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On the use of the geometric mean approximation in estimating
the effective hygro-elastic behavior of fiber-reinforced composites

Sylvain Fréour - Frederic Jacquemin -
Ronald Guillén

Abstract A geometric averaging isemployed in a scale
transition model dedicated to determining the effective
hygro-elastic macroscopic properties of a fiber-reinforced
composites from the properties of its constituents (i.e., the
fiber and the matrix), for the first time. Calculations of
macroscopic and local stresses due to hygroscopic loads
are also carried out. Numerical computations performed
according to the geometric mean are compared to the
corresponding predictions given by the arithmetic average,
classically used in the field of micro-mechanical modeling.

Introduction

The problem of determining the effective macroscopic
properties of a composite structure from tensor quantities
describing the heterogeneous microscopic properties of the
fiber and matrix has a long history and rich literature.
Actually, many numerical models have been used to
achieve these computations: Special interest has been given
to the relationship between macroscopic and microscopic
elastic constants [1-9], but the case of the coefficients of
moisture expansion has been studied too [8—10]. These
models differ from one to another in the constitutive rela-
tions linking the microscopic and macroscopic properties.
Nevertheless, the averaging procedure involved during the
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homogenization process required to achieve the computa-
tion of the effective macroscopic quantities is identical in
any of them: the classical arithmetic mean is used. More
recently, the idea of replacing arithmetic averages by
geometric averages was proposed by Morawiec [11]. This
new solution, historically introduced in particular cases by
Aleksandrov and Aisenberg [12] is based on the condition
of the commutation of inversion and averaging operations
that is one fundamental property observed in practice in
materials sciences. One new scale transition model, the
Bulk Path Geo (BPG) was recently built on this constitu-
tive assumption [13, 14]. Numerical computations of the
effective elastic behavior of metallic polycrystals were
achieved. It was shown by the authors, that Young’s
modulus predicted by the BPG approximation was very
close to the numerical values provided by the Eshelby—
Kroner model [6, 7] using arithmetic averages classically
considered as a reference for the rigorous modeling of
macroscopic elastic properties in polycrystals. Neverthe-
less, the BPG framework remains independent from any
other model. Thus, the closeness of its predictions with
those of others models in some specific cases does not
prove that geometric averages would, in any case, yield
results similar to the prediction obtained through, for
example the more classical arithmetic averages. Until now,
only the type of assumed interactions between microscopic
constituents and the macroscopic structure, which gener-
ally depend on the fundamental hypotheses of each model,
was considered to play a role in such studies: the effect of
the averaging method used in order to perform numerical
computations was assumed to be negligible. In the present
work, Eshelby—Kroner Self-Consistent scale transition
models involving either arithmetic averages or geometric
averages will be used to predict both the mechanical elastic
properties and the coefficients of moisture expansion



(CME) of fiber-reinforced composites. Examples of mac-
roscopic and local stresses states for multi-directionnal
laminates submitted to hygroscopic loads, deduced from
the formerly estimated homogenized stiffnesses and CME,
will be given also. The results obtained on the basis of the
two different types of averaging for the mechanical elastic
properties and the CME will be compared and discussed.

Arithmetic and geometric averages

Macroscopic quantities can be obtained from scale transi-
tion model homogenization procedures using volume-
weighted averages (that in fact replace volume integrals that
would require Finite Elements Methods instead). This
assertion was historically, rigorously demonstrated by Hill
in [15]. According to Kocks et al. [16], ‘‘when the average
is meant to represent a physical property of the aggregate’’,
(i.e., of the macroscopic behavior of the material), ‘it is
crucial to decide which is the correct averaging procedure’’.
Unfortunately, this issue is not extensively developed in ref.
[16]. Actually, if the classical arithmetic average is most of
the time employed, in order to achieve such calculations, a
geometric average was also considered as an alternate
interesting procedure, after the publication of Aleksandrov
and Aisenberg proposal in 1966 [12]. On the one hand, the
geometric mean of a set of positive data is defined as the n™
root of the product of all the members of the set, where n is
the number of members. On the other hand, in mathematics
and statistics, the arithmetic mean (or simply the mean) of a
list of numbers is the sum of all the members of the list
divided by the number of items in the list. Empirically, as
stated by Hill in [3], arithmetic or geometric averages of the
Voigt and Reuss overall properties suggest themselves as
good approximations. For Young’s modulus (E), as an
example, the Geometric Average Ega of the moduli
according to the Reuss (Egr) and Voigt (Ev) models is de-
fined as Ega = +/ErEv, whereas the corresponding Arith-
metic Average Exp is: Eax = Z852%

