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Study of avalanches during the fracture of discrete models
A. Delaplace?®, S. Roux®, G. Pijaudier- Cabot®
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Fluctuations on material response due to heterogeneity are known to contain intrinsic properties of the material.
Two simple discrete models are presented and the fluctuations encountered on their responses are analyzed through
avalanche distributions, which represent the evolution of micro-events of degradation in the material. Both models are
based on the fiber bundle model. The first one deals with the propagation of an infinite 1D crack between an elastic
body and a rigid substratum. The second one deals with the rupture of a softening heterogeneous material coupled to
an elastic body.
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1. Introduction

The response of quasi-brittle heterogeneous materials under mechanical loads reveals an average be-
havior, but also fluctuations that are due to the randomness of the material micro-structure. Rupture events
are a succession of micro-cracks nucleation, propagation and arrest. These events are controlled by the
randomness of the distribution of material properties and also by internal correlation length scales, which
are usually unknown. However, a relevant continuum model of fracture has to take into account such scales
in order to avoid any discretisation sensitivity. Currently, methods that aim at exhibiting these length scales
are hardly available. In this paper, we present a possible candidate. The technique is based on the study of
avalanche distributions. An avalanche is a measure of the succession of micro-events (i.e. the quantity of
micro-events) in the material under a given load. The analysis of the avalanche distributions has been
applied to different topics (see e.g. [1,2,7]). Here, we apply this tool to the analysis of the fluctuations
encountered on the responses of numerical model problems. The medium intrinsic length is extracted in
both cases, which helps at understanding post-bifurcation responses.

The discrete models are based on the fiber bundle model, that allows a full analytical study of rupture.
The first model is the so-called ZIP model. It represents the propagation of an infinitely long crack at the

* Corresponding author.
E-mail address: delaplac@lmt.ens-cachan.fr (A. Delaplace).



interface between a rigid substratum and an elastic body. It has been studied in [8]. We will just recall the
main analytical results and we will present applications for two different elastic interactions. The second
model represents the failure of an heterogeneous material connected in parallel to an elastic body. It is
inspired from an experimental test which has been developed in the past, in order to measure the internal
length in different heterogeneous materials [3,5]. We use a hierarchical model for the elastic body. This kind
of hierarchical discretisation provides a reasonable representation of the Green function in an elastic body,
and it is possible to reach results on large size systems with a reasonable computation time.

2. ZIP model

This first discrete model is derived from the well-known Daniels’ fiber bundle model [9]. It is an infinite
set of parallel fibers clamped between a rigid substratum and an elastic body (Fig. 1). The load is an im-
posed displacement which moves onto a line perpendicular to the fibers axis. Fibers are elastic, with the
same stiffness x, until their displacement y reaches a random threshold y. where they break irreversibly. We
chose a distribution of random thresholds which is uniform between 0 and 1 (although it is possible to use
other distributions, without any added complexity).

The model response is the variation of the global force F versus the edge displacement U. In the steady
state regime, the global force F versus the location of the crack tip (which is equivalent to the number of
broken fibers on the crack faces [8]) is also monitored. F'is defined as the sum of the local forces f;, where
the subscript i refers to ith-fiber:

F=Y fW) 1)

with

fi=wy if 3y, <y,

2
=0 ifyi>yc,- ()

This model gives a steady state regime of crack propagation which reveals many fluctuations due to the
heterogeneity induced by the fibers strength (Fig. 2). It is important to emphasize that such fluctuations are
really not random noise. They depend on the fibers strength, of course, but also on the redistribution of
forces in the elastic body which follows each fiber rupture. This redistribution introduces some correlation
in the failure process for which we would like to exhibit intrinsic properties (e.g. not dependent on the size
and geometry of the system). In this paper, we shall focus on the characterisation of an internal length that
gives the zone area where interactions and redistribution take place in front of the crack tip. This zone can
be compared to the fracture process zone (FPZ) described by Hillerborg et al. [10], where some ““bridges”
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Fig. 1. A scheme of the ZIP model.
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Fig. 2. A part of ZIP model response. x-axis represents the number of broken fibers, y-axis is the value of the global force F.

exist between the upper part and lower part of the crack. The stress field is not discontinuous across the
crack tip, although with the present discrete model this aspect of the stress distribution cannot be inves-
tigated. Behind the FPZ, the crack faces are not connected; ahead of the FPZ, material is sound. In the ZIP
model, we distinguish three regions that are similar to the ones described by Hillerborg. The first one is
called the broken area (behind the FPZ) with broken fibers only, the second one is called the active area (the
FPZ) where surviving fibers and broken ones are present and the last one is called the safe area (ahead of
the FPZ) where no fibers are broken.

