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Proper	 Generalized	 Decomposition:
extension	 of	 POD

Part 1 (PL): Nonlinear time dependent problems (possibly with parameters)

Part 2 (FC): High-dimensional problems, inverse problems, ...
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The	 PGD	 	 (	 for	 PDE)

Shape functions: not a priori given

Variable separation (or?)
Ide

as
sh(t , M) =

m�

i=1
aiΨi (t , M) over [0,T ]×Ω

Ψi (t , M) =λi (t )Λi (M)

Few shape functions: m small (computational time ➘ ➘ ➘)Inte
rest

How?Ques
tion
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The	 PGD

How?

Residue?

Ques
tion

R(s) =
�T

0

�

Ω
d tdΩr (s)

R � 0
R = 0 ⇒ s = sex

min
λi ,Λi ,i=1...m

R

�
m�

i=1
λi (t )Λi (M)

�

greedy algorithms
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The	 PGD

How?

Residue?

Ques
tion

           LATIN method (time-dependent nonlinear problems)

                                                            [Ladevèze 1985]

PGD: radial loading approximations

Our	 

ans
wer

Numerous works (contact problems, mutiscale, multiphysics, large displacements, ...)

[Ladevèze 1985] and book [Springer NY 1999]
Theses (Cachan): Boisse, Cognard, Royer, Allix, Bussy, Liu, Champaney,Ryckelynk, 
Boucard,Michel, Dureisseix, Loiseau, Nouy, Néron,Guidault, Passieux
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The	 LATIN	 method
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Classical step-by-step methods LATIN method

Idea: performance ➚➚ = mechanics-based

LATIN	 :LArge	 Time	 INcrement	 method
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Outline
1. The	 reference	 problem	 to	 be	 solved	 over	 the	 time-space	 domain

	 	 ➙	 remarkable properties?

2. The	 LATIN	 method	 and	 the	 last	 PGD	 version-Small	 
displacements	 
	 	 ➙	 basic features?
	 

3. Why	 are	 PGD-approximations	 efficient?	 

4. Conclusion
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Reference	 problem	 to	 be	 solved	 over [0, T] × Ω
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Time

0

T

Ud (∂1Ω)

Fd (∂2Ω)

f d (Ω)

. .

Classical	 formulation

Framework

small perturbations

quasi-static evolution

isothermal

State	 of	 the	 structure

defined by  s = (εp, X, σ, Y )

  εp inelastic part of strain field

  εe elastic part of strain field

  ε  strain field corresponding to displacement U:    ε = εp + εe

   X  remaining internal variables

  σ 	
 stress field

   Y 	
 variables conjugate of X
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Kinematic	 admissibility

Static	 admissibility

Constitutive	 relations

Reference	 problem	 to	 be	 solved	 over [0, T] × Ω
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Time

0

T

Ud (∂1Ω)

Fd (∂2Ω)

f d (Ω)

Classical	 formulation

ing, scalar R and tensor βββ being the conjugate variables of p and ααα, we have:

ρψ=
1

2
εεεe : K : εεεe +

1

2
c ‖ααα‖2 +

1

2
λp2

φ∗ =
k

n +1
〈
∥
∥σσσD −βββ

∥
∥+

a

2c

∥
∥βββ

∥
∥2

−)(R)−R0〉
n+1
+

(8)

where
∥
∥βββ

∥
∥ =

√

βββ : βββ, σσσD is the deviatoric part of tensor σσσ and 〈!〉+ extracts the
positive part of the argument. Scalars k, n, c, a, R0 are material characteristics,
as well as function ).

To formulate the reference problem, we introduce the following functional sub-

spaces of S (!! will denote vector spaces associated to affine spaces):

• space U of kinematically admissible fields u:

u =




U

0



 ∈U ⇐⇒ U |∂1Ω =U d (9)

• space S of statically admissible fields f:

f =




σσσ

Y



 ∈S ⇐⇒















σσσ is symmetric

∀u! ∈U!, −

∫

[0,T ]×Ω

σσσ : εεε(U!)dΩdt

+

∫

[0,T ]×Ω

f
d
·U!dΩdt +

∫

[0,T ]×∂2Ω

F d ·U!dSdt = 0

(10)

• space E of kinematically admissible fields e:

e =




εεε

0



 ∈ E ⇐⇒ ∃u ∈U , εεε= εεε(U)