In statistics, given a set of data, X={ x', 2., xi,..., x"}
and corresponding weights, W = { wl, wz,..., wi,..., w"}, the
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weighted geometric (respectively, arithmetic) mean
(X*yEl2bM (respectively, (X*)5a > ") is calculated
as:
n 1/ (i w“)
o\o=12,...d,...n__ o =1
(X*)Ga = HX (1)
=1
o\o=1,2,...i,...n__ 1 . [
(X")aa = | ZX w (2)

Scale transition models are based on a multi-scale
representation of materials. Let us, in the present work,
consider a fiber-reinforced, two-constituents composite
structure. In the case of such a composite materials, for
instance, a two-scale model is sufficient:

— The properties and mechanical states of either the resin
or its reinforcements are respectively indicated by the
superscripts ™ and . These constituents define the so-
called ‘‘pseudo-macroscopic’’ scale of the material [17].

— Homogenization operations performed over its afore-
mentioned constituents are assumed to provide the
effective behavior of the composite ply, which defines
the macroscopic scale of the model. It is denoted by the
superscript '. This definition also enables to consider an
uni-directional reinforcement at macroscopic scale,
which is a satisfactorily realistic statement, compared
to the present design of composite structures (except for
the particular case of woven-composites).

Thus, the composite contains a volume fraction v™ of
matrix, presenting a tensorial property/mechanical state
X™. As a consequence, the material also contains a volume
fraction vi =1 —v™ of reinforcing fibers, a tensorial
property/mechanical state of which is X' . In this particular
case, the brackets (X*)*~™™ stand for volume-weighted
averages over the pseudo-macroscopic quantity X. Let us
rewrite Egs. (1) and (2) for this particular case:

e the geometric approximation assumes that macroscopic
averages can be calculated through the product of the
constituent quantities powered by the volume fractions
of the constituents so that the general form (1)
transforms as follows:

X2 fm_ xm” g 3
X*ea = ) (3)

e whereas the arithmetic approximation assumes that
tensor averages correspond to the sum of the corre-
sponding constituent quantities, weighted by the vol-
ume fraction of the constituents so that the general form
(2) transforms as follows:

()™= VX 4 XS )

In practice arithmetic averages can be calculated in any
case. However, due to the volume fraction weighting
through powers, the geometric average can be achieved in
the cases that the considered microscopic tensors have
positive components only. This condition is a strong con-
straint limiting the application of the geometric averages
for the calculation of mechanical states, mesoscopic
stresses and strains generally containing both negative and
positive components. Nevertheless, as shown in [11, 13],



physical constants like mechanical stiffnesses can always
be determined using such geometric approaches, because
they are positive.

Estimation of macroscopic hygro-elastic properties
using Eshelby—Kroner self-consistent model

The classical Self-Consistent framework corresponding to
the formalism introduced by Kroner [7] and Eshelby [6] is
based on the mechanical treatment of the interactions be-
tween ellipsoidal heterogeneous inclusions embedded in an
infinite medium.

The implicit relation used for the calculation of the
macroscopic stiffness tensor L! is very classical. The
interested reader can refer to [9, 16], where an extensive
demonstration is given and leads to:

1 a=fm
L= (L4 LR (L L RY L) (5)

where L* is the elastic stiffness of the constituent a, i.e., the
fiber or the matrix. R represents the so-called reaction
tensor that expresses the elastic interactions due to the
morphology assumed for the elementary constituents of the
composite material. It satisfies:

R = (LI" - EI) E (6)

Thus, the average macroscopic elastic properties L of
the composite are related to the morphology assumed for
elementary inclusions, through Morris’ tensor E' . Spher-
ical inclusions only were initially considered by Morris
[18]. In the case, when ellipsoidal-shaped inclusions have
to be taken into account, the following general form en-
ables the calculation of the components of this tensor (see
the works of Asaro and Barnett [19] or Kocks et al. [16]):

Ely = & [ sin0d0 [27 7dep (7)
v = Kl (954

In the case of an orthotropic macroscopic symmetry, the
components Kj, (&) were given by Kréner [7]:

L1, & + L& + L&
(LY, + Lg) &6
(L5 +L55)&8

(L1, + Lg) 162
L&t + L& + L&
(Ly; +Liy) &aés

K=

with

sinfcos¢ sinfsin¢ cosf

él - a 752 a 153 - a; (9)

where 2a,, 2a,, 2a;3 are the lengths of the principal axes of
the ellipsoid, assumed to be respectively parallel to the
longitudinal, transverse and normal directions of the sam-
ple reference frame.

