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On cyclical hygrothermal fields
in laminated plates*

Marco Gigliotti1 and Frédéric Jacquemin2

Abstract

This article focuses on the calculation of transient and cyclical hygrothermal fields in laminated composite plates. Water

diffusion is simulated by employing Fick’s law, while thermal fields are assumed to be uniform: temperature and water

concentration are coupled through the coefficient of hygroscopic diffusivity, which follows a classical Arrhenius law.

Relative humidity and temperature at the plate boundary vary in a transient/cyclic way, reproducing real complex

environmental conditions. Analytical solutions of the cyclical hygrothermal fields in laminated plates can be employed

as benchmark for numerical calculations and for evaluating the induced hygrothermal stress, therefore, for structural,

design and optimisation purposes.
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Introduction

Hygrothermal conditioning may represent an import-
ant source of ageing and degradation, especially in
polymer-based composite laminate structures. Water
diffusion may contribute to material properties degrad-
ation and leads to the development of anelastic strains
of hygroscopic nature, which contribute to the building
of internal stress. High temperature may be also
responsible for material properties changes and for
the development of thermal stresses, leading possibly
to damage onset and propagation.

Numerous research studies – both theoretical and
experimental – have been carried out on the effect of
a hygrothermal environment on the behaviour of lami-
nated composite materials, starting from the pioneering
works by Springer et al.1 A review paper by Weitsman2

cites few hundred papers and the list is not exhaustive.
Despite all these important efforts, not much attention
has been paid to the real hygrothermal conditions
encountered by laminated composite materials during
their service and operating life.3

‘Laboratory’ test conditions put usually the samples
very far away from the actual environment affecting the
structure: the certification authority starts from
the principle that often materials subjected to a hygro-
thermal environment reach a saturated state, in
which the residual properties of the material can be

comprehensively characterised, and suggests to take
into account the properties of the saturated ‘wet’ state
for design. This procedure, which is well established
and simple, openly ignores the transient and cyclical
phases of the actual conditioning that precede a satu-
rated state, which sometimes is never attained.

A transient/cyclical hygrothermal state may be char-
acterised by strong concentration and material prop-
erty gradients, varying with time, which may in turn
lead to strain/stress gradients and interact with other
sources of degradation affecting the durability of the
structure in an unpredictable way.

Even from the modelling side, the available tools to
handle the problem of laminated plates under hygro-
thermal conditioning usually reduce to the classical
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Fick’s law with simple boundary conditions, mainly
uniform concentration at the structure edges for
which analytical solutions are available.4

The calculation of the hygrothermal fields for lami-
nated cylinders exposed to complex transient/cyclical
environment has been carried out by Jacquemin and
Vautrin,5 but an analogous formulation for laminated
plates has never been presented.

This article is concerned with the case of a laminated
plate subjected to cyclical hygrothermal conditions.
Temperature and relative humidity (RH) vary in a peri-
odical (transient/cyclical) manner on the external sur-
faces of the plate, while the values of moisture
concentration within the solid are governed by the
Fick’s law of diffusion, which is formally identical to
the Fourier’s law for thermal conduction.4,6 Analytical
solutions of the cyclical hygrothermal fields in lami-
nated plates can be employed as benchmark for numer-
ical calculations; moreover, they can be used for
evaluating the induced hygrothermal stress,7–10), there-
fore, for structural, design and optimisation purposes.

The present formulation generalises an approach for
homogeneous diffusion already presented by Gigliotti
et al.10 to the case of laminated composite plates, in
which different plies have different material properties.

Despite several research studies have been carried
out on the interaction between damage and water dif-
fusion,11–13 the approach neglects the occurrence/pres-
ence of damage and its effect on the diffusion process.
For instance, it should be noted that – at temperatures
higher than 100�C – the absorbed moisture could turn
into steam, causing internal damage due to steam blis-
tering: analogous – though different – phenomena may
take place at low temperatures (lower than 0�C), since
water eventually entrapped within voids of cracks may
undergo solidification inducing damage onset and
propagation. All these issues are complex and require
specific theoretical and experimental dedicated research
which is out of the scope of this article. These research
topics will be the object of future investigations.

