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Contact is an active research
domain !

Several studies and methods :

I theoretical *,

I practical †.

Still studied, why?

I multiple contact zones,

I represent discontinuities.

To contact or not to contact, that
is the question?

x

y

z
imposed

efforts

undeformable

deformable

*.
†.
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First let’s agree on some notations :

I Ω domain,

I ∂Ω its frontier,

I ∂Ωc the part in contact,

I Γc its boundary,

I ∂Ωt imposed effort td,

I ∂Ωu imposed displacement ud,

I f volumic forces

x

y

z

∂Ωu

∂Ωt
f

Ω

Γc

∂Ωc
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Our original problem :

I what is the equilibrium state?

I what is the contact zone?

Hard to solve !

Idea : split the problem

I solve elastic problem guessing ∂Ωc,

I find ∂Ωc which verifies the contact
conditions.

⇒ iterative process

Question : how to make ∂Ωc evolve?

x

y

z
∂Ωc

(u, σ)

x

y

z
∂Ωc

(u, σ)

x

y

z
∂Ωc

(u, σ)
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Question : what does our method need to do in order to make ∂Ωc

evolve?

*
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Question : what does our method need to do in order to make ∂Ωc

evolve?

*

Criteria :

I good representation of Γc and the phenomena on it,

level-set/XFEM

I having a criterion for the “good position” of the contact zone,

configurational mechanic

I fast convergence,

configurational mechanic

I adaptability.

level-set
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Question : what does our method need to do in order to make ∂Ωc

evolve? *

Criteria :

I good representation of Γc and the phenomena on it,
level-set/XFEM

I having a criterion for the “good position” of the contact zone,
configurational mechanic

I fast convergence,
configurational mechanic

I adaptability.
level-set
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level-set *

signed function :

φ(x) =±min
xc∈Γc

‖ xc− x ‖ (1)

thus the iso-zero level-set
represents Γc = {x/φ(x) = 0}

Γc
Φ ≤ 0

Φ ≥ 0

*.
†.
‡.
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level-set *

signed function :

φ(x) =±min
xc∈Γc

‖ xc− x ‖ (1)

thus the iso-zero level-set
represents Γc = {x/φ(x) = 0}

XFEM †

exploits partition of unity ‡ :

→ take into account
discontinuities on Γc

→ differentiate contact or non
contact domain

*.
†.
‡.
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Hypothesis

I elastic linear material

I small displacement

I frictionless contact

n1

Ω1

Ω2

Strong formulation for 2 bodies

I divσ+ f = 0 in Ω

I u KA and σ SA with σ = C ε

Karush-Kuhn-Tucker(KKT) conditions :

I (x2− x1) ·n1 > 0 on Γc

I Fn1 =−Fn2 6 0 on Γc

I (x2− x1) ·n1Fn1 = 0 on Γc
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Variationnal formulation *

Find u KA + CC
a(u,v)− l(v)> 0 ∀v KA0 (2)

with :

I a(u,v) =
∫

Ω

σ : ε(v)dΩ

I l(v) =
∫

Ω

f (v)dΩ+
∫

Γt

tdvdΓ

→ variational inequality

If ∂Ωc is given we can relax the inequality with Lagrange multipliers (2)
becames :

*.
N. Chevaugeon ILS for contact
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Variationnal formulation *

If ∂Ωc is given we can relax the inequality with Lagrange multipliers (2)
becames :
Find u KA and λ ∈ Λ such as :{

a(u,v)+b(λ,v)− l(v) = 0 ∀v KA0
b(q,u) = lb(q) ∀q ∈ Λ

Thus we will have a solution which fulfills the static and kinematic
conditions but not the contact conditions.

*.
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,



Institut de Recherche en Génie Civil et MécaniqueMG
12⁄28

Context and tool box Theoritical development Numerical example Conclusion and upcoming

Evolution of the interface

To fulfill the contact conditions −→ find the right ∂Ωc.

