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Abstract

We investigate the fast relaxation of internal energy in nonequilibrium gas models derived from
the kinetic theory of gases. We establish a priori estimates and existence theorems for symmetric
hyperbolic-parabolic systems of partial differential equations with small second order terms and stiff
sources. We also establish the stability of the corresponding equilibrium systems. We then prove
local in time error estimates between the out of equilibrium solution and the one-temperature
equilibrium fluid solution for well prepared data and justify the apparition of volume viscosity
terms. The situation of ill prepared data with initial layers is also addressed.

1 Introduction

The kinetic theory of polyatomic gases shows that the volume viscosity coefficient is related to the
time required for the internal and translational temperatures to come to equilibrium [6, 18, 39, 40, 3].
We establish in this paper local in time error estimates between the solution of an out of equilibrium
two-temperature model and the solution of a one-temperature equilibrium model—including volume
viscosity terms—when the relaxation time goes to zero.

The system of partial differential equations modeling fluids out of thermodynamic equilibrium as
derived from the kinetic theory of gases is first summarized [3, 4]. This system and its symmetrizability
properties have been investigated in previous work [30]. The symmetrizing normal variable w of the
out of equilibrium model is given by

1 1 1\t
1.1
W ('O’v’Ttr T’ T)’ (1.1)

where p denotes the gas density, v the fluid velocity, T3, the translational temperature, T;, the internal
temperature, and T the local equilibrium temperature. The resulting system of partial differential
equations is in the general abstract form

_ _ _ 1_ _
Ao (w)d,w —|—Z A;(W)ow — €4 Z i (Bij (w)dw) + ;L(W)W = egb(w, O wy), (1.2)
€D i,jED

where 0; denotes the time derivative operator, d; the space derivative operator in the ith direction,
D ={1,...,d} the spatial directions, d the space dimension, ¢, ¢, € (0, 1] two positive parameters and
w = (wy, wy)? is decomposed into its its hyperbolic components w; and parabolic components wy;. The
matrix Ag is symmetric positive definite and bloc-diagonal, A; are symmetric, Efj = Bj;, B;; have
nonzero components only into the right lower E?ju blocs, B = > ijep E;;H(w){lfj is positive definite
for £ € X971 L is positive semi-definite with a fixed nullspace £, and b(w, d,wy) is quadratic in the
gradients. Denoting by 7 the orthogonal projector onto fl, the normal variable w is such that we
have the commutation relation m1Ay = Agm. The source term is also naturally in quasilinear form as
is typical in a relaxation framework and often encountered in mathematical physics [52]. The small
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parameter € is associated with energy relaxation and the small parameter €4 associated with second
order dissipative terms.

We then establish a priori estimates for abstract linearized symmetric hyperbolic-parabolic systems
(1.2). Symmetrized forms are important for analyzing hyperbolic as well as hyperbolic-parabolic sys-
tems of partial differential equations modeling fluids [31, 19, 49, 34, 36, 7, 43, 24, 20, 8, 17, 51, 37, 2, 45].
A priori estimates are obtained uniformly with respect to the parameters eq € (0,1] and € € (0,1].
Denoting by w* a constant equilibrium state and 7 a positive time, we estimate w — w* in the space
C°([0,7], H') as well as 9w and mw/e in L?((0,7), H'~1) for | > [d/2] + 2 where H' denotes the usual
Sobolev space. A priori estimates notably require the commutation between the mass matrix and the
orthogonal projector onto the fast manifold 7Ag = Agm. These estimates lead to local existence theo-
rems for well prepared initial conditions on a time interval independent of both parameters eq € (0,1]
and € € (0,1]. Key points for local existence are notably to take into account stiff sources in the
linearized equations in order to build the successive approximation sequences as well as new estimates
for time derivatives. Stronger estimates for time derivatives are also established when the initial time
derivative is close to the equilibrium manifold. The situation of ill prepared data is also addressed with
inital layers.

We finally investigate the singular limit €,e4 — 0 in the system modeling fluids out of thermody-
namic equilibrium. Various relaxation models have also been investigated in the literature in different
physical and mathematical contexts [7, 8, 37, 41, 45, 50, 53]. In order to investigate the asymptotic
behavior of solutions as €, ¢; — 0 we combine a priori estimates out of thermodynamic equilibrium with
stability results associated with the one-temperature equilibrium limit model. We establish in particular
that perturbed hyperbolic-parabolic systems with small second order terms and perturbing right hand
sides also admit local solutions that depend continuously on perturbations. Applying these general re-
sults to the situation of gas out of thermodynamic equilibrium, and denoting by we = (pe, Ve, —1/T%)*
the solution of the equilibrium one-temperature model including the volume viscosity terms and by
ow = (p,v,—1/T)" the projection on the slow manifold of the normal variable w out of equilibrium,
we establish that pw — w, = O(e(e + ed)). This justifies the addition of the volume viscosity terms in
the one temperature equilibrium governing equations discarding O(e(e + ed)) Burnett type residuals.
To the author’s knowledge, it is the first time that the apparition of the volume viscosity coeflicient
is justified rigorously with an error estimate and a convergence analysis. Note incidentally that ex-
perimental measurements [42, 47] as well as theoretical calculations [6, 18, 39, 3] have shown that the
volume viscosity coefficient is of the same order as the shear viscosity coefficient for polyatomic gases
and the impact of volume viscosity in fluid mechanics has also been established [9, 32, 1, 3].

The nonequilibrium two-temperature model and its symmetrization are summarized in Section 2.
A priori estimates and local existence results are established in Section 3. Stability for equilibrium
models and convergence of the nonequilibrium model towards the one-temperature model is established
in Section 4.

2 Governing equations

The system of equations modeling fluids out of thermodynamic equilibrium as derived from the kinetic
of gases is summarized and recast into a convenient normal form [3, 4, 30]. The local equilibrium
temperature, the volume viscosity coefficient, and the equations at equilibrium are also discussed.
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2.1 Conservation equations

In a nonequilibrium gas with internal degrees of freedom, the conservation of mass, momentum, internal
energy and total energy may be written in the form [3]

Op+ V-(pv) =0, (2.1)
O (pv) + V-(pvev +pl)+ V-II =0, (2.2)
9, (pein) + V- (pvew) + V-Qy, = win, (2.3)
O, (plew + em + 3[v[*)+ V- (pv(ew + € + 1[v|*) + vp)

+ V(Q +Qy, +IT-v) =0, (2.4)

where V denotes the space derivative operator, p the mass density, v the fluid velocity, ® the tensor
product symbol, p the pressure, IT the viscous tensor, I the unit tensor in the physical space R?, e;,
the internal energy of internal origin per unit mass, @, the heat flux of internal origin, wi, the energy
exchange rate, e, the internal energy of translational origin per unit mass, and Q,, the heat flux of
translational origin. The components of v and V are written v = (v1,...,v4)" and V = (91,...,04)"
where v; denotes the velocity in the ith spatial direction, 9; the derivation in the ith spatial direction
and bold symbols are used for vector or tensor quantities in the physical space RZ. The equations
(2.2)-(2.4) have to be completed by relations expressing the thermodynamic properties ey, e, and p,
the rate of energy exchange win, and the transport fluxes IT, Q;, and Q..

2.2 Thermodynamics

The pressure p, the total internal energy per unit mass e, the internal energy of translational origin
per unit mass ey, and the internal energy of internal origin per unit mass e, are in the form

T

p= pTTtrv € = € + €Ein, Ctr = Cv,tthr; €in = €in,st + / Cin(T/) dT/a (25)
Tst

where r denotes the gas constant per unit mass, ¢y = %r the translational heat at constant volume
per unit mass, T}, the translational temperature, ¢;, the internal heat per unit mass, Ti, the internal
temperature, Ty the standard temperature, and ej, s the internal formation energy at the standard
temperature. We will also use in the following the translational heat at constant pressure per unit
mass Cpr = %r and the formation energy at zero temperature el = eiy(0).
The rate of energy exchange between the translational and internal degrees of freedom wj, may
finally be written [3]
PCin

Tin

(Ttr - T’in)y (26)

Win =

where 7i, denotes the energy exchange time.

2.3 Transport fluxes

In the framework of the kinetic theory of polyatomic gases out of thermodynamic equilibrium, the
translational and internal heat fluxes are in the form [3]

Qtr - - )\tr,trVTtr - )\tr,inVT’iny (27)
Qin - - )\in,trVTtr - Ain.,inVT‘in; (28)

where Agrtr, Atrjin, Ainjtr, and Aip in denote thermal conductivities. On the other hand, the viscous
tensor is given by
II = —n(Vv+ (Vo) — 2(V-v)I), (2.9)

where 7 denotes the shear viscosity and d’ the dimension of the velocity space in the underlying kinetic
framework. It will be assumed in the following that the dimension of the kinetic velocity space d’ is
such that 2 < d’ and d < d’. The assumption 1 < d < d’ means that the spatial dimension d of the
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model has eventually been reduced. The assumption 2 < d’ is natural since d’ = 3 in our physical
world and since IT is identically zero when d’ = 1.

The thermal conductivities Aty tr, Atr,ins Aintrs a0d Ainin and the shear viscosity n are obtained
from the kinetic theory of non equilibrium gases [3]. From the expression (2.9) it is also noted that the
viscous tensor IT does not present a volume viscosity term and our aim is to investigate the apparition
of such a contribution in the one-temperature equilibrium limit model as the relaxation time 7, goes
to zero.

