let us assume that f is in the k{x)-module generated by the vectors g;. Then there
exist algebraic power series a; for 1 < i < p such that

p
(15) fj:Zaigi,ja 1<j<q
=1

and
H(a’i) < Ol (n7qap7 HlaDlvDQ) ' (H2 + 1) VZa

Deg(a‘i) S OQ(”aQ7p7 H15D17D2) Vi.
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Proof. The theorem is proven by induction on n. For n = 0 and any ¢, p, H1, Has,
Dy, D5 any solution (a;) of will have height equal to 0 and degree equal to 1.
Let us assume that theorem is proven for an integer n — 1 > 0 and any integers ¢,
p, Hy, Hy, D1, Dy and let us prove it for n.

We set Hy := max; j H(g; j), Dy := max; ; Deg(g; ;), Hy := max; H(f;) and Dy :=
max; Deg(f;). Let G be the p x ¢ matrix whose entries are the g; ;. We assume that
the rank of G is ¢ < p (otherwise some equations may be removed) and that the
first ¢ columns are linearly independent. Let A be the determinant of these first ¢
columns. By a linear change of coordinates me may assume that A is x,-regular
of degree d since k is infinite. By Lemma d < H(A). Moreover A is a sum of ¢!
elements which are the product of ¢ entries of G. Thus by Lemma and

we have

! |
H(A) < ¢'D] (quHg) = qlqD} tiH,.
Of course A € k(m,gi7j)1§i§p7 1<j<gq thus
Deg(A) < Dy.

By Lemma we can write A = w - P where u is a unit and P a Weierstrass
polynomial of degree d with

a'+q
H(P) < 2dH(A)d+1 < 2H(A)H(A)+2 <2 (q!qul+qu)q!qu Hg+2 .

Set
p
Fy(z,A) =Y gi;(x)Ai — f;(x) Vj
=1

where Ay, ---, A, are new variables.
Let a; ,(x’) be algebraic power series of k(z') for 1 < ¢ <pand 0 < k <d—1.
Then let us set

S

-1
aip(z)ak for 1 <i <p,
0

(16) a}

b
Il

a* = (ajy, - ,a,).

Let Ajp, 1 <i<p,0<k<d—1, be new variables and let us set
d—1
A: = ZAi,kxf“ 1 S ) S P
k=0

and
A= (AT, ,A;).

Let us consider the Weierstrass division of Fj(xz, A*) by A with respect to the
variable x,,:
Fj(l’, A*) = A.Qj(.’ﬂ, A*) + Rj

where

U
|
—_

R; =) Rj(2', A")xl,.

<$
o~
I
o



30 GUILLAUME ROND

Let us consider the following Weierstrass divisions:
gi.g(@)zy, = AQij(z) + Ry, ,,

where Ry, , = ZRi,j,k,l(x )z

and f;(z) = AQ;(CU) + Ry,

d—1
where Ry, = ZR’-yl(x')az;.
1=0
By unicity of the remainder and the quotient of the Weierstrass division we obtain:
p d-1
(17) Qs(2, A7) = 33 Qo) Ak — Q) (a),
=1 k=0
p d—1
Rj. (', A¥) ZZ ikl (2 Ai g — R (2),
i=1 k=0

Hence Q;(z', A*) and R;;(z', A*) are linear with respect to the variables A; ;.

If
(18) R;i(z',a*) =0 for all j and [,

then F(x,a*) € (A) Vj. This means that there exists a vector of k(z)?, denoted by
b(x), such that

(19) G(z).a*(z) — f(z) = A(z).b(x)

where G(x) is the ¢ x p matrix with entries g; ;(x) and f(x) is the vector with
entries fj(x). In fact we can choose b(x) to be the vector of entries Q;(x,a").

Let G’ (x) be the adjoint matrix of the ¢ x ¢ matrix built from G(z) by taking only
the first ¢ columns. Then

G'(2).Glx) = (Alz)l, *).
Thus, by multiplying by G’(x) on the left side, we have
AA((?) *(( ))++ 1]’312(( 2:1(( )) ,72%(8))
: — G'(2).f(z) = A(z).G'(z).b(z)
A(z)ag(x) + Pylagy (z), -+ ap(x))

for some P; depending linearly on a;,(z),- - ,a,(x). Then we set

a; ci(xz) for 1 <i<g,
(20) ai(x) = *( x) — ci(x) 'S4
a;(r) := aj(x) for g <i<p,
where ¢(x) is the vector G'(z).b(x). Since G’(x) has rank ¢, this shows that

G(x).a(x) — f(x) =0
i.e. a(z) is a solution of (L5).

Now we have to bound the height and the degree of a(x) in terms of the height and
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the degree of a*. For simplicity we will bound the height and the degree of a(x)
when char (k) = 0. The bounds in positive characteristic are obtained in the same
way and they are similar (the only difference comes from Theorem - see also

Remark .

First by Lemma we have
H(g”(x)a:ﬁ) < Hg+kDy.

