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Abstract

As an approach towards a better modelling of solidification problems, we present the basic
assumptions and implementation of a thermo-mechanical two-phase model that considers the
solidifying alloy as a binary mixture made of a liquid and a solid phase. Macroscopic mass and
momentum balances are obtained considering that, at the microscopic level, the liquid is
Newtonian whereas the solid is a power law fluid. Assuming local thermal equilibrium, a single
equation for the conservation of the mixture energy is then written. The numerical
implementation in a 2D finite element code is then detailed. Lastly, some examples of
isothermal simulations of academic tests and application examples are discussed. They
particularly enlighten the ability of the formulation to describe the mixture evolution over the
whole solidification interval.

Introduction

The macrosegregation of chemical species is a central problem in solidification engineering,
because it strongly influences the further processibility of the cast products and the final
properties of the parts produced. In most cases, macrosegregation is the result of slow
interdendritic flow, driven by thermo-solutal convection. Generally, the influence of the solid
motion on the fluid flow is assumed of minor importance and, as a matter of fact, most casting
numerical simulations neglect this phenomenon.

However, as demonstrated by Flemings [1], in some cases, the macrosegregation of chemical
species highly depends of the deformation of the solid skeleton forming in the mushy zone.
This is especially the case in continuous casting (but not exclusively...) where there exists a
large mushy zone, which is deformed together with the solid shell because of the bulging
phenomenon between the supporting rolls of the caster. The proposed work can be seen as a
first step to model and understand these complex phenomena.

The mushy zone is considered here as an effective two-phase continuum. On the one hand, the
solid material is considered as an incompressible viscoplastic material, obeying a constitutive
equation of power-law type. Invoking homogeneization results, its macroscopic flow rule is
viscoplastic, including compressibility, so that the solid continuum can be seen as a deformable
compressible porous medium. On the other hand, the liquid phase is intrinsically Newtonian. At
the macroscopic scale, its momentum interaction with the solid skeleton is of Darcy type.

A two-dimensional numerical implementation of the corresponding mass, momentum and
energy conservation equations has been carried out in a finite element software. The space and



time discretization of equations, as well as the resolution strategy, is presented. Finally, the
validation of the formulation is achieved by comparison with an analytical solution and a
simple application case is illustrated.

1 M acr oscopic two-phase model

General Macroscopic Balance Equations

At the microscopic scale, inside each phase, the thermo-mechanical evolution is assumed to be
governed by the usual mass, momentum and energy balances. In this work, the balance
equations of the mixture, at the scale of an elementary representative volume (macroscopic
scale), are obtained using the spatial averaging method on a fixed control wgluifi@s

method is classical and will not be detailed here; see for example references [2], [3], [4], [5] for
further details on its basic principles. The notations used in this paper can be summarized as
follows. Denotingyk the characteristic function of phalsé=1 in phasé& and 0 elsewhere) for

any functiony, we define:

The intrinsic average value g, = (/)%= ViL W(X) X (X)dV
k 0

1)
The average value <z//"> = iL W(X) X (X)dV = V—k<z/j>k = 0 i
VO 0 VO
The solidifying alloy in the mushy state is considered sataratedtwo-phase medium, that is
to say that both phases volume fractions always satisfy the following relationship:
Os to =1 2)
Applying the spatial averaging process to microscopic balance equations in eack (ghase

1), and using the notations introduced previously, one obtains the following set of macroscopic
equations.

0
Mass a(gkpk) + g owvi) =Tk
0
Momentum 09w ) + M+ 9k =a(gkpkvk)+DEﬂg KPRV X Vi) 3)
0
Energy a(gkﬂkfk) + 0gyohevy) + O E4qk> = Q

wherep denotes the density,the velocity field,s the stress tensag,the gravity vectorh the
enthdpy per unit of masgy the heat flow vector. The terris M andQ are associated with the
exchanges of mass, momentum and energy, respectively, between the two phases.

