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Discrete Numerical Analysis of Failure Modes in
Granular Materials

Abstract The question of failure for geomaterials, and more generally for non-
associative materials, is revisited through the second-order work criterion defining,
for such media, a whole domain of bifurcation included in the plastic limit sur-
face. In a first theoretical part of the chapter, relations between the vanishing of
the second-order work, the existence of limit states and the occurrence of failures
characterized by a transition from a quasi-static pre-failure regime to a dynamic
post-failure regime, are presented and illustrated from discrete element computa-
tions. Then boundaries of the bifurcation domain and cones of unstable loading
directions are given in fully three-dimensional loading conditions for a phenomen-
ological incrementally non-linear relation, and in axisymmetric loading conditions
for a numerical discrete element model. Finally, conditions for the triggering and
the development of failure inside the bifurcation domain are described and emphas-
ized from direct simulations with the discrete element method for proportional stress
loading paths.
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1 Introduction

The question of failure is central in engineering and it has been tackled from the-
oretical, experimental and numerical points of view. This question is delicate, par-
ticularly for geomaterials (soils, rocks, concretes) because of the non-associative
character of their plastic strains, which implies the existence of a whole domain of
bifurcations in the stress space and not only a single plastic limit surface concen-
trating all kinds of failures as for associative materials.

From a theoretical point of view the existence of such a bifurcation domain was
clearly established since the works by Hill [9]. Indeed, roughly speaking, a non-
associative material has a non-symmetrical elasto-plastic matrix. Thus the second-
order work criterion, linked to vanishing values of the determinant of the symmetric
part of this constitutive matrix, can be satisfied before the plastic limit condition,
linked to vanishing values of the determinant of the constitutive matrix itself. The
existence of failure states before the plastic limit has been also proven by Rice [16]
since for a non-associative material the determinant of the acoustic tensor (criterion
for shear band formation) can vanish in the hardening regime (i.e. before the plastic
limit condition). In the first part of this paper, the theoretical framework is recalled
by emphasizing the link between second-order work, kinetic energy and limit states.
Indeed failure is due to the existence of some limit states (classically limit stress
states). Besides, failure is associated to some bursts of kinetic energy at the trans-
ition from the quasi-static pre-failure regime to the dynamic post-failure regime.
Thus, the first part is devoted to clarify the link between these three notions. Then
a phenomenological elasto-plastic relation (an incrementally non-linear model) ap-
plied to 3D loading conditions allows to show the boundary of the bifurcation do-
main in 3D and the instability cones, where the second-order work is taking negative
values.

From an experimental point of view, some failure states strictly inside Mohr–
Coulomb’s surface have been observed since many years typically for given loading
paths. The most classical ones giving rise to a diffuse mode of failure are the un-
drained triaxial compressions on a loose sand for axially force controlled tests and
the drained triaxial tests with a constant deviatoric stress for a constant injection rate
of water inside the sample (see, for example, [5]). Localized failures have been also
observed repeatedly experimentally in the hardening regime on dense sands [6].

From a numerical viewpoint, the modelling of failure modes with a numerical
investigation of all the mechanical/geometrical details is a difficult task with the
finite element method, essentially because such a numerical method is typically not
well adapted to the description of bifurcation states. This is the reason why this paper
is devoted to a numerical investigation of failure inside granular materials through
a discrete element method. This method has indeed the great advantage to simulate
failure in a very realistic and natural way. Thus, the main part of this paper is devoted
to the analysis of failure inside a cubical specimen of 10,000 spheres. It will be
observed first that, in close agreement with experiments and theory, there exists a
stress bifurcation domain strictly inside Mohr–Coulomb’s surface and that some
instability cones gather the stress directions where the second-order work is taking
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negative values. Besides, elasto-plastic theory shows that there are three necessary
and sufficient conditions for an effective failure:

1. the stress state has to be inside the bifurcation domain,
2. the loading direction must belong to the current instability cone,
3. the (energy conjugate) loading variables must be mixed ones (i.e. some stresses

and strains).

The capacity of discrete element method to check these three necessary and suf-
ficient conditions and to simulate all the features of diffuse failure (exponentially
growing strains, burst of kinetic energy, decreasing intergranular stresses, not any
localization pattern) will be remarkably illustrated in the last part of the chapter.

2 Theoretical Background

Considering a soil specimen, failure can be localized (the kinematic field experience
a discontinuous aspect) or diffuse (no localization pattern is visible). In this chapter,
we focus on the diffuse failure of soil specimens, related to an exponential increase
in strain rates, with outbursts in kinetic energy. That corresponds to the transition
from a quasi-static regime (the system reaches an equilibrium state under the ex-
ternal loading) toward a dynamic regime (the internal stress inside the system can
no longer balance the external loading, leading to dynamic effects).

