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ABSTRACT: This article presents the implementation of a new inelastic damage model able 
to carry out simulation of initiation and evolution of damage in the Z-pinned laminated 
composite structures with friction effects. The classical elastic damage model is modified to an 
inelastic model with friction effects obeying the simple Coulomb friction criterion. The main 
idea is the modification of strain energy parameter by introducing sliding and friction 
parameters. The simulations of single Z-fiber pull tests highlight the effectiveness of the 
proposed model for micro-scale predictions.
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INTRODUCTION

F
OR WEIGHT SAVING purposes, the use of composite materials is no longer limited to

secondary structure, but is expanding to primary load-bearing structures. The design

can be tailored to the application by careful optimization of the fiber orientations.

However, with the increasing use of composites in aircrafts, trains, and ships there is a

need for improved damage models for better prediction of the long-term behavior of the

composite structures. Due to their laminated nature, composite materials are prone to

interlaminar cracking called delamination. This phenomenon can be initiated by edge

*Author to whom correspondence should be addressed. E-mail: hassan605@yahoo.com

1



effects, manufacturing defects, and impacts. Delaminations can cause dramatic reduction

of the load-carrying capability of the material.

The fracture process of high performance composite laminates is complex, involving not

only interlaminar damage (delamination), but also intralaminar damage mechanisms like

matrix cracking and fibre fracture. A lot of work has been carried out at the meso-scale

(layers and interfaces) to understand the delamination failure process by Allix et al. [1�4],

Corigliano and Allix [5] Corigliano [6], Gornet [7], Alfano and Crisfield [8], and Boutaous

et al. [9]. In order to improve the toughness of the laminated composites against the

delamination crack propagation, a successful approach is defined by introducing

Z-fibers in the laminates [10,11].

Meso-scale, which lies between the micro and macro scale, consists of two basic con-

stituents: layers and interfaces. The interlaminar interface is a 2D mechanical surface

that connects two adjacent layers. The mechanical properties of interface depend on the

relative orientation of fibers of adjacent layers. For practical applications, a key feature

has been to implement a cohesive zone model, in which interface debonding process is

combined with friction effects. Tvergaard [12] introduced the concept of using friction

only after complete debonding, therefore no friction during the interface debonding pro-

cess. Alfano and Sacco [13] has combined interface damage and friction in a cohesive

zone model. His strategy is based on the idea of taking representative elementary area

(REA), which consists of damaged part and undamaged part, whereas friction effect

has been included in damaged part. Alfano used bilinear damage evolution behavior.

He used this law to simulate the push-out test and mainly to simulate the behavior

of a brick wall structure in civil engineering [13]. A simple damage model proposed

by Needleman [14] was extended by Chaboche et al. [15,16] with the introduction of

the friction effects in the cohesive zone, which after complete debonding behaves like

contact/friction. In his approach, the damage evolution is function of relative displacement

at the interface. In this article, a cohesive zone model with friction effects is proposed.

This model is an extension of elastic damage model presented by Allix et al. [1�4]

with the concept of improved strain energy criterion by introducing sliding and friction

effects [15]. The damage evolution law proposed here is a function of equivalent damage

energy release rate of the interface, where as for most of the other models available

in literature, damage evolution is a function of relative interfacial displacement. Similar

to the model developed by Chaboche, the equations of the proposed model are

derived in thermodynamic framework [17]. Delay effect regularization can also be incor-

porated to further modify proposed model easily [7,18]. A simulation of a Z-fiber T300/

BMI pull-out test from laminate IMS/924, which corresponds to mode II interface test,

is performed in finite element code Cast3M (CEA) [19] for proposed inelastic damage

model including friction effects. At the end, results are compared with available experi-

mental data [20].

