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Abstract: This article presents a Numerical method of homogenization in thermo-hydro-mechanic for
materials based on the choice of a representative volume in which heterogeneities are generated in
random process., The numerical model is used to predict elastic behaviour as well as thermal dam-
age behaviour and the concrete permeability. This numerical model is developed and implemented
in the general finite element code ’SYMPHONIE’. The Digital concrete model is used then to the
calculation of the High Strength homogenized concrete behaviour. Obtained results appear in good
agreement with experimental measures and show the capacity of the model to take in account the size
distribution of aggregates and pores of concrete. Furthermore, this method allows through the process
of localisation to estimate the local fields and to predict possible damages of the material.

Keywords: Stochastic Homogenization, Digital Concrete, Thermo-Hydro-Mechanical behaviour, Lo-
calization.

1 Introduction

In this study, we suggest to simulate the cement-based materials behaviour subjected to thermal, hydrous
and mechanical loads using multi-scales approaches. Multi-scales techniques allow characterizing, from
the knowledge of the microstructure, the heterogeneous material behaviour by substituting it an equivalent
homogeneous material. That makes then possible a calculation for a complex structure. Also the interest of
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these approaches lies in the fact that it is then possible to reach the local fields and so, to be able to predict
and to follow a damage within the microstructure.
We can find a synthesis of the various proposed homogenization models these last years in J. Aboudi [1]
or in M. Bornert & al. [2]. These differences of models concern manly the choice of the Representative
Elementary Volume (REV) of the material and the way with which the load is applied. Thus, simplified
approaches adopt a REV with simple geometries, and representing only one heterogeneity, to give explic-
itly the equivalent behaviour [1, 2]. While the homogenization principle of the periodic media adopts a
periodic schema to represent the heterogeneities distribution in the material. These approaches consider a
distribution of one heterogeneity in a simplified REV with a basic period [3], requiring, in most of cases, a
numerical resolution. Others numerical approaches have been proposed. They are based on a more realistic
representation of the REV by describing the microstructure with a random generation of the heterogeneities
size distribution [4]. These techniques have been applied to porous medias, either by a digital-image-based
by Bentz & al. [4, 5], or by a finite element method presented by Breunesse [6].
In this article, we propose a numerical method of homogenization to analyse the thermo-hydro-mechanical
behaviour of the cement-based materials. The originality of the method bases on the exploitation of the
Digital Concrete model (" Béton Numérique ") [7] developed in the general Finite Element (F.E.) code
’SYMPHONIE’ [8]. This model allows the generation of a rich and more realistic REV by considering
the heterogeneous microstructure as a multi-phases material. This model takes in account the aggregate
and pore size distributions. These heterogeneities are generated in a random way inside the REV which is
discretized by the finite element method.
In this article, we present first the numerical aspects concerning the REV grid generation. After, we remind
the method of homogenization in the case of a linear thermo-hydro-mechanical problem. The first applica-
tion of the model concerns the homogenization of the thermal-elastic behaviour of a High Strength Concrete
(HSC). Then the obtained results are compared to experimental one in order to validate the model. Finally, a
parametric study of the model is presented as well as a micromechanical analysis. The recent development
concerns now the homogenization of the permeability of thermally damaged concrete.

2 Presentation of the Digital Concrete model

2.1 Multi-scales representation of the concrete

Figure 1: Different scales for the homogenization of cement-based materials.
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In this method, we consider several scales of modelling, ranging from the cement paste to the concrete
material. Thus, the concrete is considered as a combination of three heterogynous materials: cement paste,
mortar, and concrete. Each material is considered on its specific scale, and homogenisation is needed on
each scale to go to the following upper one. Figure 1 shows the basis of this approach.

2.2 Multi-phase approaches

The local approach is based on the random ’Digital Concrete’ model developed by Mounajed [7]. The
random character is due to the concrete heterogeneously led by the random aggregate size distribution, and
the random pore size distribution in the cement paste. Aggregates and pores have some characteristics dif-
ferent of the solid cement matrix. The proposed approach allows considering the Digital Concrete material
as a multi-phases material with successions of n materials phases distributed spatially in a random way
(Figure 2). So, in a first time, we could adopt the following phases to represent the concrete:

DigitalConcrete =

Nbphases
∑

i

Phasei × V olumei

1st phase: solid skeleton of the cement matrix P1

2nd phase: a random pores size distribution with the possibility to decompose this phase in several sub-
phases to represent various volumes and natures for pores P2, P3 . . . Px

3rd phase a random spatial aggregates size distribution with the possibility to decompose this phase in a
several sub-phases to take in account various sizes and kinds for aggregates Px + 1, . . . , Pn

Figure 2: Presentation of various constituents distributed in a concrete.

