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Industrial Context

During the qualification stage of a civil aircraft engine, a series of tests are carried out. One of these tests is a blade off test that demonstrates the engine capability of containing damage without catching fire and without failure of its mounting attachments when operated for at least 15 seconds, unless the resulting engine damage induces a self shutdown. The engineers need to predict the real loads applied to the engine structure in order to optimize the design stage. For this, a lot of numerical simulations are carried out but current software does not give adequate results, and in particular the finite element simulations involving contact. The aim of our work is to propose simplified models providing accurate results. The first part of this paper deals with the numerical simulation of contact, while the second part is an experimental study.

Algorithmic Aspects

In order to build a simplified model of the dynamic contact phenomenon, classical contact-impact methods and time integration operators are studied.

CONTACT METHODS

Two parameters must be defined to characterize the contact conditions : the gap function g, which represents the distance between the bodies in potential contact, and the contact pressure A. Thus, the unilateral contact law is expressed as an impenetrability condition (g~O), a compressive condition ('A~O), and a complementary condition (g'A=O).

The discretized contact problem consists in finding the displacement vector U(t), so that MU+Fint(U,U)-Fext+Fcontact=O and G(t)=G The contact methods derive from the optimization study with constraints. The first one is the penalty method, adopted by commercial software of dynamic mechanics like LS-DYNA3D, PAMCRASH or RADIOSS. It consists in introducing artificial springs between the contact nodes. This method is easy to implement in a finite element code but admits body penetrations and induces high frequency oscillations. The problem becomes : find U so that

MU+ pint (U, U) + [ Q Ta.Q]u _ pext + Q Ta.Go =O (I)
where the contact force vector is A = aG and a is the penalty parameter matrix.

The second method is the Lagrange multiplier method, which has the advantage of enforcing the exact geometric contact condition but introduces additional variables, namely the contact forces. The problem is then to find the couple (U,A) so that MU+ pint(U, U)-pext +QT A=O [START_REF] Billet | Caracterisation des modes de vibration d'une coque de revolution a l'aide d'un vibrometre laser a faisceau tournant[END_REF] with the condition G(t)=G 0 +QU = 0. Another kind of method is a mix of the penalty functions and the Lagrange multipliers : for example, the augmented Lagrangian or the perturbed Lagrangian methods. We will not deal with these methods in the present paper.

TIME INTEGRATION SCHEMES

The scheme generally chosen for high velocity impact problems is an explicit one : the second-order accurate central difference method Un+l = un +~TiJn+l/2, Un+l/2 = Un-1/2 +~TUn [START_REF] Carpenter | Lagrange constraints for transient finite element surface contact[END_REF] with ~T = tn+l-t 0 = tn+l/2-tn-112 • This scheme is conditionally stable, i.e. the time step must be lower than a limit value, depending on the discretization of the structure : ~ T ~ 2/wmax, where Wmax is the highest frequency component in the discretized system.

In the case of low velocities, an implicit scheme can be used. The most common one is the Newmark time integration scheme u n+t = u n +~TUn+ ~T2 [<Yz- ~run+ ~Dn+t] (4) [START_REF] Staples | Excitation of travelling wave response in axi-symmetric structures[END_REF] where ~ and y are the Newmark parameters. Integration is globally first-order accurate for y=l/2 and a choice of 2P~y~l/2 leads to an unconditional stability. If P=O and y=l/2, the scheme corresponds to the central difference method.

FORWARD INCREMENT LAGRANGE MULTIPLIER

If the discretized contact problem is resolved using the central difference method for time integration and the Lagrange multiplier for contact, there appears a singularity : the contact forces An+l have no influence on the displacements Un+l ! Carpenter et al. [3] propose an alternative formulation compatible with the explicit scheme :

•• int • ext T MU 0 +F (U 0 ,U 0 )-F 0 +Qn+l A 0 =0, Gn+t=O (andnotGn=O). * c
The formulation leads to a predictor-corrector process Un+l = Un+l + Un+l, where U~+ 1 is the vector of nodal displacements calculated without contact. The vector U~+l = -~T 2 M-1 Q~+tAn is a displacement correction due to contact and the force that permits us to impose the contact constraint is

[ 2 -1 T ]-l ( * 0) An= ~T Qn+IM Qn+l Qn+lUn+l +G • (6) 

Numerical Results

The different methods of dynamic contact are tested on simple examples. The first one is an impact of two identical elastic rods, initially separated, as described in [START_REF] Carpenter | Lagrange constraints for transient finite element surface contact[END_REF]. The methods used to resolve this problem are the penalty and the forward Lagrange multiplier methods, with an explicit time integration scheme. Figure 1 shows that the Lagrange multipliers give very accurate results compared to the penalty method.

