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Abstract: In this work we analyze the possibilities of gctronomical value of 16° that represents the
applying model reduction in the advanced simulation of

materials and processes. The use of such strategies a"o\ﬁéesumd number of elementary particles in the

impressive computing time savings in the numericaltMVerse: o _
simulations of complex models without degrading the W& come backa the practical interest of multi-

solution accuracy. For this purpose we apply prope,dimensional_models Iater..ln_what folloyvs in the
generalized decompositions of multidimensional modelspresent seatn we are revisiting a technique able to
that can be associated to usual models in computationalircumventthe curseof dimensionalityissue.
mechanics.

Key words: Proper Generalized Decomposition, Model 1.1 Multidimensional solvers based on the Proper
reduction,  Multidimensional models, Curse of Generalized Decomposition — PGD -
dimensionality, Shape oprimization, Multi-scale modelling

We start writing the polynomial approximati of a
generic multi-dimensional function (X, %+, %, )

The finedescription ofthe mechanicsand structureof  in the whole dorain as:

materials at the mior nano and sub-nanometric N , i=N k=D

scales introduces some specific challenges ctlate U(X) = z X ( Xl) XD( >E>) = z H >i( %) (1)

the impressive number of degrees of freedom 1= =1 k=

requirel or b the highly dimensional spaceswhich  The coordinee X is not necessarily one-
those models are defined. Moregvessual models  dimensional, but in any case it is defined in a space of

encountereé in compu_'[atlonal_phy5|c$d mechanics moderate dimensions (1D, 2D or 3D), ix.0Q,
can be transform# in multi-dimensional models '

allowing for very general solutions as we describeQ, [ ¢, d, < 3. The model results then defined in

later. Despite the fact that spectacular progresse . _ dy+td
have bee accomplishé in the context of the whole domain Q =Q, x---xQ, O O%*% .

computational mechanicsn ithe last decagethe  One of this coordinates could be the time involved in
efficient treatment of those multi-dimensional modelstransient models.

needs furthedevelopments. It is also well known that several model solutions can
The brute force approach cannot be constl@®a be approximated by a finite, and sometimes quite
possibility for treating this kid of models We can  reduced number of functional products. Expression
understad the catastrophe of dimensiby assuming (1) involves Nx M x D degrees of freedom instead
a model defined in a hyper-cui¢ of dimensionD: ¢ the M required in mesh-based discretization

Q =]—L, L[D. Now, if we define a grid to discretize techniques.
¢ In what follows we are describing a new advanced

the model, a it is usually performed in the vas hni h bi q _
majority of numerical methods (finite differences, l€CNNIque that combines a separated representation
and an adaptation procedure able to build up

finite elements, finite volumes, spectral methods . ) .
etc.), consisting oM nodes on each direction, the gradually each product of functions involved in (1)

total ber of nod i bM P If that until reaching the convergence. It has some
otal humber ot nodes wi -Twe assume that o gemplances with the functional approximation used

for example M =10 (an extremely coarse yjthin the LATIN framework, the radial
description) andD =80 (much lower than the usual approximation making use of a space-time separated
dimensions required in quantum or statisticalrepresentation (see [6] and the references therein) as
mechanics) the number of nodes h reaches the well as with the ones employed in the post-Hartree-

1. INTRODUCTION



Fock methods [4]. This technique has beendimensionsd, and then integrations in such moderate

stuipessfully ?jp?“ed n ? varltﬁty of ITeazr, n50n 2nef‘r’dimensional spaces because the integral of a product
stationary and transient problems [ ] [.] [5'[7]. In of functions in a hyper-domain can be written as the
what follows we are revisiting the main ideas of such

decomposition technique. For the sake of simplicityprOdUCt of the integrals defined in the domais
we are considering a simple multi-dimensional

diffusion problem in Djimensions: 1.2 ”IUStrating the PI‘Oper Genera”zed
) T D Decomposition construction
Du:f(x),x =(X1""!)§3)DQ=]O'L[ (2)
u (x B OQ) =0 In what follows we are illustrating the construction of
) L the Proper Generalized Decomposition by
where he general form of the right term is given by - cngidering a quite simple problem, the parametric

i=m k=D

< i _ i heat transfer equation:
(=S () R () =S R (%) @ :