⇐⇒









εεε is symmetric

∀f! ∈S
!, −

∫

[0,T ]×Ω

σσσ! : εεεdΩdt +

∫

[0,T ]×∂1Ω

σσσ!n ·U d dSdt = 0 (11)

5

then, the mechanical dissipation rate for the entire structure Ω reads:

∫

Ω

(ε̇εεp : σσσ− Ẋ ·Y)dΩ=

∫

Ω

(ėp ◦ f)dΩ (3)

where · denotes the contraction adapted to the tensorial nature of X and Y and ◦

denotes the corresponding operator. The following fundamental bilinear “dissi-

pation” form is introduced:

〈s,s′〉=

∫

[0,T ]×Ω

(1−
t

T
)(ėp ◦ f′+ ėp

′ ◦ f)dΩdt (4)

as well as E and F, the spaces of fields ep and f compatible with (4). These spaces
allow to define S = E×F, the space in which the state of the structure s = (ep , f) is
searched.

ρ being the volumic mass of the material, from free energy ρΨ(εεεe ,X) under usual
decoupling assumptions, state laws read:

σσσ= ρ
∂ψ

∂εεεe
= Kεεεe

Y = ρ
∂ψ

∂X
= LX

(5)

σσσ= Kεεεe Y = LX (6)

where Hooke’s tensor K and constant symmetric positive definite tensor L are
material characteristics. These equations can be rewritten on the form:

f = Aee with A =




K 0

0 L



 (7)

where operator A is constant symmetric positive and definite.

The constitutive equation is given by positive differential operator B, which is
considered to be derived from pseudo-potential of dissipation φ∗(σσσ,Y):

ėp =




∂σσσφ

∗

∂Yφ
∗



= B(f) with ep |t=0 = 0 (8)

It is to be noted that for the sake of simplicity, we have restricted the presentation
to the case of sufficiently smooth pseudo-potential. In the contrary case, (7) is
modified: ∂!φ∗ has to be understood as subdifferential and first equality has to

be replaced by an inclusion.
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ε̇εεp

−Ẋ
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σσσ

Y







 (8)
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to the case of sufficiently smooth pseudo-potential. In the contrary case, (8) is
modified: ∂!φ∗ has to be understood as subdifferential and first equality has to

be replaced by an inclusion.

4

Y =ΛΛΛX

Find
such that

ε = εp + εe

ε = ε(U)

−
�

[0,T ]
Tr[σε�]dΩdt +

�

[0,T ]×Ω
f

d
· U�dΩdt +

�

[0,T ]×∂2Ω
F d · U�dSdt = 0

s = (ε̇p, Ẋ, σ,Y) ∈ S[0,T ]

∀U� ∈ UU [0,T ]
0 ,

State equations State evolution laws
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Reference	 problem	 to	 be	 solved	 over [0, T] × Ω
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Remarkable	 properties?

Computation	 objective

Nice	 properties

Linear

Local
(space-time variables)

⇓
splitting into small systems of 

equations

Bad	 properties

Nonlinear

Global
(space-time variables)

⇓
large scale system of equations

Example of local relation : Hooke law

σ(M) = K(M)ε(M)

jeudi 30 juin 2011



Kinematic	 admissibility

Static	 admissibility

State	 equations

State	 evolution	 laws

Reference	 problem	 to	 be	 solved	 over [0, T] × Ω

11

Remarkable	 properties?

Find                                                 such thats = (ε̇p, Ẋ, σ,Y) ∈ S[0,T ]

Linear

Local
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Outline
1. The	 reference	 problem	 to	 be	 solved	 over	 the	 time-space	 domain

	 	 ➙	 remarkable properties?

2. The	 LATIN	 method	 and	 the	 last	 PGD	 version-Small	 
displacements	 
	 	 ➙	 basic features?
	 	 

3. Why	 are	 PGD-approximations	 efficient?-Error	 control	 

4. Conclusion
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The	 LATIN	 method	 -	 Principles	 P1	 and	 P2
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linear
possibly global

local
possibly nonlinear

       ● state evolution laws
          (constitutive relation)Γ

       ● admissibility conditions
       ● state equationsAd

Principle	 P1:	 splitting	 of	 difficulties

Find                                                 such thats = (ε̇p, Ẋ, σ,Y) ∈ S[0,T ]

Free energy

Dissipation

sex

Ad

( p, X)

( , Y)

Ad

Γ

Sex
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Search directions

The	 LATIN	 method	 -	 Principles	 P1	 and	 P2
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Principle	 P2:	 iterative	 and	 alternative	 scheme

sex

Ad

( p, X)

( , Y)

Ad

Γ

30 La méthode LATIN pour le multiphysique

Pour cela, la technique consiste à séparer les équations en deux groupes, ce qui permet
en outre d’éviter d’avoir à traiter simultanément un problème global et un problème
couplé.

