N

N

Large time behaviour of mild solutions of
Hamilton-Jacobi-Bellman equations in infinite dimension
by a probabilistic approach
Ying Hu, Pierre-Yves Madec, Adrien Richou

» To cite this version:

Ying Hu, Pierre-Yves Madec, Adrien Richou. Large time behaviour of mild solutions of Hamilton-
Jacobi-Bellman equations in infinite dimension by a probabilistic approach. 2014. hal-01006336v1

HAL Id: hal-01006336
https://hal.science/hal-01006336v1

Preprint submitted on 16 Jun 2014 (v1), last revised 15 Jan 2015 (v4)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-01006336v1
https://hal.archives-ouvertes.fr

Large time behaviour of mild solutions of
Hamilton-Jacobi-Bellman equations in infinite dimension
by a probabilistic approach

Ying Hu* Pierre-Yves Madec! Adrien Richou?
June 15, 2014

Abstract

We study the large time behaviour of mild solutions of HJB equations in infinite dimen-
sion by a purely probabilistic approach. For that purpose, we show that the solution of a
BSDE in finite horizon T taken at initial time behaves like a linear term in T shifted with
the solution of the associated EBSDE taken at initial time. Moreover we give an explicit
speed of convergence, which seems to appear very rarely in literature.

1 Introduction

We are concerned with the large time behaviour of solutions of the Cauchy problem in an infinite
dimensional real Hilbert space H :

{ u(t,x) = Lu(t,x) + f(z, Vu(t,z)G), VY(t,x) € Ry x H,
u(0,z) = g(x), Vo € H,

where u : Ry X H — R is the unknown function and £ is the formal generator of the Kolmogorov
semigroup &; of an H-valued random process solution of the following Ornstein-Uhlenbeck
stochastic differential equation :

dXt == AXtdt + Gth, te R+,
XO = x’ X E H,

where W is a Wiener process with values in another real Hilbert space =, assumed to be separable.
We recall that (formally), Vh : H — R,

(ZLh)(z) = %Tr(GG*VQh(:c))—k < Az, Vh(z) > .

Our method is purely probabilistic, which can be described as follows.
First, let (v, A) be the solution of the ergodic PDE:

ZLv+ f(x,Vu(x)G) =0, VzeH.
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Then we have the following probabilistic representation. Let (Y1:* ZT:®) be solution of the
BSDE:

{ dYST’I = —f(XZ, ZZ’I)dS + ZST"TdWS
YY?’I = g(X%)’

and (Y, Z, \) be solution of the EBSDE:
Then

YsT’I =u(T, X7),
Y =o(X7).

Finally, due to Girsanov transformations and the use of an important coupling estimate result,
we deduce

Y AT - Y§ — L,

ie.
u(T,z) — A\T — v(z) — L.

Our method is not only purely probabilistic, but also gives a speed of convergence :
|u(T,z) — AT —v(z) — L| < C(1 + |z|*TH)e 7.

The constant p appearing above is the polynomial growth power of ¢g(-) and f(+,0) and 7 is linked
to the dissipative constant of A.

Large time behaviour of solutions has been studied for various types of HJB equations of
second order; see, e.g., [1], [6], [8] and [9]. In [1], a result in finite dimension is stated under
periodic assumptions for f and a periodic and Lipschitz assumption for g. Furthermore, they
assume that f(z,z) is of linear growth in z and bounded in z. In [6], some results are stated in
finite dimensionnal framework, under locally Hélder conditions for the coeffcients. More precisely,
they assume that f(x,2) = Hy(z) — Ha(x) with Hy Lipschitz and under locally Holder conditions
for Hy and g. They also treat the case of H; locally Lipschitz but consequently need to assume
that Hs and g are Lipschitz. Furthermore, they only treat the Laplacian case, namely they
assume that G = I;. No result on speed of convergence is given in this paper. In [8], the authors
deal with the problem in finite dimension. They also only treat the Laplacian case and assume
that f(x,z) is convex and of quadratic growth in z and of polynomial growth in 2. No result on
speed of convergence is given in this paper. As far as we know, the explicit speed convergence
only appears in [9], but in finite dimension and under periodic assumptions for f(-,z) and g(-).
Furthermore, they assume that linear growth property in z for f with derivatives in z of first
and second order uniformly bounded.