‘Analytical model’ of a laminated composite plate
subjected to hygrothermal fluctuations are presented
in the following section. Subsequent section provides
a simplified version of the model, valid for
‘Homogeneous plates’. Then, ‘Application to aircraft
plate structures subjected to supersonic flight environ-
ments’ section presents – for the scope of illustration –
some results issued from simulations in case of indus-
trial/practical interest. Finally, some ‘Conclusion and
perspectives’ are drawn.

Analytical model

The equation of unidirectional Fick’s diffusion (along
the direction z, for instance the thickness), for a

laminated plate with thickness e and made by n lami-
nae/layers with thickness ei and for 0< zi< ei reads

@ciðzi, tÞ

@t
¼ DiðtÞ

@2ciðzi, tÞ

@z2i

805 zi 5 ei, t4 0

8i, i ¼ 1, . . . , n

ð1Þ

where ci is the water concentration within the ith
lamina. For an environment in which hygrothermal
conditions vary in a periodic way, the following bound-
ary and interface conditions may be written

ci zi, 0ð Þ ¼ 0

ci ei, tð Þ ¼ �i, iþ1ciþ1 0, tð Þ, 8i, i ¼ 1 . . . n� 1

Di tð Þ
@ci ei, tð Þ

@zi
¼ Diþ1 tð Þ

@ciþ1 0, tð Þ

@ziþ1
8i, i ¼ 1 . . . n� 1

c1 0, tð Þ ¼ ca tð Þ

cn en, tð Þ ¼ cb tð Þ ð2Þ

where ca(t) and cb(t) are the surface water concentra-
tions, both depending on time, and Di(t) the diffusion
coefficient within the ith layer. In equations (1) and (2),
boundary conditions and diffusion coefficients depend
on time: in particular, the layer diffusion coefficient
depends on temperature through the Arrhenius law

Di tð Þ ¼ Ai exp
Bi

T tð Þ

� �
ð3Þ

where Ai and Bi are material constants. Temperature is
supposed to be uniform along the laminated plate, that
is, thermal transport phenomena are supposed to be
much faster than water concentration diffusion phe-
nomena, which is physically reasonable in most prac-
tical situations. �i,iþ 1 is a constant which expresses the
ratio between the saturated concentration of the ith
layer and that of the adjacent (iþ 1)th layer.

Usually, at layer interfaces, continuity of the water
concentration is imposed. A more correct condition
consists in imposing continuity of the chemical poten-
tial: the use of a proper constant coefficient �i,iþ 1 (not
necessarily equal to 1) allows for this condition to be
treated.

Let us now consider the case in which hygrothermal
conditions are cyclical, that is, temperature and water
concentration boundary conditions vary with time peri-
odically with period �.

In order to analytically solve the problem, a change
of variables is needed: the initial problem equations (1)
and (2) can be then substituted by an analogous prob-
lem in which the boundary conditions and the diffusion
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coefficient are constant. Let us consider the following
change of variables

uiðtÞ ¼

R t
0 DiðqÞdqR �
0 DiðqÞdq

¼
DiðtÞ

�ið�Þ
) dui ¼

DiðtÞ

�ið�Þ
dt ð4Þ

It follows then

@ci
@t
¼
@ci
@ui

@ui
@t
¼
@ci
@ui

DiðtÞ

�ið�Þ
¼ DiðtÞ

@2ci
@z2i

ð5Þ

When the activation energies Bi are the same for all
layers, it follows

ui tð Þ ¼ uiþ1 tð Þ 8i ð6Þ

and the problem to solve becomes then

@ciðzi, uÞ

@u
¼ �ið�Þ

@2ciðzi, uÞ

@z2i

805 zi 5 ei, u4 0

8i, i ¼ 1, . . . , n

ð7Þ

ci zi, 0ð Þ ¼ 0

ci ei, uð Þ ¼ �i, iþ1ciþ1 0, uð Þ8i, i ¼ 1 . . . n� 1

�i �ð Þ
@ci ei, uð Þ

@zi
¼ �iþ1 �ð Þ

@ciþ1 0, uð Þ

@ziþ1
8i, i ¼ 1 . . . n� 1

c1 0, uð Þ ¼ ca uð Þ

cn en, uð Þ ¼ cb uð Þ

ð8Þ

where ca(u) and cb(u) are cyclical with period 1.
Boundary conditions depend on u and have to be con-
verted into analogous conditions independent of time.
In order to do so, the so-called average mobile concen-
tration can be introduced