The simulation of the concrete is approached by considering this heterogeneous mixture as a multi-phase
media (pores + cement paste + n aggregates phases). So, the influence of each phase could be analyzed on
the structural answer.

2.3 Phase characterisation

In this model, each phase is characterized by a set of physical and geometrical parameters as:

The phase volume percentage with regard to the total volume,

The unit size of the phase constituent (the aggregate diameter),
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The mechanical and physical characteristics of each phase: for example the Young’s modulus and the
Poisson’s coefficient, the thermal expansion coefficient, the permeability, the conductivity, as well as
the damage evolution law in tensile and in compression.

2.4 The numerical Finite element approach

The originality of the approach lies in the way of integrating it in a non-linear analysis by a finite ele-
ment method. A specific algorithm has been developed to make a spatial and random distribution of these
elementary volumes on the basis of a given F.E. mesh. The model can consider in one simulation both ho-
mogeneous and heterogeneous materials. For the material declared as a "Digital Concrete", basic properties
will affect all the elements concerned with this material. The properties of the various aggregates and pores
phases (unit volume, percentage, material characteristics) must be also supplied.
The proposed method consists in allocating characteristics of the initial matrix to all concerned elements.
Then, all the calculation steps for the various phases generation are going to be linked by a specific algo-
rithm. Originally, the characteristics of the basic phase of mortar will affect all elements of the mesh. At
the end of the random phases generation, only the elements not affected by aggregates or pore will preserve
their initial properties, all other elements will have the proprieties of the concerned generated phase.

Figure 3: The description of the aggregates phases generation from the mortar matrix.

The digital concrete generation method have been developed and integrated in ’Symphonie’ in two-
dimensions (2D) and in three-dimensions (3D). Algorithm details are described by Mounajed [7]. This
method allows taking into account:

1. The random aspect of the phases distributions (two successive simulations lead in various distribu-
tions),

2. The multi-phase aspect (the consideration in a simultaneous way of a several phases of various sizes
and natures: pores, aggregates, etc),

3. An optimized algorithm to test, according to a criterion, the random position validity of candidates
aggregates and to avoid the phase interpenetration while guaranteeing the phases percentage accord-
ing to the real aggregate size distribution,

4. The consideration of a transition zone between a phase and the matrix to deal with interface laws,

5. Multiple application areas: linear, non-linear, thermal, hydrous, thermo-hydro-mechanical.
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2.5 Preliminaries calculus

The inclusions generation requires a calculus of their number from their total volume of all elements
(V TE). The inclusions number of the phase i will be calculated in the following order:

V TE =

nbelements
∑

i

Vi (1)

The geometric shape of the inclusion is considered as circles in 2D or spheres in 3D analysis. The unit
volume of an inclusion of type i is calculated in two-dimensions or in three-dimensions as follow:

V U−Gi = π(D4

i /4) in2D
V U−Gi = 4/3π(Di/2)

3 in3D
(2)

So the inclusion number of the phase i is equal to:

Nb−Gi =
V TE

V U−Gi

(3)

2.6 The inclusions random generation

The distribution algorithm generates randomly candidate positions of the inclusions gravity centres in the
area defined by the REV. Then, some tests are made to valid these positions. A first test consists to verify
if this position concern an element of Digital Concrete type. We calculate the distance between the element
gravity centre and that of the inclusion. If this distance is higher than the element average size, this element
will have the properties of the inclusion (Figure 4).
A second test verifies that two inclusions do not overlap. The distance between an existing inclusion gravity
centre, of radius R1, and a candidate inclusion, of radius R2, has to be higher to a value dmin defined as: A
second test verifies that two inclusions do not overlap. The distance between an existing inclusion gravity
centre, of radius R1, and a candidate inclusion, of radius R2, has to be higher to a value dmin defined as:

dmin =

(

R1 + R2

2

)

(4)

Figure 4: The position validity test of an element of Digital Concrete type.
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2.7 Affectation of characteristics to elements

After the model has validated the inclusions position, they are affected by characteristics materials defined
by the user. Before the inclusions generation, all the elements were characterized by the material parameters
of the matrix (the mortar in the HSC case). Then the model tests if the position of an element gravity centre
is in an inclusion influence radius. That is if the distance between an element gravity centre and that of the
inclusion is lower than this inclusion radius. In that case the considered element is affected by the inclusion
material proprieties.