Roughly speaking, we will assume that G : H — H is invertible and bounded operator,
g : H — R continuous with polynomial growth and f : H x Z* continuous, with polynomial
growth in the first variable and Lipschitz in the second variable.

2 Notations

We introduce some notations; let E, F' be real separable Hilbert spaces. The norm and the
scalar product will be denoted by | - |, (-,-), with subscripts if needed. L(F,F) is the space of



linear bounded operators E — F, with the operator norm, which is denoted by | - | L(&,F) - The
domain of a linear (unbounded) operator A is denoted by D(A). Lo(E, F) denotes the space
of Hilbert-Schmidt operators from E to F', endowed with the Hilbert-Schmidt norm, which is
denoted by | . |L2(E,F)'

Given ¢ € By(E), the space of bounded and measurable functions ¢ : E — R, we denote by
18llo = sup ez [B()]

We say that a function F' : E — F belongs to the class 4'(FE, F) if it is continuous, has a
Gateaux differential VF(z) € L(E, F) at any point « € E, and for every k € E, the mapping
x — VF(x)k is continuous from E to F (i.e. x — VF(x) ) is continuous from F to L(E, F) if
the latter space is endowed with the strong operator topology). In connection with stochastic
equations, the space ¢! has been introduced in [5], to which we refer the reader for further
properties.

Given a real and separable Hilbert space K and a probability space (€2, .#,P) with a filtration
Z, we consider the following classes of stochastic processes.

1. L%,(Q,%([0,T];K)),p € [1,00), T > 0, is the space of predictable processes Y with continuous
paths on [0, T] such that

Ylre @) =E sup |V} < oo
te[0,T]

2. LP,(Q,L*([0,T}; K)), p € [1,00), T > 0, is the space of predictable processes Y on [0, T] such
that

T p/2
YLz, @.L2(o.m.k) = B </0 IYtI%dt) < 0.

3. L% 106(€, L*([0, 00); K)) is the space of predictable processes Y on [0, 00) which belong to the
space L2, (2, L*([0,T]; K)) for every T' > 0.

In the following, we consider a complete probability space ({2, %#,P) and a cylindrical Wiener
process denoted by (W;):>o with values in E, a real and separable Hilbert space. .#; denotes the
natural filtration generated by (W;)s<¢ and augmented will P-null sets of .%#. H denotes a real
and separable Hilbert space in which the SDE will take values.

3 Preliminaries

We will need some result about the solution of the SDE when a perturbation term F' is in the
drift.

3.1 The perturbed forward SDE

Let us consider the following mild stochastic differential equation for an unknown process (X;):>0
with values in H :

t t
X, =z +/ =4 (s, X, )ds +/ IDAG(XT)AW,, YVt >0, P—a.s. (3.1)
0 0

Let us introduce the following hypothesis for the non-degenerate case:



Hypothesis 3.1. 1. A is an unbounded operator A : D(A) C H — H, with D(A) dense in
H. We assume that A is dissipative and generates a stable Cy-semigroup {etA} >0~ BY
this we mean that there exist a constant n > 0 and M > 0 such that B

(Az,x) < —n|z|?, Vo € D(A); |etA|L(H7H) < Me ™™, Wt >0.
2. For all s > 0, e*” is a Hilbert-Schmidt operator. Moreover |68A|L2(H7H) < Ms™ and
v €10,1/2).
3. F:Ry x H— H is bounded and measurable.
4. G is an operator in L(Z, H).
5. G is invertible. We denote by G~! its bounded inverse (Banach’s Theorem).

