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1. Introduction

Mitigation of the seismic vulnerability of existing structures is
an important issue in earthquake engineering. Fiber-reinforced
polymer (FRP) is often adopted from among a wide range of tech-
nical solutions suitable for seismic upgrading of reinforced-
concrete (RC) structures. FRP can be seen as an answer to the lack
of existing steel bars in RC elements (e.g. retrofitting of existing
columns), as they can, in the case of columns, introduce external
confinement to concrete expansion, thereby providing for increas-
ing the ultimate concrete compression strength and strain. Devel-
oping efficacious predictive tools for FRP seismic retrofitting
requires that the cyclic behaviors of externally confined (with
FRP) and internally confined (with transverse steel reinforcement
[TSR]) concrete be correctly simulated.

Early studies on plain concrete highlighted that lateral pressure
greatly enhanced its compression capacity [1,2]. Various concrete
models have been proposed to describe the internal confinement
effect due to TSR [1,3–6]. As interest in retrofitting methods
increased, further studies focused on external confinement models
dealing with steel [7] or FRP jacketing [8,9]. A new constitutive law
dealing with internal and external confinement was recently pro-
posed by Eid and Paultre [10]. Most of the previous models were
formulated as uniaxial stress–strain relationships and are suitable
only for monotonic loading. Their applicability in earthquake engi-
neering is therefore limited.

Various models exist in the literature that take into account the
cyclic behavior of plain concrete [11,12] and steel-confined con-
crete [4,13,14]. To the best of the authors’ knowledge, only two
models have been proposed for cyclic loading and FRP [15,16].
Moreover, they deal only with compression, and cannot consider
both TSR and FRP confinement.

This paper presents a numerical strategy to model slender FRP-
confined concrete structures, such as columns, based on a multifiber
beam description to reproduce the 3D behavior and a 1D (global)
stress–strain concrete constitutive model suitable for cycling load-
ings in order to simulate the nonlinear behavior at the fiber level.
The proposed model deals with internal (due to TSR) and external
(due to FRP) confinement, and considers the crack opening-and-clo-
sure mechanism. It was inspired by the La Borderie’s cyclic model for
(unconfined) concrete based on damage mechanics and Eid and Paul-
tre’s confined-concrete model based on experimental studies. Vali-
dation is provided using experimental results on RC-retrofitted
columns (8 isolated columns and 1 bridge-pier mockup) subjected
to cyclic and pseudo-dynamic loadings. Numerical computations
were performed with multifiber Timoshenko beam elements, intro-
duced in the finite-element code FEDEASLab (a MATLAB toolbox).



Fig. 2. La Borderie’s cyclic model: Uniaxial stress–strain relation.
2. Modeling tools

2.1. Finite-element strategy

In order to reproduce in a simplified manner the cyclic behavior
of concrete columns, the proposed modeling strategy is based on
multifiber beam elements and on 1D constitutive laws for concrete
and steel. The purpose of such approach, suitable for slender struc-
tures, is to enable in Earthquake Engineering 3D simulation using
nonlinear uniaxial constitutive models. In that way the result is a
tool directly useful for earthquake engineering, allowing decreas-
ing the number of degrees of freedom (DOF) and thus simplifying
the finite-element mesh.

In the following applications (Sections 4 and 5) Timoshenko
multifiber beam elements are used for spatial discretization
(Fig. 1) [17–20]. A structural element is thus simulated using sev-
eral beam elements with cross sections divided into fibers. A con-
stitutive model is associated with each fiber. In the following, shear
is considered linear, allowing for the use of 1D nonlinear constitu-
tive laws. All the computations are performed with the FEDEASLab
finite-element code [21].

2.2. La Borderie’s constitutive model for concrete under cyclic loading

La Borderie’s constitutive model [11,22,23] for unconfined con-
crete under cyclic loading is based on damage mechanics and takes
into account the crack opening and closing (Fig. 2). The model’s
general formulation is tridimensional (3D), but only the uniaxial
(1D) version is used herein. An overview of the used parameters
for numerical modeling is presented in the studied applications
(Tables 4 and 10). Total strain (e) is defined as the sum of an elastic
(ee) and an anelastic part (ea) (Eqs. (1)–(3)).

