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Uniform entropy scalings of filtrations

Stéphane Laurent

July 3, 2014

Abstract

We study Vershik and Gorbulsky’s notion of entropy scalings for filtrations in the particular
case when the scaling is not e-dependent, and is then termed as uniform scaling. Our main result
states that the scaled entropy of the filtration generated by the Vershik progressive predictions
of a random variable is equal to the scaled entropy of this random variable. Standardness of a
filtration is the case when the scaled entropy with a constant scaling is zero, thus our results
generalize some known results about standardness. As an example we derive a proper uniform
entropy scaling for a next-jump time filtration. As a side note, we use the example of the next-
jump time filtrations to write down a case study of Vershik’s theory of intrinsic topology on
Bratteli graphs.
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1 Introduction

This is the first paper written in the probabilistic language about Vershik & Gorbulsky’s theory of
scaled entropy introduced in [I12]. We focus on the case of uniform entropy scalings. Our results
contain as particular cases some known results about standardness. In section 2] we recall the
definition of Vershik’s standardness criterion. We use this criterion in section [] to give a new
proof of the standardness criterion for the family of next-jump time filtrations studied in [9] (where
I-cosiness was used to derive this standardness criterion). Section Ml is a digression: we use the
calculations of section [3] to study the intrinsic topology induced by the Bratteli graph of the next-
jump time filtrations. This provides a complete case study of Vershik’s recent theory introduced in
[14], which is a by-product of standardness. The reader only interested in the entropy could skip
this section, whereas the reader only interested in this illustration of Vershik’s new theory could
only read sections 2 todl Section [Blintroduces the definition of uniform entropy scalings. In section
we pursue the work of section [B] by studying uniform entropy scalings for the next-jump time
filtrations.

2 Vershik’s standardness criterion

In the probabilistic literature, standardness of a filtration = (&,),,, in discrete negative time
is usually defined as the possibility to embed F in the filtration generated by a sequence of inde-
pendent random variables (see [2] 6] [7, [8]). As long as the final o-field Fy is essentially separable,
standardness is known to be equivalent to Vershik’s standardness criterion. In this section we recall
the statement of Vershik’s standardness criterion and we state some of its elementary properties
which are proved in [7]. In section [} we will see that these properties are particular cases of some
elementary properties about the scaled entropy.

2.1 Vershik’s standardness criterion

The Kantorovich distance plays a major role in the statement of Vershik’s standardness criterion,
as well as in the definition of the entropy. Given a separable metric space (F, p), the Kantorovich
distance p'(u,v) between two probability measures p and v is defined by

/ .
p (ks v) = ot //p(xvy)df\(w,y),
where J(u,v) is the set of joinings of p and v, that is, the set of probabilities on E' x E whose first
and second marginal measures are p and v respectively. In general p'(u, v) is possibly infinite, but p’
defines a distance on the space E’ of integrable probability measures on (E, p), where a probability
measure £ on (E, p) is said to be integrable when random variables X ~ p satisfy E[p(X, z)] < oo
for some ( <= for every) point x € E, and such a random variable X is also said to be integrable.
When FE is compact then every E-valued random variable is integrable. In general, the topology
induced by p’ on E’ is finer than the topology of weak convergence, but they coincide when (E, p)
is compact, and (£, p) is itself compact in this case. We mainly use the fact that the metric space
(E',p') is complete and separable whenever (E, p) is (see e.g. [1]).

In order to state Vershik’s standardness criterion, one has to introduce the Vershik progressive
predictions m,X of a random variable X (corresponding to the so-called universal projectors, or
tower of measures, in [I0] and [IT]) and the iterated Kantorovich distance p™ on the state space
E™) of 7, X. Let (E, p) be a Polish metric space. For a o-field B we denote by L'(B; E) the space
of integrable E-valued B-measurable random variables. Let F be a filtration, and X € LY(F; E).
The Vershik progressive predictions 7, X of X with respect to F are recursively defined as follows:
we put moX = X, and 7,1 X = L(7m, X |F,—1) (the conditional law of 7, X given F,_1). Since
X is integrable, for any z € F the conditional expectation E[p(X,z)|F_1] is finite, therefore
P (L(X|F_1),0;) < oo and thus the conditional law £(X |F_;) = 7_1 X is integrable. Thus, by
a recursive reasoning, the n-th progressive prediction 7, X is a random variable taking its values
in the Polish space E™ recursively defined by E©) = E and E"~1 = (E(”)),, denoting as before



by E’ the space of integrable probability measures on any separable metric space E. Note that
(mnX),<o i1s a Markov process. The state space E(M of 7,X is Polish when endowed with the
distance p(™ obtained by iterating |n| times the construction of the Kantorovich distance starting
with p: we recursively define p™ by putting p© = p and by defining p(*~1 = (p(")), as the
Kantorovich distance issued from p(™.

The proof of the following lemma is straightforward from the definitions.
Lemma 2.1. For any Polish space (E, p) and X,Y € LY(Fy; E), the process (p\™ (1, X, 7,Y))

is a submartingale. In particular the expectation |E {p(”) (mn X, wnY)} is increasing with n.

n<0

Finally, in order to state Vershik’s standardness criterion, one introduces the dispersion disp X
of (the law of) an integrable random variable X in a Polish metric space (E,p). It is defined
as the expectation of p(X’, X”) where X’ and X" are two independent copies of X, that is, two
independent random variables defined on the same probability space and having the same law as
X. Now, Vershik’s standardness criterion is defined as follows. Let F be a filtration, let E be a
Polish metric space and X € L' (Fy; E). We say that the random variable X satisfies the Vershik
property, or, for short, that X is Vershikian (with respect to F) if disp 7, X — 0 as n goes to —oc.
Then we extend this definition to o-fields £y C Fy and to the whole filtration as follows: we say
that a o-field &y C Fy is Vershikian if each random variable X € L! (€¢;[0,1]) is Vershikian, and
we say that the filtration F is Vershikian, or that F satisfies Vershik’s standardness criterion, if the
final o- field Fy is Vershikian.

2.2 Properties to be generalized later

Throughout this article, we denote by V(X)) the Vershik property for an integrable random variable
X, when an underlying ambiant filtration F is understood. We also denote by V(€p) the Vershik
property for a o-field €y C Fy. We will see in section [ that V(X) can be equivalently stated as
he(X) = 0 where h, is the scaled entropy of X with a constant scaling function ¢. Then our results
in section [5] about the uniformly scaling entropy generalize the following propositions and theorem
which are provided in [7].

Proposition 2.2. Let F be a filtration, ng < 0 be an integer, and denote by F0) = (CT"nOJrn)n<0 the
filtration F truncated at ng. Then F! is Vershikian if and only if F is Vershikian.

Proposition 2.3. a) If (Bk)k21 18 an increasing sequence of sub-o-fields of Fy then

Wk > 1, V(By)] = V(\/ By).
k>1

b) For any Polish metric space (E,p) and X € L*(Fy; E),
V(X) < V(o(X)).

Theorem 2.4. For any X € L' (Fo; E), the filtration FX generated by the Markov process (0. X) <o
satisfies the Vershik property if and only if the random variable X satisfies the Vershik property.