Within Kroner [7] and Eshelby [6] self-consistent
framework, the hygroscopic dilatation generated by a
moisture content increment AC* is treated as a transfor-
mation strain exactly like the thermal dilatation occurring
after a temperature increment (that last case was exten-
sively discussed in the literature, see for example Kocks
et al. [16]). Introducing f for denoting CME, it was dem-
onstrated by Jacquemin and al. in [9] that the macroscopic
CME ' satisfy:

o () )

(LR )
Numerical applications

Computations of the macroscopic elastic stiffnesses of
composite structures were performed following the for-
malism described in Sects. ‘Arithmetic and geometric
averages’ and ‘Estimation of macroscopic hygro-elastic
properties using Eshelby—Kroner self-consistent model’,
using either the arithmetic or the geometric averages. Two
materials were successively considered: a carbon/epoxy
composite T300/5208 and a Metal Matrix Composite
(MMC) AV/SiC. The behavior of each composite is gov-
erned by its constituents, i.e., the properties of the fibers,
the surrounding matrix and the relative amount of the fibers
and matrix in the material. Calculations were performed
assuming the initial local elastic properties listed in Ta-
ble 1, and a volume fraction of 40% for the matrix (Al or
N5208). The macroscopic stiffnesses L! obtained for uni-
directionally reinforced composites are summarized in
Table 2 (in order to take into account the proper fiber
microstructure of the material, the following values were
taken for the length of the semi-axis of the inclusions:

(L1; +L55)&8
(];5'; + Li‘é) &és , (8)
Lisél + L& + L&




Table 1 Mechanical properties of the constituents of the studied composites

E, [GPa] E,, E; [GPa] V12,V13 Ga; [GPa] G2 [GPa]
T300 fibers [20] 230 15 0.2 7 15
N 5208 epoxy matrix [21] 4.5 4.5 0.4 1.6 1.6
SiC 402.1 402.1 0.18 170.1 170.1
Aluminum 71.0 71.0 0.35 26.4 26.4
Table 2 Mechanical properties at macroscopic scale deduced from computations, in uni-directionally reinforced composites
Composite E, [GPa] E,, E; [GPa] Vi2, V13 Gy3 [GPa] G, [GPa]
Arithmetic average T300/5208 139.7 10.1 0.27 3.3 7.0
(Eshelby-Kroner model) AUSIC 264.7 195.3 0.24 72 83
Geometric average T300/5208 60.5 9.4 0.27 3.0 4.5
(Eshelby-Kr6ner model) AUSIC 221.0 1714 0.24 62 65.2
Relative deviation: Aa = 7 T300/5208 -0.57 -0.07 0.00 -0.10 -0.36
Al/SiC -0.17 -0.12 0.00 -0.13 -0.21

ay =a3 =1, and a; — oo , where the subscripts 1, 2, 3
respectively stand for the longitudinal, transverse and
normal directions of the fibers). In order to check the

T300 /5208
160
140 - <
120 -
= 100 + —g@— arithmetic average
% 80 - geometric average
'u_J,'_ 60 4 simplified approach
40 -
20
0 T T T T
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Al/ SiC
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4
250 ; °
— 200
(V]
o
O, 150 |
w —@— arithmetic average
100 1 geometric average
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O T T T T
0 10 20 30 40 50

ratio between longitudinal and
transverse fiber semi-axis

influence of the assumed morphology of the inclusions,
calculations were performed for a longitudinal length a; of
the semi-axis varying from 1 to 50. Figure | displays the