e ¼ ee þ ea ð1Þ

ee ¼
rþ

Eð1� D1Þ
þ r�

Eð1� D2Þ
ð2Þ

ea ¼
b1 � D1

Eð1� D1Þ
F 0ðrÞ þ b2 � D2

Eð1� D2Þ
ð3Þ

r+ and r� are, respectively, the tensile and compressive stresses
(Eqs. (4) and (5)); E is the Young’s modulus; and b1 and b2 are mate-
rial constant parameters controlling the anelastic strains in tension
and compression, respectively;

rþ ¼ r and r� ¼ 0 for r > 0 ð4Þ
rþ ¼ 0 and r� ¼ r for r < 0 ð5Þ
Fig. 1. Multifiber beam modeling (left pic
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F0(r) is a function that controls crack opening and closing (Eqs. (6)–
(9)); �rf is the stress crack closure value (Fig. 2).

F 0ðrÞ ¼ dF
dr

with FðrÞ ¼ r ) F 0ðrÞ ¼ 1 for r P 0

with FðrÞ ¼ r 1þ r
2rf

� �
) F 0ðrÞ ¼ 1þ r

rf

for � rf 6 r < 0

with FðrÞ ¼ �rf

2
) F 0ðrÞ ¼ 0 for r 6 �rf

ð6Þ

D1 and D2 (Eq. 7) are the damage variables due to tension and com-
pression respectively, varying from 0 (no damage) to 1 (completely
damaged material). Di is driven by Yi (Eqs. (8) and (9)). Y0i is the
initial damage threshold and Ai and Bi are constants directly identi-
fied from uniaxial tension and compression tests.

Di ¼ 1� 1

1þ ½AiðYi � Y0iÞ�Bi
with i ¼ 1 ðtensionÞ

or i ¼ 2 ðcompressionÞ ð7Þ

Y1 ¼
ðrþÞ2

2Eð1� D1Þ2
þ b1 � FðrÞ

Eð1� D1Þ2
ð8Þ

Y2 ¼
ðr�Þ2

2Eð1� D2Þ2
þ b2 � r

Eð1� D2Þ2
ð9Þ
ture from SMART test – CEA Saclay).



2.3. Eid and Paultre’s constitutive model for confined concrete under
monotonic loading

Eid and Paultre developed a 1D constitutive model for confined
concrete under monotonic loading based on extensive experimen-
tal studies [10]. This global model takes into account the internal
confinement (due to TSR), the external confinement (due to FRP),
and the FRP failure (Fig. 3). More specifically, this model is able
to reproduce the behavior of the ‘‘concrete core’’ confined both
by the TSR and the FRP, and the behavior of the ‘‘concrete cover’’
confined by the FRP alone. Before the FRP failure, an average of
the two types of confined areas is calculated depending of their ra-
tio in the section. After the FRP failure, only the core section is ta-
ken into account. To define the FRP failure transition, Eid and
Paultre proposed a relation giving the maximum axial strain under
FRP confinement (ecu) as a function of the unconfined concrete
peak strain and confinement properties. The main advantage of
the model is that the necessary parameters can be easily identified
(Tables 5 and 11).

The pre-peak curve in the stress–strain relation is given by Eq.
(10), the post-peak relation before FRP failure by Eq. (11), and
the post-peak relation after FRP failure by Eq. (12).

rc ¼
a � ec

1þ b � ec þ z:e2
c

for ec 6 e0cc ð10Þ

rc ¼ f 0cc exp k1 ec � e0cc

� �k2
h i

þ Ecu ec � e0cc

� �
for ecu P ec P e0cc ð11Þ

rc ¼ f 0cc;s exp k1;s ec � e0cc;s

� �k2;s
� 	

for ec P ecu ð12Þ

rc and ec are the compressive axial stress and strain for the confined
concrete; f 0c and e0c are the unconfined-concrete cylinder compressive
peak strength and strain; f 0cc and e0cc the compressive peak strength
and strain of confined concrete (before FRP failure); f 0cc;s and e0cc;s

the compressive peak strength and strain of steel-confined concrete
(after FRP failure); f 0cu and e0cu the confined-concrete cylinder com-
pressive strength and strain at rupture; Ecu the slope of the axial con-
crete stress–strain post-peak curve; a, b, and z are constants that
control the initial slope and the curvature of the pre-peak branch;
and k1 and k2 are parameters controlling the shape of the post-peak
branch. A detailed description of the model is presented in [10].