Remark 3.1. Note that under the previous set of hypotheses, we immediately get that :

|€SAG|2LQ(E,H) < |G|%(E, le SA|%2(H H)
< |Gz me AP (H,H)
s (ST
<|GlEzme™” (5) ;

which shows that for every s > 0 and z € H, 4G € Lo(H, H).

Lemma 3.2. Assume that Hypothesis 3.1 (only points (1.)-(4.)) hold and that F is bounded and
Lipschitz in x. Then for every p € [2,00) , there exists a unique process X* € LV, (Q,€([0,T]; H))
solution of (3.1). Moreover,

E sup [X/[P <CO(1+[z])?, (3.2)
0<t<T

for some constant C' depending only on p,v, M and sup,~qsup,cy |F(t,x)| but independent of
T > 0. -

If F is only bounded and measurable, then the solution to equation 3.1 still exists but in the
martingale sense. By this we mean, see [2], that there exists a new .7 - Wiener process (W7);>o

with respect to a mew probability measure P (absolutely continuous with respect to P), and an

F -adapted process X with continuous trajectories for which (3.1) holds with W replaced by w.
Moreover (8.2) still holds (with respect to new probability). Finally such a martingale solution is
unique in law.

Proof. For the first part of the Lemma, see [5]. The end of the Lemma is a simple consequence
of the Girsanov Theorem. O

We define formally the Kolmogorov semigroup associated to Eq. (3.1) as follow : V¢ : H — R
Pi[0)(z) = Ep(XY).

Lemma 3.3 (Basic Coupling Estimates). Assume that Hypothesis 3.1 and that F is bounded
and Lipschitz. Then there exist ¢ > 0 and 71 > 0 such that for all ¢ : H — R measurable with
polynomial growth (i.e. AC, u > 0 such that Yz € H, |p(x)] < C(1 + |z|*)), Vz,y € H,

|2l (@) = Pl ()] < &1 + |7 + [y|*H#)e ™. (3-3)

We stress the fact that ¢ and 1) depend on F only trough sup,~qsup,e g |F(t, z)|.



Proof. In the same manner as in the proof of Theorem 2.4 in [3], we obtain, for every x,y € H,
P(XP # XP) < (1 + [z + |y*)e™™.

Now write, for every z,y € H and ¢ : H — R measurable and such that Vo € H, |¢(z)| <
CQ+ |z|"))

| Z[0](x) — P [8](y)] < \/E(ch(Xi”) - (XY )PP(XY # XY)
< COA A+ lzl* + [y*) (1 + |zf* + |y[*)e™™
S O(L+ [z 4 [y[PTH)e .
O

Corollary 3.4. Relation (3.3) can be extended to the case in which F is only bounded measurable
and and for all t > 0, there exists a uniformly bounded sequence of Lipschitz functions in x
(Fn(t, ))n>1 (i.e. Vt>0,Yn €N, F,(t,-) is Lipschitz and sup,, sup, sup,, |F, (¢, )| < +oo ) such
that

lim F,(t,x) = F(t, ), Yt > 0,Vz € H.
Clearly in this case in the definition of P:[¢] the mean value is taken with respect to the new
probability P.
Proof. See Corollary 2.5 in [3]. O
We will need to apply the lemma above to some functions with particular form.

Lemma 3.5. Let {,¢' : Ry x H — Z* such that for all s > 0, ((s,-) and {'(s,-) are weakly*
continuous with polynomial growth. We define

Ty = | e ((0) ~ (@), i () £ o),
0, if C(s,2) = ('(s, ).