2 2 ks M _pau- £=0 (®)
Such a demmposition can be performed by using ot
singular value decomposition. where (x,t,k)d0QxIx0 and for the sake of

The iteration scheme used to build up the solution (Q:implicity the source term is assumed constant

proceeds performing an  enrichment —of thei.e.f =cte. Because the conductivity is considered

%nknown, it is assumed as a new coordinate defined
i=n i=n k=D in the interval 0. Thus, instead of solving the

ut(x) =D X (%) X (%)=, H X ( x)@)  thermal model for different values of the conductivity
i=1 i=1 k= parameter we prefer introducing it as a new

the approxnation basis could be enriched by addingcoordinate. The price to be paid is the increase of the

approximation basis at each iteration. Thus, knowin
the approximation at iteration tine

= model dimensionality; however, as the complexity of
a new product of functlonﬂ X (%) the PGD scales linearly with the space dimension the
. B consideration of the conductivity as a new coordinate
() = " () + n+l allows for faster and cheaper solutions.
u (X) u (X) D % ()&) ®) The solution of Eq. (8) is searched under the form:
that neds for the determination of thB involved =
u(x,t k)= (X t)OK (K 9)
functions X;**(%). For this purpose the trial (k) Zl X ()T (9K (9
function: In what follows we are assuming that the
i=n k=D k=D approximation at iteration n is already done:
u(x) =2 %)+ [] R (%) (6)
=1 k= - u"(x,t, k)= - (x 0K (K 10
is injected in the weak formulation, where ( ) ; X (e (906 (K (10)

R (%)= Xi™( %) are the unknown fields of the and at pesent iteration we look for the next

non linearsystem obtained, whose size BxM .  functional product X, (x) (0,., (t) (K., (k) that
The associated test functions are taken, again in thgr alleviating the notation will be denoted by

Galerkin's framework, as: R(x)5( § OW( K. Prior to solve the resulting non
. =2 k=D linear model related to the calculation of these three
u (X):z R ()ﬁ) H F@( %) (7) functions a model linearization is compulsory. The
j=1 =

simplest choice consists in using an alternating
directions fixed point algorithm. It proceeds by

assuming S(t) and W(k) given at the previous

. . +1
determined, the searched function§™(X,) are jteration of the non-linear solver and then computing
obtained by identifying these functions with the R(x). From the just updateER(X) andW(k) we

converged, () functions. can updateS( t), and finally from the just computed
This algorithm has been successfully used to solve

models involving one hundred dimensions needingR(X) and S( t) we compute\N(k). The procedure
about ~1& degrees of freedom if one proceeds incontinues until reaching convergence. The converged
the finite element framework. The construction of the¢nctions R(x) , S( t) and W( k) allow defining
separated solution only needed of around 20 minutes
using Matlab on a standard personal computer!. Théhe  searched  functions: Xn+l(X) = R(X),
separate representation considered in (1) only nee _ _
approximations defined in spaces of moderatgﬁ“fl(t) B S( t) and K“+1(k) _W( k)'

We areillustrating each one of the just referred steps:

K% j

Now, as son as the function®R (%) have been



that cald be solved by using any collocation

. Computing R(x) from S(t) andW( k): technique (finite differences, SPH ...).
We consider the global weak form of Eq. (8): Il. Computing S( t) from R(x) andW( k):
[ u*(a—u—kAu— fj & dtdk=0 (11) o
olxD ot In the present case the test function writes:
where he trial and test functions write respectively: U (x,t,k) =S ( § ORx)DW( k (18)
u(x,t,K) = i X (x)CT(Y0K (K + Now, the weak form reads
i=1