2.4. Constitutive model for steel

The cyclic behavior of steel bars is simulated using a modified
version of the classical Menegotto–Pinto model [24] with cine-
matic hardening (Fig. 4). The monotonic behavior is defined
through the initial Young modulus (Es), the plastic threshold (esy,
Fig. 3. Eid and Paultre’s monotonic model: Uniaxial stress–strain relation.
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rsy), the ultimate strength and strain (eu, ru) and the yielding slope
(Eh). The unloading and reloading process, is guided by analytic
relations (Eqs. (13)–(16)) corresponding to a set of curves ranging
between the elastic and the yielding asymptotes.

r� ¼ be� þ 1� b

ð1þ ðe�ÞRÞ1=R

" #
e� ð13Þ

r� ¼ rs � rr

ro þ rr
ð14Þ

e� ¼ es � er

eo þ er
ð15Þ

R ¼ Ro �
Ain

Aj þ n
Tension : i ¼ 1 and j ¼ 2;

Compression : i ¼ 3 and j ¼ 4 ð16Þ

(rs, es) is the studied point; (ro, eo) is the crossing point of the elastic
and yielding slopes; (rr, er) are the coordinates of the previous point
of load reversion; b is the Eh/Es ratio; R is a shape parameter; f is the
ratio between the maximum reached strain during loading; eo. Ro, Ai

and Aj are material constants that can be obtained from experimen-
tal results. A detailed description of the model is presented in [24].

3. A NEW model for confined concrete under cyclic loading

In structural RC elements, the main mechanical effect of inter-
nal and external confinement is to reduce the development of lat-
eral expansions that cause most of the damage. Under a damage
mechanics model, a simplified way to take this into account is to
adapt the damage evolution law due to compression. The proposed
strategy consists thus in adapting the damage evolution of La
Borderie’s model (Section 2.2) such that the resulting stress–strain
curve fits the monotonic stress–strain response obtained by the Eid
and Paultre’s model (Section 2.3).

In the uniaxial version of La Borderie’s model, the axial strain,
according to (Eqs. (1)–(3)), takes the form:

e ¼ rþ

Eð1� D1Þ
þ r�

Eð1� D2Þ
þ b1 � D1

Eð1� D1Þ
F 0ðrÞ þ b2 � D2

Eð1� D2Þ
ð13Þ

Considering only the uniaxial monotonic compression case (r = r�)
and after crack closure (F0(r) = 0), the relation in Eq. 13 becomes:

r ¼ E � eð1� D2Þ � b2 � D2 ð14Þ

D2 can therefore be expressed as a function of stress and strain
(Eq. 15).
Fig. 4. Menegotto–Pinto’s cyclic model: Uniaxial stress–strain relation (cinematic
hardening).



Fig. 6. La Borderie’s and Eid and Paultre’s models: Evolution of damage versus
strain (computed with Eqs. (15) and (16)).
D2 ¼
E � e� r
E � eþ b2

ð15Þ

We propose replacing the damage variable D2 with a new variable
D2c (c for confined) calculated as follows:

D2c ¼
E � e� rc

E � eþ b2
with e ¼ ec ð16Þ

where rc is the axial stress in concrete computed from Eid and Paul-
tre’s model (Eqs. (10)–(12)), using e = ec. It is assumed that confine-
ment does not affect the unloading process or the tension behavior.

Figs. 5 and 6 represent, respectively, the uniaxial stress–stain
curve in compression and the evolution of damage for La Borderie’s
model and Eid and Paultre’s model. Clearly, the damage versus strain
evolution is slower for the confined concrete than for the unconfined.

The new uniaxial constitutive stress–strain relation for confined
concrete is presented in Eq. (17) and Fig. 7. A flowchart showing
the steps of the proposed model is presented in Fig. 8. The model
is validated hereafter using experimental results for FRP RC col-
umns and a retrofitted bridge under axial and flexural loading.

e ¼ rþ

Eð1� D1Þ
þ r�

Eð1� D2cÞ
þ b1 � D1

Eð1� D1Þ
F 0ðrÞ þ b2 � D2c

Eð1� D2cÞ
ð17Þ
Fig. 7. Cyclic model for confined concrete: stress–strain evolution.
4. Simulating RC columns retroffited with FRP

4.1. Experimental set-up

The experimental data used in this section come from tests on
FRP reinforced-concrete specimens performed at the University
of Sherbrooke [25,26]. Four FRP confined (P1C to P4C) and four
unconfined (P1 to P4) RC cylindrical columns were submitted to
axial and cyclic flexural loads (Figs. 9 and 10). The columns had
the same geometrical characteristics (Section 4.1.1). During the
tests, the axial load was kept constant at 10% (P1, P1C, P3 and
P3C) or 35% (P2, P2C, P4 and P4C) of the estimated column capacity
in uniaxial compression Agf 0c , (Table 1); Ag being the gross cross sec-
tion area and f 0c the compressive strength of concrete. A horizontal
cyclic displacement was applied at the top of each column till fail-
ure. A detailed description of the tests is available in [25].