The article is organized as follows: in the section ‘Interface Modeling,’ basics of elas-

tic damage mechanics are recalled. In the section ‘Inelastic Damage Model with

Friction,’ inelastic damage model with friction effects is presented in detail. In the section

‘Influence of Interfacial Parameters on Interface Behavior,’ effects of different

interfacial parameters on damage evolution for the proposed model are shown through

graphical representations. In the section ‘Pull-out Test,’ finite element simulations

in Cast3M for Z-fiber pull-out from laminate are performed and resulting graphs are

compared with available experimental data. Finally, concluding remarks are given in

the final section.
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INTERFACE MODELING

The interface is a surface entity, which ensures the transfer of stress and displacement

between two adjacent layers as shown in Figure 1. This modeling coupled with damage

mechanics makes it possible to take into account the phenomenon of delamination that

can occur during the mechanical loading of structural parts. The relative displacement of

one layer to other layer can be written as:

U ¼ U½ � ¼ Uþ �U� ¼ U1N1 þU2N2 þU3N3 ð1Þ

where N1, N2, and N3 represents the orthogonal directions of the interface modeling. The

deformation/strain energy of damaged material can be written as follows [1�4]:

ED ¼
1

2

�33h i2�
k3

þ
�33h i2þ

k3ð1� d3Þ
þ

�2
23

k2ð1� d2Þ
þ

�2
13

k1ð1� d1Þ

� �

, ð2Þ

where xh iþ and xh i� represents the positive and negative parts of x, respectively. The

above-mentioned strain energy criteria has been successfully applied to finite element

simulations of double cantilever beam (DCB), end notched flexure (ENF), and mixed

mode bending (MMB) specimens [7]. The deterioration of the interface is taken into

account by three internal damage variables (d1, d2, and d3). It is supposed that there

will be no damage at the interface in compression. Here, k1, k2, and k3 are interface

rigidities associated to the damage variables in orthogonal directions.

The relation between the stress and the displacement is written in the orthotropic axis of

the interface as:

�13
�23
�33

0

@

1

A ¼

k1ð1� d1Þ 0 0

0 k2ð1� d2Þ 0

0 0 k3ð1� d3Þ

0

@

1

A

U1

U2

U3

0

@

1

A: ð3Þ

The thermodynamic model is built by taking into account of the three possible modes of

delamination. Three different damage variables can be distinguished according to three

modes of failure. The three thermodynamic forces associated to the damage variables are:

Yd3 ¼
1

2

�33h i2þ

k3ð1� d3Þ
2
, Yd1 ¼

1

2

�2
13

k1ð1� d1Þ
2
, Yd2 ¼

1

2

�2
23

k2ð1� d2Þ
2
: ð4Þ

The energy dissipated in this model can be expressed as:

� ¼ Yd1
_d1 þ Yd2

_d2 þ Yd3
_d3 ð� � 0Þ: ð5Þ

pli inf

pli sup

Interface

1 inf

1 sup

Interface

1 sup

1 inf

3
N

2
N

1
N

Figure 1. Interface between plies.
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It is supposed that the three different damage variables corresponding to three modes of

failures are very strongly coupled and are governed by equivalent strain energy release rate

function as follows:

Y tð Þ ¼ maxj��t Yd3

� ��
þ �1Yd1

� ��
þ �2Yd2

� ��� �1=�
� �

, ð6Þ

where �1 and �2 are coupling parameters and � is a material parameter, which governs the

damage evolution in mixed mode. The damage evolution law is then defined by the choice

of a material function as follows:

if d3 5 1ð Þ and Y5YRð Þ½ �

then

d1 ¼ d2 ¼ d3 ¼ ! Yð Þ

else

d1 ¼ d2 ¼ d3 ¼ 1:

ð7Þ

The damage function is selected in the form:

! Yð Þ ¼
n

nþ 1

Y� YO

� 	

þ

YC � YO

" #n

, ð8Þ

where YO is the threshold damage energy, YC is the critical damage energy, n is the char-

acteristic function of material, higher values of n correspond to brittle interface, and YR is

the energy corresponding to rupture,YR ¼ YO þ ððnþ 1Þ=nÞd1=n YC � YOð Þ.