ĉiðzi, uÞ ¼

Z u

u�1

ciðzi, qÞdq ð9Þ

from which

ĉ1ð0, uÞ ¼

Z u

u�1

caðqÞdq ¼

Z 1

0

caðqÞdq ¼ ĉa

ĉnðen, uÞ ¼

Z u

u�1

cbðqÞdq ¼

Z 1

0

cbðqÞdq ¼ ĉb ð10Þ

The problem to solve becomes

@ĉiðzi, uÞ

@u
¼ �ið�Þ

@2ĉiðzi, uÞ

@z2i

80 � zi � eiu4 0

8i, i ¼ 1, . . . , n

ð11Þ

ĉi zi, 0ð Þ ¼ 0

ĉi ei, uð Þ ¼ �i, iþ1ĉiþ1 0, uð Þ 8i, i ¼ 1 . . . n� 1

�i �ð Þ
@ĉi ei, uð Þ

@zi
¼ �iþ1 �ð Þ

@ĉiþ1 0, uð Þ

@ziþ1
8i, i ¼ 1 . . . n� 1

ĉ1 0, uð Þ ¼ ĉa uð Þ ¼

Z 1

0

ca qð Þdq

ĉn en, uð Þ ¼ ĉb uð Þ ¼

Z 1

0

cb qð Þdq

ð12Þ

Introducing adimensional variables

�̂ci ¼
ĉi
c0

, �̂ca ¼
ĉa
c0

, �̂cb ¼
ĉb
c0

, �zi ¼
zi
e
, �ei ¼

ei
e

��i ¼
�i

e2

�u ¼
D0u

e2
ð13Þ

Then

@ �̂cið �zi, �uÞ

@ �u
¼ ��ið�Þ

@2 �̂cið �zi, �uÞ

@ �z2i

805 �zi 5 �ei �u4 0

8i, i ¼ 1, . . . , n

ð14Þ

�̂ci �zi, 0ð Þ ¼ 0

�̂ci �ei, �uð Þ ¼ �i, iþ1 �̂ciþ1 0, �uð Þ8i, i ¼ 1, . . . , n� 1

��i �ð Þ
@ �̂ci �ei, �uð Þ

@ �zi
¼ ��iþ1 �ð Þ

@ �̂ciþ1 0, �uð Þ

@ �ziþ1
8i, i ¼ 1, . . . , n� 1

�̂c1 0, �uð Þ ¼ �̂ca �uð Þ

�̂cn �en, �uð Þ ¼ �̂cb �uð Þ

ð15Þ

Boundary conditions do not depend anymore on time (t
or u); therefore, the problem can be solved in a rela-
tively simple way. In the Laplace domain, the solution
of equations (14) and (15) takes the form

�̂c
Lapl
i �zi, sð Þ ¼ Ai cos q

2
i �zi þ Bi sin q

2
i �zi ð16Þ

where �̂c
Lapl
i �zi, sð Þ is the Laplace transform of the

solution

�̂c
Lapl
i �zi, sð Þ ¼ Lð �̂ci �zi, �uð ÞÞ

Z 1
0

�̂ci �zi, �uð Þ exp �s �uð Þd �u ð17Þ

q2i ¼
�s

��i

ð18Þ
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or

q2i ¼ !
2�2i ð19Þ

where

!2 ¼ �s

�i ¼

ffiffiffiffiffiffiffiffiffiffiffi
1

�ið�Þ

s
¼

ffiffiffiffiffiffiffiffiffiffiffi
e2

�ið�Þ

s
ð20Þ

Boundary and interface conditions in the Laplace
domain now read

�̂c
Lapl
i �eið Þ ¼ �i, iþ1 �̂c

Lapl
iþ1 0ð Þ, 8i, i ¼ 1, . . . , n� 1

��i
@ �̂cLapli �eið Þ

@ �zi
¼ ��iþ1

@ �̂cLapliþ1 0ð Þ

@ �ziþ1
8i, i ¼ 1, . . . , n� 1

�̂c
Lapl
1 0ð Þ �

�̂ca
s
¼ 0

�̂cLapln �enð Þ �
�̂cb
s

ð21Þ

By applying the theorem of residues, the solution of
the problem in the time domain is