Thus, this section investigates in which conditions kinetic energy of a soil speci-
men, initially in equilibrium after a given loading path, may increase (passing from
zero to a strictly positive value) over an infinitesimal loading.

2.1 Kinetic Energy and Second-Order Work

For this purpose, let us consider a system of volume Vo, initially in a configuration
Co. After a loading history, the system is in a strained configuration C and occupies
a volume V , in equilibrium under a prescribed external loading. An external stress
distribution f acts on the current boundary (
) of the material.

The instantaneous change in the system, in the equilibrium configuration C at
time t , is governed by the following energy conservation equation that includes
dynamic effects:

δEc(t) =
∫



fi δui dS −
∫
V

σij
∂(δui)

∂xj
dV (1)

where δEc represents the system’s current change in kinetic energy related to the
incremental displacement field δu, and σ is the Cauchy stress tensor. Equation (1)
represents the Eulerian form of the energy conservation, since all variables are given
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with respect to the current evolving configuration. The notation δX represents the
incremental change of any variableX, equal to Ẋδt .

It is of course more convenient to come back to the initial configuration Co,
which is fixed. This transformation can be operated on both integrals of Eq. (1),
leading to the Lagrangian form of energy conservation [11]:

δEc(t) =
∫

o

Fi δui dSo −
∫
Vo

�ij
∂(δui)

∂Xj
dVo (2)

where � denotes the Piola–Kirchoff stress tensor of the first type and 
o is the

Vo boundary. � and F are, respectively, the transformed quantities of σ and f
through the bijection mapping the material points from the current configuration to
the reference configuration.

Time differentiation of Eq. (2) gives, after some algebra [10]:

2Ec(t + δt) =
∫

o

δFi δui dSo −
∫
Vo

δ�ij
∂(δui)

∂Xj
dVo (3)

Following Hill’s definition [9],

W2 =
∫
Vo

δ�ij
∂(δui)

∂Xj
dVo (4)

denotes the global second-order work of the system, associated with the incremental
change (δ�ij , δ(∂ui/∂Xj )). Both incremental quantities δ(∂ui/∂Xj ) and δ�ij are
related through the constitutive equation.

In Eq. (3), the boundary integral
∫

o
δFi δui dSo represents the external loading

applied to the system, through the control parameters. In case of a constant loading
(or “dead forces”, after Hill), the boundary integral

∫

o
δFi δui dSo vanishes, and

Eq. (3) reads:
2Ec(t + δt) = −W2 (5)

Thus, the occurrence of outburst in kinetic energy is directly related to the vanishing
of the second-order work.

Assuming that geometrical changes can be omitted over the incremental evolu-
tion considered, (4) can be rewritten as follows:

W2 =
∫
Vo

δσi δεi dVo =
∫
Vo

w2 dVo (6)

Moreover if we restrict henceforth the analysis to the context of the material point
scale, the second-order work is a quadratic form associated with the symmetric part

K s of the tangent stiffness matrix:

w2 = δσi δεi = Ksij δεi δεj (7)
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Vectorial notations are used in Eq. (6), where (3× 3) tensors σ and ε were replaced
with six components vectors σ and ε.

Equation (7) shows that the second-order work varies with the direction of δε.

Because of its symmetry, all eigenvalues of K s are real. When the eigenvalues are
strictly positive, w2 is strictly positive for any direction of δε. w2 first vanishes

in the same time as K s admits a nil eigenvalue (in that case, detK s = 0). As a
consequence, the existence of outburst in kinetic energy is strongly related to the

spectral properties of K s .
In homogeneous laboratory tests, some components (or linear combinations of

components) of strain and stress are imposed, and the response is computed by
means of the conjugate variables. Let us exemplify in two-dimensional conditions,
by considering proportional strain paths. The incremental axial strain is constant,
and both incremental lateral and axial strains are proportional:

λ δε1 + δε2 = 0 and δε1 = const. (8)

To investigate the response along this loading path, the variation of the variable
δσ1 − λ δσ2 in terms of ε1 is analyzed. Starting from the constitutive relation:

[
δσ1
δσ2

]
= K

[
δε1
δε2

]
(9)

it can be shown that:

δσ1 − λ δσ2 =
(
K11 − λ(K12 +K21)+ λ2K22

)
δε1 (10)

Noting that:

K11 − λ(K12 +K21)+ λ2K22 = [1− λ]
[
K11 K12
K21 K22

] [
1
−λ
]