2.8 The consideration of a transition phase (interface law)

The concrete quality can not be simply deducted from a simple phase pile. Indeed, the adhesion quality
between aggregates and the cement paste constitutes a determining parameter for the final mixture quality.
This parameter represents in a global way an important set of hidden parameters relevant of chemical reac-
tions and the material formulation. As such we consider in the model the adhesion law through a definition
of an interfacial transition zone (ITZ) around every solid inclusion. It is defined by a band surrounding the
solid inclusion with a width defined as a percentage of a given aggregate diameter. This zone possesses
these own mechanical characteristics (modulus, rigidity, etc.). The following figure (Figure 5) schematizes
the transition zone concept.

Figure 5: The definition of the ITZ between an aggregate and the cement paste.

The following figure (Figure 6) shows a random generation of a Digital Concrete in 3D.

Figure 6: A digital example of the aggregate size distribution of a concrete generated by the Digital Concrete
model.
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3 Homogenization reminders in the thermo-hydro-mechanical behaviour

The homogenization principle defines the equivalent homogeneous behaviours for heterogeneous materials.
We define relationships between the local fields averages, obtained by the resolution of the cellular problems
put on a REV. In this section we suggest formulating these relationships for thermo-hydro-mechanical
problems.

3.1 The coupled thermo-mechanical behaviour

Let us consider a representative elementary volume, V , of a heterogeneous media. The various phase
behaviours are linearly isotropic thermal-elastic. On V the following cellular problem is composed:

div(σσσ) = 0 yyy ∈ V (5)

σσσ(yyy) = CCC(yyy) : (εεε(yyy) − α(yyy).∆θ.III) yyy ∈ V (6)

εεε(yyy) =
1

2

(

∇(uuu) +t ∇(uuu)
)

yyy ∈ V (7)

uuu(yyy) = EEE.yyy yyy ∈ ∂V (8)

uuu(yyy), εεε(yyy) and σσσ(yyy) describe displacements, microscopic strain fields and microscopic stress fields. CCC(yyy)
is the rigidity tensor and α(yyy) is the coupling coefficient or the thermal expansive coefficient of various
phases. EEE is the symmetric macroscopic strain tensor and ∆θ is an imposed temperature rate.
The material equivalent homogeneous behaviour is given by the following homogenized behaviour law [9]:

ΣΣΣ = 〈σσσ〉V = CCChom : (EEE −αααhom.∆θ) (9)

The macroscopic strain field ΣΣΣ is so defined by the imposed macroscopic strain field EEE and the temperature
rate ∆θ. The notation 〈f〉 describes the field f average on the REV V . We adopt the macroscopic strain
field as the microscopic strain fields average εεε which is the cellular problem solution.
In practice, the rigidity homogenized tensor CCChom and the thermal expansive tensor αααhom are obtained due
to the problem linearity. We resolve two problems. The one purely elastic corresponding in the macroscopic
load EEE 6= 0 and ∆θ = 0. The second problem corresponding in the macroscopic load EEE = 0 and ∆θ 6= 0.

3.2 The hydraulic behaviour

Several approaches have been proposed to calculate the equivalent permeability tensor for porous media.
We can quote explicit resolution methods [10], or numerical methods basing on the percolation theory
[11], or on the Lattice-Boltzmann’s theory [12]. A homogenization method, based on the finite difference
method [13], is exploited afterward. We shall apply it to the Digital Concrete model, using the finite element
method.
For multi-scales approaches, the hydraulic equivalent behaviour is obtained after the following cellular
problem resolution:

div(kkk.gggradh) = 0 in V (10)

vvv = −kkk.gggradh (11)

h(yyy) = GGG.yyy yyy on ∂V (12)

(10) is the diffusivity equation, and (11) is the Darcy’s law. vvv describes the fluid flow; kkk is the permeability
of each phase, defined by kkk = (ρg/µ).kkki with kkki the intrinsic permeability which depends only on the
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porous media geometry, and not on fluid properties. h = p/ρg + z is the hydrous load, with p the fluid
pressure, ρ the fluid volume density, g the gravity acceleration associated to the position z with regard to the
ground. GGG is the load gradient imposed answering to the boundary conditions (12) of permeameter type.
The equivalent homogeneous permeability tensor is then given by the following relationship between aver-
age fields [14]:

VVV = 〈vvv〉V = −KKKb.GGG (13)

We show that the pressure gradient of the macroscopic load, GGG, is the microscopic pressure gradient average
on the REV of the load h according to the tensor formula proposed by Rubin and Gomez-Hernandez [13].

4 Application to the concrete behaviour

Multi-scales approaches, described first, coupled with the Digital Concrete model is applied after. At first,
a two-dimensional REV was retained to characterize the mortar behaviour of which phases are the cement
paste, pores and sand grains (Figure 7). Then, a second REV will be generated at the HSC scale of which
phases are the mortar and aggregates.