There exists a uniformly bounded sequence of Lipschitz functions (Yp,(s,))n>1 (i-e. Vn, Tp(s,-)
is Lipschitz and sup, sup,, sup, | Trn(s,x)| < 0o) such that

lm Y, (s,z) = Y(s,z), Vs>0,Vze H.
n
Proof. See the proof of Lemma 3.5 in [3]. O

3.2 The BSDE

Let us fix T' > 0 and let us consider the following BSDE in finite horizon for an unknown process
(Y, Z]"") 10 with values in R x =*

T
v, =T 4 /fo zTmyd —/ zhe=aw,, Vvt e 0,7, (3.4)

t

where (X7)¢>0 is the solution of (3.1).
We assume the following :



Hypothesis 3.2. There exist [ > 0, u > 0 such that the function f : H x Z* — R and &7 satisfy

1. F: H — H is a Lipschitz, bounded and belongs to the class ¢!,

[\

. 7 is a H valued random variable .%; measurable and there exists p > 0 such that |£T\ <
C(1 4+ supg<i<r | X7 |P),

3. Ve € H,Vz,2 € 2%, |f(x,2) — f(x,2))| <1z = 2|,

>~

.Vz e H, |f(z,0)] <C(1+ |z*).

Lemma 3.6. Assume that Hypotheses (3.1) and (3.2) hold true then there exists a unique solu-
tion in L%, (2, €((0,T); H)) x L%, (2, L*([0, T];E*)) for all p > 2 to the BSDE (3.4).

See [5], Proposition 4.3.

3.3 The EBSDE

Let us consider the following ergodic BSDE (EBSDE for short in the what follows) for an unknown
process (Y, Z;, A)¢>0 with values in R x 2% x R :

Ve vy /T F(X, Z7)ds /T ZTAW,, VT > 0, € [0,T]. (3.5)
t t
Hypothesis 3.3. There exist [ > 0, ¢ > 0 such that the functions F : H — H and f: H xZ* —
R satisfy :
1. F: H — H is a Lipschitz bounded function and belongs to the class ¢*,
2. Ve € H Vz,2 € 2%, |f(x,2) — f(x,2))| <1z = 2|,
3. Ve e H, |f(x,0)] < C(1+ |z|*).

Lemma 3.7 (Existence). Assume that Hypotheses (3.1) and (3.3) hold true then there exists
a solution (Y*,Z* \) € L% (Q,€([0,T); H)) x L% (2, L*([0,T};E%)) x R, for all T > 0 to the
EBSDE (3.5). Moreover there exists v : H — R of class 4 such that, for all x,2' € H, for all
t>0:

Y =v(Xy) and Z7 = Vu(X])G,

v(0) =0,

0(2) — ()] < C(L+ a2 + [o/[20),

[Vo(z)| < C(1+ [o**).

Proof. This can be proved in the same way as in [3]. O

In the following, we denote by (Y1»% ZT:®) the solution of (3.4) given by Lemma 3.6 and by
(Y*,Z*, X\) the solution of (3.4) given by Lemma 3.7.



4 Large time behaviour of solutions

4.1 Path-dependent framework
Theorem 4.1. Assume that Hypotheses 3.1, 3.2 and 3.3 hold true. Then, VT >0 :

v C(1+ ||+
OT — Al < %ﬁc‘) (4.1)
In particular,
YT,x
0
T T—>—+>oo ’

uniformly in all compact set of H.

Proof. For all x € H, T > 0:

YOT, x
T

YT = Y§ = AT
T

Yo

-2 <
- T

We have :

T
Y - YE = NI = €7 — o(XE) f Xz zT®y — (X%, Z2%)ds — | zD® — Z2dW,
0 0 T s s 0 s s

T
=T —p(X2) + / (zT — z)pTds — / zre _ 7. dw,,
0 0

where

‘ZT‘L Z‘EP 9

(F(X2,205)— f(X2,Z20)) (2]~ 2)* if ZI'* —Z7 #0
0, otherwise.

The process 37 is progressively measurable and bounded by [ therefore we can apply Girsanov
Theorem to obtain that there exist a probability measure Q7 under which WT =— fot pTds+ Wt

is a Wiener process. We recall that if we define My = exp (fo praw, — |BT\2ds) ,
following formula holds : dQT = MzdP.