On introduit Ad, l’ensemble des solutions des équations linéaires et découplées,
éventuellement globales (ici les conditions d’amissibilité (1.1) et (1.2)) :

Ad =
{

s
∣
∣
∣ s vérifie (1.1) et (1.2)

}

et Γ, l’ensemble des solutions des équations locales, éventuellement couplées (ici les
relations de comportement (1.3) et les conditions initiales (1.4)) :

Γ=
{

ŝ
∣
∣
∣ ŝ vérifie (1.3) et (1.4)

}

La solution sex du problème de référence est donc :

sex = Ad ∩Γ

2.2 Résolution itérative en deux étapes

Le principe P2 de la méthode LATIN propose de construire la solution sex à l’aide
d’un schéma itératif à deux étapes. La Figure 2.3 détaille une itération n +1 typique.

· · ·−→ sn ∈Ad −→

étape locale
︷ ︸︸ ︷

ŝn+1/2∈Γ−→

étape linéaire
︷ ︸︸ ︷

sn+1∈Ad
︸ ︷︷ ︸

itération n +1

−→ ŝn+3/2 −→ · · ·

Figure 2.3 • Une itération de la méthode LATIN

Si l’on suppose que l’itération n a généré un élément sn de Ad, l’étape locale consiste
à chercher un élément ŝn+1/2 de Γ en utilisant une première direction de recherche E+.
Ce nouvel élément étant connu, l’étape linéaire consiste à chercher un élément sn+1 de
Ad en utilisant une seconde direction de recherche E−, conjuguée de la précédente. La
Figure 2.4 donne une représentation de principe de la stratégie dans l’espace S[0,T ] et
les sous-sections suivantes détaillent chacune de ces étapes.

2.2.1 Étape locale à l’itération n +1

On suppose que l’étape précédente a produit une solution sn de Ad et on se donne
un espace linéaire E+ appelé direction de recherche à l’étape locale :

E+ =
{

∆s
∣
∣
∣ ∆σ+L∆ε̇= 0, ∆q + r∆p = 0, ∆W +M∆Z = 0

}

P. Ladevèze, D. Néron and B. A. Schrefler

relations. The consolidation of saturated soils is used as a typical example. This computa-
tional strategy is an extension of the previous method. The problems related to the different

“physics” are solved using specific codes. In this paper, we focus on the algebraic framework,
as in? , and on the basic aspects of the proposed computational strategy. We present the
main hypotheses and properties. We insist particularly on the time-radial approximations

over the time-space domain because these lead to a drastic decrease of the computational
cost. Finally, we apply this algebraic framework to the particular case of porous media.

· · ·−→ sn ∈ Ad −→

local stage
︷ ︸︸ ︷
ŝn+1/2 ∈Γ−→

linear stage
︷ ︸︸ ︷
sn+1 ∈ Ad︸ ︷︷ ︸

iteration n +1

−→ ŝn+3/2 −→ · · ·−→ sex

Figure 1: Une itération de la méthode LATIN

Si

2 REFORMULATION OF THE MULTIPHYSICS PROBLEM

Let us consider a multiphysics problem, e.g. a fluid-structure interaction problem, in-
volving two phases denoted “F ” and “S”. The coupling of these two phases is assumed to

be defined through the constitutive relations, which requires that the S-problem and the F -
problem be defined over the same time-space domain [0,T ]×Ω. To makes things clear, the
method will be presented in the framework of porous media, but it could be easily trans-

posed to any similar multiphysics problem.