Let us remind that d < H(A) < ¢l¢D?+9H, < ¢?D?+7H,. Thus by theorem
we have (by choosing ¢ = 1 for simplicity and since k < d):

2(q!
o(qqug(" +'1)H3)

2
H(Ry (') < 227" DO (Hy + kDy + 1) < 2°

)

90 (H(2)2) 0(q?1 D31+ 2

H(R,,(z')) < 2 DO (H, 4 1) < 22 "D (Hy 1 1),

2(q'+
20(q2qu(q q)Hg)

D34+d3+6d2_3d+5 Deg(A)(Hg +I€Dg + 1)

2O<q2qD§(q!+q)H§)

)

H(Qi jk(z)) < 2
<2

20(q2‘1D§(q!+q>H§)

H(Q) (7)) <2 DY HEHOE =3 Dog(A) (Hy + 1)

O<q24D§(q!+q)H2

< 92 o D8 (Hp + 1),

Deg(Rijka(a") < HA)DGE) < (H(A) Dy

2(q!
O(qqug(q +‘1)H§)

)

< (q!qu!+q+1Hg)q!qu!+qu < 92

Deg(R} ,(z')) < H(A)ID}®) < (qlgDiaD H,)eaP5 " Ha

2(q!+
20(q2qu(q q)HS)

< (2Dy)

)

Deg(Qi,j.x(z)) < H(A)IDI A+ Deg(A)

1
O(quDg(q-Jrq)Hg)

I+
S (q!qu!-i-q-i-ng)q!qu qu+2Dg S 22

)

20(q2‘1D3(‘1!+Q)H§)

a'4q | q!4+q
Deg(Q)(z)) < (alqDI+4DH, )5 " HapT1Pa e < (2D )

We set
D,+ :=Deg(a*), Hg» :=H(a").
By Lemma we have
H(Qijk(x)air(2")) < 2Deg(Qs jk(2)) Da» max{H(Qs j.x(2")), Hax }

2O(q2qD§(q!+q>Hg)

<2 Dy-H,-.
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Moreover
, 2O(q2’1D§(q!+Q)H§)
Deg(Qi 5.k ()aik(ax")) <2 Dq-.
Since the components of b(z) are the Q;(x,a*) we obtain by (17) and Lemma

(1)

O(QQqu(qu)Hg)

H(b(z)) < (pd+1) (22 Da*>p maX{Deg( ()} %

2O(q2qD2(q'+q)Hz)
max < 2 Da*Ha 7H(Q ( )) .

Since d < H(A) < q!quH‘qH we get

o(q qD2(q'+q)H2

(21) H(b(x)) < (2V7'Dy)?
Moreover gives

424 2(q!'+q) .2
(22) Deg(b(z)) < (27+1D;)2" 7 " p,..
We have

? PPt ax{ Ho., (Hy + 1)},

H(A) < q.q!DIH,
and, by Lemma and the height any (¢ — 1) x (¢ — 1) minor of G is
bounded by
(q — DV ((¢ — )DE™ Hy) < q.q! D H,.
Thus, by Lemma (vi), the height of the coefficients of G'(z) is less than

2D2q.q!\ DI TH, = 2qlqDI+ 12 H
Hence, by Lemma [3.6] (i) and (vi), using (1)), and since Deg(G'(z)) < D, we

obtain

H(G'(2).b(z)) < q(Deg(G'(x)) Deg(b(x)))?x
(2Deg(G'(x)) Deg(b(x)) max{H(G"(x)), H(b(x))})

O(quDg(q-Jrq)Hz)

< (2PF1Dy)? ¢ DIP max{H,., (Hy + 1)}

Hence, by and Lemma

424 g(q!Jrq) g
H(a(x)) < 2Dy + 2027 77" D27 mase{ e, (Hy + 1)}
Moreover
q24 3(41+Q) 2
Deg(a(z)) < Dy Deg(b(z)) < (221 D,)2" 77 "' p2,.
Let o = ¢?1D, 2(d! +q)H§. By the inductive assumption we can find a solution
') = <i<p, 0<h<

(aik(z ))1<'L<p, o<k<d—1 of the system such that
)

H(d' (")) < Cy (n— 1,qd, pd, 22" 220(“”,(2Df)2°”)’) . D9

2 4
F (® )220(1’) (Hf + 1>7

20(®)

Deg(a’(z")) < Cy (n —1,qd, pd, 220@),2 7(2Df)20(q>)) )

Since
Da* § Deg(al(wl))a
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H,- < d-Deg(d (z')*(H(d' (")) +d — 1)
by and Lemma [3.6] (i), the solution a(z) of satisfies

H(a(x)) < (2D + 27)>""

2H,p+3
Ca (n = 1,0d,pa,22", 227", (20)2"") x

o(®) o(®) Oo(®) O(®? O(®)
c (n—l,qd,pd,22 227" (2D, )? )-Df( 122 (H, 4 1).

Deg(a(z)) < (2771 D;)*"" ¢y (n —1,qd,pd, 22" 227", (2ff)f)(‘>o(q>))2
Then the result is proven with & = qquf(q!ﬂ)le,
Ci(n,q,p, Hy, Dy, Dy) = (2D, + 27)2°™"
C2 <n B l,qd,pd, 220(<1>>7 220(@), (2D2)2o<¢))2H1p+3 "

Cy (n —1,qd, pd, 227" 227" (2D2)2o“’)) - DO(®) 929

and

CQ(TL, q,P, H17 D17 D2) = (2p+1D2)20(q’) X

2
Cz (n = 1,qd,pd, 227" 227" (2D,)2")
g

Remark 6.2. The proof of this result does not give a nice bound on the func-
tions C1 (n,q,p, H1,D1,Ds) or Cs(n,q,p, H1, Hy, D1,D3). One can check that
Cy(n,q,p, Hy, Ha, D1, D) is bounded by a tower of exponentials of length 2n + 1

of the form
O(aDyHy)

(2”“D2)22'l .
For Ci (n,q,p, H1, D1, D2) we obtain the same kind of bound.
In positive characteristic, the bounds are more complicated and are not polyno-

mial in Dy since the bounds on the complexity of the Weierstrass Division are not
polynomial in Ds.