Taking the expectation with respect to Q7 we get
Y1 —ve - AT = B2 (€7 — v(XE)). (4.2)
Thus

Yt — Y = AT

1+ EQ" [supg<i<r [ X [¥] 1+ E?" (|X%|2+H)
T C =-= +C .

<
- T T

The process (X7 ):>0 is the mild solution of

{ dX? = AXPdt + F(XP)dt + GBI yepdt + GAWE, ¢ >0,
X§=uw.



Thus, by Lemma (3.2), there exists a constant C' which does not depend on time such that

E2?" { sup |X;|ﬂ] < C(1+ |z,
0<t<T

e [ sup |X7|*| < C(1+ |of**),

0<t<T
therefore
YT Y = AT| O+ |z
< . 4.
T - T (43)
Finally note that
Yo | O+ faf?)
T\~ T ’
which gives the result. ]

4.2 Markovian framework
For the Markovian framework, we replace Hypothesis 3.2 by the following

Hypothesis 4.1. There exist [ > 0, ¢ > 0 such that the function f : H x Z* — R and &7 satisfy

1. F=0,

2. ¢T = g(X7r) for a continuous function g : H — H with polynomial growth, i.e. there exists
p > 0 such that |g(z)| < C(1 + |z|*),

3. Ve € H,Vz,2 € 2%, |f(x,2) — f(x, )| <1z = 2|,
4. f: HxZE* — R is continous and of polynomial growth, i.e. Vo € H, |f(z,0)| < C(1+|z|*).

Theorem 4.2. Assume that Hypotheses 3.1, 8.8 and 4.1 hold true. Then there exists L € R
such that,

Vee H, Y "-\N-Y§ — L.
T—+o00

Furthermore the following speed of convergence holds
Yo" = AT —v(@) = L] < C(1+ | + |2]*) (1 + [a[*)e ™"
Proof. Let us denote by (X", Y.75% zT57) the mild solution of

dX, = AX,ds + GdW,, s>t

AY, = —f(X,, Z,)ds + Z,dW,, s € [t,T]
Xt =T c }I7

YT = g(XT)

Now we define

up(t,z) == Y,"h*

wr(t,z) = ur(t,x) — MT —t) — v(z).



We recall that YI'4% = uz(s, X\®) and that Y = v(X?), where v is defined in the Lemma
3.5. Remark that taking ¢ = 0 implies Y.1'0* = YI'®. We recall that for all T, S > 0, ur is the
unique mild solution of

Quilb) o pu(t,x) + f(z, Vu(t,©)G) =0, Y(t,z) e Ry x H,
ur(T,r) = g(z), Va € H,

and that up,g is the unique mild solution of

ot

Qurss(te) + Zu(t,x) + f(z, Vu(t,z)G) =0, VY(t,z) € Ry x H,
UT+S(T+va):g(x)7 VJ?EH,

This implies for all x € H,
ur(0,z) = urss(S, ).
and then,
wr(0,z) = wrys(S, x) (4.4)

We are going to need some estimates on wp given in the following Lemma.

Lemma 4.3. Under the hypothesis of the Theorem 4.2, there exists C > 0 such that Vx,y € H,
vT >0,

|wT(07x)| < C(l + |x|2+ﬂ)’
CeCs
€
wr(0,2) — wp(0,y)] < C(1+ [P+ [y[PHH)e T

[Vawr (0, 2)] <

(14 |z, V0 < e < T,

<

Proof of Lemma 4.3 . The first inequality of the Lemma is a direct application of estimate (4.3).
Indeed, Vo € H,VT > 0,

jwr (0, 2)| = |ur(0,2) = AT —v(x)]
=Yy "~ Y5 = AT
< O+ [2*1), (4.5)
which gives the first inequality of Lemma.
Now, let us establish the gradient estimate. First remark that the inequality (4.5) still holds
for wr(t,z), ie. Ve € H, VT > t,
lwr(t,z)| < C(1+ |z|*TH). (4.6)

The process (wr (s, X1%))i<s<r satisfies the following equation, for all t < s < T,
. T
wr(s, X5") = wp(T, X37) +/ (f(XL=, ZzBbmy — f(XET, Z57))ds

T
—/ (ZEbe — Z87)dW,.



