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ABSTRACT. Three simplified modelling strategies are proposed to simulate the non linear 
behaviour of reinforced concrete (RC) structures submitted to severe loadings. The 
Equivalent Reinforced Concrete model (ERC) is suitable for very squat RC walls and it is 
based on the Framework method coupled with damage mechanics and plasticity constitutive 
laws. The multifiber Timoshenko beam can be used for slender or squat structures submitted 
to severe shear or torsion. Finally, the SSI macro-element coupled with the multifiber beam is 
able to reproduce soil structure interaction phenomena on the foundation and the structure. 

RÉSUMÉ. Trois stratégies simplifiées de modélisation du comportement non linéaire de 
structures en béton armé soumises à des chargements sévères sont proposées. Le béton armé 
équivalent est adéquat pour des voiles très faiblement élancés. Il est inspiré de la Framework 
method couplée avec des lois de comportement basées sur la mécanique de l’endommagement 
et de plasticité. La poutre multifibre Timoshenko est utilisée pour des structures élancées ou à 
faible élancement soumises à du cisaillement ou de la torsion. Enfin, le macro-élément ISS 
couplé avec la poutre multifibre est capable de reproduire les phénomènes d’interaction 
sol/structure au niveau de la fondation et de la structure. 

KEYWORDS: SSI, Timoshenko beam, multifiber beam, shear, torsion, macro-element. 

MOTS-CLÉS : ISS, poutre Timoshenko, poutre multifibre, cisaillement, torsion, macro-élément. 
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1. Intr oduction

Non-linear dynamic analysis based on detailed finite element modelsrequires
large-scale computationsand delicate solution techniques. Thenecessity to perform
parametric studies and the stochastic nature of the input accelerations often impose
simplified numerical modellingin order to reduce computationalcost. Threerecently
developed simplified modellingstrategies are presented hereafter together with some
validation examples:

– The Equivalent Reinforced Concrete model (ERC), suitable to reproducethe
global(force/displacement) behaviour of squatreinforced concrete walls.

– A multifiber Timoshenko beamelement, capable to simulate thenon linear be-
haviourof reinforcedconcrete(RC) structures submitted to bending,shear andtorsion.

– A macro-element that, coupledwith multifiber beams, is able to reproduce com-
plicate Soil StructureInteraction phenomena.

All the above toolscan beintroducedin every general purposefinite element code
and could beof great importancein the everyday life of an engineering office.

2. Equivalent Reinforced Concrete model

A model based on first order beam theory (Bernoulli or Timoshenko) is unable
to reproduceshear deformations and stresses in structures presenting a very small
slenderness ratio (Mazars et al., 2002). An alternative simplified method is the so
called Equivalent Reinforced Concrete model (ERC), (Kotronis, 2000), (Mazars et
al., 2002),(Kotroniset al., 2003). The modeluses a lattice mesh and it is inspired
on theFramework Method (Hrennikoff, 1941). Thebasic idea consists on using the
patternsof theFramework Methodin anon-linearcontext andfor anon-homogenous
material with constitutive laws based on damagemechanics and plasticity. Themain
assumptionsof theproposed strategy are (Figure1):

1) An elementary volumeof reinforced concrete (EV) is separated into a concrete
element (C) and a horizontal and a vertical reinforcement bar (SH and SV respec-
tively). Concrete and steel are then modelled separately using two different lattices.

2) The sections of the bars simulating concrete are derived from the Framework
Method.1D damagemechanics constitutive laws are introduced.

3) A lattice composed by horizontal and vertical barscoupled with auniaxial plas-
ticity modelsimulates steel. The section and position of the bars coincide with the
actual section and position of thereinforcement. Therefore, thelatticeused for steel is
in general different from thelatticesimulating concrete. In order to simplify themesh
the method of distribution can also beused, where the sections of bars are defined
proportional toa correspondingsurface area, seeFigure6. More information and dif-
ferent case studies can befoundin (Kotronis, 2000),(Mazars et al., 2002),(Kotronis
et al., 2003).
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4) Perfect bondis assumed between concrete and steel.