2.4 Mathematical assumptions

The mathematical assumptions associated with the thermodynamic properties, the energy exchange
rate, and the transport coefficients are the following where > > 3 denotes the regularity class [26, 20,
3, 30].

(T1) The formation energy ein s and formation entropies Sy and Sing, are real constants. The
mass per unit mole m, the gas constant R, and the gas constant per unit mass r = R/m are
positive constants. The internal species heat per unit mass cin(Tin) is a C*~1 function over
[0,00) and there exist constants ¢ and € such that 0 < ¢ < ¢in(Tin) < T for all Ty > 0.

(T2)  The energy exchange rate Tin(p, Ter, Tin) s in the form

st =st
Tin = €Tin = L Tin , (2.10)
p

where € € (0,1] denotes a positive parameter, Tin(p, Ttr, Tin) = p*75¢/p the rescaled energy

exchange time and 758 (Tyy, Tin) the rescaled energy exchange time at the standard pressure p*
which only depends on Ty, and Ti,. The rescaled time 75 is a positive C* function of the two

temperatures Tiy, Tin € (0,00).
(Tr1)  The coefficients 1, Airtrs Atrins Aintes 1A Ain,in are in the form

N = €41, /\tr,tr :Ed/\tr,trv /\tr,in = Ed)\tr7inv

Ain,tr = Ed/_\in,tr, Ainin = €4\ (2.11)

in,in>»

where eq € (0, 1] denotes a positive parameter, and 7, A

and X

in,tr’ in,in

\ P2
it and Ay 5, are CF func-

tr,tr A A the rescaled
transport coefficients. The rescaled coefficients 17, )‘tr,tri by

tions of the two temperatures Ty, Tin € (0,00).

tr,in’

A

tr,in’

(Tr2)  For any Ty, Tin € (0,00), the matrix

T’in/\in,in Ttr/\in,tr 1

B B (2.12)
111%1)‘ Tt2r)‘tr,tr

tr,in

is symmetric positive definite. In the viscous tensor (2.9), the coefficient n is positive and the
dimension d' of the kinetic velocity space is such that max(2,d) < d'.

The rescaled energy exchange time 7, as well as the rescaled transport coefficients 7, Ay, ¢, A

tr,in>
Xin,tr’ and Xin)in have been introduced in order to investigate the fast relaxation limit.
2.5 Volume viscosity
The local thermal equilibrium temperature is defined as the unique scalar T" such that
Ctr (T) + €in (T) = etr(Ttr) + eil’l(ﬂl’l)7 (213)

keeping in mind that ey, (T') +ein(T) is an increasing function of T'. The temperature T is a C* function
of (Tir, Tin) and is the temperature that would be obtained at local thermal equilibrium T, = Tiy,
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assuming that the internal energy ey, +e;y, is kept fixed. Letting ¢, = fol Cin (Tin—l—s(T—Tin)) ds, we may
write e, (T) —€in (11111) = (T_T‘in)gin so that (Ttr _T)Cv,tr = (T_ﬂn)an and (Ttr _T)gv = (Ttr _/Tin)gin
where ¢, = ¢y iy + Cin (T, Tin). Letting ¢y (Tin) = ¢y ir + ¢in(Tin) and

TCinPTin T Cin DT

k= k(Ti, Tin) = s e (2.14)

the following relation is obtained after some algebra

pr(T = T) = £V~ (I1:V0 + V-Q, ~ 20V-Q,

mn

+ p0,(Tex — Ti) + pv-V (Toe — T )). (2.15)

Note also that we have k = €& with & = 7 Gy pTin/(¢vCy) from assumption (2.10). Equation (2.15) is a
relaxation equation that yields formally pr(Ti, —T) = —kV-v + (’)(e(e—i—ed)) so that both temperatures
Tt and Ti, should converge towards the local equilibrium temperature 7. In the momentum equation,
the pressure tensor prii.I + IT is thus asymptotically in the form

prToI +IT = prTT — 5 (V-0)I —n (Vo + (Vo) — 2(V-0)I) + O(e(e + €4)).

This is in agreement with classical one-temperature models where the pressure pr1' is evaluated at
the thermal equilibrium temperature T and the viscous tensor IT includes a volume viscosity term
—k(V-v)I. Such a physically intuitive derivation may be found in many physics papers and books
either in a molecular framework or in a macroscopic fluid framework usually around equilibrium states
[6, 18, 39, 40, 3, 4, 5]. Numerical simulations using Boltzmann equation have consistently established
that the limit one-temperature model is an accurate description of the two temperature fluid when the
relaxation time is small [3]. In previous work [30], it has further been established that the Chapman-
Enskog method exactly yields the one-temperature fluid equations with the volume viscosity terms in
the fast relaxation limit. One of the goals of this paper is to justify with an error estimate both the
above physically intuitive approximation as well as the accuracy of the two term Chapman-Enskog
expansion.

2.6 Quasilinear forms
Letting n = d+ 3, the conservative variable u € R™ associated with equations (2.1)—(2.4) is found to be
t
u= (pa PV, PEin, P(etr + €in + %|’U|2)) )

and the natural variable z € R™ is defined by z = (p,v, Tin,Ttr)t. For convenience, the velocity
components of vectors in R” = R x R% x R? are generally written as vectors of R?. We introduce the
corresponding open sets O, and O, of R™ given by

Oy = {u = (Up, Uy, Uin, Uc1)t € R™; u, >0, ujy > upe?n, Uy > f(up,u,,,uin)}7

where f(Up, Uy, Uin) = Uin + %uv-uv/up and O, = (0,00)xR%¥x(0,00)2. The following proposition has
been established in our previous work [30].

Proposition 2.1. Assuming that (T1) holds, the map z — u is a C* diffeomorphism from the open
set O, onto the open set O, and the open set O, is conver.

The equations modeling fluids out of thermodynamic equilibrium may then be written in the com-
pact form
- 1
d ™
atU'FZaiFi‘f'EdzaiFilbb—ZQZO, (2.16)
€D i€D
where F; denotes the convective flux in the ith direction, e; the Knudsen number, F$ the rescaled
dissipative flux in the ith direction, € the relaxation parameter, and §2 the rescaled source term.
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From the governing equations (2.1)—(2.4) the convective flux F; in the ith direction is given by
Fi = (pvi, povi + pes, peinvs, (pew + pein + Lplv)? + p)ui)’, (2.17)
where e; denotes the basis vectors of R?. Similarly, the dissipative flux ¢,F{** is given by
eaF™ = (0, IT;, Qini, Quei + Qini + Hi'v)t, (2.18)

where Qy, = (Qtr.1,- -5 Qtr,d)'s Qi = (Qin,1y- -+, Qina)ty IIij, 1 <i,j < d, are the components of the
viscous tensor IT, and IT, = (I1y;,. .., I14)". The source term is finally given by

%Q = (0,0,win,0)". (2.19)

From the expressions of the viscous tensor and of the heat fluxes we deduce that the dissipative fluxes

Fdiss may be written in the form F&iss = — djep @ij (z)0;z. Using Proposition 2.1, we may then write
that Fdiss = — > jep Bij(u)dju where the dissipation matrix B;; is defined as B;; = Eijauz. Further

introducing the Jacobian matrices of the convective fluxes A; = 0,F; the governing equations are finally
rewritten into the compact form

du+ Y Ai(u)du—eq > 0i(B ——Q( ) = 0. (2.20)

i€D i,j€D

In previous work [30], all normal variables leading to a symmetric hyperbolic-parabolic structure

have been shown to be in the form (.E(p), Fu(v, Tin, Ttr))t where F; and JF;; are diffeomorphisms in R
and R¥*2, respectively. The natural variable z is in particular a normal variable but for convenience
the following normal variable will be used

1 1 1\t
= _ - — =} 2.21
w (P’”’T“ o T) (2.21)

The density w; = p is the hyperbolic variable, w;, = (v, % — T1 s L)* the parabolic variable, and

the corresponding normal form has been evaluated [30]. The third component of w goes to zero with
the relaxation time and the other components (p,v, -1 /T) are expected to converge towards the

corresponding normal variable at thermodynamic equilibrium w, = (pe, Ve, —1/ Te)t.