(11)

the second-order work w2(λ) associated with the incremental strain direction−→
uε =

[
1−λ
]

reads:

w2(λ) =
(
K11 − λ(K12 +K21)+ λ2K22

)
(δε1)

2 (12)

Finally, it follows that

δσ1 − λ δσ2 = w2(λ)

δε1
(13)

When w2(λ) = 0, then δ(σ1 − λ σ2) = 0.
As a consequence, the vanishing of the second-order work along the incremental

strain direction −→uε =
[

1−λ
]

is related to the existence of a maximum for the curve
giving the evolution of the variable σ1 − λ σ2 in terms of ε1. The maximum of
σ1 − λ σ2 corresponds to a proper limit state.
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This is the generalization of the plastic limit condition, observed for example at
the peak of the axial stress, for drained triaxial tests. As the lateral stress is assigned
to remain constant (δσ2 = 0), the second-order work is vanishing at the axial stress
peak: δσ1 = 0 implying that δσ1 δε1 + δσ2 δε2 = 0.

The plastic limit condition is a particular example of limit state since both incre-
mental stress components are nil. In the proportional strain loading path discussed
above, one incremental stress term (σ1−λ σ2) passes through a maximum, whereas
a strain term (λ ε1+ε2) is imposed constant: this is a mixed condition. If the loading
is defined with only strain terms, the kinematics on the boundary of the specimen is
prescribed, preventing any outburst in kinetic energy from occurring. No failure is
therefore visible.

In conclusion, the occurrence of failure mode requires three conditions:

1. One eigenvalue of K s is negative or nil (the mechanical state belongs to the
bifurcation domain [4]).

2. The incremental loading direction considered is associated with a negative or
nil value of the second-order work.

3. A mixed loading condition has to be applied, involving at least one stress term.

2.2 DEM Investigation for Proportional Strain Loading Paths

The two-dimensional example discussed above considering proportional strain
paths, is illustrated here through numerical experiments based on the discrete ele-
ment method (DEM) [1]. However, the granular assembly considered below con-
stitutes a three-dimensional sample loaded in axisymmetric conditions with respect
to direction ‘1’ (σ2 = σ3 and ε2 = ε3). In these conditions, the proportional strain
loading defined in Eq. (8) writes:

λ δε1 + 2 δε3 = 0 and δε1 = positive const. (14)

The granular assembly considered has a cubical shape and is composed of about
10,000 spheres [19]. The inter-particle interaction at contact points is modeled, in
the normal direction to the tangent contact plane, by a purely elastic behaviour (char-
acterized by a stiffness kn). For the direction included in the tangent contact plane
the relation is elastic perfectly plastic (characterized by a stiffness kt and a friction
angle ϕc). Simulations were performed with the code SDEC developed by Donzé
and Magnier [7]. In the following of this section we consider a dense numerical
sample E1 (characteristics are given in Table 1) exhibiting a dilatant behaviour dur-
ing classical triaxial compressions.

In Figure 1a the change of variable σ1−λσ3 is shown in terms of ε1 for λ = 1.21

and corresponding to the incremental strain direction −→uε =
[ 1−1.21
−1.21

]
. For this strain

direction, the evolution of σ1 − λσ3 presents a maximum [5] and the second-order
work plotted in Figure 1c vanishes at this maximum as shown by Eq. (13). The

6



Table 1 Characteristics of the numerical samples

Sample kn/ds
∗ kt/kn ϕc Void ratio Coordination

(MPa) (deg) e number z

E1 356 0.42 35.0 0.618 4.54
E3 356 0.42 35.0 0.693 4.42

∗ds represents the sphere diameter
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Fig. 1 (a), (b), (d) Comparison of simulated responses for a proportional strain loading path
between a full strain control (λ δε1 + 2 δε3 = 0; δε1 > 0) and a mixed control (λ δε1 + 2 δε3 = 0;
δσ1 − λ δσ3 > 0); (c) vanishing of the second-order work during the full strain control.
(p = (σ1 + 2σ3)/3; q = σ1 − σ3)

control parameters of the loading are, in this case, defined with only strain terms
(Eq. 14), and the kinetic energy of the sample (equal to the sum of the kinetic energy
of all particles) stays low1 (Figure 1d). The simulation can be carried on until reach-
ing the total quasi-static liquefaction (see the vanishing of stresses in Figure 1b)
where the kinetic energy also vanishes.