Proposition is a consequence of proposition .12l Proposition [2.3]is a consequence of propo-
sition .10l and proposition 5.11l Theorem [2.4] is a particular case of theorem

2.3 Vershik’s standardness criterion in practice

Vershik’s standardness criterion may appear puzzling and complicated at first glance: calculating
the progressive predictions 7, X and the iterated Kantorovich distance on the strange state space
of m, X does not appear easily practicable.

First note that V' (X) does not depend on the choice of the Polish space E in which X takes its
values: this stems from the second claim of proposition 23l Also note the importance of theorem
24 V(X) is equivalent to standardness of the filtration FX generated by the Markov process



(mnX)co- Thus, if we intend to show that standardness of F holds true, our task is reduced to
only show V(X) if we find X such that FX = J.

Observe that any filtration F having an essentially separable final o-field ¥y can always be
generated by a Markov process (Xn)ngO: just take for X, any random variable generating the
o-field &, for every n < 0. Vershik’s standardness criterion can be rephrased to a more practical
criterion by considering such a Markov process (Xn)ngo’ as we explain below and summarize in
lemma 23} but practicality of the rephrased criterion depends on the choice of the generating
Markov process. Firstly, the strange state spaces of Vershik’s progressive predictions 7, X can be
avoided when X is some random variable Xj. It suffices to explain this for X = Xy. Denote by
A, the state space of X, for every n < 0. Starting with a compact metric py on Ag, we recursively
define a pseudometric p, on the state space of X,, by setting

Pn(xn7$;1) = (Pn+l)/(£(Xn+1 | X = 20), L(Xp1 | Xn = m;l))

where (pn+1)’ is the Kantorovich pseudometric derived from p,,11. The p,, are more friendly than
the p(™ appearing in Vershik’s standardness criterion, and lemma states that there are some

maps ¥, : 4, — Aén) such that 7, Xy = ¥, (X, ) and

for every x,,xz] € A,. Thus, in order for the Vershik property V(Xj) to hold true, it suffices that
(X!, X") — 0in L' where X/ and X/ are two independent copies of X,,. Moreover, lemma
states that X0 = F under the identifiability condition

Vn < 0,Ve,,x, € Ap,  [on # 2] = [L(Xnt1 | Xn =20) # L(Xng1 | Xy = 2)) | (%)

and then, by theorem [2Z4] standardness of F is equivalent to V(Xp) under this condition

Lemma 2.5. Let F be the filtration generated by a Markov process (Xn)n@' Denote by A, the
state space of X, for every n < 0 and assume that Ag is a compact metric space under some
metric pg. Consider the pseudometrics p, introduced above and the iterated Kantorovich metrics
p(") appearing in Vershik’s standardness criterion.

1) There are some maps ¥, : A, — Aén) such that m, Xy = ¥n(X,,) and
P (Y (@) n(27,)) = pu(@n, a),)

for every x,,x! € A, and every n < 0.

2) The Vershik property V(Xy) is equivalent to E[pn (X}, X)] — 0 where X}, and X! are two
independent copies of X,,.

3) Under the identifiability condition (&), the p, are metrics and the 1, are isometries. Conse-
quently F is generated by the process (m,X0),<o, and V(Xo) is equivalent to standardness of
F.

Proof. Obviously myXy is a o(Xp)-measurable random variable, and 7, Xo = £(m,+1Xo | Fp) for
n < 0 is a 0(X,)-measurable random variable by the Markov property. Therefore, for each n < 0,
the Doob-Dynkin lemma provides a measurable function v, for which 7, Xy = ¥, (X,,), and g is
nothing but the identity map. The equality in 1) relating p™ and p, is obviously true for n =
0. Assuming p™*) (Y i1(2nt1)s Ynt1 (1)) = put1(Tni1, 204 1), then the Kantorovich distance
pn(Tn,x)) is given by

pn(fl’n, x%) = Ainf, /p(n+1) (¢n+1(xn+1)7 ¢n+1($%+1))d1\xn,z’n (xn-i-l? x;1+1)7

Tn, Ty,

where the infimum is taken over all joinings A, o of L(Xpy1| Xy = 2y) and L(Xpq1 | X, = 27,),
and then p,(x,,z],) is also given by

Pn(xnax/n) = @inf, /p(n+l)(yn+1,y;+1)d@xmm;1(yn+1,y;+l),

4



where the infimum is taken over all joinings O, . of L(m,11Xo|X, = z,) = ¥n(z,) and
L(mni1X0 | X = a},) = n(a},), thereby showing p™ (b (n),vn(2},)) = pn(2n, ). That shows
1), and 2) obviously follows.

The claim about the p,, in 3) is recursively shown too. It suffices to show that every 1, is
injective. Assuming that v, is injective and assuming £( X, 11| X, = zp,) # L(Xp41 | X = ),
then, obviously,

L(Wn+1(Xny1) | Xn = 2n) # L(Pnt1(Xng1) | Xn = 27,),

that is, ¥ (z,) # (], thereby showing 3). The last claim of 3), asserting equivalence between
V(Xo) and &, stems from theorem 241 O

Obviously we can similarly state lemma for X}, instead of Xy, for any k < 0. When the
identifiability condition (&) does not hold, then in order to prove standardness of F, it is sufficient
to check that V(X}) holds true for every k < 0. This is a consequence of proposition 6.2 in [7].

3 The next-jump time filtrations

In section [6] we will study the scaled entropy of the next-jump time filtrations which are introduced
in this section. Standardness of these filtrations has been characterized in [9] with the help of the
I-cosiness criterion. In this section we provide a new proof of this characterization with the help of
Vershik’s standardness criterion (section 2.1I). More precisely, we will be in the context of lemma
and the identifiability condition (&) will be fulfilled, and thus our main task will be to derive
the metrics p, of this lemma. This will be achieved in section [B.2] after we introduce the next-jump
filtrations in section [B] as the filtrations generated by some random walks on the vertices of a
Bratteli graph (shown on figure [I). The distances p,, will be the starting point of section @ where
we will apply the theory recently introduced by Vershik in [I4] to the next-jump graph (figure ).

3.1 Next-jump time process as a random walk on a Bratteli graph

Our presentation of the next-jump time filtrations differs from the one given in [9]. Here we define
these filtrations as those generated by a Markov process on the vertices of a Bratteli graph.

-10 o)
(a) Random walk from n =0 to n = (b) Random walk from n = —oo to
—00 n=>0

Figure 1: Next-jump time process as a random walk

Let B be the (—N)-graded Bratteli graph shown on Figure[ll At each level n, there are |n|+ 1
vertices labeled by k € {0,...,|n|}, and the vertex labeled by k is connected to the two vertices at
level n — 1 labeled by k£ and |n|+ 1. A path in B is a sequence (fyn)ngo consisting of edges -, such
that ~, connects a vertex at level n to a vertex at level n — 1 for every n < 0. The set of paths is
denoted by I's. When a path is taken at random in I'g we denote by V,, the label of the selected
vertex at level n (thus V) = 0) and we are interested in the filtration F generated by the process
(Vi)n<o- When this causes no possible confusion we identify a vertex to its label. We study the



case when the process (Vp,V_1,...) is the Markov chain whose transition distributions are defined
from a given [0, 1]-valued sequence (p,), <o satisfying po = 1, by

L(Vn | Vn+1 = k) - (]- _pn)(sk +pn5|n\7

that is to say, given V41, the vertex V,, is one of the two vertices connected to V,,41 and equals
the extreme vertex |n| with probability p,,.

