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EXAMPLES OF CYLINDRICAL FANO FOURFOLDS
YURI PROKHOROV AND MIKHAIL ZAIDENBERG

ABSTRACT. We construct 4 different families of smooth Fano fourfolds
with Picard rank 1, which contain cylinders, i.e., Zariski open subsets of
the form Z x A', where Z is a quasiprojective variety. The affine cones
over such a fourfold admit effective G,-actions. Similar constructions of
cylindrical Fano threefolds were done previously in [KPZ11, KPZ14a].

INTRODUCTION

A smooth projective variety V over C is called cylindrical if it contains
a cylinder, i.e., a principal Zariski open subset U isomorphic to a product
Z x A', where Z is a variety and A! stands for the affine line over C
([KPZ11, KPZ13]).

Assuming that Pic(V) ~ Z, we let X be the affine cone over V. Due to
the criterion of [KPZ13, Corollary 3.2], X admits an effective action of the
additive group G, if and only if V' is cylindrical. This explains our interest
in cylindrical projective varieties.

On the other hand, there is a well known Hirzebruch Problem of clas-
sifying all possible smooth completions of the affine space A™; see [Fur90]
and references therein for studies on this problem. Similarly, it would be
interesting to classify all cylindrical Fano varieties, or at least those with
Picard number 1.

The answer to the latter question is known in dimension 2, even without
the restriction on the Picard number. Namely, a smooth del Pezzo surface
of degree d is cylindrical® if and only if d > 4 [KPZ11, KPZ14b, CPW13,
Chel3].

In dimension 3, a cylindrical Fano threefold must be rational, see Remark
0.2(a) below. However, even for cylindrical Fano threefolds with Picard
number 1, the complete classification is lacking. Certain classes of such
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UIf Pic(V) % Z, by cylindricity we mean here the polar cylindricity, see [KPZ14b).
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threefolds were described in [KPZ11] and [KPZ14a|; we provide below the
exhaustive list of examples known to us.

The projective space P? and the smooth quadric in P are cylindrical, since
they contain a Zariski open subset isomorphic to the affine space A®. By the
same reason, the Fano threefold of index 2 and degree 5 is also cylindrical. A
smooth intersections of two quadrics in P° is always cylindrical (see [KPZ11,
Propositions 5.0.1]). The same is true for the Fano threefolds of index 1
and genus 12 ([KPZ11, Propositions 5.0.2]). The moduli space of the latter
family has dimension 6, while the subfamily of completions of A3 is four-
dimensional. There are two more families of cylindrical Fano threefolds with
Picard number 1, index 1 and genera g = 9 and 10. These fill in at least
hypersurfaces in the corresponding moduli spaces ([KPZ14a]). We do not
dispose a single example of a smooth Fano threefold of genus 7 carrying a
cylinder.

In this paper we construct examples of smooth, cylindrical Fano fourfolds
with Picard rank 1. Let us recall first the standard terminology and nota-
tion. Given a smooth Fano fourfolds V' with Picard rank 1, the index r of V'
is the integer r such that — Ky € r[H], where [H] is the ample divisor class
generating the Picard group: Pic(V) = Z - [H]. The degree d = deg V" of X
is the degree with respect to H. It is known that 1 < r < 5. Moreover, if
r =5 then V ~P*  and if r = 4 then V is a quadric in P5. Smooth Fano
fourfolds of index r = 3 are called del Pezzo fourfolds; their degrees vary
in the range 1 < d < 5 ([Fuj84]). Smooth Fano fourfolds of index r = 2
are called Mukai fourfolds, their degrees are even and can be written as
d = 2g — 2, where g is called the genus of V. The genera of Mukai fourfolds
satisfy 2 < g < 10 ([Muk89]). The classification of Fano fourfolds of index
r =1 is not known.

We let below V; be a Mukai fourfold of degree d, and W, be a del Pezzo
fourfold of degree d.

Our main results are summarized in the following theorem.

Theorem 0.1. There are the following families of cylindrical, smooth, ra-
tional Fano fourfolds:

(i) the smooth intersections Van of two quadrics in PS;
(i) the del Pezzo fourfolds Wy of degree 5;
(iii) certain Mukai fourfolds Vi4 of genus 8 varying over a a family of
codimension 1 in the moduli space;
(iv) certain Mukai fourfolds Viy of genus 7 warying over a family of
codimension 2 (of dimension 13) in the moduli space.

The proof exploits explicit constructions of the Fano fourfolds as in (i)—
(iv) via Sarkisov links. These constructions are borrowed in [Pro93]. How-
ever, we recover some important details that are just sketched in [Pro93].

The proof proceeds as follows. Starting with a (simpler) pair (V, D), where
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V' is a smooth Fano fourfold and D an effective divisor on V' such that
V'\ D contains a cylinder, we reconstruct it into a new (more complex) pair
(V', D) via a Sarkisov link that does not destroy the cylinder.

Remark 0.2. (a) It is known that the del Pezzo fourfold W in (ii) is unique
up to isomorphism. In [Pro94] all smooth del Pezzo fourfold completions
(W5, A) of A* by an irreducible divisor A were described. Up to isomorphism
of pairs, there are exactly 4 such completions. In contrast, we show that for
an ample divisor H generating the Picard group Pic(WW5), the complement
W5\ H contains a cylinder, provided the hyperplane section H is singular.

(b) For some families of smooth, rational Fano fourfolds constructed in
[Pro93], the existence of cylindrical members remains unknown. For in-
stance, this concerns the smooth, rational cubic fourfolds in IP°.

(¢) We do not know whether all the cylindrical Fano fourfolds are ratio-
nal, while the varieties in Theorem 0.1 are. However, any cylindrical Fano
threefold is rational. Indeed, for any smooth Fano variety V' the plurigen-
era and irregularity vanish. If V contains a cylinder Z x A!, then, for Z,
the plurigenera and irregularity vanish too. If Z is a surface, then it must
be rational due to the Castelnuovo rationality criterion. Of course, this
argument fails in higher dimensions.

The content of the paper is as follows. In section 1 we give some technical
preliminaries. We prove items (i), (ii), (iii), and (iv) of Theorem 0.1 in
subsequent sections 2, 3, 4, and 5, more precisely, in Theorems 2.6, 3.1, 4.6,
and 5.1, respectively.

Acknowledgments. This work was done during a stay of the first author
at the Institute Fourier, Grenoble. The authors thank this institution for
its hospitality and a generous support.