T300 /5208
12
10 —N—Q—Q—Q—Q—Q—.—o
8 -
T
o
(&) 6 —g@— arithmetic average
w 4 geometric average
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© |
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S
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Fig. 1 Longitudinal and transverse macroscopic Young’s moduli as a function of the geometry assumed for the constituents. Comparison

between geometric and arithmetic averages



evolution of both the longitudinal and transverse Young’s

modulus for the carbon epoxy composite and the metal

matrix composite, as a function of the averaging type and

the inclusion geometry. Comparison with the moduli cal-

culated through the classical ‘‘simplified approach’’:
E; = VIE! + vmE™
R

E-E TE
Table 4 gives the predicted macroscopic CME of T300/
5208 calculated according to Eq. (10), taking into account
the properties of the constituents listed in Tables 1 and 3,
and assuming the following ratio between the moisture
content in the epoxy matrix and the structure: ACI = 3.33.
The calculation of this ratio, corresponding to a perfect
adhesion between the fibers and the matrix (i.e., the
moisture is concentrated in the matrix only), is detailed by
Loos and Springer in [22], see also [9, 10] for numerical
application to T300/5208. The CME predicted by Eshelby—
Kroner are compared to the corresponding Tsai—-Hahn
estimations in Table 4 (Tsai—-Hahn model is extensively
described in [8]).

are provided on the same figure.

Consequences for predicting macroscopic and local
stresses concentrations in fiber-reinforced laminates

Thin laminated composite pipes composed of uni-direc-
tionally reinforced carbon-epoxy plies oriented alterna-
tively and symmetrically at +55 and -55° versus the
longitudinal axis (denoted [55°/~55°]s), made up of T300/
5208, with thickness 4 mm (so that a macroscopic stress
state holds within the whole structure) are studied. The
material, initially dry, is then exposed to an ambient fluid at
a boundary concentration ¢y = 1.5 % for the determination

Table 3 CME for the constituents of T300/5208 composite

Bui B Bas
T300 fibers [20] 0 0
N 5208 epoxy matrix [21] 0.6 0.6

Table 4 Macroscopic CME estimated in uni-directionally reinforced
T300/5208 composite

B Baz. Bz
Tsai-Hahn model 0.026 1.110
Arithmetic average 0.035 1.026
Geometric average 0.086 1.038
Relative deviation 1.46 0.01

(Eshelby—Kroner model) Aa = aai—a

of the macroscopic stresses at the equilibrium state.
The closed-form formalism used in order to determine the
mechanical stresses ¢ and strains &' in each ply of the
structure is described by Jacquemin and Vautrin [23].
The macroscopic stress states calculated in the central ply
of the [55°/-55°]; structure, from the hygro-elastic prop-
erties formerly deduced from the both studied averaging
procedures (see Sect. ‘Numerical applications’ above) are
displayed on Table 5, where the corresponding strength
ratio estimated using a quadratic generalized Von Mises
criterion is also given (the macroscopic strength data are
available in [21]). The macroscopic stresses of the
uni-directionally reinforced structure are obviously null at
the equilibrium.

Starting with the macroscopic states deduced from
continuum mechanics, the local stresses in both the fiber
and matrix were calculated using the scale-transition rela-
tions established in [9]:

ot =L : (& — f*ACY) (11)
&=L+ LR (L L RY

4+ L7 ACT — LY pAC] (12)

where “stands for the subscript corresponding to the con-
sidered constituents (i.e., « = m or f).

The local stresses, determined assuming that the carbon
fibers do not absorb water (i.e., ACt = 0) are shown in
Table 6.

Discussion

The comparison of macroscopic hygro-elastic behavior
estimated through either the geometric or the arithmetic
averaging method (see Fig. 1, Table 2 and Tables 4-6)
yields the following remarkable observations:

(i) Contrary to the case, previously studied in [11], of
single-phase polycrystals, geometric and arithmetic
averages do not generally lead to identical macro-
scopic stiffness tensors and CME when multi-phase
materials, such as composites, are investigated.