In other words, if we consider that the set of paths I'g is {0, 1}_N by labeling the edges con-
necting a vertex v, at level n to the vertex v,_1 at level n — 1 by 0 if v,_1 and v,, have the same
label and by 1 if v,_1 is labeled by |n| + 1, then we are interested in the case when the paths are
taken at random according to the independent product measure @, 1(1 —pn, p,) by denoting by
(1 — p,p) the Bernoulli probability measure with probability of success p.

The time-directed process (Vy,), o is Markovian too. The next-jump time process (Z), g
defined in [9] is obtained from V,, by putting Zp = 0 and Z,, = —V,,41 for n < —1. Hence the
filtration F generated by the Markov process (V3.),, <o = (Zn-1),<o shares the same standardness
status as the one studied in [9] because standardness is an asymptotic property (proposition 22]).

It is easy to see that Pr(V,, = |n|) = p,. We will say that the p,, are the jumping probabilities
because one also has p, = Pr(V,41 # V,,) for every n < 0. It is shown in [9] that

Pr(V, = |k[) = (1 =pn) - (1= pr—1)pr i 0 <k <|nf,
and the transitions kernels P, (v,-) from n — 1 to n are given by

Oy ifo<v<in|+1

LV, ifv=]|n|+1 (8-

Po(v,:) = L(Vy| Vo1 =v) = {

Obviously the identifiability condition (&) defined in section [Z3] cannot hold for (V;,),,<o because
Vo = 0is degenerate. But we will see in lemma B3] that this condition holds for the process truncated
at —1 when p_; €]0, 1] and p,, < 1 for every n < —2.

An important particular case is the one when p, = (|n|+1)"'. In this case, V, has the
uniform distribution on {0,...,[n[} for every n < 0 and the filtration J generated by (V;,),( is
Kolmogorovian and not standard in this case. This results from the standardness criterion provided
by theorem .7, which was proved in [9] with the help of the I-cosiness criterion, and which is proved
in the present paper with the help of Vershik’s criterion.

The following proposition about the tail o-field F_, is a rewriting of proposition 3.1 in [9], to
which we refer for a detailed proof.

Proposition 3.1. The sequence (Vn)n<0 goes to a random variable V_o, when n goes to —oco, and
the tail o- field F_o is generated by V_o.. There are three possible situations:

1) if 3" pn = 00 then V_ = 400 almost surely, therefore F is Kolmogorovian;
2) if > pr < oo then

(a) either V_ is not degenerate, therefore F is not Kolmogorovian,

(b) or we are in the following case
Dny = 1 and p, = 0 for every n < ngy for some nyg < 0 ()

and then V_o = |ng| almost surely, therefore F is Kolmogorovian and even standard.

Thus JF is Kolmogorovian if and only if Y p,, = 0o or in case ([®). Standardness of F in case ()
elementarily holds true because ¥, = {&, 2} for every m < ny.



3.2 Standardness of J using Vershik’s criterion

Throughout this section, we denote by (Vn)ngo the next-jump time process with jumping probabil-
ities (pn)n<0 and we denote by JF the filtration it generates. Discarding the elementary case (), it
is shown in [9] with the help of the I-cosiness citerion that F is standard (Vershikian) if and only
if 3" p2 = oco. In this section we derive again this result by using Vershik’s standardness criterion.
More precisely we will use the version of Vershik’s standardness criterion given by lemma We
firstly treat a particular case in lemma below.

Lemma 3.2. If p, =1 for infinitely many n, then F is standard.

Proof. For every integer k < 0, define the random vector X = (Vk,...,Vy) and denote by By =
o(Vk,..., Vo) the o-field it generates. By the Markov property, the n-th progressive prediction

T Xk of X} is measurable with respect to o(V;,) for every n < k, and V;, = |n| almost surely when
pn = 1, therefore 7, X is a degenerate random variable too, and disp(m, X;) = 0. Consequently, F
satisfies Vershik’s standardness criterion by proposition [Z3f(a). O

We also know by proposition B.1] that F is standard in the case when p, = 0 for every n < 0.
Then the following lemma will allow us to restrict our standardness study to the case when the
identifiability condition () of section 23] holds.

Lemma 3.3. 1) Let (Xp),<q = (Va-1),<o- The identifiability condition (&) holds when
p—1 €]0,1] and pn <1 foralln <0. (3.2)

In this case, F is generated by the process (m,V_1),<o, and even more precisely, o(m,V_1) =
o(V,,) for every n < 0.

2) If pny, =1 for some ng < 0, then the process (Vpg4n — |n0\)n<0 is the next-jump time process
with jumping probabilities (Pny+n),<o-

3) If p—1 =0, then the process (Wy-1),< defined by

0 if Vom1 =0

W, = f nl forn < —1.
VTL—I - 1 Zf Vn_l > 0

has the same distribution than (Vp-1),<o where (Vn), <o s the next-jump time process with

Jumping probabilities (p;z)ngo given by pl, = pp_1 for every n < 0.

Proof. For v # ¢’ in the state space of Vj,_1, the conditional distributions £(V,, |V,,—1 = v) and
LV, | V1 = v') have different supports under ([3.2]), hence the first point follows. The equality
o(m,V_1) = 0(V,,) under condition (&) is provided by lemma 2.5l Checking the second and third
points do not pose any difficulty. ]

Thus, since standardness is an asymptotic property at n = —oo (proposition 2.2]), we will focus
on the case when (3:2]) holds, and this will allow us to use lemma In lemma [3.4] we summarize
the way we are going. Hereafter we denote by V,, = {0, ..., |n|} the state space of V,, and consider on
V,, the n-th iterated Kantorovich metric p,, starting with the discrete metric p_; on A_; = {0,1}.
That is,

pn(Un, ’U;) = Ainf /pn+1dAvn,U§l
for every n < —2, where A, ./ is a joining of the conditional laws £(Vy 41|V = vn) = Pry1(vn, )
and £L(Vy,41 |V, =v),) = Py41(v),, ). Hereafter we salo denote by d,, the dispersion of V,, under p,,
defined by d,, = E[p,(V,), V,")] for two independent copies V, and V"

Lemma 3.4. Under the identifiability condition [B2), the filtration F is Vershikian if and only if
the Vershik property V(X)) holds true for X = V_1. Moreover, this property is equivalent to d,, — 0.

Proof. Consequence of lemma and lemma 331 O



In lemma below we provide a list of relations about the kernels P, of the next-jump time
Markov chain and the iterated Kantorovich distances p,. We denote by P, (v, f) the expectation of
a function f under the probability measure P,(v,-). Recall that P,41(|n|, ) which occurs several
times in the lemma is equal to the law of V,, 1. We use P,11(|n|,-) and not £(V,41) in the lemma
to emphasize that the derivation of the p,, only depends on the kernels P, by nature. Moreover
this lemma will be used in section [ in a situation when only the kernels P, are given.