Figure 7: Description of the constituents of the mortar Representative Elementary Volume.

4.1 The choice of geometrical parameters for the REV mesh

Various digital tests were made to make sure of the calculation stability toward the REV size of length L and
the heterogeneities maximal diameter Dmax. Calculations concerned the homogenized Young’s modulus
(E) in a two-dimensional problem. This stability is chosen as a report L/Dmax higher than 5 (Figure 8).
Light differences observed between the E values for various reports L/Dmax ≥ 5 are due essentially to the
random aggregate size distribution. Indeed, the model can generate various inclusions positions inside the
REV for the same aggregate size distribution. Real experiments are based on various samples with various
inclusions positions. And the experiments results are various. So, for various aggregate size distributions,
we generate some REV and we calculate the E values which form a cloud of points bounded by the values
44500 MPA and 45000 MPA. The difference between the minimum value and the maximum value of E
is lower than of experiments differences. So, we suppose there is a stability of the Digital Concrete results
for L/Dmax ≥ 5.
In this experiment of the REV size choice, the report between an element size and the aggregate diameter
is taken equal to 0.5. For the homogenized permeability calculations, tests on the REV size choice corre-
spond also to the report L/D = 5. In our simulations we shall then use the same elementary volumes for
permeability and thermal-elastic calculations.
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Figure 8: Determination of the REV stability according to the Young’s modulus (E) versus the report
L/Dmax.

Actually, computers are not enough powerful to take in account a complete aggregate size distribution of
a concrete in a single calculation. Aggregates have various diameters from 70 mm to 20 mm. However a
study is current with the aim of verifying the results stability if for a reasonable meshing (the report between
the REV size and an element size has to allow the processor calculation), we could take in account smaller
inclusions (pores, very fine grains . . .) than elements. The idea is to refine the mesh only for elements where
there are inclusions. We expect to define nano-mechanics of cement-based materials.

4.2 Material description

Thermo-mechanical properties of phases of the studied concrete, HSC M100C, were measured by Pimienta
& al. [15]. They are listed in the Table 1.

Cement paste Ec = 15000 MPa νc = 0.2 αc = 1.6 10−5 (◦C−1)
Sand Es = 60000 MPa νs = 0.2 αs = 3 10−5 (◦C−1)

Aggregates Eg = 60000 MPa νg = 0.2 αg = 3 10−5 (◦C−1)

Table 1: The mortar and HSC aggregates thermo-mechanical characteristics.

Figure 9: Left to right: Volume fractions of mortar sand grains and their sizes respectively; and Volume
fractions of HSC M100C aggregates and their sizes respectively.
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The volume fraction of sand in the mortar is of 63%, and the sand grains size distribution is described on
Figure 9. The volume fraction of pores in the mortar is of 2%. They are considered here with a constant
diameter, of the order of 0.5 mm. The volume fraction of aggregates in the HSC is of 70%, and the
aggregate size distribution, measured by Pimienta & al., is described on Figure 9.

4.3 The thermo-mechanical behaviour and sensibility studies

With the phases properties retained above, the Digital Concrete model associated to the multi-scales method,
supplies the mortar equivalent behaviour then that of the concrete. The digital results obtained by two-
dimensional calculations, under the plane strains hypothesis, are listed in Table 2. They seem in good
agreement with experimental measures [15].

Mortar characteristics
D.C. Ehom = 30187.5 MPa νhom = 0.19 αhom = 8.66 10−6 (◦C−1)
Tests Eexp = 30000 MPa νexp = 0.2 7 10−6 < αexp < 14 10−6 (◦C−1)

HSC characteristics
D.C. Ehom = 50610 MPa νhom = 0.19 αhom = 3 10−6 (◦C−1)
Tests Eexp = 50833 MPa νexp = 0.2 6 10−6 < αexp < 14 10−6 (◦C−1)

Table 2: Mortar and HSC homogenized thermo-mechanical characteristics obtained by the Digital Concrete
model and experiments. Note: D.C. characteristics with the superscript hom are obtained by the Digital
Concrete model; Tests characteristics with the superscript exp are obtained by Pimienta & al.

The influence of aggregate and pore size distribution has then tested through various sensibility studies.
We noticed that mechanical characteristics and coupling characteristics are sensitive to a porosity modifi-
cation in agreement with the Dreux & al. observations [16], and the Malier observations [17]. It can be
explained by the fact that when the porosity decreases the material tends more to dilate. Indeed, the pores
connexions decrease. Besides and considering the uncertainty on the cement paste mechanical properties,
we studied to the sensibility study of the mortar Young’s modulus according to the cement paste Young’s
modulus (Figure 10). The obtained evolution is similar to that observed experimentally on the other con-
crete types [18].