Theorem 2.2. Assume that (T1)(T2) and (Try)(Trp) hold. Then the map u — w is a C*~* diffeomor-
phism from O, onto the open set O, = (0,00)xRIxRx(—00,0). The system written in the w variable
is in the normal form with a source term in quasilinear form

oW+ > Ai(w)diw —eq Y 0 (Bij(w)diw) + %E(W)W = eqb(w, D, wyy), (2.22)
i€D i,j€D

and the matrices Ag, A;, i € D, E-j, i,j € D, L, as well as the quadratic residual b and the source

term Q are detailed in previous work [30]. The matriz Ag is symmetric positive definite, A;, i € D,
are symmetric, we have EZ—J— = Eji, i,j € D, L is positive semi-definite with a fized nullspace E, and
b(w, d,wn) is quadratic in the gradients. Using the bloc structure induced by the partitioning between
hyperbolic and parabolic variable, Ay is bloc diagonal, B;; has nonzero coefficients only in the right
lower bloc E?j“ and for any & in the sphere X% the matriz B (w, &) = ZMGD E-j (W)&;&; is positive
definite. The matrices B;; have the structure B;; = %EA&J«}—%EZ where B is associated with thermal
conductivities and E?j with shear viscous effects. The equilibrium linear manifold with respect to the
normal variable is the fived subspace E = RxR¥x {0} xR and the normal variable w is quasilinear on

the fast manifold zh = Regto. Finally, the normal variable is compatible with the fast manifold so
that mAg = Agr.
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2.7 Equations at equilibrium

In order to investigate the fast relaxation limit € — 0 we will need to establish a stability theorem for
the equations governing fluids at thermodynamic equilibrium that are summarized in this section. The
equations modeling one-temperature fluids are in the form [20]

9ype + V-(peve) =0, (2.23)
0y (peve) + V- (peve®@ve + peI) + V- II, =0, (2.24)
9, (pee + %p|UC|2) +V- (’Uc(pec + %p|’00|2 +p0)) +V(Q. + Hcve) =0, (2.25)

where the subscript e denotes thermodynamic equilibrium, p, the mass density, v, the fluid velocity,
Pe the pressure, IT, the viscous tensor involving the volume viscosity, e, the internal energy per unit
mass, and @, the heat flux.
The pressure p, and the internal energy per unit mass e, are in the form p, = perTc €. = €c st +
;;etcv (T") AT’ where ¢, (Te) = ¢y 4r + cin(Te) denotes the heat at constant volume per unit mass, T, the
equilibrium temperature, e formation energy at the standard temperature and we have eo(T.) =
etr(To) + €ein(Te). The equilibrium viscous tensor is in the form

II. = —ke(Te) (V-ve) I = ne(Te) (Ve + (Vo) — 2 (Veve)I), (2.26)

where 1.(T.) = 1n(Te, To) and ke(Te.) = K(Te, To) s0 that ke = 7 ¢in pTin/c2, and the heat flux is given
by Qe = _)\C(TC)VTm with )\C(TC) - )\tr,tr(Tc; Tc) + At:r.,in(T’m To) + )\in,tr(Tc; Tc) + Ain,in(T‘m To)

Letting ne = d + 2, the conservative variable u, € R™ associated with equations (2.23)—(2.25) is
Ue = (pe, PeVe, PCe + %peve-ve)t and the corresponding natural variable reads z, = (pe, Vo, Te) . The
corresponding open sets are given by O,, = {ue = (U, Uy, ut1)t € R"; u, >0, ug > f(u,, uv} where
Ie(up,up) = u,el + %% and O,, = (0, 00)xR%x(0,00). The map z, — u, is easily shown to be a C*
diffeomorphism from O, onto O, . Introducing the convective and dissipative fluxes of the equilibrium
fluid model (2.23)—(2.25)

t
FS = (peVeir peVevei + Pe€is (pee + Pe + 3 pelvel*)vei) (2.27)

eaF$ 9 = (0, I, Qei + v, (2.28)

using straighforward notation, the system at equilibrium may be rewritten in qualilinear form

Oyue + Z Af (ue)Oiue — €q Z 9;(B§; (ue)djuc) =0, (2.29)

i€D i,j€D

where A?, i € D, denote the Jacobian matrices A7 = 0, F; and Bf;, i,j € D, the dissipation matrices
at equilibrium with F¢diss = —Z]ED Bf;j0jue [34, 36, 20]. The equations of the one-temperature

equilibrium model may also be written in normal form [30] with the normal variable

1\¢
we = (pesve, =) - (2.30)

where the density we; = pe is the hyperbolic variable and wey; = (ve, —%)t the parabolic variable.

Theorem 2.3. Assume that (T1)(T2) and (Try)(Tra) hold. Then the map ve — We is a C*~ 1 dif-
feomorphism from O, onto the open set Oy, = (0,00)xR4x(—00,0). The system written in the we
variable is of the normal form

Ao (We)d,we + Zﬂj(we)&»we — €4 Z@i (Ejj (We)OjWe) = €gbe(We, Owie), (2.31)

ic€D i,jED
where KB, K?, 1€ D, E;- are detailed in [30] and have regularity at least 3 — 1, and b, is a quadratic
residual. The matrices at equilibirum are related to the analog matrices out of equilibrium with the
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relations Ay = 1 Ao (hwe ), A; = A (pwe)) with

1 01q O
041 I 041
P = . (2.32)
0 014 O
0 014 1
Moreover, the dissipation matrices EZ have the structure EZ = %E)\)eéij + ffi‘gze + TﬁTC‘EZe with

K,e
iy

B = Pt E)\(’Q/JWQ)’Q/J and B} = ¢! B};(ywe)y whereas the matrices By, , i,j € D, are given in [30].

Denoting by ¢ the linear operator ¢ = 9! where 1 is the rectangular matrix (2.32), one of the
goal of this paper is to establish that the equilibrium projection ¢pw of the normal variable w out of
thermodynamic equilibrium is close to the normal variable w, at thermodynamic equilibrium so that
oW — we = O(e(e + €q)).

3 Hyperbolic-parabolic systems with stiff source terms

We investigate in this section local existence theorems for hyperbolic-parabolic systems of partial
differential equations in normal form with small second order terms and stiff sources.

3.1 Preliminaries

We consider an abstract hyperbolic-parabolic system with small second order terms and stiff sources
in normal form. The system is written

Ao (w)d,w —I—Zﬂi(w)&w —€q Z 9;(Bij(w)d;w) + =L(w)w = egb(w, O wy), (3.1)
i€D i,jED ¢
where w = (w,wy;)t € O, O, is an open set of R, w; are the hyperbolic components, w;; the

parabolic components, and €4, € € (0, 1] are two positive parameters. The dimensions of the hyperbolic
and parabolic components are denoted by n; and n; respectively so that n = n;4+n;. The matrices Ao,
A;, Bij, and L are assumed to have at least regularity s —2. We will generally assume that s is as large
as required by the various theorems in the following, in particular that »x —3 > [+ 1 > [y + 2 where

lo = [d/2] + 1. The matrix Ag is symmetric positive definite, the matrices A; B;; satisfy Ezj = Bj;, and
L is positive semi-definite with a fixed nullspace E. The matrices Ay and EJ—, i,7 € D, have the bloc
structure 0
— AO On‘,n“ —= O’n«hnx Onhn!!
Ao = —,ar | o Bij = —, | s
Onu;’ﬂl AO O"u-,’n«l B'Lg
and B (w, &) = > ijeD Ezlj’n(w)&@ is positive definite for w € O,, and £ € Y9!, The quadratic
source term is also in the form
_ o . t
b(w, O wy) = Z M; (W)O;wo;w = (0, Z MIZ-[J?“’“(W)@WI@J-WH,) (3.2)
i,jED i,jED

where M;; are third order tensors depending on w with at least regularity s — 3. Denoting by 7 the

orthogonal projector onto the orthogonal of the equilibrium manifold %L, we assume that Ay satisfies
the compatibility condition B B
T Ag(w) = Ag(w) T, we O, (3.3)

We are only interested in well prepared initial data in this section, that is, we assume that the initial
condition wy is close to the equilibrium manifold £ in such a way that 7w is small. The situation of
ill prepared data will be investigated with initial layers.

We denote by u*, v* and w* corresponding constant equilibrium states in the u, v and w variables
respectively, so that vv € O, N E, w* € O, N E and 7w* = 0. We denote by | e |, the norm in the
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Sobolev space H!(R?) and otherwise || ®|| , in the functional space A. We will denote the Sobolev space
HYR?%) by H! in order to alleviate notation. If a = (a1,...,a4) € N is a multiindex, we denote as
usual by 0% the differential operator 07" - --95¢ and by |a] its order |a| = oy + --- 4+ aq. The square
of k' derivatives of a scalar function ¢, like T', p, or v;, 1 < i < d, is defined by

ool = 3 Borer = Y0 00,00 (3.4

la|l=k 1<iq,.n0yip <d

where k!/a! are the multinomial coefficients and similarly, for a vector function like v we define |0¥v|? =
> <ieq|0%v;|?. Finally, for any map ¢ : [0, 7]xR? — R™ where 7 > 0 is positive and for any 7 € [0, 7],
we denote by ¢(7) the partial map x — ¢(7,x) defined over R%.

3.2 A priori estimates
We consider in this section linearized equations in the form
— - — - - 1
Ao(W)O,W + Z;Ai(w)aiw —eq lZDBij (W)0:0;% + —L(w)W = f + cag. (3.5)
1€ 1,]€

Such linearized equations (3.5) are useful in order to build sequences of successive approximations that
converge towards solutions of the nonlinear equations (3.1) as well as to estimate the derivatives of
such solutions. For a given 7 > 0 and | > Iy + 1 where Iy = [d/2] 4 1, we assume that w is such that

w, —w; € CO([0, 7], HY) nct([o, 7], H' 1),
0 -1 171 1 —1 r7l-2 (3.6)
WII_W;(IEC ([O,T],H)ﬁc ([O,T],H )7
dwy € L2((0,7), HY), (3.7)
and we define .
sup w(r) — w2 = M2, / ow(r)[2, dr = M. (3.8)
0<r<7 0
We consider O such that Oy C O, d; such that 0 < d; < d(Op, d0,,), and define
0, = {W S OW; d(W,@o) < dy } (39)
It is also assumed that w, and w are such that
wq(x) = w(0,x) € Op, w(t,x) € O, teo,7], xeRL (3.10)

The following priori estimates for linearized equations will be of fundamental importance for exis-
tence theorem of the full quasilinear system (3.1).