A simple way to identify the propagation parameters is to compare the mechanical

dissipation yielded by two approaches of damage mechanics and linear elastic fracture

mechanics (LEFM). In the case of pure mode situations, when the critical energy release

rate reaches its stabilized value at the propagation denoted by GC:

GIC ¼ YC; GIIC ¼
YC

�1
; GIIIC ¼

YC

�2
: ð9Þ

And for mixed-mode loading situation, a standard LEFM model is defined as:

GI

GIC


 ��

þ
GII

GIIC


 ��

þ
GIII

GIIIC


 ��

¼ 1: ð10Þ

In a general mixed-mode debonding process, the global fracture energy can be computed

as follows:

GCT ¼ GI þ GII þ GIII: ð11Þ

A typical response of this model is given in Figure 2 for pure mode I.

INELASTIC DAMAGE MODEL WITH FRICTION

The model proposed here is based on the strain energy criterion which includes the fric-

tion and slip effects [15]. The model proposed by Allix et al. [1�4] is modified further to

incorporate the friction and sliding effects. The form of the proposed equation for strain

energy depends on the experimental results of interfacial problems including friction effects.
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If U
p
1 and U e

1 are respectively the sliding and elastic parts of the interface tangential

displacements then total tangential displacement U1 can be written as U1 ¼ U e
1 þU

p
1 and

strain energy can be expressed as:

ED ¼
1

2
1� d3ð Þk3 U3h i2

þ
þk3 U3h i2

�

h i

þ
1

2
k1 U1 �U

p
1

� �2
þ
1

2
k1

1� d1

d1
U

p
1

� �2
ð12Þ

Here for simplicity only 2D formulation is considered, because Z-fiber pull-out process

requires normal displacement U3 and shear displacement U1. 3D formulation can also be

written by considering sliding and elastic displacements U
p
2 and Ue

2 in Equation (12).

Accordingly the relationship between stress and displacement can be written as:

�33 ¼
@ED

@U3

¼ 1� d3ð Þk3 U3h iþþk3 U3h i�
� 

ð13Þ

�13 ¼
@ED

@U1

¼ k1ðU1 �U
p
1Þ ð14Þ

For r13, note that the effect of damage parameter d1 does not appear directly in the

Equation (14), but its influence will be taken into account through inelastic slip U
p
1 vari-

able. Subsequently one can write:

�
p
13 ¼ �

@ED

@U
p
1

¼ �13 � k1
1� d1

d1
U

p
1

� �

: ð15Þ

This is going to play its role in Coulomb friction criterion. The thermodynamic forces

associated to damage variables are:

Yd3 ¼ �
@ED

@d3
¼

1

2
k3 U3ð Þ2, ð16Þ

Yd1 ¼ �
@ED

@d1
¼

1

2
k1

U
p
1

d1


 �2

: ð17Þ
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Figure 2. Evolution of stress with displacement.
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Energy dissipated in the model can be written as:

� ¼ �
@ED

@U
p
1

U
� p

1 �
@ED

@di
di
�

¼ �
p
13 U

� p
1 �Ydi di

�

� 0, ð18Þ

where the calculation of evolution of scalar damage variable di is the same as mentioned in

Equations (6)�(8). Coulomb friction law is proposed to govern the inelastic part U
p
1, by

introducing the following friction function:

f ¼ �
p
13

�

�

�

�� � �33h i�� 0, ð19Þ

f ¼ �13 � X13j j � � �33h i�� 0, ð20Þ

X13 ¼ k1
1� d1

d1
U

p
1

� �

, ð21Þ

where � is the coefficient of friction and �33h i� is the normal stress in compression.

Here, X13 is the kinematic hardening effect which shows an infinite slope at the begin-

ning (when d¼ 0) and decreasing hardening modulus as damage progresses and

finally gives the contact/friction behavior after the complete interfacial failure

(when d¼ 1).

The incremental algorithm for the inelastic interface damage evolution law is based on

backward (implicit) Euler method [21], hence one can write for sliding displacement U
p
1nþ1

at time tnþ1¼ tnþ�t:

U
p
1nþ1 ¼ U

p
1n þ�� signð�13nþ1Þ, ð22Þ

where �� ¼ �nþ1
�

�t and

�13nþ1 ¼ k1ðU1nþ1 þU
p
1nþ1Þ, ð23Þ

U1nþ1 ¼ U1n þ�U1n: ð24Þ

Similarly one can write:

