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Objective

• To develop the "engine" of a surgical simulator.
• Able to be used in medical environments.
• Many öelds require real-time performance.
• Real-time response means 25 Hz for visual feedback and 500 Hz for
haptic feedback.

• Consensus: most of the surgical simulators do not work properly
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State of the art
Adapted from Delinguette et al., Comm. ACM, 2005

First generation 
(Anatomy) 

•  Shape 
•  Morphology 
•  surface 

Second generation 
(Physics) 

•  Deformation 
•  Forces  
•  Temperature 

Third generation 
(Physiology) 

•  Cells 
•  Pathology 
•  Brain 
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Architecture of a surgical simulator

Positions(x,y,z)

“Haptic” device

Deformation Stress field

Resulting Forces

500Hz
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Objective of this work
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2. A POD approach.
Main hypothesis

• Many movements in this öeld are low-rank.
• This low-rank subspace is determined by model reduction
techniques (POD).

• We can perform as many off-line simulations as necessary.
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2. A POD approach.
a posterioriModel Reduction

• We perform some off-line simulations to determine um
i ,

∀i ∈ [1, · · · ,N] and ∀m ∈ [1, · · · ,M].
• Following these simulations, we extract the örst n eigenvectorsϕi
related to the biggest n eigenvalues that contain the most relevant
information of the model.

• We then interpolate among reduced models (see the work by Farhat).
• A classical approach:

um =

i=n∑
i=1

ζm
i ϕi = B ζm
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2. A POD approach.
A hyperelastic model for the human cornea

• Internal collagen öber
reinforcement

Ψ(C) = Ψvol(J)+Ψ̄(C̄,m0⊗m0,n0⊗n0)

E. Lanchares et al., Journal of Biomechanics, 2008

Alastrué et al., Biomechanical Engineering-Transactions ASME,

2006
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2. A POD approach.
Results
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2. A POD approach. Non-linear POD-ANM approach.

Difficulties
• It is not possible to update the tangent stiffness matrix
• Highly non-linear tissue behaviour
• Convergence is sometimes difficult
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2. A POD approach. Non-linear POD-ANM approach.

• Formulation of a generic problem:

∇X · P + B = 0 inΩ0 with P =
∂Ψ(F)

∂F

• Weak form:
öndu ∈ W1,2(Ω0) such that∫

Ω0

S : δEdΩ = λ

∫
∂Ω0

tδudΓ ∀δu ∈ W1,2
0 (Ω0)

• We consider the Green-Lagrange strain tensor

E =
1

2
(FTF − 1) = γnl(u,u) + γl(u)

Yvonnet et al. CMAME, 2007
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2. A POD approach. Non-linear POD-ANM approach.

• Kirchhoff-Saint Venant constitutive model:

Ψ =
λ̃

2
(tr(E)2) + µ̃E : E

• We perform a series expansion at a time (un,Sn, λn) as a function of
a load parameter a:un+1(a)

Sn+1(a)
λn+1(a)

 =

un(a)
Sn(a)
λn(a)

+
N∑

p=1

ap

up(a)
Sp(a)
λp(a)


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2. A POD approach. Non-linear POD-ANM approach.

• We obtain a series of problems for each order p

L(up; δu) = λpΨext(δu) + Fnl
p (δu)

withΨext(δu) =
∫
Ω0σ

tδudΓ
• Giving rise to a sequence of problems

• Order 1:

Ktu1 = λ1f
(u1)Tu1 = 1

• Order p:

Ktup = λpf + fnl(u
i) (i < p)

(u1p)Tu1 = 0

where fnl results from the discretisation ofFnl.
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2. A POD approach. Non-linear POD-ANM approach.

• This sequence is solved sequentially:
• Order 1:

û = K−1
t f

λ1 =
±1√
ûTû

u1 = λ1û

• Order p:

up
nl = K−1

t fp
nl

λp = −λ1[up
nl]

Tu1

up =
λp

λ1
u1 + up

nl
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2. A POD approach. A reduced-asymptotic numerical method.

• If we now apply the model reduction technique over the
displacement öeld up = Bζp

• Obtaining for the reduced model
• order 1:

ζ̂ = [BTKtB]−1BTf

λ1 =
±1√
ζ̂

T
ζ̂

ζ1 = λ1ζ̂

û = Bζ̂, u1 = λ1ζ
1

• order p:
ζp

nl = [BTKtB]−1BTfp
nl

λp = −λ1[ζ
p
nl]

Tζ1

ζp =
λp

λ1
ζ1 + ζp

nl
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2. A POD approach. A reduced-asymptotic numerical method.

• Pinched cornea
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2. A POD approach. Palpation of a neo-hookean liver.
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2. A POD approach. Palpation of a neo-hookean liver.