�̂ci �zi, �uð Þ ¼
1

�s
A0i þ B0i �zi
� �

þ
X1
m¼1

2 exp �!2
m �u

� �
!m�0u !mð Þ

A�i !mð Þ cos �i!m �zið Þ þ B�i !mð Þ sin �i!m �zið Þ
� �

ð22Þ

where �u and �s are the determinants of the 2n� 2n (a)
and (b) matrices (equations (23) and (24)).

A�i !mð Þ and B�i !mð Þ are the determinants calculated in
!m (!m in themth positive root of the equation�u(!)¼ 0)
of thematrices with components aij in which the columns
(2i� 1) and 2i are substituted by the constant vector {g}
(equation (25)).A0i andB

0
i are the determinants calculated

in !m of the matrices with components aij in which the
columns (2i� 1) and 2i are substituted by the constant
vector {g}. Finally, �0u !mð Þ is the derivative of �u with
respect to ! and evaluated at !m.

Non-zero elements of matrices (a) and (b) and of
vector {g} are given by, for i¼ 1. . . n� 1

a11 ¼ 1

a2n2n�1 ¼ cos�n! �en, a2n2n ¼ sin �n! �en

a2i2i�1 ¼ cos�i! �ei, a2i2i ¼ sin�i! �ei, a2i2iþ1 ¼ ��i, iþ1

a2iþ12i�1 ¼ � ��i�i sin �i! �ei, a2iþ12i ¼ ��i�i cos�i! �ei,

a2iþ12iþ2 ¼ � ��iþ1�iþ1

ð23Þ

b11 ¼ 1

b2n2n�1 ¼ 1, b2n2n ¼ �en

b2i2i�1 ¼ 1, b2i2i ¼ �ei, b2i2iþ1 ¼ ��i, iþ1

b2iþ12i ¼ ��i, b2iþ12iþ2 ¼ � ��iþ1 ð24Þ

g1 ¼ �̂ca, g2n ¼ �̂cb ð25Þ

For a homogeneous plate (with respect to water dif-
fusion), matrices (a) and (b) become

a½ � ¼
1 0

cos�n! �en sin�n! �en

	 

ð26Þ

b½ � ¼
1 0
1 �en

	 

ð27Þ

It is worth noting that the solution of the hygroscopic
problem in its analytic form (equation (22)) is formally
analogous to that of a laminated cylinder under the
same conditions (see Carslaw and Jaeger;6 see also
Ootao et al.14 and Tanigawa et al.15 for pure thermal
transient problems). In that case, however, the linear
term of the stationary solution is replaced by an equiva-
lent logarithmic term, while functions, sin/cos of the
transient solution are replaced by Bessel functions of
zeroth order. In the sequel, equation (22) will be
expressed as a function of the number of cycles by
adopting a recursive technique.