Table 5 Stresses [MPa] estimated in the central ply of a
[55°/ — 55°], T300/5208 composite at the hygroscopic equilibrium
state (the superscript ' stands for macroscopic quantities)

Average type o}, o), a, oly=o0dl;=0%; Strength
ratio

Arithmetic 682 682 248 0 3.6

Geometric 89.0 -89.0 324 O 2.7




Table 6 Local stresses [MPa] estimated in the central ply of T300/
5208 composites at the hygroscopic equilibrium state. The superscript

o

stands for pseudo-macroscopic quantities, i.e., averages over the

constituent a(x should respectively be replaced by m or f in the case
where the matrix or the fibers are concerned)

Structure Constituent Average type a}, a5, a%, 0% 0l = 0%,
Uni-directional Fiber Arithmetic 153.2 80.9 0 80.9 0
Geometric 326.9 79 0 79 0
Matrix Arithmetic -231.0 -123.1 0 -123.1 0
Geometric -221.9 -116.2 0 -116.2 0
[55°/ — 55°¢ Fiber Arithmetic 281.7 4.8 33.8 85.7 0
Geometric 735.6 -21.0 49.8 85.0 0
Matrix Arithmetic -253.2 -177.8 9.23 -131.3 0
Geometric —246.1 -189.6 17.0 -124.1 0

(i) The discrepancies between the estimated values is shows that the geometric average leads to a better

(iii)

(iv)

higher along the fiber axis for the cases of both the
elastic constants (cf. Table 2 and Fig. 1) and CME
(cf. Table 4). Consequently, the deviation between
arithmetic and geometric estimations is also closely
related to the morphology assumed for the constitu-
ents.

The ratio between the longitudinal microscopic
Young modulus of SiC and Al is equal to 5.7,
whereas it reaches 51 when the properties of T300
fibers are compared to those of the N5208 matrix.
Moreover, the relative deviation between the mac-
roscopic stiffnesses estimated through the two types
of averages is weaker for the metal matrix composite
than in the case of the carbon epoxy composite (cf.
Table 2). Consequently, according to the numerical
computations, deviation between the macroscopic
quantities obtained according to geometric or arith-
metic averages increases with the heterogeneity of
the corresponding microscopic properties. This ex-
plains why the geometric average was found to
predict macroscopic elastic properties close to the
estimations of the classical arithmetic average, in the
case that single-phase polycrystals only were con-
sidered (see [11]), the microscopic elastic heteroge-
neities existing between the differently oriented
grains in such polycrystal being extremely small in
comparison with the heterogeneities existing be-
tween the properties of the different constituents of
composite structures.

According to the literature [9] (see also Fig. 1 and
Table 4 of the present study), Eshelby—Kroner self-
consistent model associated with arithmetic averages
predicts macroscopic properties of composites being
close to those obtained according to the classical
simplified approach (for the elastic constants) or
Tsai-Hahn estimates (for the CME), especially in the
longitudinal direction of the structure. Figure 1

)

agreement with simplified approach than the arith-
metic average for the transverse Young modulus.
Nevertheless, the geometric average strongly devi-
ates from simplified estimates in the cases that the
longitudinal Young modulus is considered. Since the
simplified approach and Tsai-Hahn model are con-
sidered to give realistic approximation of the hygro-
elastic behavior of composite structures, the present
study demonstrates that the geometric average
should be avoided for the modeling of the effective
properties of composites. This remark is especially
important when successive computations have to be
performed from the previously estimated macro-
scopic quantities: references [9, 10] detail for in-
stance numerical investigations of the distributions
of the macroscopic stresses in the fiber and resin of
composite structures submitted to a hygro-elastic
load, the results being closely related to the macro-
scopic elastic properties and CME.

According to Tables 5-6, the deviation from the
classical estimates induced by the use of the geo-
metric average for calculating the macroscopic hygro-
elastic properties of fiber-reinforced composites have
strong consequences on both the predicted local and
macroscopic stresses states, especially in the cases
that multi-directional laminates are considered : sig-
nificant deviations in the stresses states calculated
using either the geometric or arithmetic approxima-
tions occur for the direction parallel to the fiber axis
011 at macroscopic scale and microscopic scale for
the fibers) and the shear stresses ¢;,. However, the
accurate evaluation of the shear stresses is especially
important for the correct sizing of multi-directional
fiber-reinforced composite structures in the point
of view of an engineering application, since the
corresponding strength is generally highly limited in
such a structure (this is shown by the strong deviation



of the strength ratio given in Table 5). Thus, the
geometric approximation is not at all recommended for
properly designing composites structures : the arith-
metic mean provides a far more reliable estimation.
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