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Abstract. In this contribution, a strategy is proposed for treating geometrically complex prob-
lems such as those encountered in image-based analysis. The use of the X-FEM allows the
treatment of such applications without the need to mesh the geometry. However, the geomet-
rical accuracy is still linked to the size of the finite element mesh because of the interpolation
of the level-set. An approach is proposed for uncoupling geometrical description and approx-
imation in this context. The strategy is based on an uniform coarse mesh that defines a high
order approximation of the mechanical fields and an adapted mesh that defines the geometrical
features by means of levelsets. The connection between the geometry and the approximation
is obtained by sharing the quadtree trees of the two meshes. Numerical examples involving
level-set based parts and image-based microstructures are presented.
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1 INTRODUCTION

Since the beginning of the development of finite elements, various approaches were proposed
in order to try to uncouple geometry and approximation. In particular, the fictitious domain ap-
proach restricts the integration of the weak formulation to the solid part of the domain. This
approach has been improved recently in the context of the Finite Cells approach [1] by the use
of high order shape functions, and a sub-grid representation of the geometry. In the context of
partition of unity methods, both X-FEM and GFEM were also considered for solving problems
by means of an unfitted mesh. Both of these methods were considered in the context of (mod-
erate) high-order approximations [2, 3, 4, 5, 6]. However, high-order methods require to master
geometrical errors in order to ensure their convergence. Various schemes were proposed in or-
der to represent the geometry in this case (pixelized integration [7], quasi-regional mapping for
the integration cells [7], on the fly tetrahedrization [3]) Additional issues comes from the use
of level-sets in the X-FEM. Indeed, the geometry is represented implicitly on the finite element
mesh, which means that the geometrical representation depends on the finite element mesh.
Thus, accurate geometry requires refined meshes close to the interfaces, and thus increase the
computational cost of the approach [8]. Two possibilities can be considered:

1. Define a high-order level-set representation [9, 5]

2. Represent the level-set on a finer mesh [6]

2 UNCOUPLING GEOMETRY AND APPROXIMATION

The last approach is considered here. It is based on [6], but with the use of two meshes
(see figure 1): a coarse one defining the approximation, and an adapted one (finer near the
interfaces) for the geometry. The two meshed are built using a common octree database, which
means that the geometrical mesh is nested into the approximation mesh. The link between the
two meshes is obtained naturally thanks to the common octree database. It was shown in [6]
that optimal convergence rates could be obtained in the case of free surfaces, but also that the
ridge enrichment function (which has to be modified in this case) could not provide optimal
rates. We propose here to use Nitsche’s method in this case, with a discontinuous enrichment
across the interface.
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Figure 1: Principle of the proposed approach

In this case, the weak form of the problem is modified as follows:

a(u,v)−
�

Γ

{σ · n}�v� dΓ−
�

Γ

{δσ · n}�u� dΓ+ β

�

Γ

�u� �v� dΓ = l(v) (1)
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where a(u,v) and l(v) are respectively the classical linear and bilinear forms of a mechanical
problem. {•} is the average operator and �•� is the jump operator. In this paper, {•} is defined
as 1/2[•(x+)+•(x−)], and �•� as 1/2[•(x+)−•(x−)] where •(x+) stands for the evaluation of
• on the positive side of the interface (pointed by the normal vector) and •(x−)for the evaluation
of • on the negative side. As stated in [10, 11, 12], the Nitsche approach can be viewed as a
stabilized Lagrange multiplier approach (with condensed multiplier), and parameter β plays role
as stabilization parameter and ensures the coercivity of the modified bilinear form. In practice
the value of β is approximated by means of an eigenvalue problem proposed by Griebel et al.
[13].

3 NUMERICAL EXAMPLES

In the proposed approach, the geometrical approximation of the interfaces is maintained
linear although the order of the approximation is increased. It is well known that high-order
approximations are very sensitive to the geometrical accuracy. However, as proved in [14],
optimal convergence can still be obtained provided that the size of the geometrical grid hg

verified the following estimate:
hg = α h2p/3 (2)

Where h is the size of the approximation mesh and p is the order of the approximation.