Since

�̂cið �zi, �uÞ ¼

Z �u

�u�1

�cið �zi, qÞdq ð28Þ

it follows

�cið �zi, �uÞ ¼
@ �̂ci �zi, �uð Þ

@ �u
þ �cið �zi, �u� 1Þ ð29Þ

If N is the number of cycles at saturation, then

�ci �zi,Nþ 1ð Þ ¼ �ci �zi,Nð Þ ð30Þ

@ �̂ci �zi,Nþ 1ð Þ

@ �u
¼ 0) �̂ci �zi,Nþ 1ð Þ ¼

1

�s
A
0

i þ B
0

i �zi
� �

ð31Þ

�̂ci �zi,Nþ 1ð Þ is defined by

�̂ci �zi,Nþ 1ð Þ ¼

Z Nþ1

N

�ci �zi, uð Þdu ¼ �ci �zi,Nð Þ ð32Þ

�ci �zi,Nð Þ ¼
1

�s
A0i þ B0i �zi
� �

ð33Þ
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but it is also

�ci �zi,Nð Þ¼
@ �̂ci z,Nð Þ

@ �u
þ �ci �zi,N�1ð Þ

�ci �zi,N�kð Þ¼
@ �̂ci �zi,N�kð Þ

@ �u
þ �ci �zi,N�k�1ð Þ

�ci �zi,N�kð Þ¼ �ci �zi,Nð Þ�
@ �̂ci �zi,Nð Þ

@ �u
�����

@ �̂ci �zi,N�kþ1ð Þ

@ �u
ð34Þ

and

@ �̂ci �zi,Nð Þ

@ �u
¼ �

X1
m¼1

!2
m

2 exp �!2
mN

� �
!m�0u !mð Þ

A�i !mð Þ cos �i!m �zið Þ
�

þB�i !mð Þ sin �i!m �zið Þ
�

ð35Þ

@ �̂ci �zi,N�kþ1ð Þ

@ �u
¼�

X1
m¼1

!2
m

2exp �!2m N�kþ1ð Þ
� �
!m�0u !mð Þ

� A�i !mð Þcos �i!m �zið ÞþB�i !mð Þsin �i!m �zið Þ
� �

ð36Þ

Finally

�̂ci �zi,N�kð Þ¼
1

�s
A0iþB

0
i �zi

� �
þ
X1
m¼1

!2
m

2exp �!2
mN

� �
!m�0u !mð Þ

� A�i !mð Þcos �i!m �zið ÞþB�i !mð Þsin �i!m �zið Þ
� �
þ���þX1

m¼1

!2
m

2exp �!2
m N�kþ1ð Þ

� �
!m�0u !mð Þ

� A�i !mð Þcos �i!m �zið ÞþB�i !mð Þsin �i!m �zið Þ
� �

ð37Þ

After (N� k) cycles

�̂ci �zi,N�kð Þ¼
1

�s
A0iþB

0
i �zi

� �

þ
X1
m¼1

2!m

�0u !mð Þ

Xk�1
j¼0

exp �!2
m N� jð Þ

� �" #

� A�i !mð Þcos �i!m �zið ÞþB�i !mð Þsin �i!m �zið Þ
� �

ð38Þ

In equation (38), boundary conditions and diffusion
coefficients are constant; therefore, the solution of
equation (38) is valid only at a certain distance from
the surface boundaries. In other words, since the ana-
lytical solution of equation (38) employs aver-
age boundary conditions and diffusion coefficients,
fluctuations close to the external surfaces cannot be

simulated by this solution. The fluctuating part of
the solution can be simulated by finite difference
methods.5

Homogeneous plate

In the case of a homogeneous plate, it can be
shown that the distance at which the analytical solu-
tion becomes applicable is given by (see also
Verchery16)

e0 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�

Z �

0

D tð Þdt

s
ð39Þ

which is then the characteristic length within which
external fluctuations are effective. It is interesting to
note that this characteristic length is analogous to
that given by Kelvin17 for the case of temperature fluc-
tuations on the hearth surface temperature induced by
solar radiation. Here, e0 depends on the material,
through the diffusion coefficient D(t), and on the
period of a cycle �.

For a homogeneous plate with diffusion coefficient
D(t), the change in variable is then

� �ð Þ ¼

Z �

0

D tð Þdt

ĉa ¼
1

� �ð Þ

Z �

0

D tð Þca tð Þdt

ĉb ¼
1

� �ð Þ

Z �

0

D tð Þcb tð Þdt ð40Þ

For a homogeneous plate with identical boundary
conditions ĉ1 on the two lateral surfaces, after
(N� k) cycles

c z,N�kð Þ ¼ ĉ1�
4ĉ1�

�2

X1
n¼0

Xk�1
i¼0

�
�1ð Þn 2nþ1ð Þ

� exp �
2nþ1ð Þ

2�2 N� ið Þ

�2

� ��
cos

2nþ1ð Þ�z

e

� �

8 �
e

2

� �
5z5

e

2

� �
ð41Þ

where

� ¼

ffiffiffiffiffiffiffiffiffiffi
e2

� �ð Þ

s
ð42Þ
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When the initial concentration ci(z,0) is different
than zero, then

c z,N� kð Þ ¼ ĉ1 þ
� �ð Þ�2

2 e
2

� �3 X1
n¼0

Xk�1
i¼0

�
2nþ 1ð Þ

2

� exp �
2nþ 1ð Þ

2�2� �ð Þ N� ið Þ

4 e
2

� �2
!!