2.1 The structural model

The state of the structure is assumed to be defined by the set of the fields sS belonging
to S[0,T ]

S . Typically, if the structure is subjected to small perturbations, sS = (ε̇,σ), where ε̇

designates the strain rate and σ the stress. The corresponding displacement U belongs to
U [0,T ]. The fundamental duality bilinear form is:

∀(sS ,sS
′) ∈ (S[0,T ]

S )2, 〈sS ,sS
′〉S =

∫

[0,T ]×Ω
(1−

t

T
)(Tr[σε̇

′]+Tr[σ′
ε̇])dΩdt (1)

If the loading consists of a prescribed displacement U d over part of the boundary ∂1Ω, a
traction force F d over the part ∂2Ω complementary of ∂1Ω and a body force f d over the entire

domainΩ, using classical notations, the equilibrium and compatibility equations verified by
the structural phase are: ∀t ∈ [0,T ],

divσ+ f d = 0 over Ω and σn = F d over ∂2Ω

ε= ε(U) over Ω and U =Ud over ∂1Ω
(2)

2

Linear stageLocal stage

Iteration n+1

Sex

snsn+1

ŝn+1/2
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The	 LATIN	 method	 -	 Principles	 P1	 and	 P2
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Linear	 stage	 at	 Iteration	 n:	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ➙	 	 	 	 

sex

Ad

( p, X)

( , Y)

Ad

Γ

Sexsn+1

ŝn+1/2

ŝn+1/2 sn+1

       ● admissibility
          conditions
       ● state equations
Ad

Search direction 

	 	 	 	 	 Problem
	 to	 be	 solved

Linear

Global over [0,T]×Ω

not a drawback but a great advantage!

�
ε̇p,n+1 − ˆ̇εp,n+1/2

−Ẋp,n+1 + ˆ̇
Xp,n+1/2

�
−H

−
�
σn+1 − σ̂n+1/2
Yn+1 − Ŷn+1/2

�
= 0
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The	 LATIN	 method	 -	 Principles	 P1	 and	 P2
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Local	 stage	 at	 Iteration	 n:	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ➙	 	 	 	 

sex

Ad

( p, X)

( , Y)

Ad

Γ

Sex

ŝn+1/2

ŝn+1/2

          state evolution 
          lawsΓ

Search direction 

	 	 	 	 	 Problem
	 to	 be	 solved

Local in space-time

Nonlinear

sn

sn

very suitable for parallel computing!

� ˆ̇εp,n+1/2 − ε̇p,n

− ˆ̇
Xp,n+1/2 + Ẋp,n

�
+H

+
�
σ̂n+1/2 −σn
Ŷn+1/2 −Yn

�
= 0
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The	 LATIN	 method	 -	 Principles	 P1	 and	 P2
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A	 word	 about	 convergence

	 	 	 	 	 	   Convergence of the LATIN method if:
           • B  monotone material operator
         • Λ  positive definite
         • Conjugate search directions H+ = H- positive definite

   Error	 indicator

sex

Ad

( p, X)

( , Y)

Ad

Γ

Sex

snsn+1

ŝn+1/2

Theorem

�ŝn+1/2 − sn�
1
2�ŝn+1/2 + sn�

Dissipation bilinear form:

S[0,T ] × S[0,T ]

(s, s�) �→ [s, s�]t

[s, s]t ≡
� t

0

�

Ω
[Tr[σε̇p]−Y ◦ Ẋ]dΩdt
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The	 LATIN	 method	 -	 Principle	 P3	 and	 PGD
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Comeback:	 Linear	 stage	 at	 Iteration	 n:	 	 	 	 find	 	 	 sn+1

sex

Ad

( p, X)

( , Y)

Ad

Γ

Sex
sn+1

ŝn+1/2

Problem	 defined
over	 [0,T]×Ω

                             Minimization formulation
                              over [0,T]×Ω

Remarkable 
property

Scalar	 product	 defined	 over	 [0,T]×Ω
and	 used	 to	 introduce	 appropriate	 approximations	 
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[Ladevèze 1985], book [Springer NY 1999],
[Nouy, Ladevèze, cmame 2004], [Ladevèze, Néron, Passieux 2008]

Time-space approximation over [0,T] × Ω of the unknowns of Ad

m = 1, well-known approximation in (visco)plasticity  

hot issue : F. Chinesta (high-dimensional problems and inverse problems)
                 A. Nouy (stochastic problems)
                 D. Néron (functional framework)
                 ...
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P. Ladevèze, D. Néron and B. A. Schrefler