The size of the FPZ is an important intrinsic property of the material. Knowing this size is crucial when
dealing with scale effects e.g. with enriched models for continuum failure (see [11,15,16]). With such models,
the internal length controls the width and length of the FPZ. In boundary value problems, the variation of
the ratio of the size of the FPZ to the size of the structure yield results that are size dependent. This size
effect observed experimentally cannot be captured with continuum models where an internal length is not
inserted in the formulation (in gradient or integral nonlocal formulations, or in the form of a cohesive crack
with a FPZ). Unfortunately, this length is not easily obtained experimentally. On the simple numerical
models considered in this contribution, we are going to show that because the fluctuations encountered on
the response depend on internal material properties, the analysis of avalanche distribution provides this
internal length, or at least the size of the FPZ. In order to better understand the results, we recall first the
main conclusions obtained for the ZIP model.

2.1. Analytical results
These results are obtained from a simplified version of the ZIP model. In this part, we choose an imposed

displacement profile for the elastic body. It allows to perform a complete statistical analysis of the problem
(for a detailed derivation of the results in this section, see [8]). The chosen profile is given by
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where the parameter ¢ is considered as a fixed parameter of the model. This simplified expression captures
the main features of the deflection of a beam which is connected on a rigid substratum through a dam-
ageable interface. Because we focus on the fluctuations of the steady state response of the system, we deal
with the variance of dF = F(U 4+ AU) — F(U). Fis the sum of independent statistical variables, hence dF is
obtained from the sum of df;. After some mathematical manipulations, the following expression is derived:

(dF?) = (1 — exp(-AU/&))d*(F) (4)

where ¢ (F) is the total force variance. The interpretation of this expression is the key point to understand
correlations along the response model: over the length scale £ (AU lower than &), F behaves as a random
walk and there exists correlations between the fiber responses (i.e. their rupture). For larger distances
(AU > ¢), the fluctuations are uncorrelated and the fibers break randomly.

The distribution of avalanches is well-known for this kind of fluctuating signal [17]. For an uncorrelated
signal, the distribution is a simple power law p;(4) = 472, For a random walk, the distribution is also a
power law but with an exponent —3/2. In the present model problem, the same type of result should be
expected, because over a length that is lower than the FPZ size (in the order of ¢), fluctuations reveals
correlation. In the ZIP model, the analysis of the distribution of the avalanches of size lower than ¢ should
give a power law of —3/2. The analysis of the distribution of avalanches of size greater than ¢ should give a
power law with an exponent —2 because the response is no more correlated.

2.2. Numerical results

In this section, we present the distributions of avalanches obtained from two kind of enhanced ZIP
models. In the first one, a beam is connected to the substratum through the damageable interface. In the
second one, it is a 2D semi-infinite elastic body which is connected to the substratum through the same
interface (Fig. 1). The infinite boundary condition at the opposite side of the edge is guaranteed by a
particular elastic element: this element captures the behavior of an infinite elastic body connected to a rigid
substratum through an infinite set of intact fibers. For the first case of a beam, the property of this element
(called A) is depicted in Fig. 3.

2.2.1. Elastic beam

The problem is solved by considering two degrees of freedom (vertical displacement and rotation) for
each point of the beam connected to a fiber. For two neighboring points i and j, it corresponds to nodal
degrees of freedom v;, 0;, v;, 0;,. Under the assumption of an Euler-Bernoulli beam, the stiffness matrix is
given by

Fig. 3. Features of element A ensure that the vertical displacement and rotation of point B under loading force F and torque M are
equal in both cases (a) and (b).
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where E is the elastic modulus, I the moment of inertia of the cross-section and / the beam length between
the two points. The size of the active area (or the FPZ) is a priori unknown. It depends on the ratio between
the fibers stiffness x and beam stiffness EI. We plot in Fig. 4 two avalanche distributions where the beam
stiffness has been changed only: the ratios EI/x are chosen to be 1 x 10* and 2 x 10° (respectively crosses
and circles on the figure). The two expected distributions are obtained, with a cross-over that gives the size
of the FPZ.