�33nþ1 ¼ k3ð1� d3nþ1Þ U3nþ1

� 	

þ
þk3 U3nþ1

� 	

�
, ð25Þ

U3nþ1 ¼ U3n þ�U3n: ð26Þ

Now r33n+1, r13nþ1 along with �� are constrained by the discrete version of

Kuhn�Tucker conditions:

fnþ1 ¼ �13nþ1 � k1
1�d1nþ1

d1nþ1
Up

1nþ1

�

�

�

�

�

�� � �33nþ1

� 	

�
� 0,

�� � 0, fnþ1 � 0, ��fnþ1 ¼ 0

9

=

;

ð27Þ

The updated inelastic displacement U
p
1nþ1 can be calculated from Equation (22) by using

additional Kuhn�Tucker conditions described above [21].

Now consider a case, where damage evolution and sliding at the interface occur simul-

taneously, that means, f¼ 0. Replacing stresses with corresponding displacement disconti-

nuities, from Equation (20):

U
p
1

d1
¼ U1 �

k3

k1
� U3h i�: ð28Þ
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Using this relation, Equation (17) can be rewritten as:

Yd1 ¼
1

2
k1

U
p
1

d1


 �2

¼
1

2
k1 U1 �

k3

k1
� U3h i�


 �2

: ð29Þ

A typical response of shear stress and displacement for loading and unloading condi-

tions is shown in Figure 3. Different phases of the response can be explained as:

. 0—a. During the first loading phase, the interface presents a linear behavior. There is no

damage evolution nor does inelastic displacement occur in this phase.

. a—b. In this loading phase, Coulomb friction criterion is achieved. One can simulta-

neously observe the damage evolution and inelastic displacement in this loading phase.

. b—c. An unloading phase follows, characterized by a linear response with the initial

stiffness. No damage evolution occurs in this phase.

. c—d. In this phase negative slip occurs without any damage evolution, hence slope of

the curve changes.

. d—e. Damage evolution occurs along with negative slip.

. e—f. Again a positive reloading is applied which characterizes a linear response with the

initial stiffness.

. f—g. Inelastic slip occurs without any damage evolution.

. g—h. In this phase damage evolves until the complete debonding of the interface, i.e.

the damage variable approaches the value of 1. After this point interfacial shear stress is

only a function of friction.

The above graphical response shown in Figure 3 is for shear stress when the normal

stress is of compressive nature. Under tensile loading, the proposed inelastic damage

model behaves exactly like classical elastic damage model, [1,2]. Under tensile loading

condition, �33 4 0 from relation (20):

�13 ¼ k1
1� d1

d1
U

p
1 ) U

p
1 ¼

d1

k1 1� d1ð Þ
�13: ð30Þ

s13

f

a

c

g

b

h

0

e

d

U1

m 〈–s 33〉

Figure 3. Evolution of stress with shear displacement including friction effects.
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Substituting the Equation (30) in Equation (14) and after simplification one has:

�13 ¼ 1� d1ð Þk1 U1ð Þ: ð31Þ

This equation for shear stress case is exactly same as the one used in classical elastic

damage model. Under tensile condition, Equation (17) will reduce to:

Yd1 ¼
1

2
k1 U1ð Þ2¼

1

2

�2
13

k1ð1� d1Þ
2
, ð32Þ

which is again thermodynamic force associated to the damage in shear for classical elastic

damage model [1,2].

INFLUENCE OF INTERFACIAL PARAMETERS ON INTERFACE BEHAVIOR

In order to study the influence of different interfacial parameters on the behavior of the

proposed interface law, a simple model of linear elements, 1.0mm long, bonded through

interface is examined. Simulations have been made in finite element software Cast3M [19]

using interface element [22,23]. The bottom element is blocked in shear and applying normal

compression at the joint (interface) while the upper one is blocked in normal direction and

can move in shear direction. A displacement in shear direction is applied, as shown in Figure 4.

The typical response of the friction interface model for different interfacial parameters is

given in Figures 5 and 6. In Figure 5, the dependence of interface on n is shown, as we

already discussed that higher value of n corresponds to brittle failure for interface, which

can also be verified from Figure 5. Figure 6 shows the variation of shear force for different

values of normal compressive stress. From the figure it is also clear that under the tensile

condition, r33� 0, the proposed law behaves like classical damage evolution law i.e. under

this condition, friction effects are not taken into account.