3.1 Material interfaces

The convergence of this approach in conjunction with Nitsche is now studied. Consider
an infinite plate subjected to equibiaxial tension and containing a circular inclusion of radius
a = 0.4mm at its center. The approximation domain consists in a square of length 2.0mm
centered on point (0, 0). The two materials are considered as linear elastic with Young’s mod-
ulus Em = 1.0MPa and Poisson’s ratio νm = 0.3 for the matrix. Concerning the inclusion, the
following parameters are considered: Ei = 10.0MPa and νi = 0.25. The analytical solution
of this problem was given in [15] and is used to apply exact tractions on the boundary of the
approximation domain. Only the case of p convergence is considered here: An approximation
mesh composed of 4×4 elements per side, and a geometrical mesh with refined elements along
the interface are considered. Four geometrical meshes are considered depending on the size
of the elements near the interface (size 2−4, 2−5, 2−7 and 2−9). In all the cases, the value of
Nitsche’s parameter is obtained by solving the eigenvalue problem associated to the stability
condition. The results are depicted in figure 2. One can see that an exponential convergence can
obtained during p refinement provided that the geometrical accuracy is sufficient. When it is no
more the case, the convergence slowdowns, then stops at a level that depends on the geometrical
accuracy. This behavior is partially linked to the contrast between the inclusion and the matrix.
A comparison between contrast 10 and 100 is presented in figure 2 (with the same geometrical
accuracy of level 10). It can be seen that the contrast has a limited influence on the range of op-
timal convergence, which means that estimate (2) is hardly influenced by the contrast (at least,
in this case). On the contrary, the level of the plateau is significantly influenced by the contrast
level.

3.2 Mechanical parts

The approach is now illustrated in the case of the static behavior of a mechanical part. In this
case, the approach is more related to the Finite Cell approach [1], but with a better representation
of the interface. Consider the example depicted in figure 3(a) inspired from the one proposed in
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(a) (b)

Figure 2: Case of material interfaces: p Convergence with respect to the number of dofs. (a) influence of the geo-
metrical accuracy; (b) influence of the contrast. (Note that the geometrical description of the cubic h convergence
was obtained following [14])

[16] which represents a flywheel subjected to a torsional loading. The geometry of the flywheel
is represented with a levelset that is interpolated on a level 9 octree mesh (512 elements per
side) whose bounding box is 40% larger than the part’s bounding box. The approximation
mesh consists in a regular level 4 mesh (16 elements per side) (see figure 3(b)), but an adapted
octree could also be considered with the use of a proper error estimator. The geometrical mesh
is presented in figure 4(a), and the resulting integration cells in figure 4(b). The results are
depicted in figure 5 for degree 4 and 7 X-FEM approximations (resp 4434 and 12 978 dofs) and
a conforming FEM degree 4 approximation (128 704 dofs, sub-parametric linear mesh). One
can see that the stress distribution is consistent between FEM and X-FEM computations with
much less degrees of freedom. If now the strain energy of the flywheel is computed, it can be
seen that degree 4 X-FEM approximation leads to a 3.59% discrepancy for 3.45% of the dofs
of the reference solution. Concerning the degree 7 X-FEM approximation, a 0.44% error is
obtained with 10.1% of the dofs of the reference solution (see table 1).

(a) (b)

Figure 3: Flywheel subjected to a torsional loading: (a) Geometry and boundary conditions; (b) Approximation
mesh.
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(a) (b)

Figure 4: Flywheel subjected to a torsional loading: (a) Levelset on the geometrical octree; (b) Integration cells in
the domain.

(a) (b)

(c) (d)

Figure 5: Flywheel subjected to a torsional loading: (a) Displacement, p = 4 FEM approximation (64 352 dofs);
(b) Von Mises stress, p = 4 FEM approximation; (c) Von Mises stress, p = 4 X-FEM approximation (4434 dofs)
and (d) Von Mises stress, p = 7 X-FEM approximation (12 978 dofs)
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Case Nb Dofs (Ratio/Fem) Error/Fem
Fem 128704 (1.0) Ref.

X-FEM p = 4 4434 (0.034451) 3.5937 %
X-FEM p = 7 12978 (0.10084) 0.44273 %

Table 1: Flywheel subjected to a torsional loading: Comparison between Fem and X-FEM

4 CONCLUSION

A computational approach is proposed for the treatment of image-based computations. It
allows to uncouple the geometrical resolution from the approximation mesh. It was shown that
optimal convergence rates could be obtained in the case of material interfaces, and that the ap-
proach can be more efficient than classical FEM in the case of level-set based geometries. More
validations about the current approach, and its application to real image-based computations
are presented in [17]. This approach could be combined to the strategy proposed in [18] for the
treatment of complex real CAD geometries.
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