Mass conservation

The local mass balance at the interface between phases ensures that enshgeslihat 0
[5]. Then summing equations (3a) for the liquid and solid phase, and assuming that the densities
of the two phases remain constant (but different), we get:

0
PG %) +ADHGV) =22 (01 - p3) @
or, dividing bypg,
0
@-86")DHgws) +0g ) = e ae (5)

where As" =(p, - ps)/p denotes the relative change of volume associated with solidification
(negdive in general).



Momentum Conservation

The spatial averaging method used in this paper is efficient to obtain in a simple way the
macroscopic governing equations of the semi-solid alloy but does not enable to go further in the
specifications of the macroscopic model. Reliable constitutive equations would require more
sophisticated approaches such as homogenization [6], [7] associated with numerical simulation
at the microscopic scale, but this is not in the scope of this work. The full definition of the two-
phase model will simply be based on further constitutive assumptions.

Macroscopic constitutive equation for the fluid phase

At the microscopic scale, we assume that the liquid metal behaves as an incompressible
Newtonian fluid. The incompressibility hypothesis is valid as long as the temperature range of
the solidification interval remains narrow enough. We therefore can write:

c=s—-pl with s=2u &) (6)
wherep denotes the hydrostatic pressusdhe deviatoric part o 44 the viscosity of the
liquid, andé(v) the strain rate tensor. As suggested by Ganesan & Poirier [8] and &apaz
[5], we adopt the following model for the macroscopic deviatoric stress tensor:

z =<Sl>= 24 g dev((v))) (7)

where dev denotes the deviatoric part.

Macroscopic constitutive equation for the solid phase
Experimental studies on the behavior of metallic alloys at high temperature show that the
behavior of the solid phase is well described by constitutive equations of the Norton-Hoff type:

c=s-pl with s=2K(\/3) " é(v) (8)
whereK andm denote the consistency and the strain rate sensitivityégpndhe von Mises

equivdent strain rate. The behavior is then defined by the relation between the equivalent stress
(in the von Mises sense) and the equivalent strain rate:

Oeq= K3 M éeq" 9)
For solid fractions above the coherency fraction, using the analysis of Geindreau and Auriault
[7], we get that the effective stress tengor=(s.)-(p,)l +g,p| IS @ degreen homogeneous
function with respect to the strain rate tenggf =:(v°®). This property shows that the solid
phase can be modelled as a compressible power law fluid. We therefore adopt a compressible
viscoplastic formalism [9], [10]. Constitutive equations are the ones described by (9), but with
equivalents defined as

,71/2
zgq :[A devg®):devZ®) + B(tr<23>) }

as?2 _1,.s /.5 1 1(.5)2
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(€03 = 566" + 5535 @
Those equations require two rheological functidnandB that depend on the solid volume

fraction and for which several models can be found [9], [10]. The constitutive equations of the
solid phase at the macroscopic scale therefore read

S =3K (ﬁ(é)jq)m‘l(l@f +( 1 1 jtr(éf’lj (11)

A 9B 3A

(10)



This model is simple and pemits a first introduction of the compressibility of the solid skeleton
in the mechanical behavior of a muhy zone. The interested reader can refer to the recent work
of Ludwig et al. [11], who suggest to complement the previous model by introducing a state
variable representing the cohesion of the skeleton. An evolution law of this variable is also
proposed in order to represent the resistance of the inter-granular liquid films and solid bridges
to tension. These modifications permit a better response of the model for small deformations,
such as those encountered in continuous casting.

For lower solid fractions, the solid phase will be supposed to be stress free.