X

Y

Z

Uz

0.065
0.06
0.055
0.05
0.045
0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005
0

-0.005

X

Y

Z

Uy

0.08
0.06
0.04
0.02
0

-0.02
-0.04
-0.06
-0.08
-0.1
-0.12
-0.14
-0.16
-0.18
-0.2
-0.22
-0.24
-0.26
-0.28
-0.3

X

Y

Z

Uy

0.2
0.15
0.1
0.05
0

-0.05
-0.1
-0.15
-0.2
-0.25

X

Y

Z

Uy

0.3
0.25
0.2
0.15
0.1
0.05
0

-0.05
-0.1
-0.15
-0.2
-0.25

X

Y

Z

Uy

0.15
0.1
0.05
0

-0.05
-0.1
-0.15
-0.2
-0.25
-0.3

X

Y

Z

Uy

0.3
0.25
0.2
0.15
0.1
0.05
0

-0.05
-0.1
-0.15
-0.2

X

Y

Z

Uy

0.24
0.22
0.2
0.18
0.16
0.14
0.12
0.1
0.08
0.06
0.04
0.02
0

-0.02
-0.04
-0.06
-0.08
-0.1
-0.12
-0.14
-0.16

X

Y

Z

Uy

0.2
0.15
0.1
0.05
0

-0.05
-0.1
-0.15
-0.2
-0.25

X

Y

Z

Uy

0.2
0.15
0.1
0.05
0

-0.05
-0.1
-0.15
-0.2
-0.25
-0.3

Surgery: POD/PGD

Niroomandi, Bordeu, Leygue, Alfaro, González, Cueto, Chinesta



2. A POD approach. Palpation of a neo-hookean liver.
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2. A POD approach. Simulating surgical cutting.

• The use of Ritz-like basis functions very much complicates the
simulation of surgical cutting.

• In order to avoid complex matrix updates, we have chosen X-FEM
techniques coupled with POD.
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2. A POD approach. The s-FEM.

Ω

ΩL

ΓOL

u = u0 + uL inΩL

uL = 0 on Γ0L.
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2. A POD approach. The s-FEM.

Ω

ΩL

ΓOL

• The reduced order model approximates the displacement
everywhere,

u0(x) =
i=r∑
i=1

ζiϕi(x),

• whereas inΩL a traditional femmesh, including discontinuous
enrichment, is added:

uL(x) =
∑
j∈ΩL

djNj(x) +
∑
k∈J

bkNk(x)H(x).
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2. A POD approach. The s-FEM.

• Weak form of the problem,
öndu ∈ U = {u : u ∈ H1,u = u on Γu} such that∫

Ω

ε∗ : σdΩ =

∫
Γt

u∗tdΓ +

∫
Ω

u∗bdΩ,

∀u∗ ∈ U0 = {u∗ : u∗ ∈ H1
0,u = 0 on Γu},

• We arrive at a discrete system of equations of the typeKζζ Kζd Kζb

Kdζ Kdd Kdb

Kbζ Kbd Kbb

ζ
d
b

 =

fζ
fd
fb

 ,

• Where the stiffness matrices Kαβ are given by

Kαβ
IJ =

∫
Ωi

(Bα
I )

TDBβ
JdΩ
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2. A POD approach. Contact detection.

• Very efficient contact detection algorithms exist for reduced models

James and Pai, ACM Transactions on Graphics, 2004

Surgery: POD/PGD

Niroomandi, Bordeu, Leygue, Alfaro, González, Cueto, Chinesta



2. A POD approach. Simpliöed physics of cutting.

• Forces at scalpel tip:

Fext
Fn

Fa

F||

F⊥

Fext = F⊥ + F∥ = F⊥ + Fa + Fn
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2. A POD approach. Modes.
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2. A POD approach. Simulating limbal relaxing incisions.
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2. A POD approach. Conclusions.

• The examples shown here ran at 25 Hz on a MacBook Pro laptop
running Matlab.

• While it is enough for visual feedback, it is not for haptic feedback.
• POD-ROM also helps with the time step in explicit dynamics (see
Krysl et al. 2001).
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3. A PGD approach. Motivation.

• PGD allows for physics-basedmeta-modelingwithout prior
numerical experiments.

• We solve the problem (3D) for any load position (3D) and load value
(3D), thus giving a 9D problem

ZX

Y
t

u(x, s, t) 2 R9
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3. A PGD approach. Problem setting.

• Weak form extended to all possible force vectors applied on the
boundary:∫

Γ̄

∫
Ω0

S : E∗dΩdΓ̄ =

∫
Γ̄

∫
Γt2

(u∗)Ttδ(x − s)dΓdΓ̄

• We then regularize the load term:

tj ≈
n∑

i=1

fij(x)gi
j(s)
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3. A PGD approach. Problem setting.

• We use a öxed-point algorithm:

un
j (x, s) =

n∑
k=1

Xk
j (x) · Yk

j (s)

• We look for a new pair of functions:

un+1
j (x, s) = un

j (x, s) + Rj(x) · Sj(s)

• Admissible variations of the displacement will be given by

u∗
j (x, s) = R∗

j (x) · Sj(s) + Rj(x) · S∗
j (s)
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3. A PGD approach. PGD algorithm for a Kirchhoff-Saint Venant
material.

• Explicit algorithm∫
Γ̄

∫
Ω0

Sn : E∗dΩdΓ̄ =

∫
Γ̄

∫
Γt2

(u∗)Ttδ(x − s)dΓdΓ̄

• For a Kirchhoff-Saint Venant material, we have

Ψ =
λ

2
(trE) + µE : E

• so that
Sn =

∂Ψ

∂E = C : En
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3. A PGD approach. Some results.

• Results for a particular location of the load (beam end)

(h) Linear elastic, small strains (i) Kirchhoff-Saint Venant

• These results are obtained at kHz rates.
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3. A PGD approach. Some results.

• From PGD to iPGD...
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4. Conclusions.

• Model order reduction techniques provide a means for accurate
solving of state of the art models of non-linear living tissues.

• POD-based techniques have demonstrated to provide feedback rates
on the order of visual requirements (surgery planning, ...)

• PGD, on the contrary, seems to open new possibilities by constructing
physics-based meta-models in a multi-dimensional setting.
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