If the penalty parameter is increased for a better precision of the results, the nodal penetration decreases but a lot of numerical oscillations appear in the velocity and contact force curves. Theoretically an infinite value must be used for the penalty parameter, but in practice, especially with an explicit time scheme, the contact stiffness should be of the same magnitude as the structure stiffness, otherwise the time step must be widely reduced. That is the reason why the results are not always satisfactory.

With the Lagrange multiplier method, the results are accurate, and the explicit stable time step does not need decreasing [START_REF] Belytschko | Contact-impact by the pinball algorithm with penalty and Lagrangian methods[END_REF]. Thus, in order to model the following examples, the Lagrange multiplier method is retained.

The second example deals with the impact of an elastic rod against a rigid wall, resolved using the Lagrange multiplier method with implicit and explicit time integration schemes and LS-DYNA3D, with the default contact values. The Newmark scheme with (~=0.25 ; y=0.55) does not give satisfactory results ; there appears numerous oscillations in particular in the contact force curve [START_REF] Chaudhary | A solution method for static and dynamic analysis of threedimensional contact problems with friction[END_REF]. The (~=0.50 ; y=0.55) implicit and the explicit schemes, coupled with the Lagrange multiplier method, give similar results, while the explicit-penalty method (LS-DYNA3D) induces a slight nodal penetration. The last numerical test is the rebound, without friction, of a 2D rotational elastic beam against a rigid circle (cf. Figure 2). The steel beam describes an eccentric circle with the contact one and is subjected to a torque at its extremity on the hinge . The experimental part of the study deals with vibratory interaction between the engine and the fan bladed disk. When an aircraft engine bears a blade loss, high unbalanced loads are generated. The bladed disk and the casing come into contact, shocking and rubbing each other. In the meantime the two structures are loaded over a huge frequency spectrum and numerous natural modes of vibration are excited. Some particular conditions are required to make the whole system come into resonance and be submitted to severe stresses. The dynamic instability can lead to the ruin of the engine. Special attention is therefore to be paid on the exact conditions which give rise to the instability.

CONTACT EXTREMITY DISPlACEMENT

Both the casing and the bladed disk are supposed to be axisymmetric structures. As a consequence, their natural modal shapes can be represented by the number of their nodal diameters n. If fc denotes the casing natural frequency for n nodal diameters and fb the bladed disk natural frequency for the same n diameters mode, if f denotes the rotation frequency of the engine, then a condition for dynamic instability is given by [START_REF] Staples | Excitation of travelling wave response in axi-symmetric structures[END_REF]:

fc + fb = n.f (7)
This equation means that waves in opposing directions are travelling both in the casing and the blades.

In order to avoid such a coincidence, engine designers are to respect important frequency constraints which usually lead to increasing the casing stiffness, weighting the engine down and making it clumsy. Other solutions have to be found.

EXPERIMENTAL TEST RIG

The purpose of the experimental approach is to examine more precisely the behaviour of the blades when rubbing on the casing, and validate numerical simulations. In a second part, the test rig will be used to determine which parameters are involved in the apparition of interaction, in addition to equation [START_REF] Taylor | On a finite element method for dynamic contact/impact problems[END_REF].

The test rig used is deliberately simplified (see Figure 3). It consists in a part of a casing of an aircraft engine bolted on a steel ring which is fixed on the table of a vertical lathe, and in a blade clamped in the turret. In this configuration, the rotating part is the casing, and no aerodynamic effect due to the rotation of blades has to be taken into account. The use of a single blade instead of a whole set is convenient to get rid of the problem of the direction of the travelling waves through the blades. The contact between the blade and the casing, as well as the lathe rotation, are controlled by the experimenter. The instrumentation is made of classical devices: accelerometers (B&K), amplifiers (B&K), spectral analyzer (HP), and is completed with a Laser Doppler Velocimeter (Polytec ), useful for non-contact measurements on the rotating casing.