We consider now the case where the control parameters are mixed and defined
by:

1 As the discrete element method is a dynamic method, all evolutions of the granular assembly,
even quasi-static, imply production of kinetic energy.
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λ δε1 + 2 δε3 = 0 and δσ1 − λ δσ3 = positive const. (15)

The response of the sample is compared with the previous one in Figures 1a, b and
d. The maximum of σ1 − λσ3, corresponding to the vanishing of W2, cannot be
exceeded. Moreover, while the maximum of σ1 − λσ3 is approached, an outburst of
kinetic energy is developing (as explained by Eq. 5) and sample never gets back to an
equilibrium state. This response corresponds to a very sudden failure of the sample.
Actually, in Figure 1a, the peak of σ1 −λσ3 is slightly exceeded because failure has
began to develop slightly before it, with a sharp increase of kinetic energy. Hence
the sample response switches from a quasi-static regime to a dynamic regime where
contribution of inertial terms in the stress state are not anymore negligible. This
dynamic response explains also the non-vanishing of the shear stress q = σ1 − σ3
in Figure 1b.

3 Cones of Unstable Loading Directions, Bifurcation Domain

3.1 Basic Concepts

As seen in relation (7) expression of w2 reads

w2 = δεi Ksij δεj

or equivalently when K is invertible

w2 = δσi Ssij δσj (16)

with S = K−1. Writing the constitutive relation in principal axes in three-
dimensional conditions:

⎡
⎣δε1
δε2
δε3

⎤
⎦ =

⎡
⎢⎢⎣

1
E1
− ν21
E2
− ν31
E3

− ν12
E1

1
E2
− ν32
E3

− ν13
E1
− ν23
E2

1
E3

⎤
⎥⎥⎦
⎡
⎣δσ1
δσ2
δσ3

⎤
⎦

Equation (16) can be developed as follows:

δσ 2
1

E1
+ δσ

2
2

E2
+ δσ

2
3

E3
−
(
ν12

E1
+ ν21

E2

)
δσ1 δσ2 − · · ·

(
ν32

E3
+ ν23

E3

)
δσ3 δσ2 −

(
ν13

E1
+ ν31

E2

)
δσ1 δσ3 = 0

The left-hand side of this equation is a quadric, with neither constant terms nor
terms of degree one according to δσi . Consequently, the solution is an elliptical
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Fig. 2 Solutions of equation: α1 X
2 + α2 Y

2 + α3 Z
2 = 0

cone if the quadric is not degenerated. The real nature of this solution depends on

the positiveness of det(S s). By calling (α1, α2, α3) the eigenvalues of S s , the four
possible solutions are displayed in Figure 2.

Through these results, the directional nature of the second-order criterion is es-
tablished. Nevertheless the previous development holds only for incrementally lin-
ear materials that is to say for elastic behaviour. In fact, for elasto-plastic materials
the constitutive relation is at least incrementally piece-wise linear with a linear rela-
tion in plastic loading regime, and an other linear relation in unloading regime. That
is why the above discussion has to be made in a given tensorial zone.2 Moreover, it
is necessary to verify that solutions belong geometrically to the tensorial zone con-
sidered and to cut them (i.e. to keep only the part of the cone include in the tensorial
zone for example).

Furthermore, if we make the assumption that eigenvalues of S s are strictly pos-
itive at the virgin state and are evolving continuously with the loading parameter,

solutions appear sorted like presented in Figure 2. First, det(S s) > 0, and no non-

zero solutions exist. Second det(S s) = 0, there is only one unstable loading dir-

2 A tensorial zone is a domain of the loading space in which the incremental constitutive relation
is linear [3].
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ection. Third, det(S s) < 0, an elliptical cone of unstable loading directions ap-

pears. Finally, det(S s) might vanish again and unstable loading directions would
be included between the intersection of the two planes. Nevertheless we have never
observed such solution with the constitutive models used.

Hence it is now possible to define the limit of the bifurcation domain. This limit
is the surface gathering all mechanical states for which only one unstable loading
direction exist. With the assumptions of positiveness of the eigenvalues at the virgin
state and of their continuous evolution with the loading parameter, the limit of the
bifurcation domain is given by the following relation for incrementally piece-wise
linear model [15]:

min
i=1,...,n

(
det(S s)⊂Zi

) = 0 with ui ⊂ Zi (17)

with n the number of tensorial zones of the constitutive model, ui the eigenvector
corresponding to the vanishing eigenvalue, and Zi the tensorial zone considered.

Eventually, same analysis can be performed in the strain rate space without any
restriction. In fact it can be proved that [14]

det(K s) = det(S s)(
det(S)

)2 (18)

As a consequence both determinant vanish at the same time.