4.1.1. Design properties
The studies concern 8 circular RC columns 300 mm in diameter,

and 2 m in height (Fig. 11). Structural differences were related to
TSR spacing and FRP retrofitting (Table 1). Six steel bars /
Fig. 5. La Borderie’s and Eid and Paultre’s models: Uniaxial stress–strain relation in
compression.
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19.5 mm were used as longitudinal reinforcement. The transverse
steel reinforcement was /6 mm bars with a spacing of 75 mm or
150 mm. For the retrofitted specimens, the FRP thickness was
1.016 mm, applied from the base to 15 cm from the top. A 2 mm
thick strip addition was placed on the first 50 mm at the column
base to increase confinement effect there.

4.1.2. Material properties
Tables 1–3 recapitulate the material properties (concrete, steel

and FRP) for the 8 columns tested:
f 0c28 and f 0c:test are the concrete compressive stress capacity,

respectively, after 28 days and at the test day according to ASTM
C3996 prescription. Agf 0c is the theoretical maximum axial loading
on the column.

The steel-bar properties come from uniaxial tensile tests. fy and
ey are the stress and strain values at yielding; fsu and esu are the
ultimate stress and strain values. Hardening starts for esh and Es

is Young’s modulus.
The characteristics of the FRP laminates (fibers + resin) come

from coupon tests according to ASTM D3030. ffu and efu are the ulti-
mate uniaxial stress and strain; Ef is Young’s modulus; tf is the
thickness. The carbon fibers are SikaWrap Hex C103, the adhesive
base is Sikadur 330 and the impregnation resin for reinforcement
fabric is Sikadur 300.



Fig. 8. Cyclic model for confined concrete: Computation steps.

Fig. 9. RC column under cyclic loading: (left) Experimental set-up and (right) cyclic test conditions for top displacement and axial load.
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Fig. 10. RC column under cyclic loading: (left) Retrofitted and (right) unretrofitted RC column.

Table 1
RC Columns: concrete properties.

Column FRP thickness (mm) TSR spacing (mm) f 0c28 (MPa) f 0c:test (MPa) Axial load Pf (KN) Pf=Ag f 0C28 (%) Pf=Ag f 0C:test (%)

P1 0 75 32.5 33.9 234.3 10 9.6
P1C 1.016 75 30.9 35.8 224.3 10 8.6
P2 0 75 29.9 31.9 759.6 35 32.8
P2C 1.016 75 33.9 34.9 866.9 35 34
P3 0 150 34 36.1 247.7 10 9.4
P3C 1.016 150 34.4 34.4 249 10 10
P4 0 150 31.1 33 792.7 35 33.2
P4C 1.016 150 31.8 34.3 805.3 35 32.4

Fig. 11. RC column under cyclic loading: Geometrical characteristics.

Table 2
RC columns: Reinforced steel-bar properties.

/ (mm) fy (MPa) ey esh fsu (MPa) esu Es (MPa)

11.5 470 0.00219 0.01998 573 0.12005 214702
19.5 415 0.00231 0.00700 615 0.12729 179312

Table 3
RC columns: FRP laminate (fibers + polymer) properties coming from coupon tests.

tf (mm) ffu (MPa) efu Ef (MPa)

1.016 849 0.012 70552

Fig. 12. RC Columns under cyclic loading: Multifiber discretization.
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4.2. Numerical modeling

4.2.1. Multifiber discretization
Each column was simulated using 6 multifiber Timoshenko

beam elements. The first element (close to the footing) was



Table 4
RC columns: Parameters for La Borderie’s concrete model (column P1C).

Parameters Tension Compression

Young’s modulus (MPa) Ec = 30000
Poisson’s ratio mc = 0.2
Crack closure stress (MPa) rf = �3.5
Energy thresholds (MPa) Y01 = 3.8 � 10�4 Y02 = 1.1 � 10�2

Constitutive parameters A1 = 6 � 10�3 A2 = 5 � 10�6

B1 = 1.0 B2 = 1.93
Anelastic strain parameters (MPa) b1 = 1 b2 = �40

Table 5
RC columns: Parameters for Eid and Paultre’s model for confined concrete (column
P1C).