Lemma 3.5. Let x > 0 and 2’ > 0 be integer numbers.
1) If n < =1 and z,2’ < |n| — 1, then py(x,2') = ppi1(z, 2).
2) If n < =2 and 2’ <|n| — 1, then py(|n|,2’) = Poy1(In|, pnsa (-, 2)).
3) If n < =3 and ' < |n| — 2, then py(|In|,2") = ppea(In + 1], 27).
4) If n < =1, then pp_1(In — 1, |n|) = (1 = pn) Pug1(In], pu(|nl, ).
5) If n < =2, then Py(In — 1|, pp—1(In = 1],-)) = (1 = p3) Pag1 (], pu(|nl, )
6) For everyn < —1, Py(jn — 1|, pu_1(In — 1[,-)) = 2p_1(1 — p_1) [T;n (1 — p2,).

Proof. 1) and 2) are easily get from the expression of £L(V,,41 |V, = v) given in section B.Jl One
obtains 3) as a consequence of 1) and 2) by using the relation

Pr(Vp, =k |Vi—1 = |n—1|) = (1 = pn) Pr(Vog1 = k[ Vo, = [n]) (3-3)

valid for 0 < k < |n| and n < —2. One gets 4) by using 2) and [33]). Finally, 5) is derived from
3), 4) and (3.3]), and one obtains 6) by calculating the right member of 5) for n = —2 and then by
applying 5) recursively. O

Lemma 3.6. The dispersion of V,, under p, is given by d, = 2p_1(1 — p_1) [I,,2,,(1 — p2,) for
every n < —1.

Proof. Because of £L(Vp11) = £(Vat1 | Vi = |n]) we get dnt1 = E[pn(In], Vig1) | Vi = |n]] for every
n < —2 by equality 2) of lemma 3.5, and then the assertion of the lemma is nothing but equality
6) of lemma O

Theorem 3.7. The filtration F is standard if and only if 3. p2 = 0o or in case ().

Proof. Case (#) is treated in proposition Bl Under the identifiability condition (B.2)), we know
that F is standard if and only if [];2__ (1 — p2) = 0 by lemma B4 and by lemma 38l We finally
get the statement of the theorem by using lemma and assertion 2) of lemma [3.3] O

4 Central and noncentral ergodic measures on the next-jump graph

This section is a digression in the present paper. It provides a complete case study of the theory
introduced in the recent work of Vershik [I4]. We are mainly motivated to write it because our
previous investigation on the metrics p, is a good opportunity to provide this illustration Vershik’s
new theory. This theory mainly deals with the identification of ergodic central probability measures
on a Bratteli graph (or more precisely, on the space of paths of a Brattel graphs). Any probabil-
ity measure p on the space of paths a Bratteli graph without multiple edges can be interpreted
as the law of the process (V,), <o where V,, is the vertex at level n of the path taken at random
according to p. Denoting by F the filtration generated by (Vn)n@a then g is said to be ergodic
when F is Kolmogorovian. It is said to be central if for every n < 0, the conditional distribu-
tion L£((Vit1,..., Vo) | Fp) is uniform on the paths connecting the vertex V;, to the root vertex Vj.
Therefore, the centrality assumption means the process (Vn)ngo is Markovian and is governed by
the transition kernels P, given by

dim(v,
Pp(vn—1,v) = Pr(Vyy = v [ Vo1 = vp1) = Wi)l)7



where dim(v) denotes the number of paths connecting a vertex v to the root vertex &.

Thus, saying that u is central means that (V),),<, is a Markov chain governed by a certain
system of transition kernels which is intrinsic to the graph. Although Vershik’s theory is mainly
focused on central measures, it also works when one considers a given arbitrary system of the
transition laws instead of the one corresponding to the centrality assumption. We will illustrate
this theory by applying Vershik’s theorems to the case of the transition laws of the next-jump time
processes (problem A.T]). Vershik’s method is based on the metrics p,, which are straightforward to
derive for our Bratelli graph B with the help of lemma B.5. This method will be applied in section
A3 after we investigate the problem by a bare-hands approach in section

Centrality of our Bratteli graph B corresponds to the transition laws of the next-jump time
process with jumping probabilities (pn)ngo given by p, = % for all n < 0. Indeed, for a vertex
v, at level n of our Bratteli graph B, one has dim(v,) = 1 if v, = 0 and dim(v,) = 2! for
v, € {1,...,|n|}. Therefore, centrality here means that the transition kernels P, are given by

Pn(vn—l,vn—l) =1 if Un—1 75 |TL — 1|

1 : —
Pn(‘n—]-‘y'vn) = 2‘”‘ lfvn—o ’
L if v, € {1,...,|n|}

9In[—vn+1

(4.1)

and we recognize the transition laws of the next-jump time process in case p, = %

Now, under the ergodicity assumption, the law of V,, is the almost sure limit of the condi-
tional law L(V,, |F,,) when m — —oo, as a consequence of the convergence theorem for reverse
martingales, that is to say

Pr(V, =v,) = lim Pr(V, =v,|V,) almost surely (4.2)
m——00

for every vertex v, at level n. Though the probability transitions Pr(V,, = v, |V, = v,) are
determined under the centrality assumption, in spite of (£2]) the additional ergodicity assumption
does uniquely determine the distribution of the Markov process (Vn)n@' For example, the next-
jump time process in case p, = % for every n < 0 is governed by the transition kernels (4.1]) as well
as the next-jump time process with jumping probabilities p,, = 0 for every n < 0. Indeed, in this
case V,, = 0 for every n < 0, and the Markov chain is indeed governed by the transition kernels
(£T) because P, (-,0) = dp and P, (-, v,—1) has no importance when v,_; is outside the support of
Vio1.

4.1 Statement of the problem

Thus, Vershik’s theory introduced in [I4] deals with the problem of identifying all possible laws of
a Markov chain (Vn)ngo that is governed by a given system of transitions kernels and generates a
Kolmogorovian filtration. We will illustrate it by investigating the following problem.

Problem 4.1. Let B be the Bratteli graph under study (figure [Il) and consider the transition kernels
P, of the next-jump time process defined by a jumping probabilities sequence (pn)ngoz

Pn(vn—lyvn—l) =1 if Un—1 75 |’I’L — 1|

Pa(ln - 1],0,) = {7 o -
’ (I—pn)- (1 —=pr_1)pr ifv,=1k| €{0,...,|n| -1}

What are all the possible Markov chains (Vn)n<0 governed by these transition laws and generating a
Kolmogorovian filtration ?

One can check, and this is shown in [J], that any Markov chain governed by the transition
kernels ([£3)) satisfies

LV | Vi =k) =L(Vy| Vo1 = |n—1|) for every m < nand |n — 1| <k < |m]. (4.4)



4.2 Central and noncentral ergodic measures: bare-hands method

Before investigating problem 1] under the light of Vershik’s theory, we will solve it by a bare-hands
approach with the help of the following elementary lemma.