5) When thestressfield is quitehomogeneous, thenumberof elementsthat simu-
late concrete or steel doesnot have agreat influenceon theresults (Kotronis, 2000).
Therefore a “macroscopic” modelcan beused instead of the “equivalent lattice”, see
Figure1.

Figure 1. TheEquivalent Reinforced Concrete model

For plane stressconditionsand for the concrete lattice, the pattern presented in
Figure2 and thefollowing equationsof theFramework Methodcan beused.

Figure 2. Framework Method- Pattern for planestress
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Ah =
3

8
(3− k2) αt [2]

Ad =
3

16

(1 + k2)
3

2

k
αt, [3]

wherek theratio between thelengthand theheightα of thepattern and t thewidth of
theplate.

REMARKS.

1) In order to derive the previous pattern, the criterion of suitability adopted by
Hrennikoff is the equality in deformability of the framework and the solid material
in elasticity. In other words, the pattern gives the exact results only for an elastic
homogeneousmaterial.

2) More complicatepattensof theFramework methodareindependentof thePois-
son ratio. We choose to work with thesimplest onein order to decrease thenecessary
computational time.

3) A crucial parameter for the successof the non-linearsimulation is the angle
θ that thediagonalsof the concrete lattice form with thehorizontal bars. This angle
dependsonthereinforcement ratiosin thehorizontal and vertical direction, theloading
(normal compressive stress at the base of the specimens and shear stress) and the
boundaryconditions. It is related with the direction of the cracks into the structure
(thebars are supposed reproducingtheRitter-Mörsch scheme). Calibrating this angle
by performingan elastic calculation to get theorientation of theprincipal axis when
cracking begins is a way to obtain roughlya solution. However, sensitivity increases
with low reinforcement ratios and so the question is still open, see(Kotroniset al.,
2003)and Subsection 5.1.2).

3. Multifiber Timoshenko beam

A 3D multifiber Timoshenko beamelement has been developed in (Kotronis,
2000),(Kotroniset al., 2004),(Kotroniset al., 2005a)and (Mazars et al., 2006).The
element is displacement-based and hashigherorder interpolation functions to avoid
any shear locking phenomena(cubic and quadratic polynomials areused for thetrans-
verse and rotational displacementsrespectively (Friedman et al., 1993)).

In the following equations1 and 2 are the two nodesof the beam, x its axis, s
thesubscript defining the “section variables” , u, v, w thedisplacementsandθx, θy, θz
therotationsaccordingto thex, y, z axis respectively. L is the length,S thesection,
κy, κz theshear correction factors, I themomentof inertia, E theYoungandG the
shear moduli,Figure3.
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Thematrix N containing the interpolation functionstakes thefollowing form:

N =
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andN∗

i = Ni(φ
∗), φ andφ∗ stiffness ratio dueto flexion and shear:
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Figure 3. 3D Beam

The “generalised” displacementsUs (at thesection level) are linked with thedis-
placementsat thenodesU with thefollowing equations:

Us = N U [7]

Us
T =

{

us(x) vs(x) ws(x) θsx(x) θsy(x) θsz(x)
}

[8]

UT =
{

u1 v1 w1 θx1 θy1 θz1 u2 v2 w2 θx2 θy2 θz2
}

[9]

Thesection ”generalized” stresses and strains are finally calculated by numerical
integration, accordingto the equationsprovided in (Guedes et al., 1994).

The above interpolationsfunctionsdepend onthematerials propertiesandare cal-
culated only once,duringthefirst step. Introducing internal degreesof freedomin the
formulation of thebeam and adequatehigherorder interpolation functions(indepen-
dent on thematerial properties) one canfind theinterpolation functionsof Equations
[4] and [5] throughclassical static condensation (Caillerie et al., n.d.).