3.2 Illustration

We propose now to illustrate remarks made above. Numerical results, are displayed
with the constitutive models of Darve [2] and with the discrete element method.

3.2.1 Phenomenological Constitutive Relations

Without going into details of Darve’s models, we just recall that they are not based
on the classical concepts of elasto-plasticity. Decomposition of the strain in an
elastic and plastic part is not assumed, and no plastic potentials are defined. Ac-
cording to the first model, the non-linear relation which links strain rate to stress
rate is directly described by an incrementally non-linear relation. The second model
is a simplification of the first one, and becomes incrementally piece-wise linear with
eight tensorial zones. In principal axes, these models are written as follows:

⎡
⎣δε1
δε2
δε3

⎤
⎦ = 1

2

[
N+ +N−]

⎡
⎣δσ1
δσ2
δσ3

⎤
⎦+ 1

2 ‖δσ‖
[
N+ −N−]

⎡
⎢⎣
δσ 2

1

δσ 2
2

δσ 2
3

⎤
⎥⎦ (19)
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Fig. 3 Limit of the bifurcation domain plotted in the 3D stress space for constitutive models of
Darve

and ⎡
⎣δε1
δε2
δε3

⎤
⎦ = 1

2

[
N+ +N−]

⎡
⎣δσ1
δσ2
δσ3

⎤
⎦+ 1

2

[
N+ − N−]

⎡
⎣|δσ1|
|δσ2|
|δσ3|

⎤
⎦ (20)

with

N± =

⎡
⎢⎢⎢⎢⎢⎣

1
E±1
− ν±21
E±2
− ν±31
E±3

− ν±12
E±1

1
E±2
− ν±32
E±3

− ν±13
E±1
− ν±23
E±2

1
E±3

⎤
⎥⎥⎥⎥⎥⎦

(21)

Limits of the bifurcation domain, given by Eq. (17) for the incrementally piece-
wise linear relation, are displayed in Figure 3 for both models. As a remark, the
incrementally non-linear model can be seen as incrementally piece-wise linear with
an infinity of tensorial zones. Thus, with a numerical effort, an approximation of the
bifurcation limit has been displayed [15].
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with the numerical method. Figure 4b shows results obtained with the non-linear model using the
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(a) (b)

Fig. 5 Definition of stress probes (a), and strain responses (b), in the axisymmetric plane of stress
increments and strain increments, respectively

Then, instability cones for stress-strain states situated beyond the bifurcation
limit are plotted. Figure 4 presents the 3D cones obtained with Darve’s constitutive
models [13].

The method used to draw these cones of unstable stress directions consist to real-
ize stress probes [8], as presented in Figure 5a in axisymmetric conditions for sim-
plicity’s sake. At different stress states along the loading path (presently a drained
triaxial path), a small stress increment

−→
δσ , with a constant norm, is applied from
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Fig. 6 Circular diagrams of the normalized second-order work at a confinement pressure σ3 =
100 kPa, for samples E1 and E3. The little circle in dash line represent the zero values

the considered stress state, in all directions of the stress increment space. For each
stress direction, the corresponding strain response is computed (Figure 5b), giving
access to the value of the second-order work. Cones of instability gather, for a given
stress state, all stress directions for which w2 ≤ 0. In three-dimensional conditions
the principle is the same, but stress probes describe a sphere instead of a circle (Fig-
ure 5a).

3.2.2 Discrete Element Model

In the same way as with the phenomenological constitutive relations, stress probes
have been performed with the DEM along drained triaxial compressions, in axisym-
metric conditions only [18]. Two samples are considered here, the dense and dilatant
sample E1 (already used for proportional strain loading paths in Section 2.2), and
a looser and essentially contractant sample E3 (see characteristics in Table 1). Fig-
ure 6 presents circular diagrams of the normalized second-order workw2n computed
from stress probes for a confinement σ3 = 100 kPa and different deviatoric stress
levels η = q/p. In such diagrams, an arbitrary constant value c is added to the polar
value of w2n in order to have

∀α, w2n(α)+ c > 0 , (22)

where α is the stress probe direction (see Figure 5a) and w2n is defined as

w2n =
−→
δσ · −→δε
‖−→δσ‖ ‖−→δε‖

. (23)

A dashed circle is drawn in the circular diagrams to represent vanishing values of
w2n. Outside the dashed circle w2n is positive, inside it is negative. As for the octo-
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Fig. 7 Synthesis of cones of unstable stress directions in the axisymmetric plane of stresses; full
circles represent stress probes for which no vanishing or negative values of w2 were found

linear model and the non-linear model (Figure 4), for sufficiently high values of η a
set of stress directions for which w2 ≤ 0 are found. They form a cone of unstable
stress directions. For the loosest sample E3 cones open for much lower deviatoric
stress level η. It is characteristic of a loose sand where the bifurcation domain is
wider than for a dense sand, as shown in [4]. As the computational cost to simulate
stress probes is quite important, the number of stress probes has been voluntarily
limited and we were not able to find the stress state where the first unstable stress
direction appears, i.e. the exact limit of the bifurcation domain.