Column diameter (mm) D = 300 FRP thickness (mm) tf = 1.016
FRP thickness in
addition area (mm)

tf = 3.048

Concrete cover (mm) C = 25 FRP Young’s modulus
(MPa)

Ef = 70552

Compression strength for
unconfined concrete
(MPa)

f 0c ¼ 35:8 FRP Stress for
cracking in tension
(MPa)

ffu = 849

Compression strain peak for
unconfined concrete

e0c ¼ 0:002 FRP efficient factor ni = 0.61

Post peak strain at 50% of
the strength

ec,50 = 0.004 TSR Young modulus
(MPa)

Es = 214702

Initial concrete Young
modulus (Mpa)

E = 30000 TSR yielding stress
(MPa)

Fyh = 470

Concrete Poisson’s ratio q = 0.2 TSR spacing (mm) s = 75
Number of axial steel bars Nsl = 6 TRS diameter (mm) /h = 11,5
Diameter of axial steel bars

(mm)
/l = 19.5 TSR type

(stirrups = 1,
hoops = 2)

2

Table 6
RC columns: Parameters of Menegotto–Pinto model (column P1C).

Young’s modulus (MPa) E = 179,312
Yielding threshold esy = 0.0023 rsy = 415 MPa
Failure in tension esu = 0.127 rsu = 615 MPa
Hardening parameter A1 and A3 = 0 A2 and A4 = 55
5 cm-high to describe the FRP thick additional area; the other 5
elements were of equal size. Each multifiber beam section con-
tained 24 concrete fibers and 6 fibers for the longitudinal reinforce-
ment steel bars (Fig. 12). The column base was assumed to be fixed
and its upper part free to rotate and move.

The size of elements and fibers was chosen after performing
several parametric studies to test the accuracy of the numerical re-
sults. A more important number could lead to strain localization
problems as no regularization method is adopted. The fiber’s num-
ber is small due to use of Gauss quadrature at the section level.

4.2.2. Constitutive models and material parameters
La Borderie’s concrete model was used for the non-retrofitted

column concrete fibers (P1, P2, P3, and P4).The proposed model
(Section 3) was used for the retrofitted column concrete fibers
(P1C, P2C, P3C, and P4C), taking into account the 2 mm FRP thick
addition in the first beam element of the column. The parameters
used in this new model are those in La Borderie’s model and Eid
and Paultre’s model.. The cyclic behavior of the steel bars was sim-
ulated using the modified version of the Menegotto–Pinto model
(Fig. 4). Tables 4–6 give the material parameters.

In Table 5, the FRP efficient factor (ni) is defined as efU,a/ef; efU,a is
the actual FRP rupture strain, when FRP is bonded on circular
shape; efu is the ultimate FRP tensile strain obtained from flat cou-
pon tests.
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4.3. Numerical results versus experimental data

Comparison of the numerical versus the experimental results is
presented in Fig. 13a–h. It is important to note that computations
were performed as in ‘‘blind’’ test conditions. Only the ultimate
strength value (for the concrete, steel, and FRP), the initial Young’s
modulus (for steel and FRP), and the location of the steel bars were
considered known in advance.

The comparison between the experimental and the numerical
results for the unconfined columns P1–P4 (Fig. 13a, c, e and g) val-
idates the modeling strategy and the chosen material parameters.
Indeed, the envelope curves and the hysteresis loops are in good
agreement with the experiment data.

Considering the four FRP confined columns P1C–P4C (Fig. 13b,
d, f and h), the significant gain in resistance and ductility due to
the FRP confinement is also well reproduced. Furthermore, the
numerical hysteretic loops seem correct. Fig. 14 shows clearly
the difference in the behavior of the confined and the unconfined
columns. The stress–strain uniaxial relation in the same fiber is
plotted here for a retrofitted column (new model) and a regular
column (La Borderie’s model).