Theorem 3.1. Let | > lg + 1 with lo = [d/2] + 1, consider the linearized system (3.5), and assume
that the solution w is such that

w, —w; € CO([o, 7], HY) ncr ([0, 7], H' 1),

i — a5, € CO([0, 7, HY) 1 CL([0, 7], HI=2) 1 L2((0, 7), HH), (8.11)

where W* = (Wf,w})! is a constant state W* € E. Further assume that
fec(jo,7], H ) n L ([0, 7], H'), (3.12)
geC'([0,7,H'Y), g=0, (3.13)
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and denote by Wo the initial state wWo(x) = w(0,x). Then there exists constants c¢1(O1) > 1 and
c2(01, M) > 1, with ca(O1, M) increasing with M, such that for any t € [0, 7]

t

_ _ 1, _ . 1t
sup {(r) ~ @'}t + (O} + o [ [T(r) ~ Tolydr + 2 [ i) dr
0<r<t € 0 €Jo

IO 1, - L
<c? exp(C2(t + Ml\/f)) (|w0 — W7+ Z|7rwo|% + €4Ca /|g“(7)|l2_1 dr
0

+ CQ{/Ot|f(r)|l dT}2 + e /Ot|7rf(7')|(2) ar). (3.14)

1 _ 1t .
= sup |ww(r)|;_, + 6—2/0|7TW(7')|1271 dr +/O|8tw(7)|l271 dr < coexp(ca(t + MiV1))

€ 0<r<t
2 1 2 ! 2 K 2 K 2
X (|\7v0 — W[} + ol + ed/|gu|l_1 dr + {/|f|l dr} + /|f|l_1 dT). (3.15)
0 0 0

Proof. 1t is sufficient to establish these estimates for smooth solutions since we may use mollifiers and
convolution operators [34].

Step 0. Preliminaries. In the following §; = §(01) < 1 denotes a generic small constant only depending
on 01, ¢ = ¢1(01) > 1 a generic large constant only depending on Op, and co = c2(O1, M) > 1 a
generic large constant depending on (; and M. The various occurrences of these constants may be
distinguished and the minimum of all §; and the maxima of all ¢c; and co may be taken at the end of the
proof so that only single constants ultimately remain. The dependence on d, I, n of these estimating
constants, on the other hand, is left implicit. For k > 0 and ¢ € H* we also define

| _
B = Y [ (Ryw)ovs,0°) dx (3.16)
0<laj<k R
~ | _
Ei(o)= > @ (T(w)d%p, 0%¢) dx. (3.17)
o<lal<k IR

In order to alleviate notation in the proof we denote for short ow = w — w*. We will use the classical
estimates

1f(0) = FO)|k < coll fllerqp < el + 6]l L) [ lr, (3.18)

where £ > 1 and ¢ denotes a generic constant independent of Oy and M, as well as the estimates
uvly < colulfloly,  0<k<T,

and [|¢|| ;. < coll; valid for any | > lp = [d/2] + 1. We also have the commutator estimate

Z |[aaau]v‘0 < C0|axu|l71|v|l717

0< o<l

valid for any | > lgp + 1 where [0% ulv = 9% (uv) — u0*v denotes the commutator between 9 and u.
Finally, we have the Garding inequality

51|¢H|§ = Z Ad<EZ;II(W)8i¢IIa8j¢11>dx+C2|¢H|g

i,j€D
for any vector valued function ¢y : R — R™ in the space H'.

Step 1. The zeroth order estimate. Multiplying (3.5) by éw = w — w* and using the symmetry of Ao
and A; we first note that

(Bo(w)O,, 6% = 104 (Bo(w)ow, 63) — 1(0; (Bo(w)) 6w, 6),

10
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<K1(W)(91VT/, 6W> = %81<K1(W)5VT/, 6W> — %<61 (R(w))éVv, 5W>,

as well as
<§ij (w)@iaj\Tv, 6W> = 6j <§1J (w)@ﬁv, 5W> — <Eij (w)aﬁv, 8]v~v> — <(9] (EU (w))aﬁv, 6W>
Integrating over R? we obtain
- — SR 1 — JUR -
%&Eg(éw) +eq Z / (Bij(w)d;w, O;w) dx + —/ (L(w)mw, 7w) dx < [f],|ow|,
ijep /RY € Jrd
+ealgulolown|o + C1|atW|171|5V~V|(2) + C1|axW|171|5V~V|3 + €ac1|Oxw|; 1 [0Wn1 [6Wy |-

Using the Garding inequality, noting that |O,w|,_; < M, and that c; may depend on M, we obtain
that

~ ~ 01, - _ ~
8tE02(5W) + ed51|5wu|§ + ?1|71'w|(2J < c1|flplow|y + edc1|gu|g +co(l+ |8tw|l_1)E§(5w).

Letting

~ . 6 [t
72(t) = sup E§(5W(7')) —|—51ed/|5wu|%d7'—|— —1/|7TW|3 dr,
0<7<t 0 € Jo

we have

t

t t
(1) < 42(0) + / ca(1+ w17 (r) dr + e / Floy(r) dr + eacs / g2 dr.
0 0 0

We then note that v is nondecreasing so that fg|f|07(7') dr < 4(t) f0t|f|0d7' and from the Gronwall
inequality we obtain

F3(t) < exp(ca(t + Mlx/g)) (72(0) + €4C1 /O)|£g“|§ dr + Cl{/OTﬂO dT}2),

where we have used fot |Ogw|, _, dT < M;+/t. This shows that

. . L[
sup ‘5w(7)‘§+ed/0|(5wu(7')|fd7+ ;/0|7rw|§ dr

0<r<t

2 < e | 2
< cfexp(ca(t + M1Vt)) (|6W0|0+edc1 |g“|0dT+c1{ |f|0d7'} )
0 0

Step 2. The zeroth order projected estimate. We now multiply the governing equation (3.5) by
(1/e)mw and using Ag ™ = mAp and L = L7 we note that

(Ao(W)dyw, 7w) = (Ao(W)dymw, mw) = 29, (Ao(w)mw, 7w ) — 2(9; (Ao(w)) (W), W),

(Lw)w, mw) = (L(w)mw, 7w).

Further integrating over R? and proceeding as for the zeroth order estimate, we obtain that
1 . 01, - 1 ~ 1 - c ~
SO () + 3w [3 < ~[nflo il + euclgalol iy + L 0uwl, 3

Cl et | ~ Cl1,on _
+ ?1|5W|1|7TW|0 + 6d?1|5Wu|2|7TW|07
so that
1 - 01, ~ C - . -
Z&Eg(ww) + E—;|7rw|% < cp|f|2 + Excignld + ?1|8tw|l_1E§(7rw) + 1| OW|3 4 €2cq | oWy |3 (3.19)

This inequality will be used in the following in order to establish the [th order estimate.

11
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Step 3. The zeroth order derived estimate. We multiply the governing equation by Orw and we
integrate over R?. Using the symmetry of L we note that

(Lw)w, ;w) = 10, (L(w)mw, 7w) — 3 (8 (L(w)) 7w, 7w),
and we obtain by integrating over R? and proceeding as for the zeroth order estimate that
~ 12 1 ’\2 ~ ~ ~ Cl ~ 12
d1|0pwl + ZatEo (mw) < [floOswlo + €algulo|Oewlo + ?|atW|z—1|7TW|o

+ c1|ow|, [O;W|y + €qC1|OWi |5 |OpW]g.

After a little algebra, we also obtain that
~ | C ~o, ~ . ~
1101 + ~ 0B () < a3 + crcdlinld + 10wl B3 () + 1% + erlomlB,  (320)
and this inequality will be used in the following.

Step 4. The [th order estimate. We first differentiate the hyperbolic-parabolic system (3.5) with
respect to the space variable. Denoting by 0% the ath derivative spatial operator, we obtain that

Ao(wW)D,0°W + Y A;(W)0i0°W — €q Y Bij(w)Did;0°W + = L( )OW = f* 4 €48°, (3.21)
i€D i,j€D
with 1
Aoaa AO f Z AO o“ AO 1] 81VA\7 - —KO [8a, K(;l E} 7TVTI, (322)
i€D €
= Koa AO g Z AQ 8‘“ AO ij} 616]0\7 (323)
i,j€D

Multiplying equation (3.21) by 0%éw and |a|!/a!, integrating over R?, summing over 0 < |a| < 1,
and proceeding as for the zeroth order estimate, we obtain that

~ ~ o1, ~ ~
OLEF (0W) + cadr|0Wn[Fyy + - [mWl7 < ca(1+ |Owl, 1) EF (6W)

o al! ~
+ Z Jol! fo‘ ,0%0W) dx + €4 Z |a! /}Rd<g°‘,8o‘5w>dx

CY.
0<|al<I 0<|a|<l

We next have to investigate the residuals associated with f* and g®. Keeping in mind that the zeroth
order terms with |a| = 0 have already been examined in Stepl, we only have to analyze the terms such
that 1 < |a| < 1.