Now remark that for all ¢t < T < T the following equation hold by unicity of solutions,
Vi<s<T

T/
wr(s, X)) = wp (T, X37) +/ (F(XP", ZD0T) — f(Xp7, Z)7))dr

T/

- [ @ - zemaw,

T/
= wp_ O,Xt’,w + Xt,m7ZT,t,x _ gz 4 7%\ _ f Xt,ac7Zt,ac dr
T T T T T T T

T/

_/ (ZzIbe — Z2)dW,.
t

where we have used the equality (4.4) for the second line.
And we recall that (see [4] Theorem 4.2 and [3] Theorem 3.8), Va,h € H,Vs € [t,T]

2T = Vaun (5, X07)G,
ZF = V,u(XG.

Then :
zhte _ 76 — 7 wr(r, X097 G.

Thus applying the Bismut-Elworthy formula (see [4], Theorem 4.2), Vo, h € H, Vt < T :
T
vsz(t7 x)h = E/ [f (X?xv vsz(T, X’f‘,x)G - Z?x) - f (X£7xa Z?az)]Uh(& L, Qj)dS
t

+E [[wT—T’)(Oa X;’,’z)]Uh(Tlvtvx)] 3

where, VO < s < T, Vx € H,

s o~
Uh(s,t,x) = / <G WL XLTh, AW, > .
t

G —
Let us recall that

Vo XD7h =elsh4n,
then,

1 S
E|U"(s,t,z)> = |S_t|2/t |GV, X (u, t,z)h|>du
Clh?
<

_s_t7

where C' is independant on ¢, s and =x.
Then,Vz,h € H, Vt < T , using inequality (4.6)

T’ t,x 2+

|V wr(s, X)) (14 |z|*T#)|h|

Ve t,x)h| < C E s d C .
|Vewr(t, z)h] /t 3 s+ s

10



We define

|V cwr(t, z)h|

S T D)

then

T’ 24
o o(s) _— (-+ faf> )l
wr(t,z)h| < C E(1+|X; Mlh|ds + C
Vowr(tah| < C [ 2B+ X hlds + O

which leads to

|V wr(t, z)h| /
Wowrlt, 2)h d
L+ [22rA)h] = \/s—t ST

Taking the supremum over x and h, we have

T/
t)gc/ 20) gsp ¢
¢ Vst VT —
Then by Lemma 7.1.1 in [7] :

(L4 |xPt oo
v t h<0h7 (=1,
|Vewr(t, z)h] A s

which gives us the second estimate of Lemma for ¢ = 0:

(A A+ |22 +]a]") cqr

For the third inequality of Lemma, we have by equation (4.2), Vo € H, VT >0 :
T
wr(0,7) = EY (g(XF) — v(XF))
=E(g(U7) — v(U7)),

where U? is the mild solution of the following equation defined Vi € R :

dUY = [AUF + F(UP) + Bf liop)dt + GAW,, U = .
Therefore, Vo € H VT >0 :

lwr(0, ) —wr(0,y)| = [E(9(Ur) +v(U7)) — E(9(Uz) + v(Uz))|

Remark now that in the Markovian framework, (3] 1i<7)i>0 is Markovian. Furthermore BT s
uniformly bounded in T by [ therefore we can apply the Corollary 3.4, we obtain

wr(0,2) = wr(0,)] < O+ |2 *# + [y[*T)e™"T. (4.7)
O

Now, let us come back to the proof of the Theorem. The first estimate of Lemma 4.3 allow
us to construct, by a diagonal procedure, a sequence (T;); ,* +oo such that for a function w
defined on a countable dense subset of H (denoted by D) : (w: D — R) the following hold

Ve € D, lim wr,(0,2) =w(x).