(12) j s*[Rm/EER%—?DW- M\}/xd dt ot
+R(x)5( §OM K

and =- j S TRWO®™ o dtdk

" (x,t,k) = R () o YW & @y o 19

Introducing (2) and (13) into (11) it results that integrated in the domai) x 0 and taking into

§ S account the notation (15) results:
jRESDN[ﬁR?LDV\#@\}/xd dt e S
QxIx0) ot J.S*[éwD[Bd;—t—V\éDEES) dt=
=- [ ROMI™ o dt dk ' | |
axlIx0 . i=n : ) Tl i=n : )
1y =S [EZV\A[E%‘ZV%D'ZDT‘V\&DEWJ dt
| i=1 i=1

(20)
Eq. (20) represents the weak form of the ODE
defining the time evolution of the fielf that can be
golved by using any stabilized discretization
technique (SU, Discontinuous Galerkin, ...). The
strong form of Eq. (20) reads:

with O™ :in %Dﬂ —ZKUSK OPOK - f.
i=1 i=1

Now, keing known all the functions involving the

time and the parametric coordinate, we can integrat

Eq. (14) in their respective domaind x[].

Integrating in | X1 and taking into account the

r]otation w, [0 g‘f -w, [1,[B=

w, = [W?dk s=[8dt = Rxd | (21)
0 | o i=n i -IT i=n :
w,=[kw’dk 5= 7S g = R Rd __(;W“ESGC;T ;V\éu“ni W?’BSij
D ;o dt 2 (15) : .
- “[sd Rad than can be solved by using backward finite
W3_£ §_II t 3':£ differences, or higher order Runge-Kutta schemes,
_ _ _ among many other possibilities.
w,= WK dk =] &E‘% dt =] R X
o I Q . i
W=[IWK k=] ST dt ] R Xod . ComputingW (k) from R(x)and S(1):
L u} | Q a
In the present case the test function writes:
Eqg. (14) reduces to: .
% (4 U (x k) =W (§0RX)0S k 22)
IR (w3 0R- wOgA R x = Now, the weak form reads
Q
, (i i=n . S
=-[REY WEOx-Y, wOsh X- wisl { o [ wRD F[%t OW KA RS W xd dt e
Q i=1 i=1 QxIx0
. - (16) =— [ WROSO® & dtdk
Eqg. (16) defines an elliptic steady state boundary ..,q
value problem that can be solved by using any (23)

discretization technique operating on the model weakhat integrated inQ x| and taking into account the
form (finite elements, finite volumes ...). Another notation (15) results:

ossibility consists in coming back to the strong form .
2qu.(125/): k ’ W’ i 5, W= 50500 die
WlE%ER_ V¥D§m R= ’ i=n i=n
(17) =-{w’ EEZ@'ES;EK—ZGE%DK—%EQWJ dlk
0O i=1 i=1

-~ Sw -3 wosn x- waso |
i=1 i=1 (24)



Eq. (24) does not involve any differential operator.solution was performed in few minutes using Matlab
The strong form of Eq. (24) reads: on a personal laptop. Fig. 1 depicts the solution at
_ _ point Xx=0 at the final timet =1 as a function of
(rl 8, =1, le) W= both parametera and b.
S (25) The non linearity was accounted by assuming the
= Z(r5 s,-1, Eg5) (K - 5501 conductivity given at previous iteration, i.e.

= k = au" + b, where
that represents an algebraic equation. Thus, the ~ '

introduction of parameters as additional model =N |
coordinates has not a noticeable effect in the (¥ 2P ;T(DDXU)DP( abOR b (30)

computational cost. _ Other lirearizations were analyzed and discussed in
There are other minimization strategies more robusiz] and [g].

and exhibiting faster convergence for building-up the

PGD (see [10]).