Lemma 4.2. Let (V,.),oq be a Markov chain on the vertices of a Bratteli graph B. If (&2
holds and if Pr(V,, = xp i.0.) = 1 for a sequence of vertices (xn),<q where each zy, is a vertex
at level n, and such that Pr(V,, = v, | Vi = x,) has a limit as m — —oo, then Pr(V, = v,) =
limy,—— oo Pr(Vy, = vy | Vi, = @yy) for every vertex vy, at level n.

Proof. Under the assumption Pr(V;, = x, i.0.) = 1, the random sequence (Pr(V, =v,|Vin)), .
almost surely has a subsequence which is also a subsequence of the convergent deterministic sequence
(Pr(Vyy = vn | Vi = ) d

m<n’

The solution of problem [£1] corresponding to k& = 0 in theorem below was already mentioned
after equation Bl Tt is the degenerate case V;, = 0. More generally, for the solution corresponding
to the parameter k, one has V,, = k almost surely for every n < —k, and this solution satisfies
condition (&) of proposition B.11
Theorem 4.3. The set of distributions solving problem [J-1] is parameterized by k € N U {+o0}.
The solution distribution with parameter k is the one for which lim,,_, ., V,, = k, and this is the
distribution of the next-jump time process with jumping probabilities (p;w)ngo given by

ph=pn forn>—-k, p =1 and p,_=p po=...=0
when k < +oo, and (py,),<o = (Pn)p<o when k = +o0.

Proof. The Markov process (Vi,),<q is almost surely decreasing whatever its distribution is. The
limit V_o, = lim,,__ V,, is a degenerate random variable under the ergodicity assumption, and it
is either V_oo =k € Nor V_,, = +0.

If V_oo = k € N, then there is only one possible distribution satisfying (£3)) in view of lemma
42 and this solution satisfies Pr(V,, = v,) = Pr(V,, = v, |V,—1 = |n — 1]) in view of property
(#4)). Then we can check that this is the distribution of the next-jump time process defined by
the jumping probabilities sequence (p;)ngo given in the theorem. Note that the transition kernels
given by (43]) are not the same as the ones given by (B.I)) for this sequence of jumping probabilities
(p;)ngo, but this makes sense because they only differ for values of V,, outside of its support.

If V_oo = 400 then the event {V,, = |n|} occurs for infinitely many n, because any possible
trajectory of (Vi,),, <o realizing only finitely many events {V,, = |n|} is bounded. Therefore Pr(V,, =
Up) = limy, oo Pr(V,, = v, | Vi, = |m|) by lemma Hence,Pr(V,, = v,) = Pr(V,, = v, | Vo1 =
|n —1]) by (&4), and we recognize the distribution of the next-jump time process defined by the
jumping probabilities (pn),,<q- O

4.3 Central and noncentral ergodic central measures: Vershik’s method

Vershik’s theory introduced in [I4] distinguishes two mutually exclusive possible situations in a
problem such as problem LIl Under the first possible situation (precompactness of the intrinsic
topology), problem [B] is fully solved, and we get more (standardness of the filtrations generated
by the solution Markov chains). Under the opposite situation (non-precompactness of the intrinsic
topology), the theory partially solves the problem. We will state these results in theorem For
our problem 1] we will meet the two possible situations, depending on the asymptotic behavior of
the jumping probabilities sequence (py),,<o-

Denote by Vert(B) the set of vertices of a Bratteli graph B. Theorem 1 in [14] relates the ergodic
central measures to the accumulation points of (Vert(B),pp), defined as the points of I(B) :=

—

Vert(B) \ Vert(B), where Ve/rt(\B) is the completion of Vert(B) under the intrinsic pseudometric
pp introduced in [14], which is a by-product of Vershik’s standardness criterion. As we previously
said, centrality means that we consider the system of transition kernels (ZIJ), but one can also
define the intrinsic pseudometric in the same way for any other given system of transition kernels.
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Perhaps we should reserve the term intrinsic to the central case, but in the present paper we
will allow ourselves to use it for the pseudometric similarly defined from another given system of
transition kernels.

In order to define pp, Vershik firstly defines the intrinsic pseudometric p, on the set V, of
vertices at each level n. It is initiated by a pseudometric p_; on V_; and then p,, is nothing but the
pseudometric p, studied in section B2l which takes its origin in Vershik’s standardness criterion
(lemma [Z5]).

In our example, the pseudometric spaces (V,,, p,) are easily derived from relations 1), 3), 4) and
6) given in lemma Note that 1) means that the canonical embedding (V,, prn) = (Vi—1,pn-1)
is an isometry, and this is a very particular situation. The pseudometrics p,, are shown on table [Il

!

h k 1 2 3 4 5
0 0 1 p—1 j p-1 j
1 1 0 1-pa 1—pa 1-pa 1-—pa
2 p-1 | 1—p_1 0 (I—p-2)d_1 | A1—p_2)d_1 | 1—p_2)d_
3 p—1 | 1—-p1 | (A—p_2)d 0 (d—p-3)d_s | (1-p_s)ds
4 p—1 | 1—p1 | I—p-2)d | 1—p_3)d_2 0 (1 —p_4)d_3
5 p—1 | 1—p1 | QA—p-2)d_y | A1—p_3)d2 | (1—p_a)d_3 0

Table 1: Intrinsic metrics p,(k, k") for n = =1, -2, -3, —4, —5.
This table is easily filled by successively and iteratively using the following equalities for n < —2:

(0,2) 1 ife=1
9 x =
fn p_1 otherwise

pn(x,2") = ppia(z, 2) for x, 2’ < |n|

pnt1(n+1],z) ifx <|n+1]
pn(lnl, z) = .
(1 =pnt1)dnte ifz=[n+1]

where the expression of d,, is given in lemma for every n < —1 and we set in addition dy = 1.
It follows that the distance p,(vy,v],) between two vertices v, and v], at some level n < —2 is
explicitely given when v,, < v}, by

1 if v,=0and v, =1
pn(vnav;@) = 4§P-1 if v, = 0 and ’U;1 > 1.
(I—p_y,)d—p,+1 ifv, >0

The p,, are metrics under the identifiability condition (3.2]). The space (V,,, p,) is an ultrametric
space represented by the dendrogram shown in figure 2 (numerically, this figure shows the case
pn = 3 for n < 0).

In lemma below and in theorem (L8] for a given system of transition kernels P, we denote by
Py, the product kernel [[_,, 1 P for m < n. Thus L(V;, | Vi) = Pyjm(Vin, ) for any Markov
chain (V,), <o governed by the P,.

Definition 4.4. The intrinsic pseudometric pp on the space of vertices Vert(B) = U, Vr induced
by a system of transition kernels P, is firstly defined by pp(v,,v]) = pn(vp,v),) for all vertices v, and
vl at a same level n, where p,, is the iterated Kantorovich pseudometric initiated at time O by a given
pseudometric pg. Then it is defined by

pB(Um, V) = Pojm [V, pn (-, 07,)]

for all vertices vy, at level m and v), at level n with m <n < —1.

Theorem 4.5. Let B be the Bratteli graph under study and consider the intrinsic pseudometric
pB induced by the transition kernels P, of the next-jump time process with jumping probabilities

sequence (pn), <o, given by @3).