� cos
2nþ 1ð Þ�z

e

� �
2 e

2

� �
�1ð Þnþ1ĉ1

ð2nþ 1Þ�

 

þ

Z e=2

0

ciðz
0Þ
ð2nþ 1Þ�z0

2 e
2

� �
!
dz0

!

8 �
e

2

� �
5 z5

e

2

� �
ð43Þ

It is interesting to note that the analytical solutions
given by equations (22), (41) and (43) can be subjected
to truncation errors of the series, in particular for a low
number of cycles, that is, far from saturation.

In order to schematically and qualitatively illustrate
the problem and its solutions, let us consider a homo-
geneous plate with thickness e subjected to cyclical
hygrothermal conditions on the two external lateral
surfaces, see Figure 1.

Assuming unidirectional diffusion from a physical
point of view means that the plate has a length and a
width much bigger than its thickness; in other words,
the length and the width of the plate are assumed to be
infinite. Environmental conditions (temperature and
RH) vary, for instance, as illustrated in Figure 2, tem-
perature varies between T0 and T1 (Figure 2(a)) and the
RH of the external environment (in %) between RH0

and RH1 (Figure 2(b)). Fluctuations are periodic of
period �. Fluctuations of RH induce water concentra-
tion fluctuations on the external surfaces of the plate
following, for instance, the law

cðtÞ ¼ C RHðtÞð Þ
b

ð44Þ

where C and b are material constants, while the diffu-
sion coefficient varies as a function of temperature as
stated, for instance, by equation (3).

As mentioned, it is assumed that at each time the
temperature is uniform within the homogeneous plate:
this approximation is admissible when considering that
thermal and water diffusion transfers differ by many
orders of magnitude.

The distribution of water concentration c(t) within
the homogeneous plate is schematically illustrated in
Figure 3, in which the schematic results of finite differ-
ence simulations are also reported.

Water concentration fluctuates at the external lateral
boundaries between c0 and c1, the extent of the fluctu-
ating zone within the plate is equal to e0. The fluctuat-
ing part of the solution can be simulated by finite
difference methods. The analytical solution, on the
other hand, employs constant average boundary condi-
tions, namely

ĉ1 ¼
1

� �ð Þ

Z �

0

D tð Þc1 tð Þdt ð45Þ

In the transient state (after n cycles), zones close to
the external surfaces are influenced by external fluctu-
ations with period �, the extent of the fluctuating zone
is e0, while internal zones are in a transient regime: in
the steady state (N cycles), water concentration is uni-
form along almost all the thickness of the plate with
value ĉ1; fluctuations persist along e0, that is, in zones
close to the external surfaces, and are still of period �.
According to equation (39), the extent of the fluctuating
zone, e0, is constant with increasing number of cycles.

Application to aircraft plate structures
subjected to supersonic flight
environments

An important practical application of the proposed
method concerns aircraft structures. These are typically
subjected to environmental conditions of almost con-
stant period, which is the time of a flight.

Figure 4 presents schematically a hygrothermal cycle
which is related to supersonic flight conditions and to
which supersonic aircraft structures are subjected.
Point A represents the start of a cycle/flight (ground
conditions: 23�C, RH 50%), B the start of a subsonic
phase, characterised by low temperatures and RH (typ-
ically �55�C, RH 0%). Point C represents the start of a
supersonic phase: the exposed structures are subjected
to high temperatures due to aerodynamic friction (typ-
ically 130�C) and to low RH. Finally, point D repre-
sents the end of a cycle/flight.

Plate hygroscopic properties used for simulations
are reported in Table 1: they are representative of an

Figure 1. Schematic representation of a homogeneous plate

subjected to environmental temperature and relative humidity

cyclical fluctuations at its external lateral boundaries.
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IM7/977-2 carbon–epoxy composite material, which is
considered as an equivalent homogeneous material
from the hygroscopic point of view.18 It is supposed
that the diffusive properties of the composite laminate

are constant along its thickness; in other words, the
laminate is homogeneous with respect to water diffu-
sion along the thickness direction. This hypothesis –
which seems restrictive at first sight – is plausible not

Figure 4. Hygrothermal cycle for a structure exposed to a supersonic flight environment.