Let’s define a positioning criteria g such as :

g(x) = 0 on Γc if Γc = Γ
ex
c

Starting from g(x) 6= 0 we want to find θ s.t. :

g(x)+D(g)[θ] = 0 on Γc

with the directional derivative of F :

DF(a)[b] = lim
ε→0

F(a+ εb)−F(a)
ε

We can reformulate the problem :∫
Γc

gqdΓ+
∫

Γc

D(g)[θ]qdΓ= 0 ∀q∈ L2(Γc)

(2)

Γk
c Γexact

c
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θ?

Γk
c

g
(x
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6=
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Γk+1
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c

g
(x

)
+

D
(g

)[ θ
]
=

0

N. Chevaugeon ILS for contact
,



Institut de Recherche en Génie Civil et MécaniqueMG
13⁄28

Context and tool box Theoritical development Numerical example Conclusion and upcoming

Evolution of the interface

The problem is now to find the
right θ.

In order to do so we need to
discretize it .

θ≈∑
i

θiΘi (3)

with {Θi}, a modal basis

Then equation (2) can be discretized :∫
Γc

gqdΓ+
∫

Γc

D(g)[∑
i

θiΘi]qdΓ = 0 ∀q ∈ L2(Γc)≈ [S ]{θ}= {P}
(4)
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Evolution of the interface

Then we need to express [S ].
Thus we need to be able to compute D(g)[Θi],
as g = g(u,λ) we will actually compute for all i the sensibility of (u,λ)

D(u)[Θi] = ůi and D(λ)[Θi] = λ̊
i

To obtain (ůi, λ̊
i
) we are going to take the directionnal derivative of the

variational formulation :

D
({

a(u,v)+b(λ,v)− l(v) = 0 ∀v KA0
b(q,u) = lb(q) ∀q ∈ Λ

)
[Θi] (5)
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Evolution of the interface

In order to easily express the directional derivative in (2) we are going
to assimilate the change of shape to a body deformation *.

Ω0
Φτ−→ Ωτ

X → xτ = X+ τθ

(6)
with θ = θnΓc

.

Φτ

×
X

×

×
xτ

τθ

Ω0 Ωτ

∂Ωc0 ∂Ωcτ

*.
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Evolution of the interface

In order to easily express the directional derivative in (2) we are going
to assimilate the change of shape to a body deformation *.

D
({

a(u,v)+b(λ,v)− l(v) = 0 ∀v KA0
b(q,u) = lb(q) ∀q ∈ Λ

)
[Θi] (6)

=

For all i :
find ůi KA and λ̊ ∈ Λ such as :

{
a(ůi,v)+b(λ̊

i
,v)− t(v,Θi) = 0 ∀v K̊A0

b(q, ůi) = tb(q,Θi) ∀q ∈ Λ̊
(7)

*.
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t(v,Θi) =
1
4

∫
Ω

(
∇u∇Θi +∇Θ

T
i ∇uT)C

(
∇v+∇vT) dΩ

+
1
4

∫
Ω

(
∇u+∇uT)C

(
∇v∇Θi +∇Θ

T
i ∇vT) dΩ

− 1
4

∫
Ω

(
∇u+∇uT)C

(
∇v+∇vT)divΘi dΩ

−
∫

Ωc

λvdivΘi dΩ+
∫

Ω

f̊ v+ f vdivΘi dΩ+
∫

Γc

t̊dv+ tdvdivΘi dΓ
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Sum up

One iteration steps

Find equilibrium

u,λg

g = 0

Modal decomposition

Θi

Computation
of sensibility

ůi, λ̊i g̊i Computation
of the new Γc

Γc

END

no

yes

N. Chevaugeon ILS for contact
,



Institut de Recherche en Génie Civil et MécaniqueMG
18⁄28

Context and tool box Theoritical development Numerical example Conclusion and upcoming