In order to solve thetorsion problemfor a planesection composed of several ma-
terials, a warping-conductionanalogy method is used (Proix et al., 2000), (Mazars
et al., 2006). The problem of the calculation of the warping function ϕ(y, z) for a
section madeup of several elastic materials (shear modulusGi) is transformed into a
2D conduction problem in a plate madeup of several materials (thermal conductivity
λi). The equivalent conduction problem takes the following form (with T (y, z) the
temperaturefunction):

∆T (y, z) = 0 [10]

6
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By applying the correct boundaryconditions, theproblem can besolved with any
finite element code ableto solve thermal conduction problems (Mazarset al., 2006).

4. SSI macro-element

The macro-element concept was applied for the first time in geomechanics
in (Nova et al., 1991).It consists in condensing all nonlinearities into afinite domain
and works with generalized variables (forces and displacements) that allow simulat-
ing the behaviour of shallow foundationsin a simplified way. The macro-element
developed in (Grange,2008),(Grangeet al., 2008a),(Grangeet al., 2008b),(Grange
et al., 2009) is inspired from (Crémer et al., 2001)and (Crémer et al., 2002)and it
reproducesthebehaviour of a 3D shallow foundation ofcircular, rectangularor strip
shape, submitted to cyclic or dynamicloadings. It takes into account theplasticity
of thesoil and theuplift of the foundation.A brief outlineof the formulation of the
macro-element follows:

The associated generalized variables (displacement and forcevectors) are dimen-
sionless. They are defined hereafter (for any a, a′ defines the corresponding dimen-
sionlessvariable): vertical forceV ′, horizontal forcesH ′

x, H ′

y andmomentsM ′

x, M ′

y,
but also the corresponding displacements, vertical settlement u′

z, horizontal displace-
mentsu′

x, u′

y and rotations θ′x, θ′y. Torquemoment(M ′

z) is not taken into account
(Figure4).

xx

yy zz

V

HxMy

Hy
Mx uz

ux

θy

uy

θx

B

A

(a) (b)

Figure 4. Generalised variables: (a) forces and (b) displacements for a rectangular
foundation

The elastic part of the constitutive law is defined asF = K
el
u
el, where thedis-

placementuel andforcevectorsF aredimensionless. The elastic stiffnessmatrix K
el

is calculated using thereal part of thestatic impedances. It is considered diagonal,i.e.
there is not coupling between thedifferent directionsof the loading.

The failure criterion for the plasticity mechanism is defined for an overturning
mechanism with uplift (Salençonet al., 1995),(Pecker, 1997).The adaptation in 3D is

7
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doneby addingthetwo termsrelated with thehorizontal force andmomentaccording
to theother axis and assumingaxial symmetry. Onefinally obtains thefollowing 5D
surface, seeFigure5.

fc (F, τ , ρ, γ) ≡

(

H ′

x

ρaV ′c(γ − V ′)d
−

α1

ρ

)

2

+

(

M ′

y

ρbV ′e(γ − V ′)f
−

α2

ρ

)2

+

(

H ′

y

ρaV ′c(γ − V ′)d
−

α3

ρ

)2

+

(

M ′

x

ρbV ′e(γ − V ′)f
−

α4

ρ

)

2

− 1 = 0 [11]

Figure 5. Evolution of theloadingsurfaces andfailure criterion

The coefficients a, b define the size of the surfacein the planes (H ′ −M ′). c,
d, e and f define the parabolic shape of the surfacein the planes (V ′ −M ′) and
(V ′ −H ′). Theses parameters can befitted to different experimental results foundin
theliterature. τ = [α1, α2, α3, α4] is thekinematics hardening vector composed of 4
kinematics hardening variablesandρ theisotropichardening variable. Thevariableγ
is chosen to parametrize thesecondintersection pointof the loading surfacewith the
V ′ axis and its evolution along theV ′ axis. The evolutionsof thehardening variables
are obtained considering experimental results and numerical simulations (Crémer et
al., 2001)of foundationsundercyclic loadings.