3. APPLICATIONS O

o o

oog

In this section we are analyzing different applications
of the proper generalized decomposition in
computational mechanics, and in particular in the
advanced simulation of material and processes, ks
through some academinc examples. e

L ooe

0.04 .-

3.1 Parametric models

We consider the 1D heat equation defined by: _ o L
ou Fig. 1. Temperature at poirX = O at the final timet =1 as a

- k@ = f(t' X); td Qt, X0 Q (26) function of both parameter@ and b .
ot ox\ ox i

If kis congant, this equation can be solved for everyNow, we cane back to the non-linear thermal model
value of k using the separated representation(28), witha=1 andb=1, but we are focusing on its
previously illustrated without further difficulties. steady solution for a source term given by

Now, we are focusing on a more complicated andf =‘,3(1‘ Xz) ,BD[O]] Now. the solution is
realistic problem. In general, for homogenous ' N '

materials the thermal conductivity depends onsearchedrom the finite sum decomposition:
temperature, following a linear dependence: N

k=au+b (27) u(x gB) = Z X (XOB(B) (31)
If we introduce this expression into Eq. (26) the =

. ) o The computedsolution is depicted in figure 2 where
resulting heat equation writes:

, , 5 we can notice, as expected, that the solution vanishes
ou_,0u__ 0u_ a(@j _ (28)  ©verywhere wher8=0.

ot ox ax ax

We wantto solve this equation for any valueafnd

b. We can easily understand that the computed
solution allows efficient optimization and inverse

identification strategies. For that purpose the
following separated representation approximation is
considered:

utxa =Y TODX(ION DED @9

The numerial solution was carried out fctrD[O,]],
XD[—l,]] , aD[—l,]] , bD[l,S] being the initial Fig. 2. Steady state temperature fitlfX, 3) .

condition u(t=0,x)=1- X", the temperature Finally, we are considering the same problem, the
vanishing at both boundaries. In this example, 50Gteady state solution of a thermal model (non-linear)
nodes were employed for discretizing each of the 4n which the heat source is punctual and can be
coordinates. A mesh would have involved 500 applied everywhere in the domain. The thermal
degrees of freedom, but using the PGD this model is then defined as follows:

impressive number reduces to the order of 2000. The



0 (. du section 1.2 does not enforce the balance equations at
k== |=1(x) (32) any particular time, fully Lagrangian formulations

x| ox _ _
where thesource term writes in the present case: could run as soon as the mappg X(X’t) is well
f(x)= ,B@(X— x') (33) defined even in very large geometrical

_ o . 0 transformations.
being J() the Dirac’s mass and’ the point in |y what follows we are illustrating this procedure. For
which the thermal load of intensit§ applies. As we this purpose we consider the filling process of a 1D

are interested in solving the model (32) for anyPorous domain_ by an incompressible fluid. The flow
position of the thermal load' and any value of the N Porous media is usually modelled by the Darcy's

intensity 3, we introduce the load location and the law that establishes the proportionality between the

. . . . flow velocity and the gradient of pressures. In the 1D
load intensity as new coordinates, searching th%ase that equation writes:

solution in the form: _ k@

WX A)=Y XGOS J0RA) ey T pax

. . . . where v is the flow velocity, K is the porous
By applying the procedure described in the previous.iim  permeabilit is the fluid viscosit
section one could determine easily the functions P Yo7 y

X.(X) by solving a second order elliptic problem, (assumed constant) anp represents the pressure
' ) ¥ ] ) ~ field. In what follows we assume without loss of
then functionS ( X) by solving an algebraic equation generality k//7=1. Introducing Eq. (36) into the

(there are not derivatives in that coordinate in they,qs pajance equation of an incompressible fluid that
thermal model model) and finally functioB (5) in the 1D case writes

solving another algebraic equation. dv

The strategy here described allows an off-line pre-_:O (37)

calculus and very fast post-processing required iri‘tresuItS'

many branches of computational sciences with real- , '

time simulation purposes. _XE =0in Q, (t) (38)
d

where Q; (t) represents the domain occupied by the

(36)

3.2 Models defined in evolving domains

The main issue in treating models defined in evolvingfluid at time t, Q, (t) :]O, L[[. We assume that
domains lies in the fact that belongs to a domain

