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In this contribution, effective elastic moduli are obtained by means of the asymptotic homogenization
method, for oblique two-phase fibrous periodic composites with non-uniform imperfect contact
conditions at the interface. This work is an extension of previous reported results, where only the perfect
contact for elastic or piezoelectric composites under imperfect spring model was considered. The constit-
uents of the composites exhibit transversely isotropic properties. A doubly periodic parallelogram array
of cylindrical inclusions under longitudinal shear is considered. The behavior of the shear elastic coeffi-
cient for different geometry arrays related to the angle of the cell is studied. As validation of the present
method, some numerical examples and comparisons with theoretical results verified that the present
model is efficient for the analysis of composites with presence of imperfect interface and parallelogram
cell. The effect of the non uniform imperfection on the shear effective property is observed. The present
method can provide benchmark results for other numerical and approximate methods.

1. Introduction

The paper addresses the problem of computation of the effec-
tive elastic properties of heterogeneous materials with imperfect
bonding between the matrix and the inhomogeneities. We address
the case of long fiber reinforced composite (plane strain problem
and anti-plane problem). There are two ways proposed in litera-
ture to model the mentioned imperfections: (A) continuum
approach when the layered inhomogeneity is considered directly
and (B) discrete model when the imperfection is modeled by
springs of certain stiffnesses distributed along the interface.

To the best of our knowledge, first results on inhomogeneous
interface has been obtained by Kanaun and Kudriavtseva (1983,
1986) where effective elastic properties are calculated for a
material containing spherical and cylindrical inhomogeneities,
correspondingly, surrounded by radially inhomogeneous
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interphase zones. In these papers, the basic idea of replacing an
inhomogeneous inclusion by an equivalent homogeneous one
was formulated. Such a replacement was carried out by modeling
the inhomogeneous interface by a number of thin concentric layers
(piecewise constant variation of properties). The basic idea of
replacing inhomogeneous inclusions by equivalent homogeneous
ones has been utilized in the majority of works on the topic.

The idea of approximating radially variable properties by multi-
ple layers (piecewise constant variation of properties) was
explored by Garboczi and Bentz (1997) and Garboczi and Berryman
(2000) in the context of applications to concrete composites. An
alternative method was used by Wang and Jasiuk (1998). They
considered a general composite material with spherical inclusions
representing the interphase as a functionally graded material and
calculated effective elastic moduli using the composite spheres
assemblage method for the effective bulk modulus and the gener-
alized self-consistent method for the effective shear modulus. As
far as an arbitrary law of radial variation in properties is concerned,
apart from the above mentioned idea of multilayer approximation,
an interesting methodology was proposed by Shen and Li (2003,
2005), whereby the thickness of the interface is increased in an
incremental, “differential” manner, with homogenization at each
step. This idea, with modifications, has been utilized by



Sevostianov (2007) and Sevostianov and Kachanov (2007) for par-
ticles reinforced composites with interphase layers. The procedure
of homogenization is reduced to solving non-linear ordinary differ-
ential equation.

Elastic composites with imperfect contact adherence have differ-
ent area of applications. For instance, asphalt concrete (AC) is a typ-
ical multi-phase composite material. The characteristics of each
constituent material in this composite and their interactions all con-
tribute to the overall performance of the asphalt pavement, which
may also be affected by the distribution and the volume fractions
of these components. Particularly, these factors include the modulus
and fractions of coarse aggregates and asphalt mastic which consists
of asphalt and fine aggregates, air void fraction, and so on. The con-
ventional continuum based models cannot take account of these fac-
tors in the analysis and design, and hence fail to quantitatively
capture the complex mechanical behavior of the AC upon loading.

Other than the continuum approaches, micromechanical mod-
els can account for the roles of constituent materials playing in a
composite. Many micromechanical-based models have been pro-
posed to simulate the mechanical behavior of AC, for instance,
see Zhu et al. (2011). However, few researchers have reported
the work of the effect of the interfacial bonding strength between
aggregate and asphalt mastic on the behavior of AC, which may
have significant effect on the mechanical properties and failure
mechanisms as well as the strengths of AC. For example, it is ob-
served that the asphalt concrete can be easily debonded at the
interface between aggregate and asphalt mastic by a fatigue load-
ing. Craus et al. (1978) believed that the interfacial bonding
strength was due to the physic-chemical reaction, which was re-
lated to the property of asphalt, geometry, size as well as surface
activity of aggregate. Therefore, it is almost impossible to find a
perfect interfacial bond existing between asphalt mastic and
aggregates, and it may be inappropriate to describe the physical
nature and macro-mechanical behavior of AC by considering the
bond as the perfect kind.