3.3 Convergence criterion

The exact solution s
˜

ex is the intersection of Γ
˜

[0,T ] and A
˜

[0,T ]
d

. Therefore, the distance be-

tween ŝ
˜n+1/2 and s

˜n is a good error indicator of the convergence of the algorithm25. The
simplest measure of this distance is:

η2 =
(ŝ
˜n+1/2 −s

˜
n , ŝ

˜n+1/2 −s
˜

n)
1
4 (ŝ

˜n+1/2 +s
˜

n , ŝ
˜n+1/2 +s

˜
n)

(28)

with:

(s
˜

,s
˜

) =
1

2
[Y
˜

S
TL
˜
−1
S Y

˜
S + Ẋ

˜
S

TL
˜

SẊ
˜

S]
︸ ︷︷ ︸

(s
˜

S ,s
˜

S )S

+
1

2
[Y
˜

F
T G

˜
−1
F Y

˜
F +X

˜
F

TG
˜

F X
˜

F ]
︸ ︷︷ ︸

(s
˜

F ,s
˜

F )F

(29)

3.4 The multiscale aspect

The two physics may involve different time and space scales. It is important to note that

this question does not arise in the linear stage, but only in the local stage, and, even then, it
does not lead to severe difficulties. Some ad-hoc procedures were proposed in14;16.

4 TIME-RADIAL APPROXIMATIONS OVER THE TIME-SPACE DOMAIN

Time-radial approximations have already been associated with the LATIN method12. The
basic idea is to approximate a function f defined over the time-space domain by a finite sum

of products of time functions by space functions:

∀(t ,M) ∈ [0,T ]×Ω, f (t ,M) =
m∑

i=1

λi (t )Λi (M) (30)

This is not a spectral decomposition because neither the λi nor the Λi are known a priori.
The best approximation with respect to the L2-norm is the result of an eigenvalue problem

whose eigenfunctions are the λi . It is well-known that with the first term alone such an
approximation is very effective for (visco)plastic problems12.

This type of approximation is used in the linear stage of the LATIN method, which is
defined over the time-space domain. It has been shown in previous works13;14 that under
small-displacement assumptions it reduces the computational cost drastically. Here, the

approximation concerns both the S-problem and the F -problem, which are independent.
The technique is similar in both cases. For example, let us consider the S-problem, which

can be written as a minimization problem:

min
s
˜

S :(5)
J = (s

˜
S − ŝ

˜S ,n+1/2,s
˜

S − ŝ
˜S ,n+1/2)S (31)

Let s
˜

S = (Ẋ
˜

S ,Y
˜

S) with:

X
˜S =

m∑

i=1

λi (t )Λ
˜ i and Y

˜ S =
m∑

i=1

ψi (t )Ψ
˜ i (32)

8

:

Idea:	 PGD	 approximation	 for	 quasi-static	 loadings

The	 LATIN	 method	 -	 Principle	 P3	 and	 PGD
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                                                                                          Ladevèze1996

                 defined over [0,T] × Ω, the norm being 

result of an eigenvalue problem whose eigenfunctions are

time functions λi 
and the corresponding space functions

Convergence	 result

20

First of all, an important question when dealing with such a representation is to
be able to approximate any given function by a radial loading decomposition. This
question is the object of the two following subsections.

4.1 General result about radial loading decomposition

Soit f ∈F une fonction scalaire définie[0,T ]×Ω and let F denote the corresponding
space. We study the best radial loading approximation of order m to function f :

f̃m (t ,M) =
m∑

i=1

λi (t )Λi (M) λi ∈λλλ, Λi ∈ΛΛΛ (5)

where ∀i , λi ∈λλλ et Λi ∈ΛΛΛ. For sake of simplicity, one assumes that

F ≡ L2([0,T ]×Ω), λλλ≡ L2([0,T ]), ΛΛΛ≡ L2(Ω)

and that they are equipped with scalar products 〈·, ·〉F , 〈·, ·〉λλλ and 〈·, ·〉ΛΛΛ. For ex-
ample:

〈·, ·〉F : F
2 −→R

( f , g ) )−→ 〈 f , g 〉F =

∫

[0,T ]×Ω
f g dΩdt

(6)

It was shown in [1] that the best approximation with respect to the ‖ ·‖F -norm is
the result of an eigenvalue problem whose eigenfunctions are the λi and that

Λi =
〈 f ,λi 〉λλλ

‖λi ‖
2
λλλ

(7)

. Then, the following property is verified:

‖ f − f̃m‖2
F

−→
m→+∞

0 (8)

4.2 Reference points and times

From the time point of view, let us consider a partition of the time interval [0,T ] into
mt subintervals [ti−1, ti ] with nodes 0= t0 < t1 < ·· · < tmt = T . The middles {ti−1/2}mt

i=1
of these subintervals are called ‘reference times’. They can be uniformly distributed
over [0,T ] or some zones can be favored. In practice, one limits oneself to ten points.