7. PROOF OF THEOREM [L.1]

In this part we will denote by R, the ring of algebraic power series in n variables
over a field k and R,, its (z1,- -+ ,xn)-adic completion. If k is a finite field we replace
k by k(t) where t is transcendental over k - this does not change the problem. Thus
we may assume that k is infinite.

For any k(z)-module M, we have ordy/(m) = ordgz(m) for all m € M, thus we
may assume that M is equal to RS /N for some R,-submodule N of RS.

We set e := (e, ,es) where the ey, ---, es is the canonical basis of RZ. Let us
assume that N is generated by Li(e), ---, L;(e) where

Li(e) = Zli,j(ij for 1 <i<l,
j=1
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and let H (resp. D) be a bound on the height (resp. the degree) of the I; ;.
The proof is done by a double induction on s and n. Let

f:f161+"'+fses€RfL\N'

We consider the following cases:

-(1)If s=1and N =(0), then M = R,, and in this case
ordp(f) = ordg, (f) < H(f)

for any algebraic power series f by Lemma

- (2) Assume that s = 1 and N # (0) is an ideal of R,,. After a linear change of
variables there exists a Weierstrass polynomial g(x) € N with respect to x,, whose
coefficients are in R,_1, of degree d in x,. Then M is isomorphic to RZ /N’
for some sub-module N’ of RZ ;. The isomorphism M ~ R%_| /N’ is induced by
the morphism R, — R%_| sending a power series f(z) € R, onto (rg, -+ ,74_1)
where

d—1
=79+ "r1Ty + -+ 1912,

is the remainder of the Weierstrass division of f(x) by g(z). Then N’ is the R, _1-
sub-module of R%_| generated by the vectors of coefficients of the remainders of
the Weierstrass division of the elements of M by g(x).

If f(z) € R, then the remainder r of the division of f by g has height less than
C1-(H(f)+1) for some C; > 0 depending only on g(x) and Deg(f) (by Theorem [4.5]
- moreover (' is polynomial in Deg(f) when char (k) = 0). We remark that f and
r have the same image in M. If r =rqg+rix, +- -+ rd_lefl, with r; € R,,_; for
all ¢, then (rg,71,--- ,7q—1) has height less that Cy - (H(f) 4+ 1) again by Theorem
Moreover ordys (f) = ordas(r). Since z,, is integral over R,,_1, there exists a
constant a > 0 such that 2% € (2'), with 2’ = (z1, -+ ,2p—1). Thus (2)* C (2')°
for any integer c. So we have:

1
ordge  sni(r) =sup{c €N /7 € (')°R:_,/N'} > . ord s (7).

a
By the induction hypothesis on n there exists C' > 0 such that

OrdRzil/N/ (T) S O . H(T) \V/T' (S RgL—l'
Thus we have
ordy(f) = ordpy(r) < (a+1)ordga_ /n(r) < (a+1)C H(r) < (a+1)CCy (H(f)+1).

If char (k) = 0 and C' is assumed to depend polynomially on Deg(r) by the induc-
tion hypothesis, then (a+ 1)CCy depends polynomially on Deg(f) by Theorem

- (3) Assume that s > 2 and f, is in the ideal of R,, gencrated by l1 5, -+, ls,s-
Then we can write
fS = alll,s + -+ anl/{,s

where the a; are algebraic power series with H(a;) < Cq - (H(fs) + 1) for all ¢ and
Cy > 0 depends only on the [; ¢ and Deg(fs) (by Theorem . Moreover, when
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char (k) = 0, Cy depends polynomially on Deg(fs) < Deg(f) by Remark Let

us set
fl=f- ZaiLi(e).
i=1

We set N’ = NN (RS~ x {0}). We denote by M’ the sub-module of M equal to

Ryt x {0}
N

By Artin-Rees Lemma there exists a constant ¢y > 0 such that

(@) M A M’ C (2)°M’ Ve € N.
Hence we have
ordy (f) = ordas (f') < ordar (f') + co.

By the induction hypothesis on s, there exists C’ > 0 depending on Deg(f’) (thus
on Deg(f) by Theorem such that

OI‘dM/(f/) S Cl . H(f/)

If char (k) = 0 and we assumed that C” depends polynomially on Deg(f’) by the
induction hypothesis, then C’ depends polynomially on Deg(f) by Remark
Hence

OI‘dM(f) S ordM/(f/) + ¢o S C/ . H(f/) + co § (O/ + Co) H(f/)

and C’ 4 ¢y depends polynomially on Deg(f) in characteristic zero.

- (4) Assume that s > 2 and f; is not in the ideal of R,, generated by I1 s, - -, lis-
Then by the case s = 1, there exists C' > 0 depending only on the [, ; and Deg(fs)
such that

ordp, (fs +a1lis + -+ axle,s) < C-H(fs)

for every a; € R,,. Moreover C' depends polynomially on Deg(fs) < Deg(f) when
char (k) = 0. Let us remark that for every f € RS we have

ordps(f) = sup{k / f € ()" M} = sup{k / f € (z)* RS modulo N}
=sup{k / Jai, - ,ax € R,, f+ar1Li(e)+ - +a.L.(e) € (x)*RS}

= sup {ordg:(f +a1Li(e) + -+ axLlu(e))}.

a1, ,ax€Ry
Thus
ordy(f) < sup {ordg, (fs +a1lis + - +akles)} <C-H(fs) < C-H(f)
ay, -, ax€ERy
since

ordp (9) = min {ordg, (9:)} < ordg, (gs)

7

for every g = (g1, - ,9s) = gie1 + -+ + gs€s € R;.
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8. PROOF OF THEOREM [L.3]
Let I be an ideal of R,,. We set J := I Nk[z]. We have the following lemma:

Lemma 8.1. We have ht(I) > ht(J) and if I is generated by algebraic power series
then ht(I) = ht(J).