2.2.2. Semi-infinite elastic body

In this second case, the beam is replaced by a semi-infinite elastic body. At the boundary of the elastic
solid which is connected to the fibers, one degree of freedom (vertical displacement) is imposed. In order to
solve the problem, we use the Green function [14] that provides the displacement y along the elastic body
due to a force f applied at distance / of the point where the displacement is measured:

L2t ()

 nE g|l| nE

y(1) s (6)

FE and v are the Young modulus and the Poisson ratio of the elastic body. / is a constant that corresponds to
a zero vertical displacement. The crack propagation in this model is similar to that of the previous one,
except that interactions inside the FPZ depend on Green functions instead of being the solution of a beam
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Fig. 4. Avalanche distributions for two beam stiffnesses. They exhibit two power-laws, the first one with an exponent 7; = 1.50 & 0.05
(- — ) and the second one with an exponent 7, = 2.05 + 0.10 (—). The cross-over between the two slopes gives the size of the active

area (&, and &, on the figure).
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Fig. 5. Avalanche distributions for two elastic bodies stiffnesses. They exhibit the expected two power-laws. The cross-overs (called ¢,
and ¢&,) give the length of the FPZ size.

problem. The length of the FPZ is again not known. Then, we compute the distribution of avalanches in
order to find this length, which corresponds to the cutoff between the correlated signal and the uncorrelated
one. Two distributions are plotted in Fig. 5 for two elastic moduli of the semi-infinite block. We find, as
expected, the two regimes with the cutoff which corresponds to the size of the FPZ.

2.3. Comments on the ZIP model

We have shown above that the distribution of avalanches contains useful information on the correlation
of fracture events in heterogeneous media. The above analyses show, in particular, that it is possible to
extract the size of the FPZ from the distribution of avalanches. It is important to emphasize that this kind
of analysis could not be carried out if the response would be smoothed, for instance if the average steady
state response would be considered only, without the fluctuations. A continuous response, however, could
be seen as the limit of such an average response for a model with an infinite number of fibers. It is not the
case: the response of the discrete model is not differentiable. Upon taking the limit of a discrete model to the
infinite size, it is found that the response is still not differentiable. It is not in agreement with the traditional
assumption of continuum models. Simply, it shows that the smoothing that is involved in continuum
models, for which the response is differentiable, erases some features of the way local failure develops in the
FPZ.

The results obtained with the two ZIP models could be extended to other similar models. For instance, if
we consider a 2D crack propagation (with a set of parallel fibers in x and z directions), the analysis of the
distribution of avalanches would give a cutoff that is proportional to the area of the FPZ. Finally, such a
technique should be applied to experimental studies of in-plane crack propagation in a heterogencous
material. In the next part, we discuss another model which represents the rupture of an heterogeneous
material coupled in parallel to an elastic body. Again, the avalanche distributions will be able to reveal
information on heterogeneity effects.



3. Hierarchical model

Dealing with the post-peak behavior of quasi-brittle heterogeneous material under tension has ever been
delicate. In the post-peak regime, the response of the specimen is very much unstable. Strain localisation
occurs, which prevents a direct measurement of the material response in tension. Different experimental
attempts have been proposed in order to stabilize the specimen response and to prevent, as much as
possible, strain localisation to occur [12,13]. One popular test is the so-called PIED test developed by
Berthaud et al. [3] from an original idea of 'Hermite [4] and Bazant and Pijaudier-Cabot [5]. The idea is to
apply a uniform state of uniaxial tension on the specimen through parallel elastic bars glued on the ma-
terial. For instance, aluminum bars are chosen for tests on concrete (Fig. 6). Micro-cracks are expected to
appear all over the material, without the occurrence of a single macro-crack propagation. The model
discussed in this section mimics this experiment. The material to be tested (on which the elastic fibers are
glued) is described by a set of fiber bundle models.

The aim of this device is to avoid the occurrence of a macro-crack. It could be easily reached by con-
sidering a large stiffness for the elastic body with respect to the material stiffness. But the larger the elastic
stiffness is, the more difficult it is to obtain the material response accurately. On several tests, macro-cracks
and so nonuniform strain states have been detected. In this case, the specimen response is not a function of
the material tested only. For instance, it has been shown [6] that a macro-crack could lead to a debonding at
the material-bars interface, and the assumptions used to extract material behavior are no longer verified.
One of the problem is that macro-cracks are not directly visible after the test because the elastic bars tend to
close them upon unloading. The only way to reveal the macro-crack is to cut the sample.