In the same way, from the space point of view, let us consider in Ω a finite set of
‘reference points’ {Mj }mM

j=1. These reference points can be uniformly distributed over

Ω or some zones can be favored. In practice, one limits oneself to ten points.
It is important to note that these ‘reference elements’ are not necessarily linked

with the time discretization and the space mesh.
The idea is to design a radial loading approximation of function f ∈F based on

these ‘reference elements’:

f̃ (t ,M) =
mt∑

i=1

λi−1/2(t )Λi−1/2(M) (9)

The	 best	 PGD	 approximation	 of	 order	 m: f̃m(t , M)

� �F[0,T ]

∀(t , M) ∈ [0,T ]×Ω, f̃m(t , M) =
m�

i=1
λi (t )Λi (M)

f ∈ F[0,T ]

λi ∈λ, Λi ∈Λ

lim
m→∞

� f − f̃m�F[0,T ] = 0

The	 LATIN	 method	 -	 Principle	 P3	 and	 PGD
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m	 =	 1	 	 	 	 	 error	 3.9%

m	 =	 2	 	 	 	 	 error	 1.5% m	 =	 3	 	 	 	 	 error	 0.6%

Initial	 non	 smooth	 function

Time Space

The	 LATIN	 method	 -	 Principle	 P3	 and	 PGD

The	 best	 PGD	 time-space	 approximation	 of	 order	 m:	 example
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The	 LATIN	 method	 -	 Principle	 P3	 and	 PGD
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Comeback	 to	 the	 linear	 stage	 at	 Iteration	 n:	 	 

sex

Ad

( p, X)

( , Y)

Ad

Γ

Sex
sn+1

ŝn+1/2
∆s ≡ sn+1 −sn

sn+1?

Find                    which minimizes:∆s ∈ S[0,T ]
Ad

∆s �−→ E(∆s)

S[0,T ]
Ad −→ R

Subspace             :

    ●

    ● and the Ad-equations

∆εp(t,M) =
m�

k=1

ak(t)Ek
p(M)

∆XE(t,M) =
m��

k=1

bk(t)Dk
p(M)

(∆εE, ∆WE)(t,M) =
m�

k=1

ak(t)(Ek, Zk)(M)

(∆σE, ∆FE)(t,M) =
m�

k=1

ak(t)(Ck, Gk)(M)

∆YE(t,M) =
m��

k=1

bk(t)Rk(M)

Ek = Ek
p + K−1Ck

Rk = ΛDk

1

∆εp(t,M) =
m�

k=1

ak(t)Ek
p(M)

∆XE(t,M) =
m��

k=1

bk(t)Dk
p(M)

(∆εE, ∆WE)(t,M) =
m�

k=1

ak(t)(Ek, Zk)(M)

(∆σE, ∆FE)(t,M) =
m�

k=1

ak(t)(Ck, Gk)(M)

∆YE(t,M) =
m��

k=1

bk(t)Rk(M)

Ek = Ek
p + K−1Ck

Rk = ΛDk

1

S[0,T ]
Ad,m

Drastic cost reduction

Radial time-space approximation
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The	 LATIN	 method	 -	 Principle	 P3	 and	 PGD
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Comeback	 to	 the	 linear	 stage	 at	 Iteration	 n:	 	 	 	 	 	 	 ?

sex

Ad

( p, X)

( , Y)

Ad

Γ

Sex
sn+1

ŝn+1/2∆s ≡ sn+1 −sn

Find                    which minimizes:

∆s

∆s ∈ S[0,T ]
Ad,m

∆s �−→ E(∆s)

S[0,T ]
Ad,m −→ R

practical technique ( 1or 2 subiterations)
● minimization alternatively on time functions (differential system of 
equations) and on space functions ("spatial" problem)