11



pn(v,0)

Figure 2: The space (Vy,, pp)-

1) The intrinsic pseudometric is given by pp(vm,vl,) = pm(vm,v},) for all vertices vy, at level m
and v, at level n > m.

2) Under the identifiability condition ([B.2)) (given in lemma [33), the intrinsic pseudometric
generates a precompact topology if and only if Y. p2 = co. The accumulation set 1(B) is
NU {+o0} in the precompact case and N otherwise.

Proof. We firstly derive the intrinsic pseudometric. Assume v = v,, is a vertex at level m and
v =], is a vertex at level n > m. If v, < |m| then £(V,, | Vi, = vy) is the Dirac distribution at
the vertex at level n whose label is the same as v, and then pg(v,v") = p,(v,v") = pp(v,v") by the
canonical isometries (Vy, pn) = (Vn—1, pn—1). If v, = |m| then we know by (&4) that L(V,, |V, =
Um) = L(V | Vium1 = [n—1]). Therefore by equality 2) in lemma 335, pg(vm,v),) = pn-1(jn—1|,v},)
and we know that p,—1(|n — 1],v},) = pm(vm,v)) (see table ).

Now we check 2). The p, are metrics under the identifiability condition ([B.2]) and two vertices
are at 0 distance under pp if and only if the have the same label. Therefore the quotient space
Vert(B)/pp is isomorphic to (N, p_o,) where p_, is the direct limit of p, as n — —oo, defined
by p_oc(m,n) = p_m(m,n) when m < n . It is precompact if and only if 400 is an accumulation
point, which is equivalent to p_oo(k,k + 1) — 0 as k — +oo. We know that p_oo(k,k + 1) =
(1 —p_g11)d_jyo and it is not diffcult to check that it goes to 0 if and only if 3" p? = occ. O

Now we have everything required to apply Vershik’s following theorem.

Theorem 4.6 (Vershik [14]). Assume we are looking for a Markov chain (Vy,),<o on the vertices
of a Bratteli graph B, which generates a Kolmogorovian filtration and which is governed by some
given transition kernels P, satisfying the identifiability condition P,(v,-) # P,(v',-) for v #v" and
every n < 0. Define the intrinsic pseudometric pp induc% these transition laws./ﬂeﬁne the
accumulation points of Vert(B) as the points of I(B) := Vert(B) \ Vert(B), where Vert(B) is the
completion of Vert(B).

1) For every x € I(B) and every sequence (Tn), <o converging to x, where each x,, is a vertex at
level n, the limit Pn‘m(acm, ) at m — —oo exists for every n < 0 and only depends on x, and
one defines a possible distribution of (Vy), <o by setting

Pr(V, =v,) = lim Py, (2m, vn)

m——00
for every n < 0. Moreover this Markov chain (Vn)n<0 generates a standard filtration.

2) If the intrinsic pseudometric induces a precompact topology on Vert(B), then every possible
distribution of (Vy),<o s given by an accumulation point x as in 1).

12



Thus, note that Vershik’s theory only provides Markov chains (V4,),, <o solving problem 4.1 that
generate a standard filtration, a property stronger than the desired Kolmogorov property.

Theorem 4.7. Let B be the Bratteli graph under study and consider the conditional laws £L(V,, | V-1 =
v) of the next-jump time process defined by the jumping probabilities sequence (pn)n<0 satisfying the
identifiability condition (3.2). The accumulation set I(B) has been derived in theorem [{.3]

1) For each accumulation point k € 1(B), the distribution of (Vn),«o given by 1) in theorem [/.0]
1s the distribution of the next-jump time process given by the jumping probabilities sequence

(p%)ngo , , , ,
Pn =DPn f07’ n > _ka P_r = 17 and Pp1=P_fp9=...= 0

when k < 400, and (p),),<o = (Pn)p<o in the case when k = +oo. We know in addition that
the filtration of (V)< is standard for these distributions.

2) In the precompact case Y p2 = 0o, there is no other solution than those given by 1).

Proof. Assertion 1) is not difficult to check with the help of property (£4), and assertion 2) is an
application theorem O

We have seen in theorem [.3] that there is one other solution in the non-precompact case: the
one which was naturally parameterized by its limit & = 400 in theorem 3] and for which the
associated filtration is not standard by theorem B.7l This solution is not provided by theorem
because k = 400 is not an accumulation point in the non-precompact case (theorem [A3]). In the
precompact case, Vershik’s theorem provides more than the set of solutions: it also asserts that
corresponding filtrations are standard.

5 The uniformly scaled entropy

In this section we introduce scaled entropies of filtrations by following Vershik and Gorbulsky [12],
except that we use the probabilistic language and we restrict our attention to scalings which are not
e-dependent. Theorem is our main result, it provides a more general claim than theorem 241
We denote by H(X) the entropy of a discrete random variable X, defined as H(X) = — " p; log p;
where p is the law of X.

5.1 Definition

The definition of the scaled entropy of a filtration F has something similar to the definition of
standardness: we begin by defining the scaled entropy for a Fy-measurable random variable, then
for a o-field B C Fy, and finally for the filtration F. It mainly involves the e-entropy of the Vershik
progressive predictions 7, X (introduced in section [2).

Definition 5.1. Let X be an integrable random variable taking its values in a Polish metric space
(E, p). The e-entropy of X is

HE(X) = inf{ H(F) | E[p(X, F)] < €}

where the infimum is taken over E-valued but discrete o (X )-measurable random variables F'.

The scaling c: (—N) —]0, co[ in definition below is termed as uniform scaling because Vershik
and Gorbulsky more generally allow e-dependent scaling ¢ — ¢(¢,n). Thus a uniform scaling is a
particular scaling in the sense of Vershik and Gorbulsky’s e-dependent general definition, but when
it is proper in the sense of our definition, then it is also a proper scaling in the sense of Vershik and
Gorbulsky.

Definition 5.2. Let F be a filtration and X an integrable Fy3-measurable random variable taking its
values in a Polish metric space (E, p).
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1) The e-entropy of X (with respect to F) at time n is H;(X,F) = H®(m,X), shorter denoted by
H:(X) when T is understood, where the n-th Vershik prediction 7, X is considered as a random
variable taking its values in the Polish space E(™) metrized by the n-th iterated Kantorovich metric

p(™) (section 21)).

In the next definitions we consider a nonincreasing function ¢: (—N) —]0, co|, termed as uniform
scaling.

2) The limit
Hy(X)

n

he(X,JF) = lim sup lim sup
e—0 n—0 C(n)

is called the c-scaled entropy of X. For short, we also denote it by h.(X) when JF is understood.
The uniform scaling c is said to be proper for X when h.(X,F) €]0, co.

3) For a o-field B C Fy, the c-scaled entropy of B with respect to F is defined as

he(B,F) = sup h.(X),
X

where the supremum is taken over all B-measurable random variables X taking their values in the
interval [0, 1] equipped with the usual metric.

4) The c-scaled entropy of JF is defined as
he(F) = he(Fo, F).
The uniform scaling ¢ is said to be proper for F when h.(F) €]0, col.