We are going to study the response of a specimen similar to that of the PIED test, described by a
theoretical model in such a way that the occurrence of a nonhomogeneous strain field can be detected. This
can be done again by studying the distribution of avalanches. Before showing some results, we will recall
some of the useful properties of the distributions of avalanches, based on the ones observed with ZIP
model.

3.1. Theoretical model

We use here a hierarchical discretisation of the specimen. Fig. 7 shows the discretisation (also called
generation) at levels 1-3. The most important feature the model has to verify is that the stiffness of the
elastic body has to be independent of the discretisation level [7]. This aim is reached if the parallel springs in
the hierarchical discretisation have half the global stiffness k.

We may now write the recurrence relations that control the system. They are obtained by writing the
force—displacement response of a system at generation (n) from the responses of two systems at generation
(n — 1). The displacement is simply:

Elasticbodiesi\
—

"

T

Quasi-brittle heterogenous material /

Fig. 6. A scheme of a PIED experimental setup.



Fig. 7. The hierarchical decomposition for systems of generation 1 (a), 2 (b) and 3 (c).

U — Ul(”—l) + Uz("—l) (7)

and the force is:

k _ e
FO = Fe 420+ ) (8)
If we consider a homogeneous response for the material (i.e. Ul("fl) = Uz(”fl)) then the global response of the

model from the response of the system at generation 1 is:
FW =FU 4 k(2! — 1) 9)

U — -ty (10)

3.2. Bifurcation analysis

The aim of the experimental device depicted in Fig. 6 is to obtain a uniform distribution of strain and
damage in the material which is tested by a control of the displacement field on the lateral faces of the
specimen. The bars are placed so that bifurcation and strain localisation is prevented, as much as possible.
In order to check this, let us make a bifurcation study of the model. For this, we need to assume that the
material to be tested follows a strain softening response. We chose here the mean behavior of a Daniels’
model with a uniform probability distribution for the fiber thresholds between 0 and 1. This force—dis-
placement behavior is:

f=ru(l —u) (11)
where x is the initial stiffness, and u is the normalized displacement which varies between 0 and 1. The
recurrence relations start from the response of a system at generation (1):

UY =y and FOY = xu(l —u)+ ku (12)
The unstable condition is reached when:

dF® 2k 4k
qum 0 or u=Tp— (13)

From the last equation, we can see that if the unstable condition is not reached for the first generation
system, the condition will never be reached. Because u € [0; 1],

k> (14)



is a sufficient condition to have a stable solution. Of course, this kind of analysis could be done because the
material response is entirely defined a priori.

If the unstable condition is reached during a test, the material response derived from a direct inter-
pretation of the test data, which assumes that the material and the bars form a parallel system with a
homogeneous strain, will not be the real one. The difficulty is that it is quite impossible to know if this state
is reached: if a bifurcation occurs, a macro-crack will propagate suddenly, and the system will move to an
other stable configuration. The loading could be a succession of such unstable events, as the global response
looks like a stable one. For this discrete model, however, the response still reveals some fluctuations due to
randomness of fibers thresholds. Same as for the ZIP model, the distribution of avalanches should provide
some informations on failure process.

3.3. Avalanches

Before dealing with distributions of avalanches, let us describe first the failure process. At the beginning
of the loading, the weakest fibers break randomly in the sample, because of the stress field is homogeneous.
When the peak load is reached, the system failure is the result of a competition between two processes:

e The first one follows the previous one, i.e. a random locations of broken fibers.

e The second one corresponds to a local redistribution regime. In this case, bifurcation can occur locally
and leads to a stress redistribution in the neighborhood of the region where local failure occurs, due to
the elastic bars. Then, the stress homogeneity is no longer guaranteed.

If the aim of the test is to capture the global response of the heterogeneous material under a homogeneous
strain, the first failure process should develop only. This kind of regime, without redistribution, is similar to
a random signal that gives a well-known power law of the distributions of avalanches. If the system follows
the second failure process, the distribution of avalanches will exhibit another law which is not known
analytically (note that for simple models with local load sharing, it could be obtained analytically [18]).
We present now computations of the distribution of avalanches for different systems with different stiff-
nesses of the elastic bars.