O (t=0)= ' o .
that is evolving in time, i.ex JQ(t). Obviously, in ((t=0)=]0L[. I the injection process is

that cae we cannot apply the procedure describedf€forme at constant flow rate(a), then the
previously, but the deepest difficulty lies in the factboundary conditions write in the case here
that the space coordinate is not independent of theonsidered:

time coordinate. k d d
The simplest alternative for circumventing this __E( :a:>? =-a (39)
difficulty consists in defining the mapping between ,ZI x=0 x=0

an

the initial space coordinatesX JQ(t=0) and the
p(x=1L)=0 (40)

wherel, =L, +all.
by The coordinate’s transformation writes:

L. (u(xt))=F (where L, denotes a
.X"( (. ) ( ) () _ x=x1+22 (41)
differential operator involving the present coordinates

X andt) is redefined by consideringX,t) as new where X 0[0,L,] and x[0,L,]. Now, instead of
coordinates (now both being independent):
Ly, (u(X,t)) =T and solved by using the natural
decomposition:

present ones XDQ(t). This mapping writes:

x=x(X,t). Now, the model given

solving the problem (38) inQ; (t), we are solving
this  problem in the reference domain
Q,(t=0) :]O,LO[. Applying the coordinates

N
u(X,t)=> X (X) (1Y) (35)  transbrmation (41), equation (38) results:

N : . 2 2 ¢ 2
We are at present analyzing this approach that d°p % — Ly =0 (42)
suggests fully Lagrangian formulation in thermo- gdX?\ dx dxt L+ alt

mechanical problems. As the procedure described in



which is defined inQ, (t =0). 100

The boundary conditions become: oof
d 80

d I P (43)
dX |yo\ L, +alt
and sof ;‘
p(X=1,)=0 (44) |
One could try to solve Eq. (43) for each time, by wl “
considering the timet as a model parameter. 0
Obviously as in the present case the resulting | U

problem is two-dimensional it could be solved using %
any standard (_jlscrenzatlon technique (ﬂmte eleme_ntSFig. 3. Solution of model (50) with two different sampling times.
...), however, in more complex scenarios the physical

space will contain more coordinates (2D or 3D) and=oy acconting with the two time scales involved in
the coordinates transformation will imply many the model (that we consider separated) we introduce
parameters. Thus, the resulting general parametrig,, different times, both assumed independent:

problem will be multi-dimensional and the use of the_- _ _
separated representation described in the previou-g =tll and T_MD[O’Zd' Thus, we postulate

section should be mandatory. u(T,7)and Eg. (50) becomes:
Taking into account Egs. (43) and (44), the solution
of Eq. (42) results: du(T.7) :6_u£+6_ud£:@+w@:
a dt 0T ot or odt 0T or (51)
X,;t)=a + all)-— + X (46 i
p(x.9=alL, ) L, P+ ) (40) = 2T co$ (1)~ Z*w os(r) sin)
in [o,l_o]x[o,TmaX] , that represents a separatedwhose saltion is searched by assuming the
. decomposition:
represerstion: \
2
u(T,r)= > E(T r 52
p(X, 9= X (X (3§ 47) (T.7) Z H(ME3(7) (52)
with = Obviously, n more complex multi-scale models
X _ involving different scales in spacfx;,X,,:--) and
(X)=1
[ t,t,, - ite:
Tl(t) _ a[ﬂ L+ a[t) time (t,,t,,---) we should write
X (X) = X (48) u(ti’tz""’xyxz"") (53)
2( )_ and in that case a separated representation seems
_a compulsory.
Tz(t)‘_EEQLO"'aD) In the present case the decomposition involves a
single product of functions:
We can notie that the injection pressufé goes up u(T,7) = F(T) [G(r) =T E:osz(r) (54)
in timte i?ﬂorder tto.keep the solution slope constanthat corespond with the exact solution, both depicted
(constant flow rate): in Fig. 4. In that figure we depict also the
P=p(X=01=afl,+ al (49)  reconstructed solution(T, 7).