Note that the Vershik standardness property for X (section [Z1]) is equivalent to h.(X) = 0 with
¢(n) = 1. Thus, proper uniform scalings do not exist for standard filtrations, and they provide a
certain measure of nonstandardness for nonstandard filtrations.

Remark 5.3. The notations H(X) and h.(X) do not show the dependence on the metric p on
the state space of X. But this is not important in view of proposition E.11] which will show that
he(X) = he(o(X)). Thus, we could also define h.(X) when X is non-integrable by replacing p with
p AL

Remark 5.4. As already mentioned in the definition, the e-entropy HZ (X) is relative to the underlying
filtration F. It is important to note that it actually only depends on the filtration X generated by the
Markov process (7TnX)n<0 of the Vershik progressive predictions of X. Indeed, it is easy to see that
the value of H:(X) is the same whether we consider F as the underlying filtration or any filtration &€
immersed in F so long as X is measurable with respect to the final o-field &g, and FX is the smallest
such filtration (see [2]).

Remark 5.5. We could replace the e-entropy H*(X) by
inf (H(F) | F(p(X, F) > €) < ¢}

without altering the value of h.(F, X).

5.2 Properties
The goal of this section is to prove theorem [5.6] which is a deep generalization of theorem [Z.4l It
will be used in section [@l to study the uniform entropy scalings of the next-jump time filtrations.

Theorem 5.6. Let J be a filtration, X € LY(Fy; E) where E is a Polish space, and c: (—N) —]0, oo
a uniform scaling. Then ho(X,F) = he(FX), where TX is the filtration generated by the Markov
process (X)), <o-
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Note that h.(F¥) is the entropy of the filtration FX as well as the entropy of the o-field
o(mpX;n < 0) when we consider J as the underlying filtration (see remark [5.4]). Theorem is
particularly useful when the 7, X are discrete random variables with finite entropy, because it gives
the upper bound h.(F%) < 1 for any scaling c¢(n) ~ H (7, X).

Theorem will be derived from the following series of lemmas and propositions.

Lemma 5.7. Let F be a filtration. If X and Y are two Fg-measurable Polish-valued random
variables related by Y = f(X) for some measurable function f, then m,Y = f™"(m,X) for some
measurable function f™ which is K-Lipschitz if f is K-Lipschitz.

Proof. See [2]. O

Theorem 241 is an easy corollary of the following lemma and proposition 2.3l and this provides
a new and cleaner proof of theorem [2.4] than the one given in [7].

Lemma 5.8. Let F be a filtration, X € L'(Fo; E) where E is a Polish space metrized by a dzstcmce
p, and set W" = (m, X, ..., 711X, X) for some n < 0. Consider the metric p, = In\+1 Zk 0 plk
on the state space of W". Then m,W"™ = ¢(m, X) where ¢ is an isometry.

Proof. For the proof we consider the distance p, = ﬁi% p¥) instead of p, on the state space of
W,,. For each n < 0 and k € {n,...,0}, one has mW,, = g (m, X, ..., m;X) for some functions
gp related by the fact that g7 {(tn,...,pxr—1) is the distribution of g} (n, ..., tk—1, My) where
My, ~ pp_1. Therefore

ﬁ%k_l) (gg I(Mm s 7/%—1)’9?—1(:“;1’ R 7#2—1))

= onf, E A (G s s 1, M), Gttty oy, M) |

kM k

(#)

where the infimum is take over all joinings (M, M}) of pur_1 and pj_,. Using this relation, the
equality

~(k) (gZ—H

P (G (s - s 111 G (il -+ s 113e)) = P (i, 1) + Py (Bt -+ )y G0 (st -+ 12)))

is easy to derive. Indeed, denoting by H (n, k) this equality, then H(n,0) is nothing but the equality
pn = p"™ + ppy1 and the implication from H(n, k) to H(n,k — 1) is easy to derive from relation
.

Now, by (7,

A (g ) g 0)) = inf B[ (G5 s M) G (s M)
N n41

where the infimum is take over all joinings (M1, M, ;) of u, and p;,. Hence, by relation H(n,n+

1)

~(n)( .n n n . ~(n+l)/ n n
P (G (), g 1)) = P (s i)+ inf BBV (00 (M), g (M) ]
(Mn+17Mn+1)

and recursively using this equality we finally get

P (g () g (1)) = (Il +1)p" (i, 17,)
which is obviously equivalent to the statement of the lemma. O

Lemma 5.9. Let F be a filtration, (X}),>, be a sequence in LY(Fo; E) where E is Polish. If
Xj, — X in L' for some random variable X € LY(Fo; E), and if 0(Xy) C o(X) for every k > 1
then for every ey > 0 there exists ko such that H(Xy,) > H2(X) for every n < 0.

Proof. Let ko = k(ep) such that E[p(Xk,, X)] < €0, hence HO(Xy,) = H2®(X) for every n by
definition of H:(-) and lemma 21l (Actually the lemma is true for every k < ko if we take
E[p(Xk, X)] < € for every k > ko.) O
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The following lemma is a continuity-like property of X — h.(X, ).

Proposition 5.10. Let c: (—N) —]0,00[ be a scaling. If, under the same hypotheses as lemma
[2.9, there exists £ > 0 such that ho(Xy,F) < £ for every k > 1 then ho(X,F) < /.

Proof. Put a = h.(X,F). We firstly check that a < co. Assuming a = oo, the definition of the

2e
superior limit provides €y such that limsup,,_,_ HC(On() ) > ¢+ 1. Therefore there is ko such that

limsup,,_,_ w > (+ 1 by lemma [5.9 But € — Hf(Xy,) is decreasing, therefore inequality

lim sup,,_,_ %)—) > {+1 holds for every € < €p, a contradiction of the assumption of the lemma.

Knowing now that a < oo, we check that £ > a. Given § > 0, the definition of the superior
2e
limit provides €y such that limsup,,_, H”C(O ()X ) > ¢ —§. By lemma 50 and since € HS(Xg,) is

decreasing, one gets limsup,,_,_ ., %)—) > a— 9. for some kg and every € < ¢g. Finally £ > a. O

Proposition 5.11. Let J be a filtration and X € L'(Fo; E) where E is a Polish. Then h.(o(X),F) =
he(X,F) for any scaling c: (—N) —]0, co].

Proof. If Y = f(X) for some Lipschitz function f then it is easy to check that h.(Y,F) < ho(X, )
with the help of lemma 5. 7. The result follows from proposition B.I0] and from the density of the
set of random variables f(X), f Lipschitzian, in L!(c(X),[0,1]) (see lemma 2.15 in [6]). O

Now we can quickly prove theorem

Proof of theorem [5.0. Let B, = o(mp, X,..., 71X, X). By lemma[h.8and proposition 5.11], h.(B,,, F) =

he(X,F). Then the theorem follows from proposition B.101 O

Proposition below is another corollary of lemma [5.8], generalizing propostion [Z2
Proposition 5.12. Let F be a filtration, ng < 0 be an integer, and denote by F0) = (CT"nOJrn)n<0

the filtration F truncated at ng. Let ¢: (=N) —=]0,00][ be a scaling and denote ¢} = (Cno+n)p<o 18
truncation at ng. Then h ) (F"0)) = he(F).