On the other hand if I is the intersection of a finite number of ideals which are
powers of prime ideals of the same heights, i.e.

I=P"nN---NP" for some primes P; with ht(P;) = ht(P;) Vi,j,
then the equality ht(I) = ht(J) implies that I is generated by algebraic power series.

Proof. We have

I =k[z] <= J =k|[z].
Thus we may assume that I and J are proper ideals. In this case J C (x)k[z]
so ht(J) = ht(Jk[z])). Since the morphism k[z],) — k[z] is faithfully flat
ht(Jk[x] () = ht(Jk[z]). Then ht(J) < ht(I) because Jk[z] C I.

Let us assume that I is generated by algebraic power series. By Noetherian-
ity there exists a finite number of algebraic power series aj,..., a, € k(x) that
generate I. Since k(z) is the Henselization of k[z](,), there exists an étale map
k[z](z) — A where A is a local ring such that k[z],) — k() factors through

k[z]zy — A and ay,..., a, are images of elements aj,..., a. € A. By faithful
flatness of A — k(z) we have ht((a},--- ,al) - A) = ht(I). Since the morphism
k[z](z)/J — A/(a},--- ,a;) is a localization of a finite injective morphism, we get

dim(k[z](z)/J) = dim(A/(a},--- ,a;) - A), so ht(J) = ht((a},--- ,a;) - A) = ht(I).
Now we assume that ht(I) = ht(J).

First we consider the case where [ is a prime ideal. Then J is also a prime ideal. If
ht(J) = ht(I), then ht(Jk[z]) = ht(I) and since Jk[z] C I, then I is a prime asso-
ciated to Jk[z]. Since J is radical, then Jk(z) is also a radical ideal: indeed since
k[z]/J is reduced, then its completion k[x]/Jk[z] is also reduced (see (1) p. 180 of
[HS06]) so k(z)/Jk(x) is reduced. If Jk(x) = P{N---N P/ is a prime decomposition
of Jk(z), then the ideals P/k[x] are prime ideals by Lemma 5.1 [KPPRMTS| so

Jk[z] = Pik[z] n--- N Pk[z]

is a prime decomposition of Jk[z] and I is equal to one of the P/k[z], let us say
P{k[z] = I. In particular I is generated by algebraic power series.

Now let us assume that I = P; N---N P, where the P; are prime ideals of the same
height. Let J; := P;Nk[z]. Then J = JyN---NJ;. Since ht(J) < ht(J;) < ht(P;) =
ht(I) = ht(J) for every i we have ht(.J;) = ht(F;) for all 4, thus P; is generated by
algebraic power series by the previous case, thus I is also generated by algebraic
power series.

Finally let us assume that I = P{" N ---N P" where the P; are prime ideals of
the same height and the n; are positive integers. Let us set J; = P; Nk[z]. Then
P Nkz] is an ideal containing J;" whose radical is J;. So vJ = Jy N--- N J.
Since ht(v/J) = ht(J) = ht(I) = ht(v/T) then /T is generated by algebraic power
series by the previous case. Thus the associated primes ideals of /I, i.e. the P,
are generated by algebraic power series. Hence the P/" are generated by algebraic
power series and I also.
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From now on we assume that
I=P"N---NP" for some primes P; with ht(P;) = ht(P;) Vi, j

and R denotes the ring k[z]/I.
Let k[x]q be the set of polynomials of degree < d and J; := J Nk[z]|q for every
integer d. We set for every integer d > 0:

k
d(d) := dimy <[x]d) .
Ja
The function d — ®(d) coincides with a polynomial function of degree p :=

dim (&f]) = n—ht(J) for d large enough. Then we define for every integer d > 0:

U(d) = dimy <($d> .

The function d — ¥(d) coincides with a polynomial function of degree g :=
dim(R) = n—ht(I) for d large enough. So ¥(dP) and ®(d?) are polynomial functions
of same degree (equal to pq) for d large enough. By choosing a > 0 large enough
the leading coefficient of ®(ad?) will be strictly greater than the leading coefficient
of U(dP). Thus for such a constant a > 0 we have

U(dP) < ®(ad?) Vd >>0.
This means that the canonical k-linear map
k[(ﬂ]adq R
—
Jadq (l‘)dp

is not injective for d large enough. For every d large enough let p; be a non-zero
element of the kernel of this map. By assumption there exists a constant C such
that

ordgr(pq) < C - deg(pq) < Cad? Vd.

Since pq is in the kernel of the previous k-linear map, we have ordgr(pg) > dP, thus
Cad? > dP.

But such an inequality is satisfied (for some constant a > 0) if and only if ¢ > p,

ie. if dim(R) > dim (@) This last inequality is equivalent to ht(I) < ht(.J).

Thus, by Lemma [3.10] such an inequality is satisfied if and only ht(I) = ht(J), i.e.

if and only if I is generated by algebraic power series. This proves Theorem [I.3}

9. AN EXAMPLE

Here we show through an example that Lemma [8:I] and Theorem [I.3] are not
true in general.