Thefailure criterion is given byEquation [11] considering (α1, α2, α3, α4, ρ, γ) =
(0, 0, 0, 0, 1, 1). Theflow ruleused is associated in the

(

H ′

x,M
′

y, H
′

y,M
′

x

)

hyperplane
and nonassociated in the(H ′

x, V
′),

(

M ′

y, V
′
)

,
(

H ′

y, V
′
)

, (M ′

x, V
′) planes.

Uplift behaviour is also treated accordingto the classical plasticity theory follow-
ing theM − θ relationship proposed in (Crémer et al., 2001). For further details see
(Grange,2008).
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5. Case studies

5.1. Modeling of the SAFE specimens

5.1.1. Description of thetests

Within the SAFE research project, 13 squatreinforced concrete walls have been
tested pseudodynamically (PSDtest method)at theJoint Research Center of theEu-
ropean Commission at ISPRA in Italy (Pegonet al., 1998b)and(Pegonet al., 1998a).
Thespecimenswere very squat(slenderness0.46) and therotation of their upperpart
was restrained duringthe tests to ensure ahigh level of shear. Theresults of thenu-
merical simulation of the T5 and T12 specimens using the ERC modelling strategy
follow.

REMARK .– T5 and T12 had thesamegeometric characteristics, theonly differences
were the reinforcement ratio and the normal stressat the base (i.e. T12 had a much
moreimportant normal stressand a smaller reinforcement ratio).

5.1.2. Numerical results

Details about the concrete and steel meshes are provided in Figure6. The chosen
angleθ is calibrated from the experimental results (θ = 41, 6◦ for T5 and θ = 30, 1◦

for T12). Theflangesof theshear walls are described using multi-layered Bernoulli
beam elementsto account for bending. Thewidth of these beam elementsequalsthe
actual length of the flange. Four stiff beam elements, the rotation of which is not
allowed, simulate the top slab. Vertical displacement is free and the walls are fixed
at the base. Concrete is simulated using a uniaxial damage mechanics law (La Bor-
derie, 1991),(La Borderie, 2003)andsteel with a classical uniaxial plasticity law with
hardening.

Comparison ofthe experimental with thenumerical results in Figure7 shows that
theERCmodellingstrategy is ableto reproducethenonlinear behaviour of very squat
RC walls in termsof globalforces/displacements.

To studytheinfluenceof the angleθ, asensitivity analysis is presented in Figure8.
For normally reinforced concrete structures (e.g. T5 specimen), the results of the
simulation do notchangesignificantly with the angle. A value between 35◦ and 45◦

correctly reproducesthe global behaviour. However, for lightly reinforced concrete
structures with an important normal stress(e.g. T12 specimen), the correct values of
the angle are foundsignificantly reduced(between 30◦ and33◦).

Simulationsof theSAFEcampaign with theRotating AngleSoftened TrussModel
(RA-STM, (Hsu,1996))arepresented in Figure9. AstheRA-STM is based onexper-
imental results where therotation of thetested specimenswas free, it underestimates
thestrength of theT5 and T12 specimens. TheERCmodelseemsmore adequate, at
least for the examples studied here, as it can reproducethebehaviour of squatwalls
with or without rotation. In Figure9 we present a comparison between theRA-STM

9
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andtheERCmodel,considering this timefor thelatter thetopslabsfreeto rotate. The
influenceof theboundaryconditionsis apparent.

Figure 6. ERCmodel, meshes: concrete (a) and steel mesh (c) for T5, concrete (b)
andsteel mesh (d) for T12specimens

Figure 7. ERCmodel, numerical results: (a) T5 and(b) T12specimens

10
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Figure 8. ERCmodel, monotonicsimulationswith various anglescompared to the
test envelope curve: (a) T5 and(b) T12specimens

Figure 9. Simulationwith RA-STMandsimulationwith ERCassuming therotation of
thetopslab free

5.2. Modelling SSI on a RC Viaduct

5.2.1. Description of thetests

A 1

2.5
scaled viaduct wasrecently tested pseudo-dynamically in ELSA (JRCIspra),

(Pinto et al., 1996). The geometrical characteristics of the viaduct are presented in
Figure10.