An alternative approach has been, to the best of our knowledge,
first proposed by Hashin (1990) who analized imperfect interface
conditions in terms of linear relations between interface tractions
and displacement jumps. All the thermoelastic properties of unidi-
rectional fiber composites with such interface conditions are eval-
uated on the basis of a generalized self-consistent scheme model.
Hashin (2002) reported that the imperfect interphase conditions
are equivalent to the effect of a thin elastic interphase, and high
accuracy of the method is proved by comparison of solutions of
several problems in terms of the explicit presence of the interphase
as a third phase. Hashin’s approach was used for spherical particle-
reinforced inhomogeneities by Benveniste and Miloh (2001) and
Wang et al. (2005). Sevostianov et al. (2012) compared the two ap-
proaches for the case of incompressible layer between the phases
and calculatee effective properties of fiber reinforced composites
with periodic square arrays of fibers possessing imperfect contact
with the surrounding material. They identified the interval of
thickness at which the interphase does not influence the effective
properties and show how the imperfection effects described by dif-
ferent models can be expressed in terms of each other. Guinovart-
Diaz et al. (2013) used this approach for the case of a composite
with parallelogram-like cell of periodicity using approach devel-
oped by Molkov and Pobedria (1985). The present work generalizes
results of Guinovart-Diaz et al. (2013) to the case when the imper-
fectness of the contact between the matrix and the fibers is
non-uniform, i.e. properties of the interface depend on both the
angular and radial coordinates of a point. The aforementioned
works differ to Andrianov et al. (2005, 2008) among others where
homogenization method for evaluating effective properties and
determining the micro-mechanical response is applied under ideal
contact assumption at the interface.

2. Formulation of the problem

We consider a unidirectional periodic two-phase fiber rein-
forced composite shown in Fig. 1. All the fibers are assumed to
be of circular cross sections with radius R. The material properties
of each phase are transversely-isotropic with the axes of material
and geometric symmetry being parallel. The angle of the cell 0 is
assumed to remain constant so that a parallelogram cell with
periods wy, w, can be defined. The periodicity of microstructure
determines the geometry of the periodic cell S (Fig. 2). The contact
between the matrix S; and the fibers S, is assumed to be non-per-
fect along the interface I' = {z =Re’, 0<0< 27r}.

In order to model various possible damages occurring on the
fiber-matrix interface composite the non uniform spring formula-
tion of imperfect bonded are considered using a generalized shear
lag model (Hashin, 1990, 1991a,b), which is also called the
mechanically compliant interface: tractions are assumed to be
continuous across the interface while displacements may be
discontinuous. The jumps in displacement components are further
assumed to be proportional, in terms of the “spring-factor-type”
interface parameter, to their respective interface traction compo-
nent Ts = g,3n,, y=1,2

T = T? = Ky(R,0)us]|, on T (1)

This traction component Ts is tangential to the interface and n is
the normal unit vector to the interface I'. K; is a function of the
position at the interface which is called proportional interface
parameter, and index “s” indicates the shear proportional spring
factor. The double bar notation is used to denote the jump of the
relevant function across the interphase I' taken from the matrix
(1) to the fiber (2) i.e. ||f|| = fi — fo. The Eq. (1) is usually called a
weak interface condition. It has been originally proposed by
Goland and Reissner (1944) and used later in works of Benveniste
and Miloh (2001), Molkov and Pobedria (1988), Mahiou and
Beakou (1998), Andrianov et al. (2007).

3. Asymptotic homogenization method for the anti-plane
problem

In a two-dimensional situation of uniaxially reinforced compos-
ite, the system of equations of elasticity separate in plane-strain
and anti-plane-strain deformation states (see, for example, Pobe-
dria, 1984). First of them involves in-plane displacements u; and
Uy, while the other one, which is of particular interest in this work,

Fig. 1. The heterogeneous medium and extracted the rhombic periodic cell.
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Fig. 2. The rhombic cell showing the domains S; and S, occupied by the matrix and
fibers materials; I" is the common interface.

is characterized by an out-of-plane mechanical displacement us
which is a function of the plane global variables x; and x,. The main
aim of this paper is the determination of effective properties in
two-phase composites for the out-of-plane loading using the
homogenization method (similarly to Lopez-Lopez et al. (2005)
where the perfect bonding between the phases has been consid-
ered) accounting for mechanical imperfect conditions at the inter-
faces. In this case the relevant constitutive relations are

013 = 201313813, 023 = 20323623 (2)

where 043, 0,3 are out-of-plain shear stresses, 2¢13=u3; and
2¢&53 = U35 are shear strains (comma is used to mark derivatives);
and C;313 and Cy3;3 are the elastic stiffnesses. The equilibrium equa-
tions take the form

(C37’3ﬁ(Y)U3,p)_T =0, 3)

where the Greek indices run from 1 to 2, and y = X/¢ is the local var-
iable with ¢ =I/L is a small geometrical parameter relating the dis-
tance | between the centers of two neighboring cylinders and L is
the characteristic size of the body.