Let k = C and n = 3. For simplicity we denote the variables x1, x2, x3 by =,
Yy, z. We set
1
f(z):=—log(l—2) = EZk'
k>1
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Let Q = (z,y)? = (22,9%,2y) and Q' = Q + (z + f(2)y) be ideals of C[z,y, z].
Then
VQ=VQ = (z,y).
(1) @' is not generated by algebraic power series but ht(Q'NClx, y, z]) = ht(Q') = 2:

We have (z,y)? = Q € Q' since z + f(2)y ¢ (x,y)?, but there is no algebraic
power series g(z,y, z) such that
z+ f(2)y = g(z,y, z) modulo Q.

Indeed, if it were the case, by replacing z2, y? and xy by zero in the expansion of
g, we would find an algebraic power series h(z) such that

v+ f(2)y =2+ h(2)y

which is not possible since f(z) is transcendental. So Q' N C[z,y, 2] = (z,y)? and
Q' is not generated by algebraic power series. Since (z,y)? C Q' C (x,y), we have
ht(Q') = 2 = ht((z,y)?) = ht(Q’ N C[z,y, 2]). This proves the claim.

(2) A =C[x,y,2]/Q" satisfies the local zero estimate of Corollary[1.3:
(23) ordas(p) < 2deg(p) Vp € Clz,y,2]\Q".

Since Q C Q' C (z,y) we have the canonical quotient morphisms:

Q (z,y)

We consider two cases:

(a) if p is a polynomial of k[z,y, 2], p ¢ (x,y), then we have orda/(p) < ordp(p).
But we claim that ordp(p) < deg(p). Indeed, let f € C[z,y, z] be equal to p mod-
ulo (z,y). Since p ¢ (z,y), p has a nonzero monomial of the form az* for some
a € C and k < deg(p). Since f —p € (x,y), then f has also a non zero monomial
az*. So ordcyy 4.1 (f) < k.

Thus we have

(24) orda/(p) < deg(p) Vp € Clz,y,2]\(z,y).

(b) Now let p be a polynomial with p € (x,y) but p ¢ @Q’. In particular p # 0.
Then there exists a unique polynomial p’ of the form

P =a(z)x +b(2)y
where a(z), b(z) € k[z], deg(p’) < deg(p) and
p' = p modulo Q.
Let n be an integer such that n + 1 < orda/(p) = ord 4(p’). This means that
P € (z,y,2)" " + (2,9)° + (z + f(2)y),
thus
P=ctnte (@4 f(2)y)



EFFECTIVE DIVISION OF ALGEBRAIC POWER SERIES 39

for some ¢ € (z,y,2)""t, n € (x,y)? and ¢ € C[z,y, 2], . Since p’ = a(z)x + b(2)y

we obtain

(25) (a(2) = ¢(0,0,2))x + (b(z) — ¢(0,0,2)f(2))y

=n+(c—c(0,0,2)(z+ f(2)y) +e

But 7' :=n+ (¢ —¢(0,0,2))(z + f(2)y) € (x,y)%. Moreover € can be written as
e=¢'(x,y,2) +e.(2)x + ey (2)y +1(2)

where €'(z,y,2) € (,9)?, e2(2), ey(2) € (2)"C[z] and £1(z) € (2)"T*C[z]. Thus

shows that
a(z) —¢(0,0,2) = €5,  b(2) —c(0,0,2)f(2) = ey(2),
n+e =0 ¢ei(z)=0.
This proves that if orda/(p) > n + 1 then there exists ¢(z) € C[z] such that
ord.(a(z) — ¢(z)) > n and ord,(b(z) — c(2)f(z)) > n.

Let us write
a(z) = > ar®, b(z) =Y bt and () = S et
k k k

If deg(p) < d for some integer d, then deg(a), deg(b) < d — 1 thus
ap, =br, =0 Vk2>d.
Since ord,(a(z) — ¢(z)) > n then
ar =cp Yk <n.
In particular, if d < n, we have

bq

":bn,1:Cd:"':Cn,1:0.

Since ord, (b(z) — ¢

—~~

z)f(z)) > n then

0 0 0 0 0 co bo

1 0 0 0 0 C1 bl

% 1 0 0 0 C2 — bQ
1 1 .. 1 0 Crn_1 br_1

n—1 n—2

There are two cases to be considered: either ord 4/(p) < deg(p) and the local zero
estimate is satisfied, either ord 4/ (p) > deg(d). In the latter case we can choose
n > d. In particular

1 1 1
4 a1 T2 } Co bq 0
s O | c b 0
+1 d 2 1 d+1
(26) : : o : : = : =
1 1 1
n—1 n—2 n—d Cd—1 bn—l 0
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Let us assume that the local zero estimate is not satisfied, i.e. orda(p) >
2deg(p). Then we can choose n = 2d. But for n = 2d the matrix

1 1
i a1 1
_1 1 1
d+1 d 2
11
2d—1 2d—2 d
is a Hilbert matrix and is not singular. This means that Equation (26) for n = 2d
has no nontrivial solution, hence ¢y = - -- = ¢,_1 = 0. This proves that ar = by =0

for every k which contradicts the assumption that p # 0. This proves that for every
polynomial p € C[z,y, 2], p ¢ Q’, we have

(27) ordas(p) < 2deg(p).

10. GRAUERT-HIRONAKA-GALLIGO DIVISION OF POWER SERIES

Let A be a linear form on R™ with positive coefficients. Let us consider the
following order on N™: for all o, # € N, we say that a < g if

()\(CE),OQ,"' 7an) Slez (A(ﬁ)aﬁlu 7ﬂn)

where <., is the lexicographic order. This order induces an order on the set of
monomials m‘f‘l sz we set £ < 2P ifa< (. This order is called the monomial

order induced by \. If
fi=Y" far® €klal,

QEN"
the initial exponent of f with respect to the previous order is

exp(f) ;== min{a € N* / f, # 0} = inf Supp(f)
where the support of f is Supp(f) := {a € N* / f, # 0}. The initial term of f is

Jexp( f)xEXp(f ) and is denoted by in(f). This is the smallest non-zero monomial in
the expansion of f with respect to the previous order.