The accuracy of the numerical model could certainly be im-
proved by a more precise discretization of the exact position of
the different types of fibers in the section: A first group of fibers
in the ‘‘core section’’ confined by TSR and FRP; and a second group
of fibers in the ‘‘cover section’’ confined by FRP. Nevertheless, the
choice made was to consider an ‘‘average’’ behavior of the section
according to the philosophy of the Eid and Paultre model (Section
2.3).
5. Case study: retrofitted bridge pier under axial and flexural
loading

The new model for confined concrete is used hereafter to simu-
late the behavior of a bridge-pier mockup under cyclic loading
(Fig. 15).
5.1. Experimental set-up

A specimen representative of an existing bridge pier composed
of 3 columns with partial retrofitting was recently tested [27]. The
bridge-pier mockup (1/3 scale) contained 3 identical columns 2.1
m in height and a transverse beam. It was subjected to 7 pseudo-
dynamics tests (of increasing intensity) followed by a cyclic test till
failure. The two outer columns were retrofitted with FRP after the
first pseudo-dynamic test (the central column and the beam were
not retrofitted). An initial axial loading of 10% of Agf 0c (estimated
column capacity in uniaxial compression) was applied at the top
of each column using a displacement control system. Lateral dis-
placement was imposed above the top of the center column, with
increasing intensity. Due to the lateral displacement cycles, the ax-
ial load imposed by fixed displacement during the tests varied
from 10% to 20% of Agf 0c .
5.1.1. Design properties
Each of the 3 columns had a height of 2.1 m and a diameter of

310 mm (Fig. 16). The longitudinal steel reinforcement (from the
basement to the top) is made of 15 /19.5 mm. TSR were /
6.35 mm with 100 mm spacing. The transverse beam was 4.13 m
long with a section of 414 � 500 mm. Strain gauges were placed
on the steel bars before casting to monitor strain evolution during
the tests. The FRP had a thickness of 1.016 mm and was placed
from the bottom to the top of the two outer columns (Fig. 16).



Fig. 13. Retrofitted and regular RC columns under cyclic loading; Force at the base vs. top displacement
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Fig. 14. Numerical cyclic behavior in a concrete fiber: Unconfined and FRP-confined
RC column.

Fig. 15. Bridge pier under cyclic loading: (left) Experimental set-up and (right) cyclic test conditions for top displacement and axial load.

Fig. 16. Bridge pier under cyclic loading: Geometrical properties.

Table 7
Bridge pier: Concrete properties.

Element f 0c28 (MPa) f 0c:test (MPa) Ec (MPa)

Column 28 33 26,000
Beam 30 35 28,000

Table 8
Bridge pier: Steel-bar properties.

/ (mm) fy (MPa) ey esh fsu (MPa) esu Es (MPa)

6.35 575 0.0027 – 682 0.0229 208,000
11.5 303 0.0014 0.0287 432 0.179 224,562

Table 9
Bridge pier: FRP laminate (fibers + polymer) properties coming from coupon tests.

tf (mm) ffu (MPa) efu Ef (MPa)

1.016 849 0.012 70552
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Fig. 17. Bridge pier under cyclic loading: Multifiber discretization.

Table 10
Bridge pier: Parameters for La Borderie’s concrete model.

Parameters Tension Compression

Young’s modulus (MPa) Ec = 26,000
Poisson’s ratio mc = 0.2
Crack closure stress (MPa) rf = �3.5
Energy thresholds (MPa) Y01 = 3.8 � 10�4 Y02 = 1.3 � 10�2

Constitutive parameters A1 = 6 � 10�3 A2 = 6 � 10�6

B1 = 1 B2 = 2.1
Anelastic strains parameters (MPa) b1 = 1 b2 = �40

Table 11
Bridge pier: Parameters of Eid and Paultre’s confined concrete model.

Column diameter (mm) D = 310 FRP thickness
(mm)

tf = 1.016

Concrete cover (mm) C = 31.35 FRP Young’s
modulus (MPa)

Ef = 70,552

Compression strength
for unconfined
concrete (MPa)

f 0c ¼ 33 FRP Stress for
cracking in
tension (MPa)

ffu = 849

Compression strain for
unconfined concrete

e0c ¼ 0:002 FRP performance
coefficient

vi = 0.58

Post-peak strain at 50%
of the strength

ec,50 = 0.004 TSR Young’s
modulus (MPa)

Es = 208,000

Concrete’s initial
Young’s modulus
(MPa)

E = 26,000 TSR yielding
stress (MPa)

Fyh = 303

Concrete’s Poisson’s
ratio

q = 0.2 TSR spacing (mm) s = 100

Number of axial steel
bars

Nsl = 15 TRS diameter
(mm)

/h = 6.5

Diameter of axial steel
bars (mm)

/l = 11.5 TSR type
(stirrups = 1,
hoops = 2)

2

Table 12
Bridge pier: Parameters for the Menegotto–Pinto model.