1. PRELIMINARIES

1.1. Notation. Let X be a smooth projective variety and C' C X be a
smooth subvariety. We denote by

K x the canonical divisor of X;

Ix the tangent bundle of X;

A¢/x the normal bundle of C'in X;

¢;(&) the ith Chern class of a vector bundle & on X, and
ci(X) = ai(Ix);

Eu(X) the Euler number of X.

As for the Schubert calculus, we follow the notation in [GH7S].
In this section we gather some auxiliary facts that we need in the subse-
quent sections. The following lemma is a special case of the Riemann-Roch

Theorem.
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Lemma 1.2. For a smooth projective fourfold X and a divisor D on X we
have

1
X(0x(D)) = 57 [D*+2D% - e1(X) + D - (1(X) + o(X))+
+D - c1(X) - (X)) 4+ x(Ox).
The next lemma can be deduced, for instance, from [Ful98, Th. 15.4].

Lemma 1.3. Let X be a smooth projective fourfold, and p: X = X bea
blowup with a smooth center C C X and the exceptional divisor E = p~*(C).

(i) If C is a curve of genus g(C), then
e2(X) = p'ea(X) + (69(C) — 6 — Kx - C)A,
where A is the class of the fiber of E — C.
(ii) If C is a surface, then
(X)) = p*ea(X) + p*C + p*Kx - E.
Lemma 1.4. In the notation of Lemma 1.3, for a divisor H on X the
following relations in the Chow ring A(X) hold:

(i) if C is a curve, then
(0 H)'=HY, (p*H)* - E=(p"H)* E* =0,
p*H-E*=H*-C, E*=—-Kx-C+29(C)-2;
(i) if C is a surface, then
(0"H)*=H', (p"H)*-E=0, (pH)*-E*=-C-H?
P H B = —Hle Ko+ Kx-H-C,
E'=cy(X)-C+ Kxlc-Ke —»(C)— K% - C.
Proof. The proof is straightforward. It uses the projection formula, the
identification E' = Pc(A¢) ), and the equality E|p = cl(ﬁpc(wg/x)(—l))
in the Chow ring A(FE), see e.g. [Ful9g]. O

Lemma 1.5. Let X C PV be a smooth projective variety of dimension n.
Assume that X contains a k-dimensional linear subspace A, and let H be a
general hyperplane section of X containing A. Ifn > 2k, then H is smooth.

Proof. By Bertini theorem, H is smooth outside A. We use a parameters
count. The set H of all hyperplane sections of X C PV that are singular at
some point of A is Zariski closed in PV*, of dimension

dmH<k+N-—-(n+1)<N—(k+1).

On the other hand, the set of all hyperplane sections containing A has
dimension N — (k + 1). Now the result follows. d
4



Lemma 1.6. Let W = Wy C P™2 be a del Pezzo fourfold of degree d > 3.
Then W contains a line. Given a line l C W, one of the following holds:

J%/W ~ ﬁ]pl D ﬁ]PI SP) ﬁpl(l)a (a’)

1.7
Proof. Let Hy, Hy be two generic hyperplane sections of W. Then F' =
H, N Hy is a smooth del Pezzo surface of degree d in W anticanonically
embedded in P2, which contains some lines. Let [ be a line on F, and
consider the exact sequence

We have
Mp~ O(1), Neywli ~ Ow(1)i1® Ow (1)1, Syw =~ Oi(a) D O1(b) © Oi(c) ,

where a + b+ ¢ = 1. Furthermore, a,b, ¢ < 1 since Hom(0,(z), 0,(y)) = 0
for x > y. It follows also that a,b,c¢ > —1. Assuming that a < b < ¢ we
obtain that (a,b,c) € {(0,0,1),(—1,1,1)}, as stated. O

Corollary 1.8. Let W = Wy C P2 be a del Pezzo fourfold of degree d > 3.
Then the Hilbert scheme £(W) of lines on W is reduced, nonsingular, and
dim £(W) = 4. Through any point P € W passes a family of lines on W of
dimension > 1. For any d > 4 this family has dimension 1.

Proof. Since H'(P*, Ajw) = 0, using deformation theory we obtain that
£(W) is reduced, nonsingular and dim £(W) = dim H°(P*, A,w) = 4.

If d = 3, then W is a smooth cubic in P°. The tangent section T at a
point P of W is a singular cubic threefold in the projective tangent space
TpW ~ P*. In an affine chart in P* centered at P, the equation of T has
just the quadric and cubic homogeneous terms. The common zeros of these
form a cone swept out by a family of lines through P of dimension > 1.

Let further d > 4, and so codimpas2 W > 2. Then the tangent section
T = W NTpW cannot be a divisor in W. Indeed, otherwise this should be
a hyperplane section generating the Picard group Pic(W'). However, for a
generic point P’ € W\TpW there is a hyperplane H C P2 through P’
which contains TpW. This leads to a contradiction.

Any line through P in W is contained in the tangent space TpW, hence
also in T, which is at most two-dimensional. Thus the family of lines in W
through P is at most one-dimensional. At a generic point of W, it should be
one-dimensional, because dim £(W) = 4. Therefore for any point P € W,
this family is of dimension 1. U
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2. INTERSECTION OF TWO QUADRICS IN [P¢

It is known that any smooth intersection of two quadrics in P> contains
a cylinder [KPZ11, Prop. 5.0.1]. Similarly, this holds for any smooth inter-
section Wa.5 of two quadrics in P®, see Theorem 2.6. The proof is based on a
standard construction of Wa.o via a Sarkisov link, see (2.2). For the reader’s
convenience, we recall this construction and some of its specific properties
used in Sect. 5 below.

Proposition 2.1. Let as before W = Wy be a smooth intersection of two
quadrics in P°, and let H be the ample generator of Pic(W) (the class of a
hyperplane section). Given a line | C W, the projection with center l is a
birational map ¢ : W ——» P4, which fits in the diagram

W
v\
W---2_p
where p 1s the blowup of | with exceptional divisor E, and ¢ is a birational

morphism defined by the linear system |p*H—FE|. Furthermore, the following
hold.

(i) The p-exceptional locus is an irreducible divisor D C w.
(i) Letting L be the ample generator of Pic(P*) we obtain

O'L~p"H—FE, D~2p"H—3E, p'H~3p"L—D, p'E~2p"L—D.

(iii) The divisor p(D) is swept out by lines meeting I. The image
F = (D) is a surface in P* of degree 5 with at worst isolated
singularities. The singularities of F' are the ¢-images of planes in
W containing l. For a general line | C W the surface F' is smooth,
and @ 1s the blowup with center F'.

(iv) W\ p(D) =~ P*\ p(E), where p(D) is cut out on W by a quadric
in PS, and o(E) is a quadric in P*.