Eq. (3) has S-periodic coefficients that are rapidly oscillating. In
order to obtain the homogenized equation and the corresponding
effective coefficients, the solution of (3) is sought using the method
of two scales by the ansatz:

us(X) = vo(X) + ev1(X,y) + O(e?), (4)

where 7, is a S-periodic function of y. Substituting (4) into (3),
applying the chain rule considering that x and y are independent,
and equating the terms of orders ¢!, ¢° to zero, one can obtain that
11(X,Y) = 3N(Y) 20 «(X) Where zp(X) is solution of the homogenized
equation a4y =0, where C,5, = (C335(¥) + Ca35(¥),aN 5 (¥)
are effective coefficients. The angular brackets define the volume
average per unit length over the unit cell, that is, (F) = [(F(y)dy.
The index o = 1,2 denotes two different problems over the periodic
cell which have to be solved.

The computation of the effective coefficients depends on the
solution of local problems over the periodic cell in order to obtain
functions ,3N(y). The solution of such local problems (called in the
sequel as ,3L) can be done using asymptotic homogenization tech-
nique (see, for instance, books of Pobedria, 1984 and Bakhvalov
and Panasenko, 1989).

We focus on the so-called local (or canonical) problems associ-
ated with the correction term v; to the mean variations v, that
appear in the formulae of the effective properties. There are two
of such problems, which are referred as 3L and ,3L. A pre-index
is used to distinguish the functions such as displacements for
different local problems, which appear below.

Due to the linearity of the Egs. (1)-(3), the correction term v,
can be obtained as a linear combination of some of such displace-
ments and potentials. We do not discuss it here, since the main
objective of this paper is the characterization of the three effective
properties p;; = Cizy3, Piz = Cizpz, Pa1 = Gz and py; = Cogp3. The
symmetries of composite and constitutive materials lead us to find
one alternative form to obtain p;; and p,; and two alternatives for
obtaining pi, = po1 properties as follows,

P11 =DV + D,V + (P1sNa), (5)
P12 =DPa1 = (P13N2) = (psNa), (6)
P22 = P1V1 +D,V2 + (psN2), (7)

where, p, = C)., with y = 1,2 denotes the shear moduli of matrix
and fibers respectively; 13N and 3N are functions of z=y; +y,
(Camacho-Montes et al., 2009) that are solutions of the local
problems ;3L and »sL respectively. V> =R?/V and V;=1 -V, are
the volume fractions of matrix and fiber respectively, and
V = |wy||wy| sin0 is the area of periodic cell.

The mathematical statement of the problem consists to find
doubly periodic functions ,3N = ,sN?Xy) if y € S,, that satisfy the
following Laplace equation with the contact conditions in each
phase y = 1,2 for the local problem ,3L (o« =1,2)

V2 3N =0, in S, (8)

imperfect contact condition
P,(N{ni +sNY'ny) + p,ny = Ks(0)[.3N|| on T, 9)
continuity condition for the stress

Ip, (sNY'n1 + 3N9'na) || = —[lp,In,, on T, (10)

(sN)=0, inS=SUS,, (11)

n = (nq,ny), is the outward unit normal vector to the interface I"
and the proportional interface parameter depends on the angle 0
only for a fixed fiber volume fraction, and p, = c\)., with y=1,2
is the shear moduli of the matrix and fibers. The pre-index used
n (8)-(11) for the local function will be omitted hereafter. The
problem (8)-(11) should be converted into dimensionless problems
using the dimensionless variable ¢ = y/I (this is not a small parame-
ter!), then NY' =u? and N}’ = u'}/I where u® =N/l and the
derivative u; is with respect to the variable ¢; and us; = u. The inter-
face parameter is replaced by K; = K;p,/Ro, K is a dimensionless
parameter and Ry is the true radius of the fibers in the composite.
Also the dimensionless parameter R = R/l is introduced. The dimen-
sionless problem related to (8)-(11) over the periodic cell Y are now
rewritten below Laplace equation

Vu®) =0, in S, (12)
imperfect contact condition

p,(uini +ufm) +p,ns  Ky(0)
D1 - R

continuity condition for the stress

[[ull, on T, (13)

wPn 4 uPn

‘p—/( 1 ; 2™ 4 _iom, onT, (14)
1

<U> =0, in S=5; uS,, (15)

where k= p,/p; and u=u" if ¢ € S,.