Young’s modulus (MPa) Es = 224,562

Poisson’s ratio ms = 0.3
Elastic limits esy = 0.0014 rsy = 303 MPa
Yielding threshold esh = 0.003
Failure in tension esu = 0.179 rsu = 432 MPa
Constitutive parameters A1 and A3 = 0 A2 and A4 = 55
Volumic mass (KG/m3) qs = 7800
5.1.2. Material properties
Tables 7–9 show the material properties for the concrete, steel,

and FRP laminates respectively, coming from experimental tests
(as for the RC column (Section 4.1.2)).

5.2. Numerical modeling

5.2.1. Multifiber discretization
Each column was discretized with 5 Timoshenko multifiber

beam elements (Fig. 17). Each section contained 24 concrete fibers
and 15 fibers representing the longitudinal steel bars. The trans-
verse beam was assumed to be elastic with a reduced section of
220 � 220 mm to take into account the initial cracks in the con-
crete and to correctly fit with the initial stiffness of the structure.
The bridge was considered fixed at the base.

5.2.2. Constitutive models and material parameters
To be consistent with the experimental study (the retrofitting took

place after the first pseudo-dynamic test), the numerical modeling of
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the first pseudo-dynamic test has been performed without the FRP
confinement effect (La Borderie’s model was adopted for the concrete
columns). The subsequent computations were done considering the
FRP confinement effect. The proposed concrete model (Section 3)
was adopted for the two retrofitted columns and La Borderie’s model
for the unconfined central column. In all cases, the steel was modeled
with the modified Menegotto–Pinto model. The parameters of the
constitutive laws are shown in Tables 10–12. It is important to note
that the damage state of the numerical mockup after each test was
used as the initial damage state for the next computation.
5.3. Numerical versus experimental results

The 7 pseudo-dynamics tests were successively simulated in or-
der to calculate the initial variable distribution of damages for the
cyclic test. Only the cyclic-testing simulations are presented here-
after. Fig. 18a shows the comparison between the numerical and
the experimental results, considering the new confined concrete
model. Clearly, the numerical model can reproduce a strength peak
similar to the experimental response. Furthermore, the hysteretic
loops are in good agreement with the experimental data. Fig. 18b
shows the comparison without considering the confinement effect.
Predictions were less accurate in the post-peak regime.

Fig. 18a shows that the numerical model evidences more duc-
tile behavior that the experimental one. This is probably due to a
premature collapse of several steel bars during the experiments
(Fig. 19), despite the fact that the maximum monitored steel
strains (less than 2%) were lower than the ultimate steel strain
(17.9%). The following section explains how the numerical results
are improved by taking into account the low-cycle fatigue effects
in the reinforced steel bars.
5.4. Low-cycle fatigue effects in reinforced steel bars

Low-cycle fatigue (Fig. 20) in reinforcement bars is not a pre-
dominant issue in civil engineering, especially for RC structures.
An earthquake ground motion, however, can induce this kind of
behavior. Ignoring low-cycle fatigue can then lead to overestimat-
ing structural capacity (Fig. 18a). This section introduces a simpli-
fied way to take this phenomenon into account.



Fig. 18. Bridge pier under cyclic loading: (a) Numerical modeling using the new
model for confined concrete; (b) Numerical modeling without the new model for
confined concrete.

Fig. 19. FRP-retrofitted column: Steel-bar failure at the base.

Fig. 20. Steel-fatigue concept: Wöhler’s diagram.

Fig. 21. Bridge pier under cyclic loading: (top) Low cycle fatigue in a steel bar with
numerical axial-strain history and (bottom) corresponding damage-index
evolution.
5.4.1. Modeling low-cycle effect
Based on Miner’s well-known theory [28], the proposed strat-

egy consists in evaluating low-cycle fatigue in steel with a damage
index Ds. Ds can only increase. It varies from 0 (no fatigue) to 1
(broken steel bar), and is a function of strain cycles. Details are gi-
ven hereafter.
11
It is assumed that above a strain amplitude threshold DeD, every
new cycle i (amplitude Dei) causes a damage increase Dsi. Dsi de-
pends on the maximum number of cycles at failure (Nri) for a con-
stant amplitude (Dei) (Eq. 18). According to Miner, the total
damage Ds is considered as the sum of the Dsi during the whole cyc-
lic-loading history (Eq. 19).