A synthesis of stress probes performed and cones of instability found is presen-
ted in Figure 7. One can see a domain strictly included inside the Mohr–Coulomb
criterion where cones of instability exist.3 This domain constitutes the bifurcation
domain and corresponds qualitatively to the bifurcation domain plot in the three-
dimensional stress space in Figure 3.

3 For the densest sample E1 and the highest confining pressure no cone of instability were found
for the tested stress state. This may be due to a compaction of the sample at relatively high pressure,
increasing its density and consequently reducing the bifurcation domain [17].
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3.3 Case of the Proportional Strain Loading Path

In this subsection we consider again proportional strain loading paths presented in
Section 2.1 through relation (8). We just extend this description to take into account
three-dimensional space as follows:

⎧⎨
⎩
δε1 = const. const. ∈ R− {0}
λ1δε1 + δε2 = 0 λ1 ∈ R

λ2δε2 + δε3 = 0 λ2 ∈ R

(24)

It can be verified that axisymmetric conditions are obtained with λ2 = −1, plane
strain condition with λ1 = 0 or λ2 = 0, and an undrained axisymmetric triaxial test
can be simulated with λ2 = −1 and λ1 = 1/2.

For such strain path the second-order work reads

w2 = δε1 (δσ1 − λ1δσ2 + λ1λ2δσ3)+ (λ1δε1 + δε2) (δσ2 − λ2δσ3)

+ (λ2δε2 + δε3) δσ3

and consequently, because of condition (24), vanishes at an extremum of
(σ1 − λ1σ2 + λ1λ2σ3).

To illustrate this, we have considered the following loading program with the
incrementally non-linear model. First a drained triaxial path under an initial con-
fining pressure p0 = 200 kPa is followed until reaching the state σ1 = 298 kPa,
σ2 = σ3 = 200 kPa, ε1 = 0.292% and ε2 = ε3 = −0.079%. This state
is located just before reaching the bifurcation domain limit. From this state, a
proportional strain path (24) is applied. In the present case λ1 = 0.0249 and
λ2 = −40.1. The response of this loading path is given in Figure 8. Along this
loading path, three instability cones have been computed, the first one before reach-
ing the σ1 − λ1σ2 − λ2σ3 peak, the second one at the peak and the third one after
the peak. Figure 9 presents this path with the cones in the 3D strain space.

Through Figures 9 and 10, the following comments can be made. Before reach-
ing the first cone, the loading path is outside the bifurcation domain, no bifurcation
and failure can occur. At the first cone, the loading path just come in the bifurcation
domain. Nevertheless, loading path is outside the cone, as a consequence no in-
stability can occur at this state along this path. At the second cone, the loading path
goes through the peak of σ1 − λ1σ2 + λ1λ2σ3, as a consequence w2 vanishes and
the loading path is just tangent to the instability cone. The path becomes unstable.
Effective failure occurs if σ1 − λ1σ2 + λ1λ2σ3 is driven. In our case, ε1 is driven,
then the peak can be dropped in. After the peak, w2 < 0, then the loading path is
unstable. At the third cone, path is clearly inside the cone. It is worth noting that
all stress-strain states presented are inside the plasticity limit. Therefore, concept of
limit state and flow rule is generalized here for stress-strain states situated inside the
bifurcation domain but strictly before the plasticity limit condition.

The simulation of failure with the discrete element method presented in Sec-
tion 2.2, was done in axisymmetric conditions. However conclusions given here in
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Fig. 8 Response to the drained triaxial path until σ1 = 298 kPa, σ2 = σ3 = 200 kPa, ε1 = 0.292%
and ε2 = ε3 = −0.079% (point A); then response to the proportional strain path (Eq. 24) defined
by λ1 = 0.0249 and λ2 = −40.1

three-dimensional conditions hold in axisymmetric conditions. Hence, in Figure 1
failure occurs at the peak of σ1 − λσ3, because, even if the loading path is inside
the bifurcation domain before this peak, the strain direction defined by the loading
program is included in the cone of unstable strain directions, for the first time, at the
peak of σ1 − λσ3.