4. Solution of local problems with non-uniform imperfect
spring parameters

The well-developed theory of analytical functions (Muskhelish-
vili, 1953) can be used to solve the problem (12)-(15). Thus, it is
necessary to solve the local problems ,3L. Doubly periodic
harmonic functions in the matrix (y = 1) and fiber (y = 2) region
are to be found for the ,3L local problems in terms of harmonic
functions ¢, (2)

~Re{o,2)}. (16)

Now, we consider a partition of the interface

I'=ulj, IinTj=0, i#j by n arcs, where a piecewise constant

function K (0)=K;, 0;<0<0,, with j=0,.,n—1, 06, =0,

0, = 27 is assumed and 0; denotes the angle of each arc (Fig. 3).
In each arc of the interface I' we consider

k)
+ Z/R)>a’ and

= i" (ﬁ) d, |z =Re"

=1

(17)

{(z) is the Weierstrass’s quasi periodic Zeta function defined as
U2) =1+ mn (Z o o +ﬁ> Ppm =nwy +mw,, for m, neZ

an
and the prime over the summation symbol means that the pair
(m,n) = (0,0) is excluded. The Laurent’s expansion of function

(p’l is given by the following expression

U s PR

p=1

kip-1)! S pREP
where Wiy = % k”’kp , Skip = Loma (MW7 + NW2)

m? +n*#0, k+p > 2, S, =0. The constants a{), ai,, cﬁ, and z= ¢ +ié&
are complex numbers; the over bar indicate complex conjugate
and the superscript “o” on the summation indicates that the sum
is carried out only over odd indices, w;, w, are the periods and
Gy = —R*Hi@ — R°H,), where Hy = Q= Hy = S, with
01 = {(z+wi) — {(2).

Replacing (16)-(18) into (13), and (14) and after some algebraic
manipulations, the following system of equations is obtained in or-
der to find the complex unknown coefficients aj( for each arc by the
system

—(k+p)

@, + f\RH101,@), + P R*Ha01,0, + > Wi,
k=1

= B161p(d1 — i622)R, (19)

Fig. 3. Partition of the interface in n arcs.

1
only survives where dy, is the Kroneckefs delta and g}, = Kf T

and Kj is the tangential component of the imperfect parameter for
each arc. Details of the derivation of (19) are given in Appendix A.
The series »_;,_;°|wyy| is convergent and consequently the system
(19) is a normal infinity system of algebraic equations (see, for in-
stance, Kantarovich and Krylov, 1964) which could be truncated
in order to obtain approximations of the undetermined constants
a’j{. In order to find the solution of the system (19), the latter is re-
duced to two subsystems with real and imaginary separated parts.
The magnitudes ay =X, +1iy,, H, = hyy +ihy,, Wiy = Wik + iy,
where Xy, Vi, hiy, h2y, Wik, and wyy, are real numbers, represent
the real or imaginary parts of complex numbers ay, fp, H1, Ha, Wiy
respectively.

The system (19) for p =1 in each arc is written in matricial
compact form as follows

(1 + msz)xf + BiINX, = RifB, (20)

where I represents the 2 x 2-unit matrix, ] is the square matrix de-

_( (h1+hiz2)  (h21 —hy)
fined byJ = ((—hzl “hy) (i)

is composed by two rows or horizontal square blocks of order 2 of

), the infinite matrix Ny (1)

the form ny = ( Wit "Wk k9541, Moreover, the trans-
—Wa1 Wik

pose vectors of unknowns X! = (x;,¥;), BT = (15, 02,) and X' =

(X3, Y30 - - Xk Yio - - -) are€ given.

The system (19) for p > 3 in each arc is transformed into
I+ W)X, = —N, X, (21)

where the matrix W = W(nkp) is composed by square blocks of or-

Wikp *Wzkp>' k=2s+1, p=2t+1,

der 2 of the form nkp:;(p( Wt Wi
—W2kp —Wikp

s=t=1,2,3,... and N, = Ny(nyp) is formed by two columns or ver-
tical square blocks of order 2. From (21) follows

X, = —(I+ W)"'NoX, and substituting into (20) results
. . . -1
¢ = (LOR(1+ R — BiNi(1+ W) 'Ny) B, (22)

In order to determine the effective properties, it is necessary to
truncate the system of Eq. (19) into an appropriate order
k =p = No. A very important first approximation is obtained if
we consider Ny = 1, in this case only survives the unknowns with
subscripts k =1 for the system (19). It is easy to solve this system
and its solution is

X > N
") =R(I+p,R]) B (23)
MR
Introducing the notation for each arc in the form

Z =1+ B R - BN:(I+ W) "Ny, (24)

the following explicit expressions of a’l are obtained from (22) for
the local problems 3L and ,3L respectively

130 = RB, (222 — i221)/ |2 (25)
20, = — (R (212 — izn) ) /2 (26)

where |Z| denotes the determinant of numerical symmetric matrix
Z.