Let g1, - -+, gs be elements of k[z]. Set
Ay :=exp(g1) + N and A; = (exp(g;) + N™)\ U Aj, for2 <i<s.
1<j<i
Finally, set
Ao ==N"\| ] A
i=1

We have the following theorem:

Theorem 10.1. [Gr72|[Hi77|[GaT9] Set f € k[z]. Then there exist some unique
power series qi, -+, qs, T € k[z] such that

f=ga+ - +gsqs+r
exp(g;) + Supp(q;) C A; and Supp(r) C Ao.

The power series 1 is called the remainder of the division of f by g1, -+, gs with
respect to the given monomial order.
Moreover if k is a valued field and f, g1, -+, gs are convergent power series, then

the q; and r are convergent power series.
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The uniqueness of the division comes from the fact the A;’s are disjoint subsets
of N™. The existence of such decomposition in the formal case is proven through
the division algorithm:

Set o := exp(g). Then there exists an integer ¢; such that o € A,;.
e If iy = 0, then set (! := in(g) and qgl) := 0 for any i.
e If 41 > 1, then set (1) := 0, qgl) := 0 for i # 97 and q(I) = nlg)

21 in(gi, )

S
Finally set g/ := g — Zgiqgl) — 7M. Thus we have exp(gM) > exp(g). Then we
i=1
replace g by ¢V and we repeat the preceding process.
In this way we construct a sequence (g(k))k of power series such that, for any k € N,

exp(g+V) > exp(g™) and g*) = g — >~ gig{" —r® with
=1
)+ S (k) « A; and S ®)) A
exp(g;) + Supp(g; ’) C A; and Supp(r'™) C A,.

At the limit K — oo we obtain the desired decomposition.

But in general if f and the g; are algebraic power series (or even polynomials)
then r and the ¢; are not algebraic power series as shown by the following example:

Example 10.2 (Kashiwara-Gabber’s Example). (JHi77] p. 75) Let us perform
the division of xy by

9= (r—y")(y—a) = zy —a"F — "t 2ty
as formal power series in k[z, y] with an integer a > 1 (here we choose a monomial
order induced by the linear form A(aq,as) = a3 +a2). By symmetry the remainder

of this division can be written r(z,y) := s(z) + s(y) where s(z) is a formal power
series. By substituting y by x® we get

s(2%) + s(z) — 2T = 0.
This relation yields the expansion
S(.Z’) _ Z(*l)il‘(aJrl)ai.
i=0
Thus the remainder of the division has Hadamard gaps and thus is not algebraic if
char (k) = 0. Hadamard gaps are defined as follows:

Definition 10.3. Let = (z1,--- ,2,). A power series f =), fi where f, is a
homogeneous polynomial of degree k for every k has Hadamard gaps if the indices
ny < ng < ng < --- of all non-zero homogeneous terms of f satisfy the condition
np+1 > Cny for all k where C' > 1.

Over a characteristic zero field, a power series having Hadamard gaps cannot be
algebraic.

Example 10.4. Let k be a field of any characteristic. Set

fu =y = Y (Yo
=0
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Then by the previous example

fn= Z(—l)ix(a+1)ai mod. (g).

i>n
Thus
ordiay/(g) (fn) = (a+ 1)a"t.

Since f, is a polynomial of degree (a+ 1)a™, this shows that the bound of Corollary
[[:2)is optimal.

11. GENERIC KASHIWARA-GABBER EXAMPLE

In this part we will investigate a particular case of division. Mainly we will
consider the problem of dividing an algebraic power series f(x,y) in two variables
by an algebraic power series g(x,y) whose initial term is equal to xy with respect to
a given monomial order as defined in the previous part. In this case the remainder
of the division is the sum R(x)+ S(y) of one power series in « and one power series
in y.

Definition 11.1. Let k be a characteristic zero field and z be a single variable. A
D-finite power series f is a formal power series in k[x] satisfying a linear differential
equation with polynomial coefficients, i.e. there exist D € N and a;(z) € k[x] (not
all equal to 0) for 0 < 7 < D such that

apfP +ap_1 P+ +agf=0.

Let us mention that by [St80] any algebraic power series is D-finite.

In Example if char (k) = 0, the remainder is not D-finite since D-finite power
series have no Hadamard gaps (see [St80] or [LR&6] for instance). We will show
that the situation of Example is generic in some sense.

Set
galz,y) =y — Y aijz'y
(i.j)€E

where a denotes the vector of entries a; ; € k for some field k and E is a finite
subset of N? such that:

(1) (0,0), (0,1), (1,0) and (1,1) ¢ E,

(2) {(2,0),(0,2)} ¢ E.
If (0,2) ¢ E, let us choose the linear form A defined by A(eq, e2) = 3e1 +2e2. Then
for any e = (e1,e2) € E we have A(e) = 3e; + 2e2 > A(1,1) = 5 since only three
situations may occur:
- either e; > 2 so A(e) > 6,
- either e; =1 and es > 2 50 A(e) > 7,
- either e; = 0 and ez > 3 so A(e) > 6.
This means that there exists a monomial order induced by a linear form such that
xy is the initial term of g,(z,y). By symmetry this is also true if (2,0) ¢ E. From
now on we fix such monomial order and we perform the division of zy by g.(z,y):

vy = ga(2,y)Qa(7,y) + Ra(w) + Sa(y)-
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Lemma 11.2. Let k = Q(a) where a is the set of new undeterminates a; ; for
(t,7) € E. Then Ry(z) (resp. Sa(y), Qul(x,y)) is a power series with coefficients
in Q[a].