(v) The quadric p(E) C P* is singular, and its singular locus coincides
with the locus of points P € o(E), such that the restriction ¢|g :
E — ¢(E) is not an isomorphism over P.

(2.2)

Proof. Since [ is a scheme-theoretic intersection of members of |H — (|, the
linear system |p*H — E| is base points free. Hence the divisor —Kp =

p*H +2(p*H — E) is ample, i.e. W is a Fano fourfold with rk Pic(W) =2.
By the Cone Theorem there exists a Mori contraction ¢ : W — U different
from p. If C C W is the proper transform of a line C' C W meeting
I, then (p*H — E) - C = 0. In particular, the divisor p*H — E is not
ample. So, p*H — FE yields a supporting linear function for the extremal ray

generated by the curves contained in the fibers of ¢. Furthermore, we can
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write p*H — E = ¢*L, where L is the ample generator of Pic(U) ~ Z. We
have L* = (p*H — E)* = 1. By the Riemann-Roch and Kodaira Vanishing
Theorems we have dim [p*H — E| = 4. Therefore, |p*H — E| defines a
birational morphism W — P4, which coincides actually with the map .

Since dim [2p*H — 3E| = 0 and (p*H — E)*- (2p*H — 3E) = 0, the linear
system |2p*H — 3F| contains a unique divisor D contracted by ¢. Since
rk Pic(W) = 2, the divisor D is irreducible. This proves (i) and (ii).

Besides, L?- D? = —5, and so the image F' = ¢(D) is a quintic surface in
P4, Since ¢ is a projection and W is an intersection of quadrics, any positive
dimensional fiber of the birational morphism ¢ is the proper transform either
of a line meeting [, or of a plane containing [. If there is no plane in W
containing [, then any fiber of ¢ : D — F has dimension at most 1. In
this case F' is smooth, and ¢ is the blowup of F' (see [And85]). In general,
there is a finite number of two-dimensional fibers, and F' is singular at the
corresponding points. The local structure of ¢ near “bad” fibers is described
in [AW9S8]. This proves (iii).

The assertion of (iv) follows from our construction and (ii).

(v) The quadric ¢(F) is singular, since it contains the surface F' of degree
5. Since —Kp = 3(p*H — E), the restriction ¢|g : E — ¢(FE) is a crepant
morphism. O

Remark 2.3. Any smooth intersection of two quadrics W = Wa.5 C P con-
tains exactly 64 planes, and the classes of these planes span the cohomology
group H*(W,Z) [Rei72]. Hence the case of a singular surface F' = ¢(D) does

occur.

Remarks 2.4. 1. The singular locus of the quadric p(FE) is a point if and
only if A7y is of type (a) in (1.7), otherwise this is a line.

2. Note that the divisor E' is ¢p-ample. Hence E meets any nontrivial fiber
of . Furthermore, it meets any two-dimensional fiber along a subvariety
of positive dimension. Thus, if [ is contained in a plane IT C W, then ¢(FE)
must be singular at ¢(II). If [ is contained in two planes Iy, II, € W,
then the quadric ¢(F) has two distinct singular points ¢(Il;) and ¢(Il5).
Since the singular locus of a quadric is a linear subspace, in the latter case
Sing(¢(FE)) contains a line.

The next lemma is a simple observation.

Lemma 2.5. Let Q C P* be a quadric and L C P* be a hyperplane. Suppose
that Sing(Q) N L contains a point P. Then the projection P* --» P3 with
center P defines a cylinder structure in P*\ (Q U L).

The following is the main result of this section.

Theorem 2.6. In the notation of Proposition 2.1, the Zariski open set

W\ p(D) contains a cylinder.
7



Proof. Indeed, P*\ ¢(E) is a cylinder because p(E) is a singular quadric.
Now the result follows due to (iv) in Proposition 2.1. O

The next lemma and its corollary will be used in section 5.

Lemma 2.7. In the notation as before, let Hy C W be a hyperplane section
containing . Then the image Ly = ¢.(Hy) is a hyperplane in P*, and

(2.8) W (p(D) U Ho) = P*\ (p(E) U Lo).

If Sing(p(E)) N Ly # &, then W\ (p(D)U Hy) contains a cylinder. Assume
that there is a plane I C W such that | C 11 C Hy. Then the condition
Sing(¢(E)) N Ly # @ holds.

Proof. Let f[o C W be the proper transform of Ho. We may write p*Hy =
Hy+kE for some k > 1. Since (p*H — E)3- Hy = 3— 2k, we have k = 1 and
deg go(ﬁo) = 1. Hence Ly is a hyperplane. The existence of an isomorphism
in (2.8) follows by our construction. The projection of P* from a point
P € Sing(p(E)) N Ly produces a cylinder structure on P4\ (p(E) U L) (see
Lemma 2.5). Finally, ¢(II) is a point contained in both Ly and Sing(p(E))
(see Remark 2.4). O

The following corollary is immediate.

Corollary 2.9. Let Hy C W be a hyperplane section. Assume that there
exists a plane II C W such that dim 11 N Hy > 1. Then W \ Hy contains a
cylinder.

3. THE QUINTIC DEL PEZZO FOURFOLD

According to [Fuj84, II] a del Pezzo fourfold of degree 5 is unique up to
isomorphism. It can be realized as a smooth section W = W5 C P” of the
Grassmannian Gr(2,5) under its Pliicker embedding in P? by a codimension
2 linear subspace. Clearly, the class of a hyperplane section H generates
the group Pic(W), and —Ky ~ 3H. The variety W is an intersection of
quadrics (see [GHTS8, ch. 1, §5]).

The following theorem is the main result of this section.

Theorem 3.1. Let W = W5 C P” be a del Pezzo fourfold of degree 5, and
let A be a singular hyperplane section of W. Then the Zariski open set
W\ A contains a cylinder.

The proof is done at the end of the section. First we need some prelimi-
naries.
There are two types of planes in Gr(2,5), namely, the Schubert varieties
031 and 095 ([GHTS, ch. 1, §5]), where
e o3, = {l € Gr(2,5)|p € | C P3} with P> C P a fixed 3-
dimensional subspace and p € P? a fixed point;
8



o 095 :={l € Gr(2,5) |l C P?} with P> C P* a fixed plane.
Lemma 3.2. For the Chern classes of G = Gr(2,5) we have
c1(G) = 5019, c2(G) = 1logg + 1207 4,
c3(G) = 15039 + 30021, c4(G) = 35031 + 2509.
Proof. Let Z — G be the universal subbundle and @ — G the universal
factor-bundle (see [GH7S, ch. 3, §11]). Then ¢,(Z) = 01,0, c2(Z) = 01,1, and

¢ (Q) ~ o, (ibid). Since Ty ~ T* ® Q, standard computations give the
result (see e.g. [Ful98, Example 14.5.2]). O

Corollary 3.3. For W = W5 we have
(W) =3010lw, c2(W)=4090lw + do11|w, and Eu(W) = 6.
Proof. The Adjunction Formula for the total Chern classes yields:
a(G) = a(W) - c(Myje) = (W) - (1 +010)*.
Inversing the last factor gives the desired equalities. U

The following proposition proven in [Tod30] (see also [DIM12, 3.3]) deals
with the planes in the fourfold Ws.