Summary

1 Context and tool box

2 Theoritical development

3 Numerical example

4 Conclusion and upcoming

N. Chevaugeon ILS for contact
,



Institut de Recherche en Génie Civil et MécaniqueMG
19⁄28

Context and tool box Theoritical development Numerical example Conclusion and upcoming

Membrane with homogeneous loading

{
T∆u+ f = 0 in Ω

u ≤h in Ω
(8)

I T the tension

I f the surface forces

Taking into account the
axisymmetry : T

1
r

∂

∂r

(
r

∂u
∂r

)
+ f = 0 on Ω

u ≤h on Ω

(9)

h(<0)

−→
f

u(R) = 0

O

−→ez

−→erR

R

h

−→
f

−→er

−→ez
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Why did we pick this problem?

I analytical solution (rc limit of the contact zone)

u =− fr2

4T
+A ln

( r
R

)
+B (10)


A =

f (R2− r2
c)−4hT

4T ln(R/rc)

B =
fR2

4T
rc = Rexp

(
1
2

(
1+W−1

(
4hT−f

ef

))) (11)

I easy

N. Chevaugeon ILS for contact
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Axisymetric case

R

h

−→
f

−→er

−→ez

Unknows of the problem are

u

the displacement.

λ

the Lagrange multiplier field
on the left hand side.

λc

= g

the Lagrange multiplier at rc,
(positioning criteria).

N. Chevaugeon ILS for contact
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u

the displacement.
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the Lagrange multiplier at rc,
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rc

rc
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Axisymetric case

Unknows of the problem are

u

the displacement.

λ

the Lagrange multiplier field
on the left hand side.

λc = g

the Lagrange multiplier at rc,
(positioning criteria).

rc

rc

N

N. Chevaugeon ILS for contact
,



Institut de Recherche en Génie Civil et MécaniqueMG
22⁄28

Context and tool box Theoritical development Numerical example Conclusion and upcoming

Results
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0
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u
(r
)

1
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3
4
5
6

Evolution of the solution with iterations
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Results
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∂
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∂
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Analytical solution

Numerical solution

Comparison of some possible positioning criterion showing that λc is
the right pick
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Results

1 2 3 4 5 6 7 8 9 10

10−2

10−4

10−6

10−8

10−10
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Iterations

λ
c

Evolution of the error on λc with iterations→ quadratic

N. Chevaugeon ILS for contact
,



Institut de Recherche en Génie Civil et MécaniqueMG
25⁄28

Context and tool box Theoritical development Numerical example Conclusion and upcoming

Comparison with a classical method

Classical method : if λ > 0 remove contact, if u < h add contact

101 102 103
0

20

40

60

80

100

120

1/h

It
er
a
ti
o
n
s
to

co
n
v
er
g
en
ce

classical
enriched

101 102 103
10−6

10−5

10−4

10−3

10−2

10−1

1/h
|x

c
−
x
∗ c
|

x
∗ c

classical
enriched

Comparison of the number of iterations (left) and the convergence
(right) of our method and a rough one.
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Another example : a rope under self-weight

f

h(x)
u(x)

0.0 0.2 0.4 0.6 0.8 1.00.40

0.35

0.30

0.25

0.20

0.15

0.10

0.05

0.00

0.05

Result and iterations with a classic active set method.
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Another example : a rope under self-weight

f

h(x)
u(x)

0.0 0.2 0.4 0.6 0.8 1.00.18

0.16

0.14

0.12

0.10

0.08

0.06

0.04

0.02

0.00

Result and iterations with the Inequality Level Set method. (starting
from a very wrong guess)
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Summary

1 Context and tool box

2 Theoritical development

3 Numerical example

4 Conclusion and upcoming
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Conclusion and upcoming

I ILS for contact is working on simple problems
I promising

� good representation of the contact zone
� good convergence

I apply it to 2D membrane

I punch problem

I finite deformation
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