In particular if k is a characteristic zero field and o € (E) is a vector of
elements o; ; € k for every (i,j) € E, then the coefficients of Ry (z) (resp. Sa(y),
Qa(x,y)) are those of Ry (x) (resp. Sa(y), Qa(x,y)) evaluated in a.

Proof. Since the coefficient of the leading term zy of zy — Z(M)GE a; ;jx'yt is equal
to 1, we see directly from the division algorithm given in Section [L0] that the coef-
ficients of R, (x), Su(y) and Qu(x,y) are in Q[al.
Then by evaluating the terms of the equality
2y = 9a(2,y)Qa(2, y) + Ra() + Sa(y)
in a we necessarily obtain the equality
zy = 9a(7,y)Qa(z,y) + Ra(x) + Sa(y)
by unicity of the division. O
For every k € N\{0, 1} we set
We have the following result:

kCard

Proposition 11.3. Let E be a finite set as before such that Ey, C E for some integer
k>1. Let (o, ) € CCrdE) whose coordinates are algebraically independent over
Q. Then Ry (z) is not a D-finite power series. In particular this is not an algebraic
power Series.

Proof. Let N = Card(E). The proof is made by induction on N.

If N =3, then E = Ej. If ag 41, @kt1,0, 0k € C are algebraically independent
over Q and R(x) := R,(x) is a D-finite power series, then R(x) satisfies a differential
equation:

(28) Py(x)RD(z) + -+ Pi(z)R(x) + Po(x) =0

where Py (z), - - -, Pg(x) € Clz]. If we expand this relation in terms of a Q(«)-basis
of the Q(a)-vector space C, we obtain at least one non-trivial relation of the same
type where the P;(z) are in Q(a)[z]. So we assume that P;(z) € Q(«a)[z] for all ¢ and
even P;(z) € Q[a][z] for all ¢ by multiplying this relation by a common denominator
of the coefficients of the P;. Since ay1,0, ®o k41 and ay i are algebraically inde-
pendent over QQ, we are reduced to assume that R, () is D-finite over Q[a, b, c]
where a, b and ¢ are new indeterminates and R () is the z-depending part of
the remainder of the division of xy by zy — ax**! — byF+1 — cakyk:

Y = (:z:y —ax™ — byt - Cl"kyk) Qab,e(T,y) + Rape(®) + Sape(y)

By Lemma[I1.2) Ry p.c(z) € Q[a, b, ][], Sap.c(y) € Q[a,b,c][y] and for every point
a = (Qors1, ki1,0, k) € C3, the power series R, (z) and S, (y) are equal to
Ryp.c(x) and Sgpc(y) evaluated in o.

We may assume that the polynomials P; = P(a,b,c, ), coefficients of the Rela-
tion , are globally coprime, otherwise we factor out their common divisor. For
0 <14 < d, let V; be the subvariety of C® which is the zero locus of the coefficients
of P;(a,b,c,x) (seen as a polynomial in x). Let V be the intersection of Vg, -- -,
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Va. Then if (a) ¢ V, one of the P;(a,z) is non-zero and R, () is D-finite over
Clz]. Since we have assumed that the P;(a, b, ¢, z) are globally coprime, V is a finite
union of algebraic curves and points, except if all but one P; are equal to 0. In this
latter case, we have Py(a,b,c, x)R((;’i;,c( ) = 0 which means that R((ldg .(x) =0, thus
we may replace Py by 1 and in this case V = ().

From now on we replace ¢ by —ab and we have the relation:

(29) Y = (l’ - byk)(y - axk)Qa,b,—ab(xa y) + Ra,b,—ab(x) + Sa,b,—ab(y)-
By symmetry we have Ry g, —ab(Y) = Sap,—av(y). If we replace (z,y) by (by,ax) in

we get
abzy = ab(y — ax )(x - l)kyk)CQM,ﬁab(by7 ax) + Rap,—ab(by) + Sap,—ap(az),

thus we obtain

1
(30) 7Ra,b,7ab(by) = Sak,bk,—(ab)k(y)'

ab
By replacing y by az® in we obtain:
az™™ = Rop—ap(2) + Sap,—av(az®)

SO
akl‘k+1 — Rak’bk,fakbk (q;) —+ Sak}bk’,ak‘bk (akq;k)
and
1
(31) akaktt = = Ryr pr _akbk( )+ 7Ra7b’7ab(akbxk)

ab
by . By writing

abfab § Tl(lb

>1
and plugging it in we obtain
ri(a,b) =0 VI<k and rpii(a”,b%) = a.
Moreover the coefficient of z¥'on both sides of (31)), for every [ > 1, is equal to

1
= r(a®, 0F) + =1y (a,b)a"'b!

ab
hence
re(ak, b%) = —r(a, b)a® 1!t
Thus
ret1(a,b) = a, Ty (a,b) = —aFt1p, Te2(k41) (@, b) = gF D +1pk+1

and by induction

Piiren) (a,b) = (—1)iaZi=o M pEim0 v >

itl_ g i

:( 1)akk71bk 1

is not a power of k. Thus we obtain

and r;(a,b) =0 if k+1

. P AL R
Ra,b,—ab(l') = Z(—l)la E—1 pk—1 Z‘( +1) .
=0
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Exactly as in the example of Kashiwara-Gabber, this shows that R, g _ag(x) is not
D-finite if a8 # 0.