Proposition 3.4. Let W = Wy C P7 be a Fano fourfold of index 3 and
degree 5. Then the following hold.

(i) W contains ezactly one o 2-plane Z and a one-parameter family of
o3,1-planes.
(ii) Any o31-plane I1 meets = along a tangent line to a fized conic C' C

—

(iii) Any two o31-planes I1; and 11y meet at a point p C =\ C.
(iv) Let R be the union of all o5 1-planes on W. Then R is a hyperplane
section of W and Sing(R) = E.
Remark 3.5. In [Fuj84, II, §10] o3;-planes (o9 o-planes, respectively) are
called planes of vertez type (of non-vertezx type, respectively).
The following lemma completes the picture.
Lemma 3.6. Let A C W be a plane. Then ci(ANyw) =0 and co(Nyyw) =
2 (co(Aayw) = 1, respectively) if A is of type a2 (of type 03,1, respectively).
Proof. Let [ be the class of a line on A. By Corollary 3.3 we have ¢; ()|, =
3o10la = 3l and co(W)|n = 4ogg|a + 5011|a. Since (A yw) - ci(A) =
ct(W)|a, we have
ci(Myw) = aW)ly—ald) =0,
(Mw) = W) -A=a(Mw)-ald) —celd) =
= 40’270 . A+50‘171 A — 3.

These lead to the desired equalities. O
9



Corollary 3.7. The groups HY(W,Z) wvanish if q is odd, H*(W,Z) =~
HS(W,Z) ~ Z, and vtk H(W,Z) = 2. Moreover, H*(W,Z)/ Tors is gen-
erated by the classes of a 03 1-plane I1 and the 09 2-plane =.

Proof. The first two statements follow by the Lefschetz Hyperplane Section
Theorem. Then by Corollary 3.3 we have tk H*(W,Z) = 2. By Lemma 3.6

[1> = 1 and =% = 2. Furthermore, U%,O‘W ~ 2=+ 3l and so II - = = —1.
Hence the intersection matrix of = and II is unimodular. Now the last
assertion follows by the Poincaré duality. O

Lemma 3.8. If A is a singular member of the linear system |H|, then the
threefold A contains a plane.

Proof. If the singular locus Sing(A) is of positive dimension, then it meets
R. Pick a point P € Sing(A) N R. There is a 03;-plane II C R passing
through P. Since P € Sing(A) and A is a hyperplane section, II C A. Thus
we may assume that A has isolated singularities. Let P € Sing(A). Take a
general member H € |H| passing through P. By Bertini’s theorem H N A
is an irreducible surface with Sing(H N A) = {P}. Clearly, H N A is not
a cone for a general choice of H € |H|. Then by [HW81] H N A is a del
Pezzo surface of degree 5 with only Du Val singularities. In particular, the
singularities of A are terminal and Gorenstein [KM98, Cor. 5.38]. Thus
A is a Fano threefold of index 2 and degree 5 with terminal Gorenstein
singularities. There are 3 classes of such varieties [Prol3, Cor. 8.7] (see also
[Fuj86, Th. 2.9], [Tod30]). As follows from the classification, in any case A
contains a plane. O

We construct below a cylinder in W \ A. This is done in Proposition
3.9 and Corollary 3.10 in the case that A contains a o9 9-plane, and in
Proposition 3.11 and Corollary 3.12 in the case that A contains a o3 ;-plane.

Proposition 3.9 ([Fuj84, II, (7.8)], [Pro94], [DIM12, 3.6]). Let = C W be
the 099-plane. Then there is a commutative diagram

where

(i) p: W —s W is the blow-up of Z, ¢ : W --» P* is the projection
from =, ¢ : W — P* is the blowup of a rational normal cubic
curve Y C P*;

(ii) ¢ : W — P?* is defined by the linear system |p*H — E|, where
E = p~1(E) is the exceptional divisor;

(iii) @(E) =P3 = (Y) is the linear span of Y ;

10



(iv) the exceptional divisor R = o= (Y) of ¢ coincides with the proper
transform of R in W, and R ~ p*H — 2F on W.

Sketch of the proof. Using Lemmas 1.4 and 3.6 it is easy to deduce that
(H*— E)* =1 and | (H" — E) - E = 1. Hence ¢ is a birational morphism,
o(F) =P3, and cp(W) . Since R ~ H* — kE for some k > 2, we have
(H*—E)3-R:2—k20.Thusszanddimgo(R)ﬁQ. O

The next corollary is straightforward.

Corollary 3.10. In the notation as above, let M C W be a hyperplane
section containing the oy 9-plane = in W (the case M = R is not excluded),
and let M be the proper transform ofM in W. Then go(M) 15 a hyperplane
in P4, and W\ (MUR) ~P*\ (cp(M) Up(E)). In particular, W\ (M U R)

contains a cylinder.

Proposition 3.11 ([Fuj84, II, §10], [Pro94]). Let II C W be a o31-plane.
Then there is a commutative dz’agmm

/\

777777 -(Q C P

where

(i) p: W — W is the blow-up of 11, Q C P* is a smooth quadric, and
oW --sQcCP? is the projection from I1;

(i) the morphism ¢ : W — Q C P* is defined by the linear system
|p*H — E|, where E = p~ (1) is the exceptional divisor of p;

(iii) a general fiber of ¢ is the strict transform of a line meeting 11, and
each one-dimensional fiber of ¢ is isomorphic to P!;

(iv) there exists exactly one two-dimensional fiber = of ¢, where = ~ P?
is the strict transform of the o 9-plane = in W;

(v) the restriction ¢|gp : E — Q is the blow-up of a line Y C @, and
the image ©(E) is a point in Y.