Figure 3. Schematic representation of the water concentration solution c(t): (a) transient regime (n cycles) and (b) permanent

regime (N cycles).

Figure 2. Schematic example of cyclical temperature (a) and relative humidity (b) fluctuations at the external lateral boundaries of

the plate.
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only for unidirectional laminates but also for laminates
with complex stacking sequences,1,2 provided the lami-
nae are made of the same composite material.

Figure 5 presents water composition profiles
(m(z)¼ c(z)/�s, where �s is the density of the dry mater-
ial, in the present case �s¼ 1500 kg/m3) along the thick-
ness of a 4mm composite plate after 10, 20, 100, 150,

200 and 300 supersonic cycles (end of the cycle, point
D) for both finite difference and analytical solutions. In
this case, the plate is initially in a dry state (m(z)¼ 0%
after 0 cycles) and tends towards a uniform saturated
state (m(z)& 0.012%) after 300 cycles. The analytical
solution employs average boundary conditions – given
by equation (45) – which also represent the uniformly
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Figure 5. Water composition profile along the thickness of a 4 mm composite plate during supersonic cycling at different numbers of

cycles (initial state: dry, m(z)¼ 0%).
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Figure 6. Water composition profile along the thickness of a 4 mm composite plate during supersonic cycling at different numbers of

cycles (initial state: wet, m(z): heterogeneous initial humid state).

Table 1. Plate hygroscopic properties

A (equation (3)) (mm2/h) B (equation (3)) (K�1) C (equation (44)) (%) B (equation (44))

7.18 �2910 0.0007 1.60
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distributed composition at saturation. The finite differ-
ence solution captures the fluctuations occurring along
a cycle and is able to reproduce exactly the composition
boundary condition at any stage of the supersonic
cycle. It can be seen that the analytical solution con-
verges rapidly starting from n¼ 10 cycles and is capable
to well represent the transient average water compos-
ition profile along a cycle, as a function of the number
of cycles. Though is not able to represent fluctuations
close to the plate boundaries, the analytical solution is
able to provide – through equation (39) – the extent of
the fluctuating zone e0, which is equal to 0.56mm in
this specific application. From Figure 5, it can be noted
that the calculation of e0 by the explicit expression,

equation (39), is in agreement with finite difference
simulations and is constant with increasing number of
cycles.

Figure 6 presents water composition profiles along
the thickness of a 4mm composite plate after 50, 100,
200 supersonic cycles (end of the cycle, point D) for
both finite difference and analytical solutions. In this
case – at the start of the supersonic cycling – the plate is
in a wet state (initial humid state, dotted line in Figure
6): this non-uniform composition state is induced by a
conditioning phase on ground (23�C, RH 50% for 3
months) simulating the time of a long maintenance at
an airport. Again, after 300 cycles, the plate tends
towards a saturated state (m(z)¼ 0.012%), which is
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Figure 7. Water composition profile along the thickness of a 4 mm composite plate during supersonic cycling at cycle 100 (initial

state: wet, m(z): heterogeneous initial humid state).
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Figure 8. Detail of the water composition profile along the thickness of a 4 mm composite plate during supersonic cycling at cycle

100 (initial state: wet, m(z): heterogeneous initial humid state).
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the same as that illustrated in Figure 5, after the same
number of cycles. It is again stressed that the saturation
state is provided by the analytical formula, equation
(45). Thus – irrespective of its initial composition
state – the plate tends always towards the same satur-
ation state, which is given by the simple analytical
expression equation (45).

Useless to say, the extent of the fluctuating zone is
again equal to 0.56mm – as in the case in Figure 5 –
and is again given by equation (39).