Exchange of Momentum
According to the work of Ni & Beckermann [3}]x can be partitioned as:

M=MZ+MmpP (12)
the first part being the contribution of deviatoric stresses and the second one the contribution of
the isotropic part, and it can easily be shown that

Md+MZ=0 and MP+MP =0 (13)
The liquid being a Newtonian incompressible fluid with a very low viscosity, we will assume
that the pressure equilibrium in the liquid phase is almost instantaneous. Subsequently, the
interfacial pressures in both phases X equal the intrinsic average value of liquid pressure,
that isits microscopic value:

P == (19
M2 can therefore be expressed as follows [3]:
MZ=-MP=- pOg =pgs (19

Depending on the solid fraction, the dissipative tewfs are generally interpreted either as the
dragforce exerted by the liquid on the isolated solid grains [3] or the filtration force exerted by
the liquid flowing through the solid, considered as a rigid porous medium [7], [5]. In both
casesM¢ can be modelled by a law of the generic type:

M =-M = gC(g) (v -vs) (16)
where the facto€ may be defined through the usual permeability fastoas:

_aK
C=—"—-— 17
K (17)

Energy Conservation
At the microscopic level, the Fourier law is used. Gixehe thermal conductivity, we have:

q=-A0T (18)
Our approach is based on the local thermal equilibagsumption, which is valid because the
liquid and the solid do not exhibit too different thermal properties nor strong thermal interfacial
barriers. Therefore, at the macroscopic scale, their average temperature is the same:
T,=T=T (19)
The enthalpies of both phases can then be written as a function of the temfjerasseming
for smplicity a constant specific heg, and a constant latent heat per unit of nhasse have:

.
h = jT co()dr  and hy=hg+L (20)

Because of the thermal equilibrium hypothesis, the energy conservation is written as a single
equation which is the sum of the energy balance on both phases:



%<ph>+D[Qphv> +00g) =0 (21)

where
(oh=((oh")+((oH°) = g0+ g o
(o) =((oW)') +((oM)%) = gy 1+ g P hevs (22)

<Q> = <qs> +<q|> =-(gA +94)0T = _</]>DT
After elementary calculations, we obtain:

<p>%< h) + ¢, 0T Qov) + |_(pI Ov')-g,0 Eva))— OA)dT) =0 (23)

Final Equation Set Adopted
The set of equations (24) sums up the adopted equations set for this two-phase formulation.

Liquid/Momentum OZ' -gOp +M+g pg=2 %(gw )+ 00g v xv,)

Solid/Momentum OZES-gOp -M+g gg=p %(g v+ 0o ysxvs)

Mixture/Mass 1L-Ae")OMgws) +0Hg V) = a—tsA,s”

Mixture/Energy <p>@ + ¢, 0T Qov) +L(p 0 [<v' > ~g,00pv)-0QA)OT) =0

2 Numerical | mplementation

This formulation was implemented in the two-dimensional code R2SOL, finite element code
using linear triangles and based on the P1+/P1 mixed formulation [12], [13]. Up to now, the
two-phase approach has been validated for isothermal situations only, so only the
implementation of the isothermal mechanical problem will be discussed here.

In what follows, vs will be denotedu, v will be denotedv, andp, will be denotedp. The
boundary conditions of the mechanical problem are:

U=V=Vip, on 0Q,
<as>n = (2% = gsP N =Timp, <o-' >n =Timp ON 0Q,

If V is the space of “kinematically admissible” velocity fields arydis the space of “zero
kinematically admissible” velocity fields. The virtual power principle states that the solution of
the problem(u,v, p) OV x 12(Q) must fulfil:

(25)



olu v, p)ovex12(Q)

IZS ‘0Ou’ —I pdgu’) - I<as>n W —Ig| 2K tv-uym’ —_[gspsg W’
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0 .
+J‘ps(a(gsvs)+m[qgsvsxvs)jm =0
Q

IZI (Ov’ —J.DDUIQN*)— I<O'I>nw* +I9|ZH|K_1(V—U)W* —I9|P|9W* (26)
0 Q 0 0 0

+§J;,q [%(QM)*‘D[@QM le)jW* =0

ot

It is a mixed velocity-pressure formulation involving two velocity fields that requires
interpolation functions satisfying the Brezzi-Babuska conditions. Using the previous
formulation developed in the one-phase case, we adopt a “(P1+)%/P1” formulation. On each
finite element, the velocity fields andv are approximated as follows:

.[ p*((l_Agtr)D |:ﬂgs\/s)-" O |:ﬂglvl )_%Agtrj =0
Q

3.
u=up+a=> N'U'+NPA
o 27)
v=v,+b=> N'V'+N"B
i=1
A andB are the additional bubble degrees of freedom located at the center of each element. The
bubbleinterpolation functio\” is linear on each sub-triangle, and is constructed subfi=ts
on the edges of the element a1 at the center of the trlangle The interstitial prespuse
appraimated by a classical linear interpolation. Test functions andp are approximated
in the same way. Thanks to the particular shape of the bubble functions, the additional degrees
of freedomA andB can be eliminated from the discrete system at the elements level. This is
obtaine by the same process as the one described in [12] and [13] for a one-phase problem,
except that the size of the local system to solve is double, due to the two velocity fields. The
resulting non linear discretized system is then solved by the means of a Newton-Raphson
iterative method.

3 Application tests

Validation: comparison with an exact solution

The two-phase mechanical solver was first validated with respect to an analytical solution. The
latter was calculated from homogeneous simple compression problem depicted in Figure 1. In
this test, both the liquid and the solid phases behavior are assumed linear and compressible. For
calculation convenience, we take:

= Ks(atr(é>sl + ﬁ(é)s) (28)
I =K (atr<.é'>l +b<é' >) (29)

g is assumed constant over the whole domain. This produces a simple compression like
kinematics for both phases with an imposed strainsratg,,/h. The normal stress on each




phase is supposed to be null on the right face. The resolution leads to the following expressions
for the phases velocity and pressure fields:

B imp

1

SR

Figure 1. Two-phase simple compression test geometry.

(
< \I/> (@: —EX— gsst(X) (30)

d
dX) = Po +(Ks(a+ B) - g K (a+ b))%(x)

with

B
=10

fi=gKs(@+B)+ g K (a+b) (31)
ag = g|[Ks,3_ gSK|b]£
fir cosHrL)

R = (K - K (gsa+b))é

Results exposed in Figure 2 correspond to a test performég,at -1 m.s" on a sample with
L=5m,h=1m, andgs= 0.8,Ks= 100 Pa.sK;= 0.1 Pa.s@¢=0.189,5=0.1,a=-0.667,b =
2,C=20.

As visible from Figure 2, numerical results perfectly match the analytical solution both in terms
of relative velocityv, —vg and of interstitial pressure. Such results were obtained for several
sets drheological parameters and remain valid for any value of the interaction coef@icient
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Figure 2. Relative velocity and interstitial pressure along xhdirection, numerical vs
analytical, 1D test case.

Application to Liquid Segregation

This test aims at simulating a situation frequently encountered in continuous casting problems.
It consists in imposing a deformation at the surface of a partially solidified alloy on a small part
of its surface (Figure 3). It thus simulates the action of a roll. Symmetry conditions are imposed
on all the boundaries except on the upper face, which is a free surface. We perform here again
an isothermal calculation, but imposing an initial distribution of liquid fraction akpng
described in Figure 3. Here, the solid phase rheology is still somewhat arbitrary, but it is now
non-linear, with a strain rate sensitivity of 0.2. The interaction coefficient is modelled by a
classical Carman-Kozeny law and reaches very high value in the solidified zone.

4 y Vimp \

imp

Figure 3. Redistribution of the liquid inside a semi-solid domain with an initial fraction
distribution.

Black arrows plotted in the zoom of Figure 3 show the relative average velocity vectors
<v' - g,vs- Results show that the applied pressure leads to a redistribution of the liquid with
respet to the solid. In the zone where the solid in under pressure (left side), it undergoes
densification and the liquid is rejected to the right side of the sample.



Conclusion

In this paper, the macroscopic conservation equations for a two-phase continuum have been
briefly discussed and summarized. A two-dimensional finite element resolution has been
proposed and validated on an analytical test. The ability of the formulation to represent the
deformation of a saturated solid skeleton, using a “sponge”-like model has been demonstrated.
In the future, the model will be extended to solidification, involving mass exchange between
the two phases and transport of chemical species, which is of great importance in some casting
processes.
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