After the interface is broken there will be only contact with friction, which will play its

role to calculate the force till the total contact is finished. The shear stress along the

displacement will vary along the length as a function of remaining contact between the

two elements. In order to accomplish this, after the debonding is completed, contact

parameter Lc is introduced here to calculate the final contact-shear stress while all the

remaining formulation will be the same:

Lc ¼
L�U1dð Þ � U1 �U1dð Þ

L�U1dð Þ
, ð33Þ

where L is the the total length of the 2D contact surface,U1 is the displacement applied in shear

direction, U1d is the displacement value at the instant of complete debonding, when d1¼ 1.

The final shear stress will be calculated as:

if d1 � 1:ð Þ

�F
13
¼ �13

else

�F
13
¼ �13 � Lc: ð34Þ
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Here r13 the same as calculated from Equation (14) and Lc is the contact parameter

introduced through Equation (33). The behavior after complete debonding is

shown in Figure 7.

In practical problems, when friction is considered, the contact conditions at the interface

can also affect the interfacial shear stress. The slip/stick phenomena can occur at the

interface between the two adjoining surfaces. However, this effect is neglected here keeping

in view the experimental pull-out behavior of Z-fiber [20,24]. During the final pull-out

phase, after the interface is completely broken, the pull-out behavior is mostly linear. Most

of the experimental results of Z-fiber pull-out also exhibit this type of linear trend [24].

PULL-OUT TEST

Simulations of two test cases of Z-fiber pull-out are presented in this section. Z-fibers

having diameters of 0.51 and 0.28mm are inserted into IMS/924 CF/epoxy unidirectional

laminate. The material used for Z-fiber is carbon T300/BMI. Experimental observations

show that the Z-fiber is getting pulled out from only one half of the laminate, therefore the

model is limited to 1.5mm long pins [20,24]. Here the assumption is made that the Z-fiber

is pulled out from resin-rich area in the laminate, see Figure 9. The radius of the homo-

geneous resin is taken two times the radius of the pin, this value of radius for resin is

selected because higher values do not have significant effect on the final results. The

Young’s modulus and Poisson’s ratio for the isotropic resin material are 3.80GPa and

0.41 [24]. For Z-fiber the Young’s modulus and Poisson’s ratio values are 182.2GPa and

0.28, respectively [25].

In order to identify the different parameters like critical energy release rate GC, which is

required to debond the pin from the laminate and residual stress acting at the interface,

experimental results of Dai et al. [20] are used. They performed experiments on 3� 3Z-fiber

samples for small (0.28mm) and large (0.51mm) diameter pins and then predicted the
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Figure 7. Force displacement curve for 2D interface element.
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behavior of single fiber pull-out. Taking into account the experimental observations,

[20,26�28], fiber pull-out behavior can be represented as shown in Figure 8. In Figure 8,

load increases with applied displacement till the maximum debonding force, after this point

load drops to the point where the debonding of interface is completed. In this phase energy

will be consumed partially by interface debonding and partially by frictional sliding.

After the total debonding has occurred the slop of the load�displacement curve changes

and load will drop to zero as a function of friction and embedded pin length in the laminate.

Using Figure 8, area under the curve, from the point of maximum debonding force to the

point where debonding is completed is used to estimate the critical energy release rate GC.

The values of 0.22 and 0.98 kJ/m2 have been found for critical energy release rate, respec-

tively for single large and small pin pull-out tests by measuring the area under the curve.

Table 1 shows the values of different parameters explained by Figure 8 for small and

large diameter pins obtained from experimental results of Dai et al. [20]. If rpin is the

maximum stress experienced by pin due to friction during pull-out process then one can

calculate for small pin [20]:

�pin ¼
4pf

��2
p

¼
4� 15:7

3:142� ð0:28Þ2
¼ 255:0 MPa: ð35Þ

Frictional shear stress �f at the interface of pin and laminate is related to rpin via

relation [12]:

�pin ¼
4l�f

�p

) �f ¼
�p�pin

4l
¼

0:28� 255:0

4� 1:5
¼ 11:9 MPa: ð36Þ

By repeating the same procedure for large diameter pin almost same value of friction

shear stress is found, that is, �f¼ 12.0MPa. Now �f is related to compressive stress, rn,

at the interface of pin and laminate through relation: rn¼ �f/�. Using suitable value

for coefficient of friction, �¼ 0.4 [29] one finds compressive stress �n � 30:0 MPa.