The terms in f® in the form Koaa(ﬂo’lf) are estimated as
‘/Rd<ﬂoaa(ﬂo‘lf),aa5v~v> dx‘ < ol [Ag fl, 16W], < colf|; |0W);.
The terms in the form Ay [60‘, Ko_l Ki] 0;0w are then estimated as
| /R (A [0° Ay A0, 0 0) dx| < [Rolos | 0%, B ' A 00|, 6],
and the right hand side is majorized with the commutators estimates

| / (R0 Ry Ao, 076 x| <
Rd

— —_ 1 —
CQlAOlOO |6X(AO A)

)|, 10iW]_y [6W]; < coldwl7.

12
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- ~—1l+7 ~ . - .
The terms in the form %Ao [80‘, A, L]ww are treated in a similar way and yields

1

€

/ (Ro[0° Ay " T, 0°) x| <
Rd

Co |+~ ——1— ~ ~ Co, - ~
ol [04(Ry Dyt < vy i

The terms in g* in the form Koaa(ﬂo‘lg) are estimated when |a] <1 —1 as the terms Koaa(ﬂo‘lf)
for f¢. On the other hand, when |a| = [, the corresponding terms are first integrated by part so as to

transfer one derivative from A, 1g to Agd“ow. In all cases, it is obtained that
—~ -1 ~ .
’/ (Ao0™ (A, g),0%w) dx’ < colguly—1 [OWnl1yq-
Rd

Finally, the terms in the form A [8",&; 1§Z—j}8i8jv~v are estimated as the convective terms and this
yields

| /R (Ro[0r Ry By 005, 0°0w) x| < 2 [59]y [50 s

Collecting all contributions we have established that

. . o1, ~ .
OREF(0W) + eadr|0Wn[Fyy + —[mWl7 < ca(1+ |Owl,_y) EF (5W)

C2

+eolfli [owls + —=[mw|,_y [7W]; + €aca|gul,—1 [0Wn ;41 + €aca|oWn iy [OWnl;,

€
so that

~ _ o, ~
O} (6) + eadi | 0Wnfy + 2 |7W7 < o1+ 0wl ) B (W)
~ C ~
+ calfl, B, (6W) + 2 |m W[}y + eacalgul? 1 (3.24)

In order to handle the term (co/€)|mw|? | in the right hand side we use the following classical conse-
quence of interpolation inequalities

|0l < Blol + C(B)Iol:,

valid for any ¢ € H', any 8 > 0 and where C(3) depends on 3. We thus obtain that
~ ~ 01, ~ .
OLEF(0W) + cadr|0Wn[Fyy + —[mWl7 < ca(1+ |Orwl, 1) EF (6W)

~ C ~
el 5y (5W) + |7 W3 + cacalgul? 1,

and we may add this inequality to the projected zeroth order inequality (3.19) obtained in Step 2.
Keeping in mind that [ > lp + 1 > 2 we obtain that

l

~ 1 ~ ~
0u(BR(6W) + ~ E3(r@) ) + cadi| 0l + =

_ 0, ~
w7 + Sl <

.1 ~ _
a1+ Ol ) (7 (0) + * B3(wi)) + calfLEL(0W) + cacsgul?y + a3
Letting
_ 1 _ .
Y2(t) = sup (E12 (6w(r)) + EEg (WW(T))) + 516(1/0|5WH|Z2+1 dr

0<r<t
IR - IR -
— d — d
+ 2 [malt ar+ 3 [ el ar

13
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we have

V(1) < 2(0) + e / (1+ (w7 2(r) dr + oy (t) / ], dr

t t
+eaCa [ |gul? y dT + C1/|7rf|3d7'.
0 0
From the Gronwall inequality we get that
t o, t 9 t
Y2(t) < exp(ca(t + M1v1)) (72(0) + €4Co /|gu|l_1 dr + C2{/|f|l dr} + C1/|7Tf|gd7').
0 0 0

This shows that

_ 1 _ t _ 1 t _ 1 t _
sup (El2 (6w(r)) + EEg (TFW(T))) + ed/0|5w“(7')|l2+1 dr + - /0|7rw|l2 dr + 6—2/0|7TW|(2J dr

0<7r<t

. 1, - ¢
<c? exp(cz(t + Mlx/f)) (|(5W0|l2 + Z|7rwo|(2) + €4Ca /|g”|l271 dr
0

+C2{ATf|l dT}2 + C1/01|57rf|3d7'>,

and this yields the first estimate (3.14). It is interesting to note that in the absence of stiff source
terms we may let 7 = 0 and we recover the usual estimates [34].

Step 5. The lth order derived estimate. Multiplying the equation (3.21) by 0;0°w and |a|!/a!,
integrating over R%, summing over 0 < |a| < [ — 1, and proceeding as for the zeroth order derived
estimate, we obtain that

~ 1.~ . . - [¢ -~ ~
51|6tW|1271 + EatE1271(7TW) < C1|6W|l2 + C1€3|5W11|l2+1 + :1|atw|171El271(77W)

a!
+ Z C1?(|fa|(2) + €3|ga|g)'
0<la|<l—1

and we have to investigate the residuals associated with f* and g®. Keeping in mind that the zeroth
order terms with |a] = 0 have already been examined in Step 3 we only have to analyze the terms such
that 1 <|a| <1-1.
The terms in f® in the form Koaa(ﬂo‘lf) are estimated as
* aa/—12 - ——1
[ R (R ) ax < [Rol2 8, 12, < calfl .
R
The terms in the form A [Ba,ﬂo_l Ki]8i5v~v are estimated as
~ raa =l 14 ~2 - ——1— 2 ~ _
/d|A0 [8 7AO Az} 8ZW‘ dx S C0|A0|§0 ‘8X(AO Ai)|l_2|8iw|1272 S C2|5W|l271.
R
The terms in the form %KO [8“,@;1 E]?T\TV are treated in a similar way and yields
1 — o ~— 1+ ~ 12 Co — ——1—2 ~ Co ~
= / [Ao[0%, Ay L]mw|” dx < S |Aol%, |0x(Ag  D)|,_,|mwli 5 < S|mwl .
Rd € €
The terms in g in the form Koaa(ﬂo’lg) are estimated as the terms Koﬁo‘(ﬂoilf) for f* so that

Rd‘ﬂoaa(ﬂo_lg) ‘2 dx < colgul? ;.

14
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~ ~ 1l ~ . . .
Finally, the terms in the form Ag[0%, A, B;;]0;0;w are estimated as the convective terms and this
yields

|K0 [80‘, K(;l E”} 818Jv~v}2 dx S Co |5\7VH|12
Rd
Collecting all contributions we have established that

af!
> (G edle® ) < calflf
0<|al<i—1 "

~ ~ C ~
eaeglgnlf 1 + cal6W[7 1 + cocgl W7 + W,

so that

- 1. ~ - - ~ C -~ ~
S1|0wliy + ZatEl{l(TrW) < a1 |6W[f + credldwnli, + ?1|8tW|171E1271(7TW)

_ _ Ca, -
Colfl7 1 4 caeilguli 1 + coloW[7_; + coeh|owyl7 + 6_§|7TW|12—2-

In order to control the last term (co/e?)|nw|? , we now have to write the (I — 1)th projected
equation. We multiplying equation (3.21) by %8"7&\7 and |a|!/a!, we integrate over R?, and sum over
0 <l|a| <1 —1. This yields that

1 - 01, ~ - _ C -
;atE1271(7TW) + E_;|7TW|1271 < 1 |oW|} + creg|ownl7y, + ?1|8tw|171E1271(7rw)

al!
£ e+ ).
0<|al<i—1

Using the previous estimates of |f*|g and |g®|o, the inequality
0175 < Blgliy + C(B)ISI5,

the equivalence of El{l(vav) and E? | (7w), and combining the derived [th estimate with the projected
[th estimate, we now obtain that

- 1, /4 - ~ 01, ~ - ~
011007, + =00 (B (v) + BEy (w0) ) + S |nwf, < caloW? + cel o,

c ~ ~ ~ ~ Co. -
+?1|atW|171El271(7TW) + colf[7_y + coedlguli 1 + col6W[7 ) + coed|oWnlf + €_§|7"W|3-

We now combine this inequality to the [th order governing equation (3.24) multiplied by a large constant
K; only depending on O; so as to compensate the term cle§|5v~v|f+1 in the right hand side. We also
add the zeroth order derived equation (3.19) multiplied by a factor Ko in order to compensate for the
term (co/e?)|mw|3. We have then obtained a governing inequality in the form

1~ " 1 N N K _ . 01, -
Oc (B (W) + —BRL, () + 10 B (0W) + ~2 B3 (n0) ) + 01/00[7, + 5wl

C2

_ 51, - ~ _
+€d51|5WH|12+1 + ?1|7TW|12 < =1+ 0wl ) EF (7W) + colf[7 4

€«
+ caealguliy + ca(1 4 [Bpw]i_y) EF (6W) + cof[, By (0W).
Letting

1+ ~ 1 ~ ~ K ~
V(1) = sup (ZEL, (1) + B (W) + 10 ER (6W) + ~2 B3 ()
0<r<t N € € €

t t t t
- - ) - ) -
+51/|atw|l271d7+516d/|5wu|12+1 dr + ?1/|7TW|12 dr + 6_;/|7TW|1271 dr,
0 0 0 0

15
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we have

t t
P2(0) £ 90) + ca [ (14 ol )12(r)dr + o i (7) dr
0 0

t t
teacs [ gnl2, dr + c2/|f|l2,1d7.
0 0

From the Gronwall inequality we get that

t t 9 t
v2(t) < exp(ca(t + M1V't)) (72(0) +eaco [ lgul; dr+cz{/|f|ld7} +c1/|f|l2_1d7-).
0 0 0

This shows in particular that

t t
~ 1 ~
sup —|7rw|l 1+ /|8tw|12_1 dr+ 5 /|7rw|l2_1 dr < coexp(ca(t + M1V't))
0 0

0<r<t €

_ 1 _ t t 2 t
< (165? + Lol +eo [laltydr+ { [ ar} + 12 1ar).
0 0 0

and this yields the second estimate (3.15).