1— 400

11



Then, it is possible to extend this function to the whole H thanks to the second inequality of
Lemma 4.3.

Now, let us show that w : H — R is constant. We have, by the third inequality of Lemma
4.3, for all z,y € H and T > 0,

wr(0,2) — wr(0,y)] < O+ [z + [ + [yl* + [y|*) (1 + |2 + |y|*)e ™.

Applying the previous inequality with 7' = T; and taking the limit in ¢ show us that z — w(x)
is a constant function, namely there exists L; € R (independent of ) such that : Vo € H

limwy, (0,2) = Ly.

Now remark that {wr(0,-); T > 1} is a relatively compact subspace of the space of continuous
functions H — R for the uniform distance thanks to the two first inequalities of Lemma 4.3.
Therefore, if we show that {wr(0,-); T > 1} admits only one accumulation point, it will implies
that

lim wr(0,2) = L.
T—+o00

Now we claim that the accumulation point is unique. Let us assume that there exists another
subsequence (77 );en such that lim; wyzv(0,2) = Ly (note that it must be a constant by the third
inequality of Lemma 4.3). /

Let us write, Vo € H, VT, S >0 :

wrys(0,2) = YTT5% _\T + §) -
S
P / (F(X7, ZT¥S%)  f(XE, Z2))dr

S
[ g,
0

S
YIS AT g+ / (25 — Z2)aW,,
0

where
(F(X2,2TH52) - p(XZ,20)(21 5" —22)" e 7T+S,
ﬂT-‘rS — . |ZST+S'£*ZS“”\2 . =, if Zs o st 7& 0
, otherwise,
and

N t
WiTS = 7/0 BI*+5ds + W,

Taking the expectation with respect to the probability Q7+ under which WT+S is a Brow-
nian motion we get (using equality (4.4) for the third line):

wris(0,2) = X (V{97 - AT - vg)
T+S z
E? " (wris(S, XE))
(

wT(0> X;E))
= E(MT(O7U§)) (4.8)

QT+S
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where U” is the mild solution of the following equation defined V¢ € Ry :
AUF = [AU? + F(UF) + I 51,cppg)dt + GAW,, UE = =

This implies, substituting 7" by 7} and S by T; — T/, (up to a subsequence for (T;);cn such that
Ti > T7)

wr (0.2) = E(wr, (0.UF _,))
We have:
lilm wr,(0,z) = Ly.
Furthermore,
lwry (0, U7, _qv) = La| < |wry(0,Ur,—17) — wry (0, 2)| + [wry (0, 2) — Lo|
< O+ |2 + |Up, | 7H)e ™1 4wy (0,2) — Lo,
thanks to the third inequality of Lemma 4.3. Now remark that Vp > 0, Ve > 0,

P(|Uz, -1 [Pe ™™ > &) <E[|Ur,_g;[Pe ") /e

—pATy

6 1

<C )
€

which shows that

|’LUTi' (O7 UT1_TL,) - L2| — 0, P—a.s.

1——400
Then, by the dominated convergence theorem :
hm E(le’ (O7 UTL.,Ti/)> == Lg.
Therefore L1 = Ly, which as mentioned before, implies that

lim wr(0,2) = L.
T—+o00

Now we prove that this convergence holds with an explicit speed of convergence. Let us write,
Ve € H VT > 0,
jwr(0,2) — Ll = 1im_|wp(0,2) — wy (0, z)]
V—+4oco

=l Jwn(0,2) ~ E(wr (0,03 )|

thanks to equality (4.8), where U?® is the mild solution of the following equation defined V¢t € R
AUY = [AUF + F(UF) + 8 Licy]dt + GAW,, U = .

Now, thanks to the third estimate in Lemma 4.3, one have,
lwr (0, ) — L| < Vlir}rl CE (1 + [z**# + [UE_z|*T#) e T

<O+ |z T)e T,

13
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