Maximum debonding

forceP
P

U
P U

f

P
f

End of interfacial debonding

F
o
rc

e

Displacement
L

Figure 8. Typical pullout behavior.
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This value of normal compressive stress has been used for the single small and large

diameter pins pull-out simulations.

The finite element simulation has been made in Cast3M using axis-symmetric plane

strain mode condition, Meo et al. [30] also performed pull-out simulation but his

method does not include damage mechanics formulation. Two-dimensional four nodes

solid quadratic elements (quadrangles) have been used to generate the finite element mesh

for Z-fiber and for resin-rich area around the Z-fiber. The interface between the two is

modeled by using joint interface element. Figure 9 shows the insertion of Z-fiber in

laminate with resin-rich area.

Following are the important parameters should be identified for simulations of pull-out

using interface damage law: rn, �,YC, k1, n, �1, �. The identification of rn and � parameters

has already been discussed above. Since pull-out process is taken as pure mode II delamina-

tion process hence there is no need to identify �, as it vanishes for pure mode case. The value

of YC can be found from identified value of GC by Equation (9). For pure mode II loading

condition, one can logically take value of �1 equal to 1.0. Thus only k1 and n are the

significant parameters left to be identified. These two parameters are identified by compar-

ing the simulation results with experimental results for large and small diameter Z-fibers.

The load for the pin pull-out test case is applied in two phases. First, the residual stress

has been applied at the interface between resin and Z-fiber and is kept constant for the rest

of the calculation. In the second phase, a displacement is imposed on the top of Z-fiber pin

till complete pull-out of Z-fiber, as shown in Figure 10. Typical responses for pull-out

simulations are shown in Figure 11(a) and (b) for large and small pins, respectively and are

compared with experimental results [20]. A good agreement is found between numerical

and experimental results in Figure 11. The identified interfacial properties for all the

pull-out simulations are given in Table 2.

Table 1. Maximum debonding and friction force values and
corresponding displacements [21].

Pd (N) Pf (N) Ud (mm) Uf (mm)

Large diameter pin (�p ¼ 0:51mm) 38.3 28.2 0.13 0.231

Small diameter pin (�p ¼ 0:28mm) 35.3 15.7 0.037 0.17

Resin-rich pocket Resin-rich pocketZ-pin

Direction of longitudinal fibers

Figure 9. Resin-rich area around the Z-fiber.
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for pullout test (pin diameter 0.28mm).
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CONCLUSION

In this article, a comprehensive mathematical model of inelastic damage mechanics for

interface with friction effects is proposed and implemented in the finite element code

Cast3M (CEA). The concept is based on the improved strain energy criterion containing

sliding and friction effects. A simple Coulomb friction criterion is used to govern the

inelastic sliding with friction during damage evolution. In this model, the evolution of

damage variables depends on different interfacial parameters including critical energy

release rate as shown with examples in the section ‘Influence of Interfacial Parameters

on Interface Behavior.’ Single Z-fiber pull-out simulations are performed to check the

efficiency of proposed inelastic damage model and found to be effective. Five different

factors are found to affect the pull-out process. These factors are elastic deformations of

Z-fiber and interface, fracture of interface, residual or contact pressure, coefficient of

friction and embedded length of Z-fiber in the laminate.
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providing financial support.

REFERENCES
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3. Allix, O., Ladevèze, P., Gornet, L., Léveque, D. and Perret, L.A. (1998). Computational Damage
Mechanics Approach for Laminates: Identification and Comparison with Experimental Results,
In: Voyiadjis, G.Z., Ju, J.-W. and Chaboche, J.-L. (eds), Damage Mechanics in Engineering
Materials, Studies in Applied Mechanics 46, pp. 481�500, Elsevier Science Ltd, Oxford, U.K.
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