Figure 7 presents the water composition profiles
along a 4mm thick plate at different stages (points

A–D) of a supersonic flight/cycle, after 100 flight/
cycles. Both finite difference and analytical (average
along a cycle) solutions are reported. According to
the external environmental conditions, the water com-
position m(z) at the plate boundaries (z¼ 0 and
z¼ 4mm) fluctuates between m(z)¼ 0% (‘dry’ section
of the cycle) and around m(z)¼ 0.4% (‘wet’ section of
the cycle). Fluctuations extend within a consistent zone
of the structure (1/4 of the total thickness) and engen-
der consistent concentration gradients; however, their
magnitude is bounded between two a priori known
values, m(z)¼ 0% (start of a cycle) and m(z)& 0.4%
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Figure 10. Detail of the water composition profile along the thickness of a 4 mm composite plate during supersonic cycling at cycle

300 (initial state: wet, m(z): heterogeneous initial humid state).

0

0,05

0,1

0,15

0,2

0,25

0,3

0,35

0,4

0 0,5 1,5 2 2,51 3 3,5 4
z (mm)

m (%)

A

B

C

D

analytical solution

CYCLE 300

e0 e0

Figure 9. Water composition profile along the thickness of a 4 mm composite plate during supersonic cycling at cycle 300 (initial

state: wet, m(z): heterogeneous initial humid state).
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(end of a cycle) – which can be easily determined by the
systematic use of equation (44). Therefore calculating
the average composition profile by the analytical solu-
tion (equation (43)), the external fluctuating boundary
conditions (equation (44)) and the extent of the fluctu-
ating zone (equation (39)) gives a first fast approxima-
tion of the composition gradient within the fluctuating
zone at any number of cycles without performing finite
difference calculations.

Figure 8 shows composition values during cycle 100
in a zone affected by fluctuations close to the plate
boundaries, within e0. It can be seen in greater detail
that the analytical solution resumes the average com-
position field along a cycles. Fluctuations are confined
to a zone whose extent is related to the type of hygro-
thermal cycle.

Similar to Figures 7 and 8, Figures 9 and 10 present
the water composition profiles along a 4mm thick plate
at different stages (points A–D) of a supersonic flight/
cycle, after 300 flight/cycles and within a zone e0
affected by fluctuations close to the plate boundaries,
respectively. Again, according to the external environ-
mental conditions, the water composition m(z) at the
plate boundaries (z¼ 0 and z¼ 4mm) fluctuates
between m(z)¼ 0% and around m(z)¼ 0.4%. The
behaviour is qualitatively similar to that illustrated in
Figures 7 and 8, this time the average composition
reaching saturation. With respect to Figures 7 and 8,
the extent of the fluctuating zone and of the fluctuation
values is almost unchanged; in some way, this can jus-
tify the interest of having at disposition analytical solu-
tion to rapidly calculate the transient average
composition during the hygrothermal cycling.

Conclusion and perspectives

An analytical solution for laminated plates subjected to
cyclical hygrothermal conditions has been provided for
multilayer composite plates. Thermal transfers are dis-
carded; it is assumed that temperature diffusion phe-
nomena are much faster than water concentration
diffusion. The solution can be employed as benchmark
for simulations based on numerical procedures and can
be employed for evaluating the induced hygrothermal
stress, therefore, for structural, design and optimisation
purposes. The solution is unidirectional, and therefore
is applicable for slender plates. A relatively simple solu-
tion can be found for a homogeneous plate and this
solution is applied to a practical case: the hygrothermal
cycling related to a supersonic flight environment.

The analytical solution rapidly converges starting
from n¼ 10 cycles and employs average boundary con-
ditions – given by equation (45) – which also represent
the uniformly distributed composition at saturation: it
is capable to well represent the transient average water

composition profile along a cycle, as a function of the
number of cycles. The finite difference solution captures
the fluctuations occurring along a cycle and is able to
exactly reproduce the composition boundary condition
at any stage of the supersonic cycle. Though is not able
to represent fluctuations close to the plate boundaries,
the analytical solution is able to provide – through
equation (39) – the extent of the fluctuating zone e0.

Therefore calculating the average composition pro-
file by the analytical solution (equation (43)) the exter-
nal fluctuating boundary conditions (equation (44)) and
the extent of the fluctuating zone (equation (39)) gives a
first fast approximation of the composition gradient
within the fluctuating zone at any number of cycles
without performing finite difference calculations.
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