INTRODUCTION OF NUMERICAL DISSIPATION IN THE VARIATIONAL UPDATES FRAMEWORK FOR ELASTO-PLASTIC CONSTITUTIVE MODELS

ABSTRACT The most widely used time integration algorithms for finite-element, based on the Newmark family, are numerically stable only for linear models. Using a variational formulation of elasto-plastic updates for which the stress tensor always derives from an incremental potential, even when plastic behavior is considered, a new Energy-Dissipative Momentum Conserving time integration algorithms can easily be developed. Indeed, the incremental potential guarantees the verification of the numerical dissipation of energy for non-linear elasto-plastic dynamics.

INTRODUCTION:

The variational formulation of elasto-plastic updates is a framework in which the stress tensor still derives from an incremental potential even when plastic behavior is considered [Ortiz and Stainier, 1999]. Therefore, during the time integration of the equations of motion, conservation of energy in the non-linear range can easily be verified [Noels et al., 2006] when an Energy-Momentum Conserving Algorithm (Simo and Tarnow [1992]; Gonzalez [2000]) is considered. Nevertheless, the introduction of numerical dissipation of the high-frequency numerical modes is often mandatory to simulate complex phenomena. In this work we propose a modification of the variational updates framework to introduce this numerical property. To accomplish this purpose, a dissipative potential is added to the effective potential resulting from the variational updates framework. Using this new potential, Gonzalez [2000] formulation of the internal forces can be directly used and leads to a strict numerical dissipation of the energy, while the energy balance of reversible and irreversible phenomena is satisfied. Dissipative velocities are also introduced as proposed by Armero and Romero [2001], in order to avoid bifurcation of the spectral properties. This results into a new Energy-Dissipative Momentum-Conserving time integration algorithm for elasto-plastic dynamics.

PROCEDURES, RESULTS AND DISCUSSION:

Let us consider a time step increment Δt = t n+1 -t n . The purpose of the variational updates formalism is to define an incremental potential
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depending on the initial positions 0 x r and on the modified right-Cauchy deformation tensor
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, which is written in terms of the classical Cauchy strain tensor, this last one depending on the deformation mapping, and of the volume variation θ in order to use a quasi incompressible formalism. Similarly, deviatoric strain 1 tensor is defined by
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. The deformation gradient F = F el F pl is decomposed into an elastic part F el and a plastic part
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Φ is the elastic volume potential and where
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is the deviatoric potential increment (in this relation, 
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Using the definition of this incremental potential, Gonzalez [2000] formulation of the internal forces can directly be used in a mid-point time integration algorithm, leading to an Energy-Dissipative Momentum-Conserving algorithm (EDMC). Nevertheless, in order to avoid bifurcation of the spectral properties, dissipation velocities have to be added to the mid-point algorithm as was proposed by Armero and Romero [2001].

Let us consider a numerical example consisting into an elasto-plastic L-shaped block subjected to an initial loading. Its geometry is described in Fig. 1 and the material properties

are density ρ = 100 kg•m -3 , bulk modulus K 0 = 5000 N•m -2 , shear modulus G 0 = 1000 N•m -2 , yield stress σ vm 0 = 300 N•m -2
, and linear hardening modulus h = 400 N•m -2 . On face a, the forces, depending on time t, applied at every nodes, are given by ()
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while the opposite forces are applied on face b. After 5s, the forces are relaxed and the block starts tumbling. Meth. in Appl. Mech. and Engin., 171, 419. Simo, J. and Tarnow, N. 1992, "The discrete energy-momentum method. Conserving algorithms for non-linear dynamics", ZAMP, 43, 757.

  potential ensuring the convexity of the functional). It can be shown that the stationary point of ΔD with respect to 1 pl + n ε and to N constitutes the solution of the elasto-plastic problem[Ortiz and Stainier, 1999]. Therefore the effective incremental potential
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 1 Fig.1 Geometry [m] of the tumbling L-shaped block.
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 2 Fig.2 Time evolution of the energies for the tumbling L-shaped block