5. Effect of non-uniform imperfect spring parameters on overall
properties

Egs. (5)-(7) can be easily transformed to the area integrals
applying Greens theorem. Replacing N =u)jl, dy, = Id¢;, the
effective coefficients p,;, p12, p21 and p,, are connected by the
following relations

P11 — by =p1Vi +p,Va —%(i/umdél +/u“>déz>
r r
Pz @)
@de; + [ u?dg, ), (27)
V . F JT

Pis — iPyy = —i(PyVi +P,V) — ‘:/1 <i/u<1>d51 +/u<1>d§2>
T T

“’,( [udz+ [ <2>dcrz), (28)

where V; and V, = TR?/V are the volume fractions of matrix and
inclusion respectively, V; +V, =1 and V = |w;||w;| sind denotes the
volume of the parallelogram periodic cell. In (27) u®” is the solution
of the local problem ;5L whereas in (28) u is the solution of the
»3L. Taking into account (16)-(18) the analytical formulae for effec-
tive properties are deduced from (27) and (28) depending on a’1 as
follows

P11 —ipy =

ZlBaJ (61— 6 }

i(p+ 1)(17]#/”1)

o 1)(0),1-0; .
n-1 Z; € p+l2 sen [(p+ ( - ):| {2]3(1] ( K)blpR (29)
_pnv b=
;TRZZ i(p 1\(7 w])

=0 +ZZ a’“e 31 Sen{p 1)(11—0})]
Pi WHA*ﬁ11+W§:Bd ]erﬂ
j=0
- 71(;:\1,(:7]”7“1)
o | e sen [ [ it ia] | 30)
p=1
_pl_Rz 4 i(p- 1)(47]“/],1)
=0 +ZZ 2! Efl sen [(pfh({;"'w’)]
p=3

where aj in (29), (30) are given by (25), and (26
Details in the derivation of the effective coefficients (29
are given in Appendix B.

The analytical expressions of effective properties (29), and (30)
are functions of the properties and volume fractions of constitu-
ents, of periodic cell wy, w, and the imperfect parameters K; in
each arc. The effective properties of a composite with perfect
adhesion between the constituents are obtained from (29), and
(30) taking K; = K; = K5 = ...Kj = K — oo and the total separation
occurs when K; =K; =K; =...K; =K — 0. From the symmetric
matrix Z is deduced p;, = p»1. The effective coefficients pq1, pa2
and pi; = po; represent the effective axial coefficients of an ortho-
tropic fiber reinforced composite with defect at the interface I'.

Once solved (19), the series expansion (17) depend on the con-
trast between the properties of the components and on the volume
fraction of the fibres. In the case of a high-contrast composite with
densely-packed fibres, the gradients of the local fields can grow
significantly. Then, the convergence of the series decreases and
evaluation of the accurate numerical results may become very
time-consuming. In this sense, the above computations were made
for No = 10, where Ny denotes the number of equations considered
in the solution of the infinite algebraic system of Eq. (19). The solu-
tion to the infinite order algebraic system (19) is achieved by
means of truncation to an infinite order and the Cramer’s rule. A

), respectively.
), and (30)

fast convergence of successive truncations is ensured because the
system is regular (see references in Rodriguez-Ramos et al.
(2001)) so that successive approximations can be applied. In gen-
eral, for low volume fraction of fiber (V, < 0.4) the accuracy and
convergence of the results are good for much smaller values of
No (Np < 2). More terms are required for high volume fraction of fi-
bers as well as high contrast of fiber and matrix, in particular,
No > 10 gives an approximation with absolute error less than 1%.
The absolute error between two consecutive truncations is very
low.

The explicit analytical form of the effective coefficients (29), and
(30) are large and complicated. They require computation of a
number of terms of series (17) and the solution of the system
(19). However, once the computational program is established
the time-consuming is very short.

6. Results and discussion

We now illustrate the theory with several examples. First, as a
validation of the model we consider different particular cases for
a two phase composites with various geometries of the periodic
cell. From now on, we will use the two-index notation for the elas-
tic constants.

Actually, it makes sense to mention that although the method is
not for dilute approximation (Movchan et al., 2002) it works per-
fect for volume fraction of inhomogeneities up to 50% as it was
checked by Sevostianov et al. (2006), Sevostianov and Sabina
(2007).

6.1.In Tables 1 and 2 a comparison between the model reported
by Jiang et al. (2004) and the present model is given. Table 1 pre-
sents the normalized effective elastic moduli Cj,/Cl), Cjs/C\Y,
Cis5/C') for perfect contact (K = 10'?) computed by AHM and the
results reported in Table 4 of Jiang et al. (2004) The material
parameter used for this calculation is C /C 44 = 120 and the angle
of the periodic cell is 0 = 75°. Table 2 shows the behavior of the
effective longitudinal shear elastic moduli C,,,C;; for a porous
material with the shear modulus of the matrix C{, = 30GPa.

The uniform imperfect elastic spring contact are obtained as a
particular case of this work taking K; =K, =K;=...Kj=K with
0 <K < co. Now, some comparisons with other theoretical
approaches are given in order to validate the imperfect uniform
model. Table 3 illustrates the normalized effective elastic moduli
Cia/CY, Cis/CYY, and Cig/CLY) for two types of imperfect uniform
contact (K =107, K = 10) computed by the present model and
the results reported by Lopez- Realpozo et al (201 1). The material
parameter used for this calculation is C /C 44 = 120 and the angle
of the periodic cell is 6 = 45°.