4 From Limit States to Failure Occurrence

The objective of this section is to confirm through DEM simulations, that inside the
bifurcation domain displayed in Section 3.2.2, the occurrence of failure requires: the
loading directions to belong to the cone of unstable loading directions (associated to
the current stress state); and the control loading parameters to be mixed (involving
strain and stress terms).
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Fig. 9 Loading path in the 3D strain space with three instability cones computed before, at, and
after the σ1 − λ1σ2 − λ2σ3 peak

4.1 Mixed Loading Parameters

Concerning the control mode of the loadings, stress probes presented in Section 3
were conducted with only stress control parameters (δσ1 = cst1 and δσ3 = cst3,
with constants cst1 and cst3 chosen to impose the desired direction α). For such
full stress controls, no failure can occur before the plastic limit condition [12], rep-
resenting limit stress states. That is why we have been able to simulate these stress
probes, where numerical samples recovered an equilibrium state after each probe
direction, whatever the sign of the second-order work computed.

Let us now reconsider these stress probes as proportional stress loading paths
where the ratio between δσ1 and δσ3 can be defined by:

δσ1 − λ δσ3 = 0 where: λ = √2 sin α/ cosα for α ∈ [180 deg; 270 deg[ (25)

The energy conjugated variables are thus δσ1 − λ δσ3 = 0 and δε1 on one hand,
and δσ3 and λ δε1 + 2 δε3 on the other hand. For λ = 1, the stress direction is
α = 215.3 deg and corresponds to a path where the deviatoric stress is constant
δq = 0; in addition, δε1 + 2 δε3 = δεv . For sample E3, this latter stress path is
included in the cone of instability for η = 0.46, as displayed in Figure 11. Figure 12
shows for this stress probe direction, totally controlled with stress parameters, that
there is no outburst of kinetic energy as expected, and that the change of the in-
cremental volumetric strain δεv presents a minimum (maximum of dilatancy). This
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extremum of volumetric strain corresponds to a limit state. The proportional stress
path characterized by λ = 1 can also be followed by controlling the sample with
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Fig. 12 Comparison of responses of sample E3 along a constant deviatoric stress direction, con-
trolled either with stress parameters only or with mixed (stress and strain) parameters

mixed control parameters4 defined by

δq = 0 and δεv = negative const. (26)

Hence, a constant dilatancy rate is imposed. Response of the sample is presented
in Figure 12. Until the minimum of δεv , the kinetic energy stays low (quasi-static
response) and the sample followed the imposed path. Then, when the limit state con-
stituted by the minimum of δεv is reached, this latter cannot be exceeded, stresses
vanish suddenly5 and an outburst of kinetic energy occurs highlighting the transition
to a dynamic response. This simulated response corresponds to a proper failure that
can be seen as a sudden liquefaction. Consequently, failure of the sample has been
triggered by the mixed mode of control, whereas there was no characteristic feature
of failure for a total stress control.

4 To ensure such a mixed control mode (in stress and strain) with control parameters defined as
linear combinations of principal stress or strain components, a specific algorithm is run every time
step of the DEM cycle; details can be found in [17, 20].
5 Due to the dynamic response of the sample, stress components do not vanish all together.
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Table 2 Stress directions and belonging to cones of instability for samples E1 and E3

α λ ∈ cone of unstable stress directions ?
(deg) sample E1 (η = 0.82) sample E3 (η = 0.46)

200 0.515 No No
220 1.19 No Yes
230 1.69 Yes Yes (close to the limit of the cone)
250 3.89 No No

4.2 Stable and Unstable Loading Directions

In Section 4.1 only one stress loading direction, belonging to the cone of instability
for sample E3, has been considered. We investigate now a wider range of stress
directions to compare responses of samples E1 and E3 along each direction, and
in particular for directions included in cones of instability and for others excluded.
Figure 11 displays the normalized second-order work computed at η = 0.82 for
sample E1 and η = 0.46 for E3. The two cones of instability, corresponding to the
two samples, are not superimposed. For the loosest sample E3, the cone is more
opened and includes lower values of α than for the densest sample E1 [20]. As
shown by Darve et al. [4], this difference is typically related to the difference in
porosity of the two samples.

In the following four stress directions are considered (α = 200, 220, 230 and
250deg), their belonging to cones of instability is summarized in Table 2. To be able
to trigger the failure along these stress directions, mixed loading control parameters
are chosen as detailed in Section 4.1. δσ1 − λ δσ3 = 0 is imposed to prescribe the
desired stress direction (see Table 2 for values of λ). However, instead of imposing
a change of the parameter λ δε1 + 2 δε3, the latter is kept constant, i.e. λ δε1 +
2 δε3 = 0 (see footnote 4). If simulations are run in these conditions there is no
evolution of samples, they stay at their initial mechanical state maintained by these
two control parameters. A perturbation is necessary to conclude about the stability
of the mechanical state considered with the control parameter chosen.