Proof. Since 1I is a scheme-theoretic intersection of members of the linear
system |H — II|, the linear system |p*H — F| is base point free. Hence
the divisor —Ky; = 2p"H + p*H — E is ample, i.e. W is a Fano fourfold
with rk PiC(W) = 2. By the Cone Theorem there exists a Mori contraction
QY W — U different from p. If C C W is the proper transform of a line
C' C W meeting II, then (p*H — E) - C = 0. In particular, the divisor
p*H — E is not ample. So, p*H — E defines a supporting function for the

extremal ray generated by curves contained in the fibers of . Moreover, we
11



can write p*H — E = ¢*L, where L is the ample generator of Pic(U) ~ Z.
We have L* = (p*H — E)* = 0. By the Riemann-Roch and the Kodaira
Vanishing Theorems we obtain dim |p*H — E| = 4. Therefore, |p*H — E)|
defines a morphism, say, v : W — Q C P* where v(E) = v(W) is a
quadric Q C P*; indeed, (p*H — E)3 - E = 2. The restriction v|g : E — Q
is a birational morphism. Furthermore, v can be factorized as follows:
v:W -2 U — Q. Since Q is normal, the birational morphism U — Q
is an isomorphism. Hence we may identify U with () and v with ¢. Since
rk Pic(Q) = 1 and rk Pic(E) = 2, the birational morphism ¢|g : £ — @
cannot be an isomorphism.

On the other hand, the Mori extremal contraction ¢ generically is a P!-
bundle with at most finite number of fibers of dimension 2. Therefore
dim Sing(Q) < 0. The divisor —Kg = (3p*H — 2E)|g is ample, i.e. F is a
Fano threefold with rk Pic(E) = 2. Then ¢|g : E — @ is as well an extremal
Mori contraction. Since a quadric threefold with isolated singularity is not
Q-factorial, @ must be smooth. This shows (i)-(iii).

From the classification of three-dimensional extremal Mori contractions
we may conclude that the image, say, Y of E in P* is a smooth curve. We
claim that Y is in fact a line. Indeed, by the Adjunction Formula we have
K} = (K + E)? - E. A direct computation of the both sides of the latter
equality using the formulas in Lemmas 1.4(ii) and 3.2 gives degY = 1, as
claimed. _ _

Let further =y, ..., =, be the two-dimensional fibers of ¢ (the case n =0
is not excluded). Then each p(Z;) is a plane meeting IT along a line. Since

¢ is a P'-bundle outside of Z; U --- U=, we have

Eu(W) =Eu(W)+3=9=>Y Eu(Z)+2(Eu(Q) —n) =8+n.

Hence n = 1, i.e. there exists exactly one two-dimensional fiber ==5. By
Proposition 3.4 p(Z) is a g5-plane. This proves (iv) and (v). O

Now we can deduce the following corollary.

Corollary 3.12. In the notation as before, let M C W be a hyperplane
section contammg a oz 1-plane I in W, and let M be its proper tmnsform mn
W. Then cp(M) is a hyperplane section of Q@ C P* and W\M =~ W\(MUE)

The projection W \ (M U E) = Q \ ¢(M) is a locally trivial A*-bundle. In
particular, W\ (M U R) contains a cylinder.

Proof of Theorem 3.1. By Lemma 3.5, the singular hyperplane section A
of W as in Theorem 3.1 contains a plane. This is either a o, ,-plane, or a
os1-plane. In any case, by Corollaries 3.10 and 3.12 the complement W\ A

contains a cylinder. O
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4. CYLINDRICAL MUKAI FOURFOLDS OF GENUS 8

In this section we construct a family of cylindrical Mukai fourfolds of
genus 8 in P1% see Theorem 4.6 below. According to [Muk89] any Fano
fourfold of index 2 and genus 8 with rk Pic(V) = 1 is a section of the Grass-
mannian Gr(2,6) under its Pliicker embedding in P by a linear subspace
of dimension 10. The Grassmannian Gr(2,6) contains planes of two kinds,
namely, the two-dimensional Schubert varieties 033 and 042, where

e 033 =1{l€Gr(2,6)|l CZ} with E C P° a fixed plane, and
e 0,0 = {l € Gr(2,6)|p € I C A} with A C P® a fixed linear 3-
subspace, and p € A a fixed point.

Lemma 4.1. Let V = Viy Fano-Mukai fourfold of index 2 and genus 8.
Suppose that V' contains a o4o-plane I1. Then co(Aiv) = 2.

Proof. Let [ be the class of a line on II. Likewise as in Corollary 3.3 we have
ct(V)|n = 2010|ln = 20 and (V) |n = 2090|n + 401,1|n. Then similarly as
in Lemma 3.6 we obtain

aAMyv) = aV)n—a) = -1,

CQ(r/%‘[/V) CQ(V) 1T — Cl<e/j{‘[/v) . Cl<H) — CQ(H) =
20’270'H—|—40'171'H+3—3:2.

U

Lemma 4.2. There exists a smooth section V = Vi, of Gr(2,6) C P14 by
a linear subspace L ~ P containing a o42-plane I1. Furthermore, such a
section V' can be chosen so that I1 does not meet any other plane contained
'V along a line.

Proof. The first assertion follows immediately from Lemma 1.5. To show
the second one, assume that II meets another plane II' C V along a line,
and let K ~ IP3 be the linear span of IIUII" in L ~ P10,

We claim that if II' is a 049-plane, then K is contained in the Grass-
mannian Gr(2,6), and hence also in V. The latter yields a contradiction
because Pic(V) = Z - [H]. To show the claim, notice that IT N II' ~ P!
consists of all lines in a plane N ~ P? in P> passing through a given point
P. This plane N is the intersection of the two linear 3-subspaces, say, M
and M’ in P? that define our Schubert varieties II and II’, respectively. Let
R ~ P* be the linear span of M U M’ in P5. Consider the Schubert variety
S ~ P? in the Grassmannian Gr(2,6), which consists of all lines through P
contained in R. Its image under the Pliicker embedding of Gr(2,6) in P
is a linear 3-subspace containing IT U IT". Hence this image coincides with

K. This proves the claim.
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The latter argument does not work in the case, where II' is a o3 3-plane.
However, this possibility can be ruled out as well by choosing carefully a
section L through II.

Indeed, let G be the set of all linear subspaces of dimension 10 in P4
through the given o45-plane II. Then G ~ Gr(8,12), so dimG = 32.
Consider further a o3 3-plane I’ that meets II along a line. Then the plane
in P° that corresponds to II' contains the point corresponding to IT and
is contained in the corresponding linear 3-subspace in P?. The set of all
such planes in P% is two-dimensional, hence also the set of all such possible
033-planes IT" in P! is.