6.2. In order to show the novelty of this work, we consider the
non-uniform imperfect contact for two phase composites with
square cell. The material parameters used is C{/C}) = 120. We
consider the interface of the two phase composite divided into
two pieces I' =I'; UT; and different spring imperfect parameter
constants K; and K, are assigned on I'y and I', respectively,

Table 1
Effective elastic moduli obtained by Jiang et al. (2004) and AHM for perfect contact
and periodic cell with angle 6 = 75° (CE,Q/CE,L’ = 120).

Voo Cua/Cl) Cis/Cai Css/Ca
Jiang et al. AHM Jiang et al. AHM Jiang et al. AHM

0.10 1.21780 1.21780 0.00133 0.00133 1.21852 1.21852
0.20 1.48816 1.48816 0.00672 0.00672 1.49176 1.49176
0.30 1.83374 1.83374 0.01968 0.01968 1.84428 1.84428
0.40 2.29477 2.29477 0.04739 0.04739 2.32016 2.32016
0.50 2.95203 2.95203 0.10602 0.10602 3.00884 3.00884
0.60 4.00126 400123 0.23812 0.23812 4.12884 4.12884




Table 2
Variations of effective longitudinal shear elastic modulus for a porous material with
C{) = 30GPa.

V2 Clu=Gss

Square cell (0 =90°) Hexagonal cell (0 = 60°)

Jiang et al. AHM Jiang et al. AHM
0.00 30.00000 30.00000 30.00000 30.00000
0.10 24.54550 24.54545 24.54530 24.54530
0.20 20.00000 19.99996 19.99590 19.99592
0.30 16.15330 16.15326 16.12740 16.12740
0.40 12.85340 12.85336 12.76050 12.76054
0.50 9.98430 9.98427 9.73960 9.73964
0.60 7.45030 7.45029 6.90960 6.90954

according to the following distribution function

K], 0<0< 01,
Ks(0) = {I<27 0, <0 <21
fection spring parameters are considered. A wide range of situa-
tions could be taken into account but only the cases of imperfect
parameters given in Fig. 4 are chosen. The perfect case
(K, =K, =10'?) and empty fibers (K; =K, =10"'?) are upper
and lower bounds of the remaining imperfect situations for the
effective coefficient C;, = C;;. Moreover, it is well known that for
composites with square cell the effective coefficient C,; is zero.
However, the non-uniform spring distribution strongly affects the

(see Fig. 3). Different cases of imper-

Table 3

anisotropic character of the composite, making the effective coeffi-
cient Cj different from zero. The curves indicate an irregular
behavior for the coefficient C,; where it is zero for perfect and void
cases and the behavior of this coefficient is strictly increasing for
K; = 10" K, = 0 making this property in the composite stiffer
whereas the remaining cases are strictly decreasing, therefore,
the property is softer.

6.3. Fig. 5 illustrates the comparison of the axial effective prop-
erties of fibrous composite for two different periodic cells, square
(6 = 90°) and rhombic (6 = 45°) cells vs. the fiber volume fraction.
The composite has non uniform imperfection at the interface I" and
the partition of the interface is given in two arcs [0,90°] and
[90°,360°], with different lengths where two sets of piecewise con-
stant functions take the values K; = 1 and K, = 50, (solid line) and
K; =50, K; =1 (dashdot) on the arcs, respectively. The material
contrast is k = p,/p; = 120. The behavior of the effective property
Cs5 is affected for square or rhombic cell and the coefficient Cz4
changes considerable under non-uniform adherence of the com-
posite as well. Besides, the configuration of the cell strong influ-
ences on the property of the composite C,; where the curves
reflect the difference between square and rhombic cells. Moreover,
in recent contributions of Rodriguez-Ramos et al. (2011, 2012) and
Guinovart-Diaz et al. (2012) are pointed out that the configuration
of the cell affects the anisotropic properties of elastic and piezo-
electric composites. For example, composites with periodic cell

Effective elastic moduli obtained by Lopez-Realpozo et al. (2011) and present model for uniform imperfect contact and periodic cell with angle 0 = 45°. Ratio between the
constituent properties is C /C4 = 120.

K V2 Cha/Cl Cas/Cli C3s/Cl
JMS 2011 Present model JMS 2011 Present model [JMS 2011 Present model
10 0.1 0.821 0.821 —-0.003 —-0.003 0.815 0.815
0.4 0.455 0.455 —-0.033 —-0.033 0.389 0.389
10 0.1 1.178 1.178 —-0.003 —-0.003 1.172 1.172
0.4 2.062 2.062 —-0.091 —-0.091 1.879 1.879
T T T T 1.5 T T T
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Fig. 4. Behavior of antiplane effective coefficients for two phase composite with non-uniform imperfect contact.
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Fig. 5. Axial effective properties of fibrous composite for two different periodic cells, square and rhombic cells and two different non uniform spring imperfections (K; = 1

and K, = 50; K; = 50 and K; = 1) at the interface I'.
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Fig. 6. Axial effective properties of fibrous composite for square periodic cell with uniform and non-uniform contacts.