A first set of measurements was taken to characterize the test rig, especially to determine the natural frequencies and modal shapes of the casing. A finite element model including the casing and the steel ring was established and modified with respect to the experimental results. For a chosen rotation frequency of the lathe, interaction will be induce with a selected mode of the casing and a corresponding frequency of the blade. 

FINITE ELEMENT MODEL-MODAL ANALYSIS

As a first approximation neglecting geometric and material defaults, the casing which looks like a frustrum of a cone is considered as an axisymmetric structure. The natural modes of this kind of structures have the particularity to be double ones: to each natural frequency correspond two different modal shapes. When the axisymmetry is perfect, and if e denotes an angular parameter of the structure, the modal shapes in the radial direction are cos(n9) and sin(n9), where n stands for the number of nodal diameters. No special orientation is noticeable. In case of imperfections, the symmetry is broken and the system is said to be mistuned. Each natural frequency splits into two distinct ones, and the modal shapes are modified according to the importance of the unbalancement. Particular orientations appears [START_REF] Tobias | The influence of dynamical iraperfections on the vibrations of rotating disks[END_REF].

The frequency response of the casing was recorded while the lathe was stopped, with a method using a small rotating mirror making the laser spot describe a circle on the inner side of the casing [START_REF] Billet | Caracterisation des modes de vibration d'une coque de revolution a l'aide d'un vibrometre laser a faisceau tournant[END_REF]. Once the identification of natural frequencies was complete (see Figure 4), time acquisitions were made to extract the modal shapes (see Figure 5). It appeared that the structure was mistuned both in frequency and time response, the biggest frequency split being obtained for the 4 nodal diameters mode (this is due to the way the steel ring was fixed on the lathe). The lowest modes were the most perturbed ones.

A first finite element model was made with SAMCEF supposing the perfect axisymmetry of the casing. A modal analysis carried out on the model clearly indicated that such an assumption was unacceptable. A fine geometrical study of the casing revealed that for a given altitude, the radius was not constant, the small variation, which never exceeds 1% being significant enough to disturb the modal behaviour. Another finite element model was then made including the geometric alterations.

The new results are compared with the experimental results in Figure 6. The biggest differences are attributed to the imperfections of the casing embedding. 

CREATING INTERACTION

The test rig has been used in its current configuration to make first attempts on the interaction phenomenon. The choice of a mode with regular modal shape is more advisable. Moreover, to avoid the high modal density at the beginning of the spectrum, and because of its weak damping, the 10 nodal diameters mode was finally selected. Using the highest rotation frequency of the lathe (5Hz), and adapting equation [START_REF] Taylor | On a finite element method for dynamic contact/impact problems[END_REF] to the situation in which a single blade is implied, the first natural frequency of the blade was set to satisfy the mathematical condition of interaction. The contact was then created on the rotating casing.

The major issue which has to be faced is the lack of symmetry of the casing. The contact is unfortunately not permanent, and the structure is not excited by a constant force. As a result, no significative amplitude in the frequency response is noticeable neither on the casing nor on the blade. However, it is interesting to remark that for lower rotation frequency, the 10 nodal diameters mode's answer is higher than the others (20 dB). At these rotation speeds, the contact is quite similar to a harmonic excitation. When rotating at 5 Hz, the whole structure experiments impulsions whose effect is the excitation of every mode which is confirmed by the frequency response.

In order to suppress the effect of the geometrical default it is considered to fix an abrasive material on the inner side of the casing and to machine it so as to force the blade/casing contact to be permanent.

Conclusion and Future Prospects

The interaction phenomena, which have motivated the present work, are of major concern to aircraft designers. The present study is composed of a numerical part dealing with dynamic contact simulations on classical examples, in particular with the Lagrange multiplier method, and an experimental part which consists in identifying the parameters involving modal interaction. The next stage of our work is the simulation and the experimental study of the blade/casing dynamic contact.
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 1 Figure 1. Impact of two identical elastic rods.
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 12 Figure 2. Beam rebound on a circular contact zone.
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  The next stage of our numerical study consists in modelling contact with a flexible axisymmetric surface.
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 3 Figure 3. Experimental test rig.
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 6 Figure 6. Comparison experimental results -finite element model.