Let S C C? be the surface of equation ab+ ¢ = 0. In particular S is not included
in V since the components of V' have dimension < 1. Then we see that for any
(a, B,7y) € S\{ab = 0}, Ry 3 ~(x) is not D-finite. This contradicts the assumption
that R, .(z) is D-finite since we have shown that this would imply that R, g ()
is D-finite for every (a, 3,7) ¢ V. Thus R, .(z) is not D-finite.

Let us assume that N > 3 and that the proposition is proven for every set of
cardinal N — 1 containing Fj. Let us assume that R,(z) is D-finite, i.e. there exist

polynomials P; € C(a)[xz], for 1 < ¢ < d, such that
Py(a,z)RY (x) + - + Pi(a, 2)Ro(x) + Po(a, z) = 0.

As we did before, we may assume that P, € Qa,z] for all i. By dividing the
previous relation by a common divisor of the P;, we may assume that the P; are
globally coprime. For 0 < i < d let V; denote the subvariety of CV which is the zero
locus of the coefficients of P;(z) (seen as a polynomial with coefficients in Qlal).
Let V be the intersection of Vj, .-+, V. As in the previous case, since the P; are
globally coprime, then codimen (V) > 2.
Let (i9,j0) € E\Ey and set E' = E\{(io,jo)}. Set W = {a,,j, = 0}; we have
codimen (W) = 1. By the inductive assumption, R, (x) is not D-finite for every
a € W such that tr.deggQ(a) = N —1. But if « € W\V and tr.deggQ(a) = N —1
(we may find such an a since codimen (V) is strictly larger than codimen (W)), we
see that R, (z) is not D-finite which is a contradiction since o ¢ V. Thus R, (z) is
not D-finite and the proposition is proven for sets E of cardinal V.

U

Example 11.4. If F does not contain any of the sets Ej for k£ > 1 then Proposition
11.3]is no valid in general. For instance let us consider

Ec{(i,i+3), (i,7) €N?,i> 0,5 > 0}.

We set F' = {(i,7), (i,i+ j) € E}. Let us consider the Weierstrass division

z=|z— > aii; 7y | Q(zy) + R(y)
(i,4)EF

where @) and R are algebraic power series by Lafon Division Theorem. Then by
replacing z by xy we obtain the division of xy by g.(z,y):

vy = |zy— > ai;z'y’ | Qay,y) + R(y).
(i,5)eE

Thus R, (z) = R(z) is an algebraic power series.

Example 11.5. Let h(x,y) and d(z,y) be two algebraic power series over C and
let us assume that the initial term of d(x,y) is xzy. The division of h by d yields
the relation:

h(z,y) = d(x,y)Q(z,y) + R(z) + S(y).
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By Newton-Puiseux Theorem there exist n € N and z(y) € C(y), y(x) € C(z) such
that

d(x(y),y") = d(z",y(x)) = 0.
Thus we obtain

This yields the relation:
n L n L
R(z") = R(z(y(z)=)) = h(z", y(2)) — h(z(y(z)")).
By replacing by 2™ we see that there exist two algebraic power series f(z) and
g(z) such that

2
R(z"™) — R(g(x)) = [f ().
But this is impossible if R(z) = e” by Schanuel’s conjecture [AX71]. This shows that

in general D-finite power series (here e*) which are not algebraic are not remainders
of such a Weierstrass division.

12. GAP THEOREM FOR REMAINDERS OF DIVISION OF ALGEBRAIC POWER
SERIES

By a Theorem of Schmidt (see Hilfssatz 5 [Sc33|) an algebraic power series has
no large gaps in its expansion. More precisely his result asserts that if an algebraic
power series f is written as f = ), f,k) where f,) is a non-zero homogeneous
polynomial of degree n(k) and (n(k))y is increasing, then

I n(k+1) -

imsup —————= < o0

k—oo  N(K)

We prove here the same result for remainders of the Grauert-Hironaka-Galligo Di-
vision, i.e. it does not have more than Hadamard gaps.

Theorem 12.1. Let g1, ---, gs € k(z) and let us fix a monomial order induced
by a linear form as in Section[I0 Then there exists a function C': N — R such
that the following holds:

Let f € k(x) be an algebraic power series and let v be the remainder of the divi-
sion of f by g1, -+, gs with respect to the given monomial order. Let us write
T =Y o1 Tn(k) where ry, is a homogeneous polynomial of degree h, (n(k))y is an
increasing sequence of integers and ) 7 0 for any k € N. Then

n(k+1) < C(Deg(f)) -n(k) Vk>0.

In particular

lim sup M < 00
k—oo  N(K) .

Proof. Let I denote the ideal generated by g1, - -, gs-
Let us set f == f — Zle Tn(i) for every k € N. The remainder of the division of
f by g1, - 5 s is Z;)ik—‘,-l Tn(i)s thus

Ord]k[[wﬂ/j(fk) = OI‘d]k[[l.]]/] ( Z Tn(i)) >n(k+1).

i=k+1



EFFECTIVE DIVISION OF ALGEBRAIC POWER SERIES 47

On the other hand by Lemma

H(fx) < H(f) + Deg(f) - n(k)

thus H(fx) < 2Deg(f) - n(k) for k large enough since (n(k)) is increasing. Hence,
by Theorem and since Deg(f) = Deg(f), there exists C’ > 0 depending on
Deg(f) such that

ordgpay/1(fi) < 2C" - Deg(f) - n(k)
for k large enough. So the theorem is proven with C = C” - Deg(f).

Remark 12.2. Example shows that this result is sharp.
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