Since simulations are performed without gravity, some particles float in the pores
of samples and are not involved in the contact force network, at the equilibrium
state considered. The sample is perturbed by imposing an instantaneous velocity
in a random direction on eight floating particles. Samples are virtually split into
eight sub-parallelepipeds, each perturbed particle is chosen randomly in each sub-
parallelepiped respectively. The velocity imposed to each particle is computed such
that the value of kinetic energy provided is equal for each particle. The perturbation
corresponds to a total external input of kinetic energy of 10−5 J. This input is small
compared with the maximum value of kinetic energy “naturally” developed for fully
stress controlled probes: 10−4 J. It is worth noting that responses simulated with
such a perturbation are totally similar to responses that would be obtained by impos-
ing a change of the control parameter involving strain terms, i.e. λ δε1 + 2 δε3 < 0,
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Fig. 13 Responses of samples E1 and E3 to a perturbation in kinetic energy, for the stress direc-
tions α = 200 and 220 deg

as shown in [17, 18] (see also [5] for proportional strain loading paths). It is simply
another way to test the stability of samples.

Figures 13 and 14 present the simulated responses of samples E1 and E3 in
terms of time evolutions of the kinetic energy and of radial stress σ3. Changes of the
axial stress σ1 are very close to σ3 changes, and are thus not displayed. Arrows in
diagrams indicate the time of application of the perturbation.

• Stress directions α = 200 and 250 deg are not included in cones of instability for
both samples. For these directions, after the application of the perturbation, the
kinetic energy fluctuates slightly but finally vanishes, and both samples recover
an equilibrium at a stress state close to the initial one.

• The stress direction α = 220 deg is included in the cone of instability for the
sampleE3 but not for the sampleE1. The failure, highlighted by the outburst of
kinetic energy and the vanishing of stresses, is observed only for E3, whereas
E1 is almost unaffected by the perturbation.

• The stress direction α = 230 deg is included in the cone of instability of both
samples E1 and E3. For both samples failure occurs as shown by the sudden
vanishing of stresses. However for E3 the burst of kinetic energy has not com-
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Fig. 14 Responses of samples E1 and E3 to a perturbation in kinetic energy, for the stress direc-
tions α = 230 and 250 deg

pletely developed. This intermediate result can be explained by the proximity of
the tested direction, α = 230 deg, to the boundary of the cone.

These results show clearly that, even if the mechanical state of the sample is con-
trolled with mixed parameters (as defined in Section 4.1), failure occurs only when
the loading direction is included in the cone of instability. In other words, failure can
be triggered only if the loading direction is associated with a nil or negative value
of the second-order work.

5 Conclusion

Three approaches have been considered in this chapter to investigate what is failure
of granular media samples: theoretical considerations, application of phenomeno-
logical rate-independent constitutive relations, and – in a more detailed manner –
simulations of failure by a discrete element model.
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1. The theoretical developments have provided a firm basis to explain the link
between second-order work and failure. Indeed when the second-order work
is taking a zero (or negative) value in a given stress direction, if a proper arbit-
rarily small additional load is applied in this direction, a burst of kinetic energy
appears leading to a dynamic regime of deformations, which is typical of failure.

2. The 3D phenomenological analysis has leaded to the existence of a bifurcation
domain, preserving the conical structure of Mohr–Coulomb criterion, and of
instability cones, which can be not unique and have an elliptical cut in 3D.

3. The discrete element method is able to describe failure in a very natural way
without any ad-hoc ingredient. This is the essential reason why this method
has been extensively used to investigate failure in granular media. Bifurcation
domain and instability cones have been obtained as conjectured by the elasto-
plastic theory.

Moreover, the three necessary and sufficient conditions for an effective failure
have been successfully checked:

• the stress state has to belong to the bifurcation domain,
• the actual stress direction has to be inside an instability cone,
• the proper loading parameters have necessary to be mixed ones.

The observed failure modes are characterized by bursts of kinetic energy, expo-
nentially growing strains, and decreasing stresses. This is basically a kind of gen-
eralized liquefaction. Because no strain localization pattern has been observed (and
moreover the strain localization criterion is not satisfied at these stress-strain states),
these failure modes have been called “diffuse” [4].

These various features and conclusions have been also observed in some laborat-
ory experiments performed in drained and undrained conditions on Hostun sand [5].
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