0 = 45° (the effective coefficient C is different from zero) in gen-
eral has monoclinic symmetry which is different to composites
with configuration of square (0 = 90°) cell (the effective coefficient
C,s is equal to zero) where the symmetry group is 4 mm. But in this
work is shown the relevant influence of the non-uniform imperfect
contact, which makes the same property C,; different from zero for
square cell. The small value of imperfect parameters K; indicates a
major weakening of interactions at the interface. As was to be ex-

pected, when to the arc [90°,360°] of major length corresponds the
minor value K, = 1 the effective properties C;; is weaker without
regards to the periodic cell. In the same case, the effective coeffi-
cient Cj5 is positive and in the other case is positive. Notice the
symmetry respect to horizontal axis of C,; for square cell and the
other case.

6.4. Finally, the behavior between the uniform and non-uniform
imperfect interfaces is illustrated in Fig. 6. Notice that the behavior



of the axial effective properties of fibrous composite for square
periodic cell change considerable in composites with uniform
and non-uniform imperfect contacts. In this case, for the effective
property Ci; the uniform imperfect adherence K; =K, =1 and
K, = K, = 50 in the composite are lower and upper bounds respec-
tively of the curves for non uniform imperfections. The effective
property C,s is zero for uniform imperfect contact in composites
with square periodic cell but the anisotropic is affected and for that
reason this effective coefficient is different from zero.

7. Conclusions

An asymptotic homogenization technique is used for calcula-
tion effective shear moduli of an elastic fiber reinforced composite
with non-uniform imperfect bonding between constituents and
parallelogram periodic cell. We introduce different elastic spring
constants for each partition of the interface I', between the matrix
and inclusions, where a piecewise constant function K;(6) = Kj,
0; < 0 < 0j.1 transmits a load from the matrix to the inclusion;
the transmission stress is proportional to the displacement jump
across the “matrix-inclusion” interface. Simple analytical expres-
sions (29), and (30) of the shear moduli using asymptotic homog-
enization approach are derived that show the anisotropic response
of the composite. In the asymptotic limit, we can simulate different
degrees of the interface’s response: (i) the case of the perfect bond-
ing K1 =K, =K3 =...K; =K — o0, (i) the case of the complete
separation K; = K; = K3 =...K; = K — 0 of the matrix and fibers,
(iii) the influence of one part of imperfect contact with respect to
the other one in the whole composite where the interface T is
partitioned. The non-uniform imperfect interface and the angle of
inclination of the cell play an important role in the global behavior
of the composite. The accuracies of the solutions were tested with
other theoretical models and experimental data and good agree-
ment were observed. Since the derived semi-analytic formulae
are not constrained in the whole range of fiber volume fraction,
enough good numerical results up to percolation limit are
obtained. These models can be extended to more complex compos-
ites in order to predict the overall properties in the design and
manufacturing of one-directional fibrous composite materials.

Acknowledgments

The funding of CONACYT project number 129658 and Proyecto
Nacional de Ciencias Basicas 2013-2014 are gratefully acknowl-
edged. The authors acknowledge to the project SHICHAN,
supported by FSP (Cooperation Scientifique Franco-Cubaine) Cuba
2011-26, No. 29935XH. Thanks to Departamento de Matematicas
y Mecanica IIMAS-UNAM for their support and Ramiro Chavez
Tovar and Ana Pérez Arteaga for computational assistance.

Appendix A.
Derivation of the system given by (19)

The problem (12)-(15) is solved for both antiplane problem L,
with « =1, 2. Using the imperfect contact conditions spring type
(13), the continuity condition for the stress (14) and taking into

account C{Y = C{}) =) ~ and x =

p—z = % we obtain
55

[(fu.,g”nl#u,(z”nz) —k(u2m+uP ) + (1 - K) (61,m +52an2)} =0

(31)
The function/u is considered for the matrix and fiber as a function of
complex variable, i.e.

jU(l) :jlh +ju2i, jU(z) :jﬂl -f—ji/zl.7 (32)

and it satisfies the Cauchy-Riemann conditions for the differentia-
tion, therefore, substituting (32) into (31) it leads

KC{J = 51?‘% - aﬁy + Zankpa’;c +(1

k=1

K)d1p(014 — 1024)R (33)

The tangential imperfect parameter is defined in each arc by
Ki(0)=K;, 0j<0<06,; with j=0,....n—1, 6,=0,0,=2m,
thereby using (16)-(18), the expression (13) yields

. s
[]U2+(X2(511 X]ézg)} e :/ ' Kj<1u3 jll3 )d@ 9 <9<9]+1

0

. O
[Wuz + K (X261, — X1521)]0M :/ K; (Ju( —1u3 >d0 0; <0 <01
b

(34)

The other expression for cf can be derived from (34)

(’; +;c)cf —K; a'ou,+ +Z ""; k) — KRG1p (815 — 1625)0 < 0 < ;1.
(35)

Equating the expressions (33) and (35) leads to the infinite system
(19).