Fixing IT" we consider the set G’ of all linear subspaces of dimension 10 in
P through the linear 3-space K = span(ITUII'). Then G’ ~ Gr(7,11), and
so dim G’ = 28. Finally, let £ be the variety of all possible configurations
(IT', L) as before. Due to our observations we have dim& < 28 +2 = 30 <
32 = dim G. Hence a general section V' = L N Gr(2,6) through II does not
contain a o3 s-plane II" that meets II along a line.

O

Lemma 4.3. Let V be the family of all smooth fourfold linear sections V4
of the Grassmannian Gr(2,6), and Vo be the subfamily of those sections
that contain a o49-plane. Then Vo has codimension 1 in V.

Proof. We keep the notation from the proof of Lemma 4.2. The variety P
of all o4 o-planes in the Grassmannian Gr(2,6) is isomorphic to the variety
of all flags pt € P? C P5. The latter variety has dimension 11. It follows
that dim V, o < dim G + dim P = 32 + 11 = 43. Let us show that actually
dim V, o = 43.

Indeed, consider the incidence variety . = {(II, L) |II C L} C P X V2.
We claim that the natural surjection pr, : & — V), 4 is generically finite, or,
which is equivalent, that a generic member V' € V,, contains at most finite
number of o4 o-planes II. Assume that II belongs to a family of o4 -planes
II, C V. By Lemma 4.1 we have II - II, = II? = 2. Since II and II; are
planes, they cannot meet each other at two points. Hence IT N1, is a line.
On the other hand, it was shown in the proof of Lemma 4.2 that II; and II
cannot meet along a line, a contradiction. Hence a generic Mukai fourfold
V' € V4o contains a finite number of o4 5-planes, as claimed.

Since the projection pr, : .# — P is surjective, and its fiber G over a given
o42-plane Il € P has dimension 11, we have dim . = dim G + dim P = 43.
Furthermore, since the second projection pr, : & — V,, is surjective and
generically one-to-one, we get dimV,o = 4 = 43, as desired. On the
other hand, the variety V of all Mukai fourfolds Vy4 in P! can be naturally
identified with an open set in the Grassmannian Gr(11,15). Hence V is
irreducible of dimension dim Gr(11, 15) = 44, and so, V5 has codimension

1 in V. Now the assertion follows. O
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Lemma 4.4. We have
cl(V) = 201,0|V7 CQ(V) = 20’270‘\/ + 40'1,1‘\/, CL77/d EU(V) =12.
Proof. The proof is similar to that of Corollary 3.3. g

Proposition 4.5. Let V. = Viy C P be a Mukai fourfold of genus 8
containing a o42-plane 11 (see Lemma 4.2). Then there is a commutative
diagram

where

(i) p : V — V is the blow-up of Il and ¢ : V ——» W C P7 is the
projection with center 11, which sends V' birationally to a quintic
Fano fourfold W = W in P7 with Pic(W) =Z - [Ow(1)];

(i) ¢ : V —s W is the blowup of a smooth rational surface F C W of
degree 7T with —Kp - Op(1) =5, contained in a singular hyperplane
section L of W. This surface F' can be obtained by blowing up 6
points in P?; N

(iii) ¢ : V — W C P is defined by the linear system |p*H — E| on V,
where E = p~'(Il) C V is the exceptional divisor of p and H is a
hyperplane in P1;

(iv) (E) = L = (F) is the linear span of F';

(v) if D = ¢~ 1(F) is the exceptional divisor of o, then D ~ L* — E ~
H* — 2E and H* ~ 2L* — D;

(vi) V\ p(D) ~ W\ ¢(F), where p(D) is cut out in V by a quadric
hypersurface in P° containing I1.

Proof. Since II is a scheme-theoretic intersection of members of the linear
system |H — II|, the linear system |p*H — F| is base point free. Hence

the divisor —Ky = p*H + p*H — E is ample, i.e. V is a Fano fourfold

with rk Pic(V') = 2. By the Cone Theorem there exists a Mori contraction
¢V — W different from p. If C C W is the proper transform of a line

C C V meeting II, then (p*H—E)~5Y = 0. In particular, the divisor p*H — FE
is not ample. So, p*H — E defines a supporting function for the extremal
ray generated by curves contained in the fibers of ¢. Moreover, we can
write p*H — E = ¢*L, where L is the ample generator of Pic(W) ~ Z. We
have L* = (p*H — E)* = 5. By the Riemann-Roch and Kodaira Vanishing
Theorems we have dim |[p*H — E| = 7. Therefore, |p*H — E| defines a
birational morphism v : V — W’ C P7. Further, dim|p*H — 2E| = 0
and (p*H — E)3 - (p*H — 3E) = 0. Thus ¢ contracts a unique divisor D €
15



|p*H —2FE]|. Since rk Pic(W) = 2, the divisor D is irreducible. Furthermore,
there is a commutative diagram

w

7
RN
Voot

where the map v : Vo W CPis given by the linear system |p*H — E|
and v: V % W — W is the Stein factorization.
Since (p*H — E)?- D? = —7, the image F' = (D) is a surface in W with

L?-F =17. Note that E ~ Pp2(Ayf,y,). Let B C V is a two-dimensional
fiber of ¢ not contained in E. Then by our construction p(B) is a plane
meeting II along a conic. This contradicts our assumption. N

Assume further that there is a two-dimensional fiber B C V of ¢ con-
tained in £. Then v(FE) is a cone. Indeed, the images of the fibers of
E — II are lines in W’ C P7 passing through the point v(B). More-
over, v(F) is a cone over a surface which is an image of P?. Since
degv(E) = (p*H — E)® - E = 5, we get a contradiction. Therefore, all
fibers of ¢ have dimension < 1, the contraction F — ¢(FE) is small, and the
variety ¢(F) is a del Pezzo threefold with isolated singularities. (A descrip-
tion of such threefolds can be found in [Prol3, 5.3.5].) By [And85] both V
and F are smooth and ¢ is the blowup of F'. Since —Ky = ¢.(—Ky) = 3L,
W is a Fano fourfold of index 3 and degree L* = 5. By the classification
L= —%KV is very ample, so V' — V is an isomorphism. Since the divisor
E ~ ¢*L — D is not movable, (F) = PP.

Finally, using Lemma 1.4 one can deduce that L - (—Kg) = 5. So, a
general hyperplane section of F' is a smooth curve of genus 2, and F is a
surface of negative Kodaira dimension, i.e. F'is birationally ruled. For the
Euler numbers we obtain Eu(V) = 12 and Eu(IW) = 6 (see Lemma 3.3 and
Corollary 4.4). So by our construction Eu(F') = 9. Let M C F be a general
hyperplane section. If the divisor Kr + M is not nef, then there exists an
extremal ray R such that (Kp+ M)-R < 0. Since M is ample, R cannot be
generated by a (—1)-curve. Hence F' is a geometrically ruled surface, and
R is generated by its rulings. In the latter case the Euler number Eu(F')
must be even, a contradiction.