Finally, the various occurencies of the constant cs in the proof all involve simple polynomials in M
with positive coefficients, either arising as simple multiplication by M or through the estimate (3.18)
so that the final constant ¢, is an increasing function of M and the proof is complete. O

Remark 3.2. The linear estimates may easily be extended to the situation where there is a linear term
in the right member in the form

€d Z M;; (W)O;wO;w = €4 (O Z M? B (w)o; wi0; WH)

i,JED i,j€D

where M;; are third order tensors depending smoothly on w.

3.3 Local existence

We first establish an existence theorem for the linearized equations (3.5) which is a coupled system of
hyperbolic-parabolic type. These linerarized coupled hyperbolic-parabolic solutions are then used in
order to establish the existence of local solutions for the full nonlinear system (3.1).

Proposition 3.3. Letl > Iy + 1 where ly = [d/2] + 1, T > 0, assume that w is such that (3.6), (3.7)
and (3.10) hold, that f and g satisfy (3.12) and (3.13), and that Wq is such that wo — w* € H' for
some constant state W* € E. Then there exists a unique solution W to the linearized equations (3.5)
with initial condition Wy and regularity (3.11).

Proof. Solutions of the linearized coupled system (3. 5) are obtained as fixed points W = W of the
following linearized uncoupled system in the unknown w = (WI7 w“) where w, €; and € are kept fixed

twl + ZA“ )O; W Wy = fule, w, W, 0, v:v“), (3.25)
i€D

Ay W)Wy —eq > By (w)d;05wy = fule, ea,w, W, O W), (3.26)
i,j€D

with the initial condition ~
w(0,x) = wo(x).

In these equations we have denoted

= YA (W)W, — Z%(Q’“(w)(wl — W)+ L (w) (W — W), (3.27)

€D €D

16
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fu=F + cagy — D (A (W)0iw, + A, (W) 9y )
1€D
1 T ~ ~ T ~ Sk
- Z Z (Llil I(W)(Wl — W ) + Lil “(W)(Wll - WII))' (3'28)
1€D

The system defining \/:vII is symmetric strongly parabolic and classical existence theorems [34] war-
rants the existence of wy; such that

i — w5 € CO([0, 7, H') 1 CY([0, 7, H-2) 1 L2((0,7), H'*Y),

with the estimates for 0 <t <7

o~ t~
sup |wy — W7 + /|V~VH - VNVE|12+1 dr <
0<r<t 0

¢
E?eXp(fCV?(t‘f‘Ml\/z))OVNVO,u _VT/:1|I2+E2/|f11|1271dT)7
0

where here the constants ¢; and Co depend on €4 and €, that is, are such that ¢i(eq,€e,O;) and

Ca(€eq, 6,0y, M) where M and M; are defined by (3.8). Similarly, the system defining w, is symmetric
hyperbolic and classical existence theorems [34] warrants the existence of w, such that

w, —wr e c([o,7], H) nct([o,7], H ),

with the estimates for 0 <t < 7

~ tN
sup |v~v1—v~vf|12SAC?eXp(EQ(t—I—Ml\/Z))OVNVOJ—\/Nvf|12—|—52t |f1|l2dr).
0<r<t 0

1 k

We may now define the successive approximation sequence {w*};>o with w® = w* and wk*! = W
for k > 0 and letting for short 6*T'w = w**t! —W"* we have to estimate 6**'w in order to establish that
(W) k>0 is a Cauchy sequence. Forming the difference between two iterations, letting 6¥+1f, = fF+1 —fF

and 5k+1E1 = E’f“ —E’f, and using similar estimates for linear symmetric hyperbolic systems and linear
symmetric strongly parabolic systems, it is obtained that

t t
sup |65 L@y ()2 + /|5’“+1\7v11|12+1 dr < & exp(Ca(t + M1V1t)) (EQ /|5k+1f11|l2_1 dT),
0 0

0<r<7

as well as .
sup 6513, (7)[2 < & exp (St + My Vi) (’@t |5FHIF, |2 dT).
0<7<7 0

Letting

) = sup 8w (7|7,
0<r<t

and combining these results with the estimates
|67 ], < S (10F ], + |08 W), |6M |,y < S0P W],

we obtain that .

0 < C [

where C' = C(eq, ¢, 01, M, My,7) depends on €4, €, O1, M, My and 7. Since v' is bounded over [0, 7],
say v (t) < K, is is easily obtained that
ot

k+1
Yt < K o

; 0<t<T, k>0,

so that (W*)g>o is a Cauchy sequence. The limit of this Cauchy sequence is then a fixed point of the
iteration system and thus a solution of the linearized system (3.5) with the desired regularity. [l
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We now establish a local existence theorem on a time interval 7 > 0 independent of ¢; and ¢ for the
system of partial differential equation in normal form (3.1). Such an existence theorem is a fundamental
step toward a convergence theorem for €,e4 — 0. Moreover, since we are interested in convergence
results on time intervals including the time origin ¢ = 0, we assume in this section that the initial data
is well prepared or equivalently that mwg is small.

Theorem 3.4. Let d > 1 andl > lg+1, be integers with lo = [d/2]+ 1, and let b > 0 be given. Let Oy
such that Oy C Oy, di such that 0 < dy < d(Og,00y), and define O; = {w € O,; d(w,Oy) < dy }.
There exists T > 0 depending on O1 and b, and independent on eq € (0,1] and € € (0, 1], such that for
any wo with

lwo —

1
W7+ —lmwoliy < b7, (3.29)

and wg € Oy, there exists a unique local solution w to the system

w)o,w + ZA )OwW — €4 Z 9 (B d;w) + 1[(W)W = eab(w, D, wy), (3.30)
€

i€D i,j€D

with initial condition

w(0,x) = wp(x), x € RY,

such that
w(t,x) € O, te0,7], xR

and

w; —wy € CO([0, 7], HY) nc([0,7], H' 1),
wi —wyy € CO([0, 7], HYy nct ([0, 7], H=2) N L2((0,7), H'T).
In addition, there exists C' > 0 which only depend on Oy and b, such that

. 1 T 1 T
sup (fw(r) —w'l? + Cmw(r)fE) + o [ lnr) ~wiltoydr + 3 [ mwtr)ffar
0 0

0<r<7
L[ j 1
5 [l dr+ [ ool dr < O (o —wlf + flawol?, ). (331
0 0

Proof. Solutions to the nonlinear system (3.30) are fixed points w = w of the linearized equations

w)0,w —I—ZA Bw—edZBU )0;0,W + — L( W = €48, (3.32)
i€D i,j€D
with
gw,0w) = Y 0i(Bij(w)) 0w — > 9:(9,v)" (,w)'By; 9;w. (3.33)
i,j€D i,j€D

Fixed points are investigated in the space w € XL (O1, M, My) defined by w,—w; € C°([0, 7], H'), d,w; €
CO([0,7], H=1), wy —wiy € €O([0, 7], HY) N L2((0,7), H'), Oywy € CO([0,7], H=2) N L2((0,7), H'™Y),
w(t,x) € Oy,

" i 17
sup |w(1) —w |12+ed/0 |wi (7) —wI*I|ZQJrl dr + E/Olww(T)llszSM2=

0<r<7

and _ _
1 2 [ 2 i 2
— sup |mw(7)[;_; + 2 /0 |mw(T)[;_, d7 + /0 |O,w(T)[;_; dr < ]\/[12

€ 0<r<7
For w in XQ. ((’)1 , M, M 1), we may use the estimates established for linearized systems in Theorem 3.1
of Section 3.2. Noting also that f = 0, g; = 0, and that g; is quadratic in the gradients, we obtain
upper bounds in the form
lgt)liy <ceM?,  te[0,7], (3.34)
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and the constants co of this estimate may be taken identical to the constant of the linear estimates,
upon taking the maximum of both constants. Using assumption (3.29) and combining these bounds
with the linear estimates (3.14) and (3.15), we obtain that

t
sup |W(T) —w*(7)[f +ea /IVVH(T) —wilfe dr
0<r<t 0

IV
+ E/|7rw(7)|l2 dr < cf exp(ca(t + MiV't)) (b + teac3 M?), (3.35)
0

— sup |mw(T |z 1T /|7TW |z 1d7+/|6w |l 1 d

€ 0<r<t
e exp(ca(t + MiV't)) (b + tegcaM?). (3.36)
We now define
Mb = 2C1(01)b, Mlb = CQ(Ol, Mb)2C1(01)b.
Let then be 7 < 1 small enough such that

exp((ca(O1, My)(7 + Mypv/7)) <2

c3(O1, My)7 (2C1(01)) <1,

oM VT < da,
where we have used ||¢~ < col@li—1. Then for any w € XL(O1, My, M1), any wo(x) such that
wo —w* € H' wg € Oy, and |wg — w*|? + |two|?_, /e < b2, and any €4, € € (0, 1], the solution w to the
linearized equations with initial condition wy stays in the space XL (Ol,Mb, Mlb). More specifically,

letting M2 and ]T/[/l2 be the maximum of the left hand sides of (3.35) and (3.36) respectively, we obtain
from (3.35) that

M? < 26202 (1 + degc3ca7) < 4c2b? = M}
and from (3.36) we deduce that

M? < 26302 (1 + degrc}) < M3,

since 47¢f < 47cic3 < 1 and finally that |[w — w*||; < coMi4V/7T < di and we have established that
the space XL ((91, My, Mlb) is stable.