3.3 Multi-scale in time

Consider the simple model
%:Ztcoﬂax)— 2°w cofut) sifut)  (50)
with tO1 =]0,1q and zero initial condition. The

exact saltion writes u® = t? Co§(ax). When the
frequencyincreases, the time step must be reduced in
order to capture the load evolution. Fig. 3 compares
for a frequency w=10the computed solution by
using a time step of At =0.00]1(high resolution
curve) andAt = 0.5(low resolution curve).



Fig. 4. FunctionsF (T) (top) andG(7) (middle) associated

with the decomposition olﬂ(T, 1') in (51) and well as the

reconstructed solutiohl(T, Z') (bottom).

3.4 Heterogeneous materials

In this section we are focusing in the thermal
models defined in heterogeneous materials.

Imagine a composite material involving a matrix

and a fibrous reinforcement. A typical

representative volume showing the microstructure

heterogeneity is depicted in figure 5.

Fig. 5. Microstructure of a composite material

This sepeated representation can be performed by
applying the SVD (singular value decomposition) to
the matrix containing as entries the image pixels.
However, because the irregular distribution of the
inclusions the number of sums in (55) becomes very
high. Different possibilities exist to alleviate this
representation some of them are being analyzed at
present. A first possibility lies in considering only a
reduced number of the modes of the SVD. The
computational cost is significantly reduced and
sometimes the precision is not too much degraded.
Figure 6 depicts the image reconstruction for
different number of sums in (55).

Fig. 6. Reconstructed microstructure fB¥ = 23 (left) and
P =46 in (55).

Another poswility lies in the substitution of each
cercle by a square parallel to the coordinate axes,
whose area equals the one of the associated circle.
Eq. (56) represents a generic rectangle:

XO[% %] X[ Yar W) (56)
Now, we defne the characteristic function:
0 if s<a

Xop(S)=11 if ass<b (57)
0 if s>b

Uisng ths notation, the square defined in (56) can be
represented in a separated form by:

X (X% X, (9).

Obviously, f the representative volume contaiRs
inclusions, each one represented by a square, the
separated representation (55) will contain P sums.
Obviously, all these approaches imply the solution of
a thermal model for each representative volume (as
soon as the microstrucvture evolve, the thermal
conductivity is modified and then a new solution of
the thermal model is required). If we consider a
stochastic nature of the microstructure many
realizations of the microstructure must be solved.
One possibility for alleviating this task consists of

Now, in order to apply the PGD one should perform &qnsjdering the representative volume composed of a
separaté representation of the thermal conductivity, certain number of cells related to a grid of the

allowing for an efficient thermal simulation, i.e.

00 = Y, KL9TK, (9

(55)

representative volume as depicted in figure 7. Now,
rather than solving a thermal model for each possible
microstructure (represented by the different values of
the thermal conductivity in each cell), we are
introducing the thermal conductivity of each cell as
an extra coordinate. In the example depiected in Fig.



7 the model will be defined in a space of dimensiormechanics can be rewritten in higher dimensional
27 (thex andy space coordinates and tb& 5 cells  spaces. Thus one could for example compute the
thermal conductivities). thermal field for any value of the thermal
conductivity (as illustrated in this paper for
homogeneous  and heterogenous materials)
simplifying inverse identification of optimization;
compute the solution for any geometry for addressing
evolving domains or shape optimization; or
addressing multi-scale models in space or time
encountered in many manufacturing processes, as for
example the ones involving ultrasons, microwaves or
localization.
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4. CONCLUSIONS

This paper explores some possibilities related to th
use of Poper Generalized Decomposition in the
advanced simulation of materials and processes. This
novel discretization technique allows the efficient
solution of highly multidimensional models by
circumventing the  redoubtable curse  of
dimensionality that mesh based discretization
techniques suffer.

As soon as an efficient solver for multidimensional
models is avalaible, many models of computational