DSi
¼

DsðruptureÞ

Nri
¼ 1

Nri
if Dei > eD ð18Þ

DS ¼
Xn

i¼1

DSi ð19Þ

The maximum number of cycles at failure (Nri) for a constant ampli-
tude (Dei) depends on the steel properties (Eq. 20). Nri is calculated
with a material constant CS computed by Coffin and Manson’s
widely used fatigue life model [29,30]. In case of lack of information
about the material’s cyclic behavior, CS can be computed using a di-
rect tensile test. Nri takes the value of 1/2 cycle, since the tensile test
is assumed as a half cycle.

Nri ¼ C2
s =De2

i ) CS ¼
ffiffiffiffiffiffi
Nri

p
� Dei ð20Þ

Tension failure ) Dei ¼ esu ) CS ¼
ffiffiffiffiffiffiffiffi
1=2

p
� Desu



Fig. 22. Bridge pier under cyclic loading: Numerical modeling using the new model
for confined and steel fatigue effects.
Determining the fatigue-strain threshold requires the stress
long-life threshold (rD). This is assumed hereafter as being equal
to 50% of the ultimate stress (Eqs. 21 and 22). The corresponding
strain eD can thus be calculated using the initial Young’s modulus
Es.

rD ¼ ð1=2Þ � rsu ð21Þ
DeD ¼ rD=Es ) DeD ¼ rsu=ð2EsÞ ð22Þ
5.4.2. Experimental validation
Low-cycle steel fatigue was introduced into the numerical anal-

ysis of the retrofitted bridge pier. The strain history of each steel
fiber was used to calculate its damage index Ds. Fig. 21, which re-
lates the successive pseudo-dynamics and the cyclic test, shows
that Ds starts increasing at the last pseudo-dynamic test after a gi-
ven strain threshold was reached.

The maximal strain of the ultimate cycle inducing failure was
then used as a collapse condition in the numerical code (we force
the stress to equal zero in the concerned fiber). The first bar col-
lapsed at a strain close to 2%, which is much lower than the ulti-
mate strain resulting from a direct tensile test (esu = 0.179).

For the specific steel fiber in Fig. 21, Ds reached 1 just 1 cycle be-
fore the steel bar broke experimentally. Finally, as shown in Fig. 22,
the introduction of the low-cycle fatigue in steel improved the per-
formance of numerical simulation of the bridge pier, even in the fi-
nal stages of the experiment.

In the numerical model the computation of the Ds index was
done as follows: At the end of each step, the strain history in each
steel fiber was used to compute Ds. When the threshold Ds = 1 was
reached, the stress value in the corresponding steel fiber was im-
posed equal to 0 until the end of the computation. Another way
to do this is to integrate the calculation of Ds in the Menegotto–Pin-
to model.

6. Conclusions

This article presented a new, simplified modeling strategy for
reproducing the nonlinear cyclic behavior of retrofitted FRP RC col-
umns. More specifically:

� La Borderie’s unilateral cyclic model for unconfined concrete
was modified to take into account the internal (due to TSR)
and external (due to FRP) confinement effects. The confinement
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effects alter changes in the compression damage index. Eid and
Paultre’s monotonic model for internal and external confined
concrete was used to define the new damage evolution.
� The proposed model was used to simulate experimental tests

on FRP-retrofitted RC columns and a bridge pier. Spatial discret-
ization was provided with multifiber beam elements. Results
shows that the strength and ductility increase were correctly
described. Moreover, the hysteretic behavior found numerically
was close to experimental data.
� During the bridge-pier tests, early steel-bar failure appeared,

induced by low-cycle fatigue phenomena. Low-cycle fatigue
was introduced into the numerical model according to Miner’s
theory.

The simplified methods presented in this paper can serve as
numerical tools for quick comparative studies on structure vulner-
ability before and after FRP retrofitting [26].

In subsequent studies, the proposed model could be extended
to deal with various confinement situations. Since Eid and Paultre’s
model is suitable for circular FRP-confined columns, the proposed
cyclic model could be extended to other column geometries (e.g.
square) and wrapping materials (e.g. ductile) using the corre-
sponding monotonic confinement model.

With respect to the damage approach, a new damage model
was set up [31] to increase the overall performance of the model.
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