Appendix B.
Derivation of the effective coefficients given by (29) for the problem ;3L
The integrals from the right side of (27), and (28) are required to

be calculated. Therefore, the contributions of each part in the inte-
grals are written as

’ n—1 ()jﬂ . 1 1 n—1 ()M . 1
i/u(3 )dx; :iZ/ HuPdx,, /ug)dxz :Z/ Hudx,,
r j=0 0; T j=0 0;
) n-1 0j1 ) ) n—1 Oj41 )
i/u(3 Vdx, :iZ/ HuPdx /ug)dx2 :Z/ HuPdx,,
I =0 0; T =0 0;

using the expressions (16), and (17) over the circular contour deter-
mined by z = Re” and the property Re(z) = ZZ we obtain

1 0.
i[_u(;)dxl _EZ/ {Z ay o1 + @ +Z "hcpam) e’
. 0

+Z° @'y + df! +Z nkpa'+1> w”} dx, (36)
p=1

/ uldx,
T

] n-1 0i11 00 . » 00 . )
_ j / i |:Zo a10+151p + agrl + Zo],lkpa;:rl) eir?
k=1

p=1

° @yt +Z°mﬁiﬂ)€‘“’"} d  (37)
k=1
n-1
i / uf dx, :iz / Z cle 'P“+Z ole ’P”>dx (38)
r j=0 0

-1 "
/ugz)dxz :%"z:/‘(’jl Z Cj+1 1p0+z Cj+1 1p0> (39)
JT =0 0;

Replacing (38) and (39) into the third term of the right side of (27),
and (28) and using dx, +idw =Re 'do yields - (f;

0,1 [ 0
i+ ( d;lew1)0+ZDCJ;’1€NPH)0> do.
0 p=1

ugz)dxz +

lfru3>dx1 = 5




Now, separating the first term of the sum with exponent (p—1) and
rearranging the expression
+1 -1
ct c¢ 0.
%(fr”a dx, +i fruf dx1>:—vz i1 — 0 CH] _VZ .
- = (40)

o0 00
0 +15i(p-1)0 ofjH (p+1)
x Y och el N ogitenile )dé)
p=3 p=1

Moreover, from the expression (33) we have for p=1

ot = % [(a’a“ —@T ) af,;”) + (1= K)(015 iamR} if 0,
k=1

< 0<0j+1

Replacing (33) and (41) into (40) for the problem 3L (o =
have

—j+1 = j+1
-a@ JFZ"’?M‘I;(+

k=1

c? X b CORn=1T
(o [ ) S5 o

Replacing (36) and (37) into the second term of the righ side of (27),
and (28) it yields

c : : 1
—i</ug)dxz+i/ug)dx1> =
V r T

Now, separating the first term of the sum with exponent (p — 1) and
rearranging the expression

Ry

C ([ ) -
77</ru3 dxz+l/ru3 dx1> ==y 2

Va s
TR

“oMﬂ

Cgs - ileS = C(sls) {1 (9j+1 - Gj)a’i“}

CHRn=t | o .
" ; ; |20}~ (1= K)51,R]

oy i1 e("‘”(”zjﬂ 4) e i(p\l)(llzj+1 5)
xe Tz e .
ip+1)
i(p 1)0] 1 -1, 1]” ex‘p71>(02jnfr/j) e i(p- 1)(02 a-0)
+22"a’” .
i(p-1)

(44)

The last formula (44) leads to the expression (29). Analogously, the
expression (30) for the local problem ;L is derived.

-+ (1 — K)R:| (9]‘+] — 91)

COWREL [0 j+1 j+1 +1 = i - i i
+35y / Z Siply — @ +Z Mol +(1=K)o1pR e P10 N "0 Gt N "oy @l )elP=10 bdp
j=0 70 p=1 p=3 k=1

(42)

" [Za ay o+ aj¥>+]+2°’7kpa':}+]> (LS S AL +Z %a’“) P“W}de.
p=1 k=1

p=1

(O —0) a4+ + zf’nmaf])
k=1

Wpn=1 0, [ =
ST / {Z" a’“+Z w’“) S +Z "oy, + aJ“+Z w’“) P*”}de (43)
j=0 /0

The expressions (42) and (43) are replaced into (27),

* .~k
Css —iCy5 = (Css) —

[2aJ+1 1- K)R} +

:0 Jj=0

and using the average definition, the fiber volume fraction V, = Z&
after some algebraic manipulations we obtain

1 (1) p n-1
CieR

{io{ 2a1+1 (1_ )51 ] i(p+1)0 ZZOG;H pl)()}
p:
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