Let w and W be in XL (O1, My, Myy), let wo(x) and Wo(x) such that wo —w* € H', Wy —w* € H',
wo, Wo € O, |wo — W*|? + [mwo|? | /e < b2, [Wo — w*[? + [7Wo|?_, /e < b, let €q,€ € (0,1], and define

ow =w —w and éw = w — w. Forming the difference between the linearized equations, we obtain that
Aog(W)0,0W + Y A{(W)0;0W — eq > Byj(W)0;0;0W + — L( )OW = Of + eqdg. (3.37)
i€D i,j€D

Here

ot = = 3 (Ra(@) (o)~ i) ~ A0 05

i€D

— = (Ro(@) (Ro(w)”

- L(w) — E(W)) o, (3.38)
dg =Ao(W) (Ao(w)) " g(w, dw) — g(W, &, W)

+ 7 (Rol®) (Bo(w)) "B w) — Biy (W) ) %, (3.39)

i,j€D
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and we have in particular ég = dg(w, d,wy,) and dg, = 0. These expressions further imply that

C2
|5f1|l271 + |5f11|l271 < ?|5W|l2717

|5gu|l2—2 < C2|5W|12—17

where the 1/¢ factor arises from the nonlinear stiff sources. We define N? , (a,a’, 6w) when [a,a’] C [0, 7]
by

_ _ 1, @
NP0, 0%) = sup (180(7)Fy+ Clnd(r} o) + o [l dr

a<t<a’

19 17 o
+E/ |W5W(T)|l2_ld7+6_2/ |7T5W(T)|§_2df+/ 10,6%(7) |2, dr.

In order to obtain fixed points, we introduce the sequence of successive approximations {w* He>o
starting at w® = w* with wFt! = W¥, i.e., wFt! is obtained as the solution w = wF*! of linearized
equations with w = w”* and with initial condition wy. We also denote by ¢*w the difference §*w =
whtl —wk for k > 0. We first establish that the sequence of successive approximations {w*};>q is
convergent for the norm N;_;(0,7.,e) and thus also for the norm of C°([0,¢], H'=') over [0, 7] for a
suitable 7. small enough and we then gradually extend the convergence domain over each [j7c, (j +
1)7e] C [0, 7] by induction on j. We also establish uniqueness and regularity of solutions first over [0, 7¢]
and gradually over each [j7c, (j + 1)7] included in [0, 7].
Using the linearized estimates and the difference equation (3.37) we first obtain

_ 1 .C/
N7 10,70, %) < e ([wol?_ + ~mdwolf_) + T2 sup [sw(r)lE ;. (3.40)
0<7<7

where ¢z and ¢}, depends on O; and b and where dwg = wy —Wg. Let now 7. be small enough such that

chre 1

€ 4’

while 7 /7. is an integer denoted by N, + 1. From the estimates (3.40) and since the successive approx-
imations have the same initial condition, that is dwy = 0, we obtain that

Nl271(07 Te, 5k+1w) S %Nlal(ov Te, 5kw)7

so that N2 (0,7, 6*w) < N2 ,(0, 7., 6%)/4% and defining for convenience I'* = NZ (0,7, 8%w), we
have established that 4’“Nl2_1(0,7€,5kw) < I Any fixed point is also unique from the difference
estimates (3.40) written between two fixed points.

Letting for convenience

Bl = N2y (j7e, ( + Dre, 6Fw),  0<k,  0<j<N,

we have established that Qkﬁ,g < TY for k > 0, and we next consider the interval [r.,27.]. From the
difference equations and the linearized estimates over [r., 27| we obtain that

/
N2 (70,270, 657 w) < caN2 (0,70, 0¥ w) + 2 N2 (7, 27, 6Fw), (3.41)
€

where we have used that [ow(7e)|? | + %|7r6v~v(76)|1272 < N2 ,(0,7,6% 'w). This now implies that
Béﬂ < c2ﬁ2+1 + %[3; for k > 0 and multiplying by 2**! and letting

v=2F81  0<k,  0<j<N,

we have
Yirr S M1 T 3% 0k (3.42)
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Since 79 < T'? it is easily deduced from (3.42) that 7} < 2coI'® + 4 and defining I'! = 2¢oT° + ¢ we
have v; < T'! for & > 0. We further deduce that any fixed point W is unique over [0,27,] since it is
already unique over [0, 7] and from (3.41) rewritten between two fixed points it is also unique over the
interval 7, 27].

The same type of estimates may now be established by induction on j for 1 < j < N.. More
specifically, assume that for 0 < i < j — 1 we have inequalities in the form 7, < T where the
majorizing bounds I'* are defined by T° = N2 (0,7, 6%W) and T'" = 2coI'" =1 + N2 | (i7e, (i + 1)7e, 6%W)
for 1 <4 < j—1, and that uniqueness of fixed points holds over [0, j7.]. We then consider the sequence
of approximation over the interval [j7e, (j + 1)7¢]. Using the difference equations and the linearized
estimates over [j7c, (j + 1)7¢], we obtain that

NE L (§7e, (4 1)7e, 67 w) < coNE (5 — D)7e, e, 67T w) + N2 (7, (5 4 D7, 6Fw),  (3.43)

where we have used [0W (j7c )|, +1[moW(j7e) |}y < N2, ((j—1)7e, j7e, 65+ ), s0 that 8], | < c2B] |+
157 Multiplying by 2*"! we have therefore established that

Yo < iyt + 37 (3.44)
and since ”yéfl < TY=1 it is easily deduced from (3.44) that ”yi < 2cIV1 + 'yg so that defining
[V = 2col7 71 + 4] = 20197 + N2 | (j7e, (j + 1)7, 6°W) we have established that 47 < I'V for k > 0,
so that

o T,
N (37 (G 4+ 1)7e, 0" w) < o (3.45)

We also deduce that any fixed point W is unique over [j7, (j + 1)7] since it is already unique over
[0, 7] and from (3.43) written between two fixed points it is also unique over [j7, (j + 1)7].
Letting for short cc = > o<y, I';, it is obtained from (3.45) that

g

N4 (0,7,6"w) < ==, 0<Fk, (3.46)

()

where c. depends on €, Op, b, and the data but is independent of k. We thus conclude that the
sequence if successive approximation {w¥};>¢ is convergent over [0, 7] towards a fixed point W for the
norm N;_1(0,7,wF — W). Since the sequence {w*};>o is bounded in the space XL (Ol,Mb,Mlb), it
follows from standard functional analysis arguments using weakly convergent subsequences that w is
the unique solution of the system of partial differential equations with the required regularity.

The estimates (3.31) are next established by using the fact that the solution is a fixed point w = w.
Denoting by w the solution of the nonlinear system of equations, letting

T . 1 T
ME = sup fw(r) = w(r)} + o [ lwnlr) = wiltydr+ ¢ [ (ol ar,
0<r<7 0 €Jo
the linearized estimate (3.14) now yields that
1
Mv% < C% exp(c2(7_' + Mlﬁ)) (|W0 — W*|l2 + —|W0 — W*|g + %Edchv%)v
€
and since exp(c2(7 + M1v/7)) < 2 and 2cic37 < 1/2 by definition of 7 we get that
1
M2 < C(Jwo —w} + = wo —w*[3). (3.47)
€

where C only depends on Oy and b. On the other hand, from the linearized estimates (3.15) we further
get that

1 ~ 2 1 T ~ 2 T ~ 2
— sup |7TW(T)|l—1+6_2/0|7TW(T)|l—1 d7’—l—/0|8tw(7')|l_1 dr

€ 0<r<7
1
<co eXp(Cg(f' + Ml\/;)) (|W0 — W*|l2 + ZlWO — W*|12,1 + ?EdM\,%). (3.48)
Combining (3.47) and (3.48) finally yields (3.31) and the proof is complete. O
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3.4 Time derivative estimates

We now strengthen the estimates for d,w obtained with the local existence theorem. Such extra
estimates are relevant when the initial time derivative 0;wg at ¢ = 0 is close to the equilibrium manifold
and will be needed in the convergence analysis of the fast relaxation limit.