Figure 10: Influence of the cement paste Young modulus on the homogenized mortar rigidity.

10



5 Micromechanical analysis of the non-linear thermo-mechanical behaviour

The HSC homogenized behaviour is now characterized. Multi-scale approaches allow reaching the local
fields within the microstructure for a given macroscopic load. The localization principle constitutes the
interest of the homogenization method proposed with regard to certain homogenization approaches simpli-
fied. These approaches do not take in account interactions between heterogeneities. In this frame a study
of a thermo-mechanical coupling with damage was realized (Figure 11). The Digital Concrete model is
coupled with the damage model MODEV developed by G. Mounajed and H.Q. Ung in SYMHONIE [19].

Figure 11: Simulation results for the damage calculus in a HSC under thermal loads. (From left to right:
thermal strain fields, damage at 50◦C, damage at 120◦C).

The results of the simulation were also compared with tests of three bending points undertaken by
Mounajed & al. [20] Sullivan & al. [21] on mortar test samples (Figure 12, 13). The simulation shows that
the damage is almost steady between 120 and 250 ◦C. This was also observed experimentally by Sullivan
& al. It is necessary to note that at this level of temperature, the difference between thermal expansion
coefficient of cement paste and aggregates is very small. This can explain the non-evolution of damage at
this level and also confirm the local mechanical origin of the thermal damage.

Figure 12: Generation and boundary conditions and thermal damage obtained on flexural mortar samples.

The analysis of various macroscopic behaviour models shows the incapacity of the macroscopic ap-
proach as the consideration of complex modes of the concrete degradation under the influence of the tem-
perature [20]. Indeed, because of the strong heterogeneously of the concrete, the degradation process of
this building material is governed with several mechanisms which occur in various scales to be represen-
tative of the building material complexity. Often this complex behaviour was only taken in account, for
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Figure 13: a and b. Comparison between experiment and simulation by digital concrete model: a) Experi-
ment Mounajed & al. [20], b) experiment Sullivan & al. [21].

macroscopic behaviour models, in a semi-empirical way by reproducing in a visible way evolution accord-
ing to the temperature of macroscopic characteristics [22] (Young modulus, apparent rigidity Ě). Besides
the semi-empirical aspect of this approach, these models present some incapacity as for the reproduction
of the concrete thermo-mechanical behaviour. By supposing the building material homogeneity, and the
uniformity of the homogeneous thermal load, a concrete sample without prevented movements will dilate
without stresses and so without any damage. Now experiments led on a sample subjected to such conditions
show the opposite: the concrete damages under the thermal effect in moderate temperatures [20].
In the same way, the multi-scales analysis allows following the drainage evolution in the microstructure.
The follow-up of this drainage at the microscopic scale can turn out of a big interest, in the damage mod-
elling, the role which the water can play in the coupled behaviour for these materials. We can imagine this
interest to simulate, for example, the microstructure degradation further to high variations in temperature
(fires, freeze-thaw Ě). Actually, a study is current to follow the permeability evolution of cement-based
materials according to the damage due to thermo-mechanical loads, and this for saturated and non-saturated
states.

6 Conclusions

In this work, we developed a simulation tool, the Digital Concrete, integrated into the general F.E. code
SYMPHONIE of the CSTB. It allows characterizing the concrete homogenized behaviour under a thermo-
mechanical load by a multi-scales approach. We take in account random heterogeneities size distributions
at the mortar scale and at the concrete scale. The obtained simulations results confront in a completely
encouraging way with experimental results. Furthermore, this method allows reaching the strain fields and
the stress fields which reign in the microstructure. A multitude of sensibility analyses of the equivalent
behaviour, also of distribution of the local fields, can be begun. The Digital Concrete allows then testing
several types of cement-based materials under mechanical and \ or thermal load. For non-linear thermo-
mechanical problems, the damage evolution is observed with a micromechanical analysis. Recent studies
are going to allow determining the equivalent permeability of the HSC, from the permeability of mate-
rial constituents. At a smaller scale, the determination of the permeability of the cement paste requires
knowledge of the hydration of this one, and consequently the capillary network fraction in the cement paste
[23, 24].
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The use of localization tools set up in the Digital Concrete model associated to the non-linear thermo-hydro-
mechanical model developed in the code SYMPHONIE [25, 26, 27], will allow simulating various damage
mechanisms introduced in the microstructure [28].
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