           ●  1 "product " per iteration at the most
           ●  at each iteration : PGD space functions are kept and
  reused and then PGD  time functions are updated

drawback

             computation of integrals over [0,T] × Ω: cost very high
jeudi 30 juin 2011



Reference	 times	 and	 points

Generalized	 PGD	 components

	 

“easy” reconstruction

“PGD” algebra: operations done on     quantities [Néron 11]

24

Mj

Ωj

Ω

0 T
tmti

∆ti
t1 t2 t

f (t ,M) : f̂ =
�

ti , i = 1, . . . , n f̂i (M) over Ω
M j , i = 1, . . . , m f̂ j (t ) over [0,T ]

Reference times ti Reference points Mj

f̂

All	 quantities	 :

The	 LATIN	 method	 -	 PGD	 framework

∀(t , M) ∈ [0,T ]×Ω, f̃m(t , M) =
m�

i=1
λi (t )Λi (M)
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LATIN             Comparison             ABAQUS

Illustrations

25

Problem

visco-plastic behavior
(Chaboche)
141753 dofs, 60 time step

17 pairs of time and space 
functions needed
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Problem

visco-plastic behavior
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Results obtained

Comparison with ABAQUS

Illustrations
ANR APPRoFi [Relun et al 2011]

At the most loaded gauss point
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Associated stochastic problem

Stochastic	 variables

amplitude of the load,

viscoplastic material constants

yield stress σy

kinematic hardening recall term γ

Illustrations

γ 
σy (MPa)

σmises (MPa)

A
m

pl
itu

de

20
25

30

200250300350400
350

400

450

500

ANR APPRoFi [Relun et al 2011]

1000 parameter sets

One month with ABAQUS
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Technique and results

Incremental	 description
of	 the	 parameters

     parameter set Pi+1 = parameter set Pi + ∆Pi

Solution	 (t,	 M,	 Pi+1)

      initialisation with: solution (t,M,Pi)

Illustrations
ANR APPRoFi [Relun et al 2011]
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Outline
1. The	 reference	 problem	 to	 be	 solved	 over	 the	 time-space	 domain

	 	 ➙	 remarkable properties?

2. The	 LATIN	 method	 and	 the	 last	 PGD	 version-Small	 
displacements	 
	 	 ➙	 basic features?
	 

3. Why	 are	 PGD-approximations	 efficient?

4. Conclusion
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Model	 problem	 over	 [0,T]×Ω in quasi-statics

Case	 1

	 	 	 linear and constant

Case	 2

	 	 	 linear and 

30

s =
m�

i=1
fi (t )A (F i (X ))

F =
m�

i=1
fi (t )F i (X )H

s =
k�

i=1
si (t )Si (X )

A(s) = F

A

A A=A0 +
n�

i=1
ai (t )Ai

usual engineering description

Why	 PGD-approximations	 are	 efficient	 ?
Heuristic	 arguments
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Case	 3	 (plasticity,	 viscoplasticity)

	 	 	 nonlinear           radial loading

  Theorem under the hypotheses:
      - elasticity neglected
      - isotropic hardening
      - R = pn

      the solution verifies:

      with      and

      (Hencky-Mises): accurate first approximation

31

F = f (t )F (X )

εp = g (t )Σ(X )

Σ(X ) =CD(X )

σ= f (t )C (X )

|g |n |Σ|n = sup
τ≤t

fτ|C |

A

Why	 PGD-approximations	 are	 efficient	 ?
Heuristic	 arguments
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A	 posteriori	 PGD	 verification

32

Our	 goal

guaranteed error bound (PGD,Reduced Model,...)

[Ladevèze, Chamoin CMAME 2010]

Why	 PGD-approximations	 are	 efficient?
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A	 priori	 PGD	 verification

33

Why	 PGD-approximations	 are	 efficient?

?
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A	 tool	 for	 robust	 design:	 used	 to	 solve	 engineering	 problems	 not	 affordable	 
by	 commercial	 codes

cyclic (visco-)plasticity

damping virtual testing of the joints of Ariane 5

fracture of laminated composites at the micro scale

multi-parameter engineering problems

...

Challenging	 questions	 in	 progress

very large scale time-dependent nonlinear problems (numerous parameters,complex 
loading,large displacement,..)

 dynamics problems and acoustics over the LF + MF range (frequency-space domain)

verification of PGD (goal oriented quantities)

Conclusion

34
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Not	 the	 end
thank	 you
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