3.3.1. Numerical results

We chose a set of fibers with a uniform distribution between 0 and 1 for the thresholds. In this particular
case, we know from Eq. (14) which stiffness corresponds to the transition between a localized failure process
and a full random failure. Two distributions of avalanches are presented. The first one corresponds to
k = 2k. As expected, the distribution follows a power law with an exponent —2 (Fig. 8). The location of the
successive broken fibers is shown in Fig. 9 for a 7-generation model with 100 fibers in each bundle. The
failure is homogeneous all over the loading. The second distribution corresponds to £ = 0.2k. In this second
case, the distribution of avalanches does not follow the power law with an exponent —2, and diverges from
this behavior. As explained before, at the beginning of the failure, the fibers break randomly. This regime
corresponds to the power law of —2. After the peak load, the failure process is controlled by local redis-
tributions and the distribution of avalanches becomes biased compared to that of Fig. 10. The failure is no
longer homogeneously distributed (Fig. 11). Note that the computed distribution is an average between two
regimes that occur successively, contrary to the distribution obtained with the ZIP model which reveals two
regimes which occur simultaneously. This feature is shown in Fig. 12. The distribution of avalanches of a 6-
generation system with 1000 fibers per bundle is plotted at different steps of the loading. Before bifurcation,
the distribution remains a straight line in a log—log plot. After localisation, distribution diverges from this
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Fig. 8. The avalanche distribution of a hierarchical model of generation 4, with 1000 fibers per bundle. The chosen stiffness is £ = 2x.
The dashed line is a guide for the eyes and has a slope of —2.
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Fig. 9. Location of fibers during the failure. y-axis represents the succession of the broken fibers during the loading, x-axis represents
the position of the broken fiber. Fibers break homogeneously during the loading. Each point is the failure of one fiber. Fibers break
homogeneously during the loading.

line. These results show that through a simple analysis of the fluctuations encountered on the response of
the model numerical problem, it becomes possible to check if bifurcation occurs during test. This approach
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Fig. 10. The avalanche distribution of a hierarchical model of generation 4, with 1000 fibers per bundle. The chosen stiffness is
k = 0.2k. As expected, the distribution does not follow the slope of —2.
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Fig. 11. In the case k < «, the localisation of broken fibers into a bundle could be seen at the end of the loading. In the beginning of the
loading (before bifurcation), no localisation occurs.

is expected to be used on experimental test, where acoustic emissions, same as avalanches, are micro-events
occurring in the material during failure. The analysis of their distributions should give relevant information
on the failure process.
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Fig. 12. Evolution of avalanche distribution for a hierarchical model of generation 6 with 1000 fibers per bundle. The distribution is
plotted after 16 000 broken fibers (before bifurcation), 20000 and 32000 (after bifurcation).

4. Conclusion

Several discrete numerical models which reveal fluctuations of their response have been discussed. These
fluctuations are close to the ones that are encountered in the experimental responses of quasi-brittle ma-
terial subjected to tensile loads. In a continuum mechanics approach, the material response is represented as
a smooth one, loosing some important features such as fluctuations of the applied load. Taking into ac-
count the variability of the response provides some extra information on the failure process. This paper
underlines the idea that fluctuations on material response are really relevant for a better understanding of
the behavior of quasi-brittle materials.

Inspired from the ZIP model, the first two model problems deal with the propagation of an infinite in-
plane crack at the interface between an elastic body and a rigid substratum. This kind of crack propagation
are known to exhibit a FPZ in front of the crack tip, whose size is proportional to an internal length. A
similar one-dimensional zone is developed at the crack tip in the ZIP model, where surviving and broken
fibers are present. This zone is characterized by a length that is a priori unknown in the model. It can be
looked at as a simplistic description of a FPZ. The distributions of avalanches show that this length could
be obtained by considering two regimes: one regime where the local failures are correlated, and the other
one which is close to random.

The second model mimics an experimental test aimed at controlling the damage process in the material.
It is intended to prevent strain and damage localisation to occur with the help of restraining bars glued on
the faces of the specimen. The distribution of avalanches helps at revealing whether it is indeed what occurs
during the experiment or not. If there is no redistribution, the fibers break randomly in the media, and lead
to a well-known distribution of the avalanches described with of a power-law with an exponent of —2. If
redistribution occurs, the distribution of avalanches diverges from this power law. Therefore, a full analysis
of the experimental response, including its fluctuations, may provide some information on the homogeneity
of the strain distribution inside the specimen.
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