Thus the divisor Kz + M is nef. This yields the inequalities 0 < (Kp +
M)? = K% —3, K% > 3, and so F is a rational surface. By Noether formula
K% = 3 and rkPic(F) = 7. By Riemann-Roch and Kodaira Vanishing,
dim HY(F, Kp+ M) = 2. Since (Kr+ M)?* = 0, the linear system |Kp + M|
is a base point free pencil. It defines a morphism @k, : F — P! such
that —Kp is relatively ample. Hence ® |k, is a conic bundle with 5 =

rk Pic(F') — 2 degenerate fibers. Let ¥ C F' be a section of this bundle with
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the minimal possible self-intersection number X2 = —n. Then Kp-¥ = n—2,
l=(Kr+M)-X=M-YX+n—-2,andson =3—- M -%X < 2. On the
other hand, n > 1. It is possible to contract extra components of the 5
degenerate fibers of F' in order to get a relatively minimal rational ruled
surface F' with a section ¥/ C F’ such that ¥'* = —1, i.e. F' ~ F,. This
means that F' can be obtained by blowing up 6 points on P2. U

We can deduce now the main result of this section.

Theorem 4.6. Let V = Vi4 be the Mukai fourfold of genus 8 constructed
in Lemma 4.2, and p(D) be the divisor on V constructed in Proposition
4.5. Then the Zariski open set V' \ p(D) contains a cylinder, and so V is
cylindrical.

Proof. Indeed, by (iv) and (vi) in Proposition 4.5 we have V' \ p(D) =~
W\ ¢(E) ~ W\ L. Using Theorem 3.1 with A = L, the result follows. [

5. CYLINDRICAL MUKAI FOURFOLDS OF GENUS 7
In this section we prove the following theorem.

Theorem 5.1. There exists a family of smooth cylindrical Mukai fourfolds
V = Vi, C P of genus 7 with Pic(V) =~ Z. Its image in the corresponding
moduli space has codimension 2.

The proof exploits several auxiliary results. Actually, our Mukai fourfold
V' is obtained starting with a del Pezzo fourfold Ws., via a Sarkisov link, as
described in Proposition 5.2 below. We chose this link in such a way that the
cylinder structure is preserved. This is the main point of our construction.

Proposition 5.2 ([Pro93]). Let W = Wy.s C P° be a smooth intersection of
two quadrics, and H be a hyperplane section of W, so that the class of H is
the ample generator of Pic(W). Suppose that W contains an anticanonically
embedded del Pezzo surface F' = F5 of degree 5 and does not contain any
plane which meets F' along a conic. Then the following hold.
(i) The linear system |2H — F| of quadrics passing through F defines
a birational map ¢ - W --+ V. = Viy C P, where V.= ¢(W) is a
Mukai fourfold of genus 7 with Pic(V') ~ Z.
(ii) There is a commutative diagram

(5.3) W
VN
wo- -2 .y
where p is the blowup of F' and ¢ is the blowup of a plane = C V C
PP,

17



(iii) Let E C W (D C W, respectively) be the p-exceptional (p-
exceptional, respectively) divisor, and let L be the ample generator

of Pic(V'). Then
O L~20"H—FE, D~p'H—FE, p'H~e'L—D, FE~p'L—2D.

Proof. Since F' is a scheme-theoretic intersection of quadrics, the linear sys-
tem |2p* H — E| is base point free. Hence the divisor —Kg; = p*H+2p"H—E

is ample, i.e. W is a Fano fourfold with rk Pic(W) = 2. By the Cone The-

orem there exists a Mori contraction ¢ : W — U different from p. Let
Hp be the hyperplane section of W that passes through F', and let D be
its proper transform in W. We can write D ~ p*H — kE for some k > 0.
On the other hand, we have 0 < (2p*H — E)® - D = —12(k — 1). Hence,
k=1 and (2p*H — E)*>- D = 0. This means that the divisor class of
2p*H — FE is not ample, and so it yields a supporting linear function of the
extremal ray generated by the curves in the fibers of ¢. Moreover, we can
write 2p*H — E = ¢*L, where L is the ample generator of Pic(V) ~ Z.
We have L* = (2p*H — E)* = 12. Tt follows that dimV = 4, i.e. ¢ is
birational, and its exceptional locus, say, D is an irreducible divisor. Using
the Riemann-Roch and Kodaira Vanishing Theorems we obtain the equality
dim [2p*H — E| = 9. This yields a diagram

Wy
S
w2y

where W — V' C PY is given by the linear system [2p*H — E|, and W —»
V' — V' is the Stein factorization.

Since (2p*H — E)?*- D? = —1, then (D) is a surface with L*- p(D) = 1.
Let B C W be a two-dimensional fiber of ¢ not contained in F. Then
by our geometric construction, p(B) is a plane meeting F' along a conic.
This contradicts our assumption. If B C W is a two-dimensional fiber of ¢
contained in £, then the restriction p|p : B — F'is a finite morphism. Hence
rk Pic(B) > rkPic(F) = 5. This contradicts the classification of fourfold
contractions [AWO9S8]. Therefore, all fibers of ¢ have dimension < 1. By
[And85], both V' and (D) are smooth, and ¢ is the blowup of ¢(D). Since
— Ky = p.(—Kw) = 2L, the variety V is a Fano fourfold of index 2 and of
genus g = %L‘l + 1 = 7. By virtue of the classification, L = —%KV is very
ample, so V' — V' is an isomorphism. O

The following corollary is immediate.

Corollary 5.4. We have V' \ p(E) ~ W \ p(D), where p(E) and p(D) are

hyperplane sections of V' and W, respectively. Moreover, ¢(E) is singular
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along Z, and p(D) = W N (F), where (F) ~ P> is the linear span of F in
IPS.

Corollary 5.5. Let V' be a variety as in Proposition 5.2. Then the number
of planes contained in V' is finite, and the group Aut(V') is finite as well.

Proof. Assume that V' contains a family of planes Z;. The map ¢! is a
projection from =. Hence the image of a general plane =Z; is again a plane.
On the other hand, the set of planes contained in W = Ws., C PS is finite
[Rei72].

The group Aut(V') consists of the projective transformations of P9 pre-
serving V', so this is a linear algebraic group. Since the number of planes
contained in V' is finite, the identity component Aut’(V) preserves each of
these planes. In particular, it preserves the center = of the blowup (. Hence
diagram (5.3) is Aut’(V)-equivariant with respect to a faithful Aut’(V)-
action on W.