11



834 EJECE – 14/2010.Damagemechanics for concretematerials

Figure 10. Viaduct- SSI: plan view of thetested viaduct inIspra, (scale 1

2.5
)

5.2.2. Numerical results

A modelusing Timoshenko multifiber beams and concentrated masses is chosen
to reproducethe structure (Figure11). Six beam elements are used for the piles P1
and P3and nine elementsfor thepile P2. Themesh is refined at thebase of thepiles
wheredamagetendsto beimportant. 40concretefibersand 80steel fibers (represent-
ing the reinforcement bars at their actual position) are used in each section. Details
of themodelare provided in (Grangeet al., 2010).Concrete is simulated using auni-
axial damagemechanics law (La Borderie, 1991),(La Borderie, 2003)and steel with
the classical MenegotoPintomodel(Menegotoet al., 1973).Thedesk being from pre-
stressed concrete, its behaviour is assumed linear and it is discretised using linear
beam elements. Theloading is applied accordingto thez axis. Calculationsaremade
with FEDEASLab, a finite element MATLAB toolbox(Filippouet al., 2004).

Rectangularshallow foundationsare numerically introducedat the base of each
pile in two different ways, via macro-elements or linear springs. The dimensions of
thefoundationsare: Lz = 4.2m, Ly = 2.1m. Thestiffnessof thespringsis such that
they accumulatethesame energy as thenon-linearSSImacro-element. A classC soil
is considered according to theEurocode8 classification. Its characteristics are given
in Table 1.

Table 1. Viaduct- SSI:Characteristics of the classC soil

Soil Shear cohesion c Stif fnessand ultimate
modulusG0 andfriction damping bearing
velocityVs angleφ stressqmax

ClassC Vs = 150m/s cu = 150kPa Kθθ = 1112.5MNm/rad q = 1.1MPa
soil G0 = 45MPa φu = 0 Kzz = 298.68MN/m

Khh = 244.36MN/m
Cθθ = 4.34MNms/rad
Czz = 1.17MNs/m
Chh = 1.00MNs/m

12
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Figure 11. Viaduct - SSI: model using multifiber beam elements and concentrated
masses
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Figure 12. Viaduct - SSI: comparisonsof thedisplacements, moments, shear forces
for a classC soil

Numerical results are presented in Figure12. Threetypes of boundaryconditions
are considered: linear springs(EL), macro-element (ME) andembedded(Fixed). Dis-
placements are strongly amplified, multiplied by 3 or4, for the case of thestructure
resting on the macro-element and on the linear elastic springs respectively. Differ-
ences are however morepronouncedfor the internal forces at the base of the piers
(moments and shear forces). In fact, loads on thestructure are significantly reduced
for the case of themacro-element, dueto thebearing momentand force capacity that
arereached into thesoil. Resultsobtained with the elastic linear springshavenotsuch
limits and can besimilar to theonesfoundfor thefixed piers.
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6. Conclusions

Different simplified modelling strategies for a variety of engineering problems
are presented in this paper. The proposed tools are easy to use, not computational
demanding and providegood results in terms of global variables. Although they
also contain information on local variables, validation using experimental data or
complex nonlinear modelsis necessary, especially when important levels of damage
are expected. In this paper, numerical simulations are compared with experimental
results, part of National butalso International research programs(see also (Nguyenet
al., 2006),(Kotroniset al., 2005b),(Bisch et al., 2007),(Ile et al., 2008),(Desprez
et al., 2009)).Our current work is focused onfinding methodsto predict localisation
phenomenain concrete structures ((Kotronis, 2008),(Kotroniset al., 2008)).
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