Proof. 1t is not difficult to derive the equality
H (Xng, F)) = Hyy (X, F) (5.1)

for every integrable JF, -measurable random variable X,,,, every n < 0 and every € > 0. This
provides the inequality h ) (F™0) < he(F).

Conversely, if X( is an integrable Fyp-measurable random variable, then one has h.(Xo,J) <
he(W™, F) by proposition E.11], where W = (m,, Xy, ..., Xo). But lemma [5.8 provides the equal-
ity

(Wno i-Trd) (WHOXO’ 3‘)

no +n no +n

for every n < 0. Hence equality (5.1) gives
HE

no+n

(W™, F) = Hy(mtn Xo, F")),

therefore ho(W™, F) = R ng) (7o Xo, T!) and finally h(Xo, F) < Tung) (g Xo, F!). This provides
the inequality e(F) < hng (F701). O
6 Entropy of next-jump time filtrations

In this section, we consider, for a given sequence (pn)n<0 of jumping probabilities, the next-jump
time process (Vn)ngo introduced in section [3] and its filtration F. We study the entropy of F in
the Kolmogorovian nonstandard case, that is, in view of proposition Bl and theorem B.7] the case
when Y p, = 0o and Y, pi < 00. Preliminarily, we study the entropy of the random variables V,.
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6.1 Entropy of V,
The entropy of V,, can be recursively obtained from the conditional entropy formula
H(Vn,Vo1) = H(Vp) + H(Vo—1| Vo) = H(Va—1) + H(Vi | Vi),
by deriving the two conditional entropies:
H(Vy 1| V) = h(pn-1) and H(V, | Vie1) = pnaH(Vz)

where h(0) = —0logfh — (1 — 6)log(1l — 0) is the entropy of a Bernoulli variate with parameter
0. The first formula obviously comes from H(V,,_1|V,, = k) = h(p,—1) for every k. The second
formula comes from the obvious equality H(V,, | V,,—1 = k) = 0 for k£ < |n|+1 and from the equality
H(V, | Vo1 = n| + 1) = H(V,) which holds because the conditional distribution £(V, | V-1 =
[n| + 1) equals the unconditional distribution £(V},). Thus we finally get the recursive relation

H(Vn—l) = h(pn—l) + (1 - pn—l)H(Vn)v (6'1)
yielding
H(Vn) = h(pn) + (1 _pn)h(pn-‘rl) + (1 - pn)(l - pn+1)h(pn+2) 4+ (]- - pn) T (1 _p—2)h(p—l)'

Now, note that p_y;, > 0 almost surely, because for every k € {0,...,|n|}, the event {V,, = k} is
included in the event {V_; = k} and the latter event has probability px. Moreover h(0) = 0, and
finally H(V},) is also given by

h(p—
pP-v,
Lemma 6.1. When F is Kolmogorovian but not standard, lim H(V,,) = +oo and lim HF(I‘(/{};;) =1

Proof. According to proposition 3], V,, — +o0o almost surely when F is Kolmogorovian. Therefore
Vi = |n| for infinitely many n, because any possible trajectory of (V},),, o realizing only finitely many

events {V,, = |n|} is bounded. In addition, by theorem B.7, p, — 0, hence w — +00 because

h(z)/x — +o0o when z — 07. We deduce from the recursive relation (G.I]) that ng(/nv,:)l)

noting that p,, — 0 in the Kolmogorovian but not standard case.

— 1, by

6.2 Entropy of the filtration

We have seen in section Blthat the assumption of lemma 6.2l below is fulfilled for the random variable
V_1 of the next-jump time process (Vn)n<0 in case of nonstandardness. The proof of this lemma
involves Fano’s inequality (see [3]), whose statement is:

H(X|Y) < h(Pr(X #Y)) +Pr(X #Y)log N

for any pair of discrete random variables X and Y taking no more than N values, where H(X |Y)
denotes the conditional entropy and h(p) = —plogp — (1 — p)log(1 — p) denotes the entropy of a
Bernoulli variate with parameter p.

Lemma 6.2. Let F be a filtration, (E,p) a Polish metric space, X € L*(Fy; E), and c: (—-N) —
10, 00[ a uniform scaling. Assume that every m,X takes its values in a finite subset B of g
and there exists eg > 0 such that p(™ (x,2") > €y for every n < 0 as long as x # x’. Then

L H(m,X)
he(X, ) = limsup o B

for any scaling c(n) ~ log #B™).
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Proof. Let § < 3 and set € = dey < €. For every n one has HS(X) = H(F,) < H(m,X) where F,
is a o(m, X )-measurable random variable satisfying Pr(m, X # F,) < §. By the conditional entropy
formula, H(m,X) — H(F,,) = H(m, X | F},), and by Fano’s inequality,

H(mp X | Fy) < h(pn) + pylog #B™
where p, = Pr(m, X # F,,). Therefore
H(mp X | F,) < h(8) + dlog #B™,

and consequently
Hy(X) _ H(mX) _ &) +h(5) L€
log#B™) ~ log#B® = log#B® €0

for every n and every € < €y/2, yielding the assertion of the lemma.

O

Now consider the next-jump time process (V3,),<o and its filtration . Recall that we have seen
in lemma that lim H(V},) = 400 in the case when ¥ is Kolmogorovian but not standard.

Proposition 6.3. Assume F is Kolmogorovian but not standard. Let c: (—N) —]0, 0o be a uniform
scaling such that c¢(n) ~ H(V,). Then one always has he(F) < 1, and one has h.(F) = 1 in the
uniform case pp, = (|n|+1)"" (this is the case when V,, has the uniform distribution).

Proof. In the nonstandard case, there are, in view of theorem [3.7, finitely many values of n for
which p,, = 1.
First assume the identifiability assumption 3.2 (p—1 €]0, 1] and p, < 1 for every n < —2). By
lemma [33|(1) and theorem [5.6],
hc(?) = hc(X7 EF)

with X = V_y, for any scaling ¢. In the uniform case p, = (|n| +1)™", we know by lemma B.2] that

he(X,F) =1 for ¢(n) ~ H(V,,) =log(|n| + 1). In other cases, one obviously has

Hy(X) _ H(mpX)
c(n) S c(n)

and then h.(X,F) <1 for ¢(n) ~ H(V,,).

In the case when there are several n for which p, = 1, take the smallest one and call it ng.
Set pl, = Png+n- If p'; > 0, then by lemma [B3(2) and by the previous case, the proposition holds
for ¢(n) = H(Vyy4+n) but it holds for ¢(n) ~ H(V,) too because of lemma Ifp'y =0, we
similarly conclude by using lemma B3|(3) after noting that p/, cannot be zero for every n < —1 in
the Kolmogorovian but non-standard case. U

We have derived a proper uniform scaling for the uniform case only. To derive one for the
general case, we should improve the asymptotic estimate of H(w,X | F,) in the proof of lemma
We have used Fano’s inequality which is a general majoration of the conditional entropy.
Generalized Fano’s inequalities studied in [4] do not seem to be helpful for the general case. It
would be interesting to know whether there is a case for which there is a proper uniform scaling
¢(n) = o(H(V,,)), and a case for which there is no proper uniform scaling.
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