However, the group Aut®(W) is trivial. Indeed, the embedding W s PS
being given by the linear system | — %K w, the latter group acts linearly on
PS and preserves every degenerate member of the pencil of quadrics in P°
passing through W. These degenerate members are 7 quadric cones, whose
vertices are points in P% in general position fixed under the Aut®(1/)-action.
Hence the group Aut®(V) is also trivial, and so Aut(V) is finite. O

Due to Corollary 5.4, to prove Theorem 5.1 it suffices to show the exis-
tence of a cylinder in W \ Hy, where Hy = p(D) is a hyperplane section
of W = Ws.s C P% which contains a quintic del Pezzo surface F'. To this
end, we apply Corollary 2.9. The assumptions of Corollary 2.9 are satisfied
once there is a plane IIy C Hy which does not meet F' along a conic, see
Proposition 5.2.

Using the following construction we produce examples, where these geo-
metric restrictions are fulfilled. This gives the first part of Theorem 5.1.

5.6. Construction (cf. [Prol3, 5.3.9]). Let X = X5 C P° be a Fano
threefold of index 2 and of degree 5. It is well known (see e.g. [IP99,
Theorem 3.3.1]) that X can be realized as a section of the Grassmannian
Gr(2,5) under its Pliicker embedding in P? by a subspace of codimension
3. The projection from a general point P’ € X5 sends X5 to a singular
Fano threefold Y = Y; C P? of degree 4; the latter threefold is a complete
intersection of two quadrics, say, @} and @), (see [Shi89, Cor. 0.8]).

Lemma 5.7. The variety Y constructed above contains an anticanonically
embedded del Pezzo surface F = Fy C P of degree 5 and a unique plane 1.
This plane meets I at three points, say, A;j, j = 1,2,3, that are the only
singular points of Y and these singularities are ordinary double points.
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Proof. By [FN89], through a general point P’ € X5 pass exactly 3 lines, say,
l;, 7 =1,2,3, on X5. These lines do not belong to the same plane. Under
our projection, they are contracted to 3 distinct non-collinear points, say,
Aj, j=1,2,3, of Y,. By van der Waerden’s purity theorem, the points A;
are the only singularities (actually, nodes) of ;. Let IIy be the plane in P°
through the points A;, 7 = 1,2,3. We claim that Ij is contained in Y, and
is a unique plane contained in Yj. Indeed, consider the diagram

X;
N
X;-- -2y,

where p’ is the blowup of P’ and ¢’ is the (small) contraction of the proper
transforms l: C 3\(; of the lines [;, j = 1,2,3. Clearly, Iy = ¢'(E"), where
E' ~ P? is the exceptional divisor of the blowup p’. Hence II, C Y.

We have rk Pic(;(;) = 2, and by duality rk N1(5(V5)R = 2. For a general

hyperplane section H of Y, we have ¢""H -1; =0, j = 1,2,3. It follows that

for any plane II' contained in Y}, the intersection numbers II'- [;, j = 1,2,3
are simultaneously all zero or not, where Il is the proper transform of II'
in X5. If II’ does not meet the curves [;, then II" does not pass through the
singular points of Y5 and so is a Cartier divisor on Yy. Then 1 = degIl’ =
mod 4, a contradiction. Thus A; € II', j = 1,2,3, hence II' = I, as
claimed.

A general hyperplane section F’ of X5 in P® is a smooth del Pezzo surface
of degree 5. Since F’ meets transversally the lines /; and does not contain F”,
it maps under ¢’ isomorphically onto its image, say, F' in Yy, and F N1lj =
{Ay, As, A3}, O

5.8. Let ¢;i(wo,...,75) = 0 be the equation of @} in P5, i = 1,2. Consider
the quadrics @Q; in PS with equations ¢;(xo, ..., r5) + x¢fi(7o, ..., z5) = 0,
1= 1,2, where f; and f, are generic linear forms. We claim that the fourfold
W = Was = Q1N Qs in P® is smooth and satisfies all the assumptions of
Proposition 5.2. To show the claim, let us notice that the hyperplane zg = 0
in P® cuts the quadric Q; along Q' and cuts W along Y; = Q| N Q). Hence
W contains the smooth del Pezzo surface F' C Y, of degree 5, and does
not contain any plane which meets F' along a conic. Indeed, otherwise such
a plane would be contained in the hyperplane zg¢ = 0, and so coincides
with Ily by virtue of Lemma 5.7. Since II; meets Y, just in the points A,
7 =1,2,3, we get a contradiction. This proves the claim.

In the following lemma we provide an alternative construction of the

family of pairs (Y, F') as in 5.6-5.7, which will be used later on.
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Lemma 5.9. Let ' C P be a del Pezzo surface of degree 5 and Q1, Qs be
general quadrics in P° containing F. Then'Y = Q1 N Q4 is a threefold as
in 5.6. In particular, Y contains a plane meeting F' in three points.

Proof. Let Q C P? be another general quadric containing /. Then Y NQ =
F U F’, where F’ is a cubic surface scroll. The linear span A = (F”) is
a subspace of dimension 4. Hence Y N A = F’ U Ily, where Il is a plane
contained in Y. By 5.6, for a general choice of ()1, @2, and (), the variety Y
has only isolated singularities, and these singularities are nodes. Moreover,
Y contains no planes other than Ily. Such varieties Y are described in
[Pro13, 5.3.9], and their construction coincides with that of 5.6. O

Using [Muk89] one can deduce that the moduli space of the Mukai four-
folds of genus 7 has dimension 15. The second assertion of Theorem 5.1
follows now from the next lemma.

Lemma 5.10. The image in the moduli space of the family of all Fano
fourfolds of genus 7 obtained by our construction 5.6 has dimension 13.

Proof. Recall that ' C P® is an intersection of 5 linearly independent
quadrics ([Dol12, Corollary 8.5.2]). Thus the space of all quadrics in PS
passing through F has dimension 5 + 7 = 12. Pencils of quadrics pass-
ing through F' are parametrized by the Grassmannian Gr(2,12). Since the
group Aut(F) is finite, and any automorphism of P, which acts trivially on
F, acts also trivially on P°, the algebraic group Aut(P®, F) = Aut(P°, P?)
has dimension 6, while dim Aut(A”, A%) = 7. Modulo the Aut(A7, A°)-
action on Gr(2,12), we have 20 — 7 = 13-dimensional family of such pencils
of quadrics. Hence the dimension of the family of all Fano fourfolds that
can be obtained by our construction equals 13. Its image in the moduli has
the same dimension due to Corollary 5.5. U
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