Theorem 3.5. Keep the assumptions of Theorem 3.4 and further assume that | > lo+4. There exists
C depending on O1 and b such that the following estimates hold

1 T 1 T
sup (10(r)E s + |row(r)E ) + o [ Owa(r)E s dr o+ [ frd(r)lEy dr
0 0

0<r<7
1 /7 5 7 ) )
+€—2 |Tow(T)|,_gdr + [ |07w(T)|,_5dT
0 0
. 1 1
S C(|W0 — W |l2 + z|7TW0|l271 + |atW0|l2,2 + E|7T6,5W0|l273). (349)

Proof. Since | > Iy + 4 we deduce from the governing equations and the regularity of the solution w

that
dww, € CO([0, 7], H=Y) nct([o, 7], H'3),

dewy € CO([0, 7], H=2) nc*([o, 7], H=*) N L2((0,7), H'™1),
although we do not have uniform bounds in these function spaces because of the stiff sources. Letting

Mij(w) = M;; + OwBij, 4,j € D, the third order tensors M;; have at least regularity » — 3 and the
governing equations may then be written

)O,w —I—ZA aW_EdZBU 68w+ W—EdZMU )O;wO;w.

i€D i,j€D i,j€D

Differenciating this system with respect to time we obtain that w = 9;w satisfies

)0, W —I—ZA Bw—edz Bij(w)0;0;w + ~ L( W = f, + eqg;, (3.50)
€D i,j€D
where
== Agdul Ay A Wdiw — —Aoa Ay D)W mw, (3.51)
i€D

&t = Z Ao (Ao w)WaaW‘f‘ Z Aodw(Ay MU)W('“)W(?W

i,j€D i,J€D
1,j€ED 1,jE€D

Step 0. The expressions (3.51)(3.52) are not convenient and are rewritten by using the generalized
inverse L of [ such that LL' =L'L = T, = (Eu)t, N(Eﬁ) =€ and R(Eu) = £+, This pseudo inverse
T’ is the generalized inverse of L with prescribed range R(Eﬁ) = £+ and nullspace N (Eﬂ) =Z,andis a

smooth function of L [14, 30]. Using Eﬁ we deduce from the governing equations that

ﬂ:—L( Wi + 3 Aiw)dw — g 3 Bis(w aaw—edb) (3.53)

€
i€D i,j€D
keeping in mind that Eﬁ = Eﬁw and TAg = Agm. We may thus rewrite f, and g, in the form
= =S Rodu(By AW + > ARy D)WL A 0w + Aol (A, L)w L Agmw, (3.54)

i€D €D
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g, = Z KOBW(K Bij )WO;0;w + Z AoOw(Ay MU)W(?W(’? w
i,j€D i,J€D

_ Z Koﬁw(ﬂo_lf)vﬁfﬁﬁijﬁiajw — Z Koaw(ﬂo_lf)vT/EuMij@wﬁjw
i,j€D i,j€D

+ Z K\/Iij 8Z\TV 8jW + Z Mij 8iW (%\TV (355)
i,5€D i,jED

The equation (3.50) is thus formally ‘linearized’ except for the quadratic term Agd,, (KOADVV EﬂKOﬂ'W
in f; arising from the stiff sources. In order to derive the new estimates, we use a similar notation as
in Theorem 3.1 and Theorem 3.4. In particular, 5, = §(O1) < 1 denotes a generic small constant only
depending on O, ¢c; = ¢1(O07) > 1 a generic large constant only depending on Oy, and ¢co = ¢2(O1,b) >
1 a generic large constant depending on O; and the constant b of Theorem 3.4.
Step 1. Zeroth order entropic estimates for w = 9;w. We multiply (3.50) by w and proceed as in the

proof of Theorem 3.1. Using the symmetry of Ay and A, integrating over R?, and using the Garding
inequality, we obtain that

atEo( )+ 61151|W11|1 il |7TV~V|3 <co(l+ |atW|lo)E§(V~V) + /d<ft + €qgt, W) dx,
R

and we have to investigate the contributions associated with (f;,w) and (g, w). All terms linear in w
in f; and g; yield contributions majorized by

C1{Ow1o WIS + eact (|0,wIE, + [0Zwuliy ) W[ + eact|Bwli, W 1[W]o,

and the quadratic term is also majorized by c;|w|;,|w|Z. Using the estimates of Theorem 3.4 and
lo =1d/2] + 1 > d, we obtain after some algebra

atEo( )+ 6d51|W11|1 il |7TV~V|(2) <co(l+ |6tW|lo)E§(V~V)-

From the Gronwall inequality and the estimates (3.31) we thus obtain that for 0 <¢ <7

t t
- - 1 - -
sup |w(7')‘(2J + ed/0|w“(7')|f dr + - /O|7TW|3 dr < cf exp(cQ(t + Mlx/f))|wo|(2),

0<r<t

which is the zeroth order estimate for w = O;w.

Step 2. The projected zeroth order estimate. We multiply the governing equation (3.50) by (1/e)mw
and proceed as in the proof of Theorem 3.1. Integrating over R¢ we obtain that

1 - 01 ~ C - C1 - -
SO (x) + 25 w3 < Lol [rwlE + ], [l

Cy - _ 1 .
+6d—1|w“|2|7rw|0+—/(ft+edgt,7rw> dx,
€ € Rd

and we have to examine the contributions arising from (f;, 7w) and (g, 7w). All terms linear in w in
fi and g; yield contributions majorized by

|8 Wiy [Wlo |0 + €= (I3 wli, + [0 wali, ) [W]o|mWo + 6d—l8 Wlig [Wa| 1 [ o,

and the quadratic term is also majorized by (c1/€)|wl;,|7mw|3. Using the Cauchy-Schwarz inequality
and the estimates (3.31) of Theorem 3.4 we obtain after some algebra

1 01, c . . ~
OB (W) + 5 |m WG < = [pw]y, B (1) + oW + e 3. (3.56)

This inequality will be used in the following in order to establish the I’th order estimate for w.
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Step 3. The I’th zeroth order estimate. We let for short I’ =1 — 2 so that I’ > Iy + 2. Differentiating
the hyperbolic-parabolic system (3.50) with respect to the space variable and denoting by 0% the ath
derivative spatial operator we obtain that

Ao(W)D,0°W + ) A(W)9;0°W —eq Y Bij(w aaaaw+1L( )W = ¥ + eqg?, (3.57)
i€D i,j€D

with 1
fr =R (Ag 1) = > Ao[0™, Ay Aj)oiw — —A[0", A, L|mw, (3.58)

i€D €

— ——1 — —~——1= ~
g =R (Ay &)+ Y A0 A, By]oio;w. (3.59)
i,j€D

Multiplying equation (3.57) by 9°w |a|!/a!, integrating over RY, summing over 0 < |a| < I, and
proceeding as for the zeroth order estimate, we obtain that

OB (W) + eady [Wul? 41 + 1|7Tv~v|l2/ < o (1 + |Bywl,, ) B2 (W)

+ Z |CY|/ fa+€dgt7aa >

0< |l <l

and we have to investigate the residuals associated with f* and gf*. Keeping in mind that the zeroth
order terms with |a| = 0 have already been examined in Step 1, we only have to analyze the terms
such that 1 < |af < ',

The terms in f{* and g* arising from AgO® ( A, 1ft ) and Agd® ( Ko_lgt ) yield contributions majorized
by
Ca|wly |8, o[ W7 + eacalwli (|O,wl7 + [0Zwa i) W7
eaca|wlu ||y [Wlo [ W1 + colwlv Wl
and thus by
ca (W77 + ealWlp [Wlur1 + W),

where the last term arise from the quadratic contribution in f;. On the other hand, the commutators
contributions are estimated as

| / (Ro[0° Ay A 0i, 0°) dx| < ol
R

1 _ R _ -
- / (Ao[0*, Ay ' L]rw, 0%w) dx‘ < C—2|w|l/|7rw|l,_1|7rw|l/,
€l JRd €

_ [ . . ~ ~
‘/d <A0 [8a, AO Blj] 8i8jW, 8aW> dX S Co |W|l/ |WII|l’+1 |WII|l/-
R
Collecting all contributions and after some algebra we have established that

~ ~ C ~
O E2 (W) + €q01|Wy|? + 1|7rw|l2, < co(1+ [Owlp ) EE (W) + §|ﬁw|l2,_1. (3.60)

In order to handle the term (co/€)|mw|?_, in the right hand side arising from the commutators we use
the inequality |¢|7_; < 8|4l + C(8)|¢|3 and add the resulting inequality to the projected zeroth order
inequality (3.56) obtained in Step 2. Assuming that I’ > lp + 1 > 2 we obtain that

_ 01, ~
O (El,( )+ EO (ww)) + 6d51|W“|l2/+1 + ?1|7rw|l2,

01, ~
a3 < a1+ |l ) (R @) + LB (),
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From the Gronwall inequality, we obtain that

_ 1 _ tN 1 t _ 1 t _
sup (Eﬁ (w(r)) + €E02 (TFW(T))) + €a | [Wul(T)|f 4y dr + Z/|7rw|l2, dr + 6—2/|7TW|(2J dr
0 0 0

0<7r<t

- 1
< c% exp(cQ(t + Mlﬁ)) (|w0|l2/ + E|7TW0|(2J),

which is the I’ order estimate for w = 9w and I’ = — 2.

Step 4. Application of linearized estimates to w = 9yw. Taking into account the I’ order estimate for
W = O:w, it is now possible to apply the linearized estimates (3.15). From the expression (3.54) and
(3.55) of f, and g,, we indeed obtain that f, € C°([0, 7], H'=?) and g, € C°([0, 7], H'=?) so that

f, € C°([0,7], H*) N L*((0,7), H'"?), g, €CO([0,7], H'™?),
with uniform estimates in terms of
w2 1 2 ~ 2 1 0
lwo —w |z + Z|7TW0|171 + |W0|172 + ;|7TW0|173'

The estimates (3.49) are then a direct consequence of (3.14) and (3.15) applied with I" = — 2 in place
of [ and with w = J,w. O

Corollary 3.6. Keeping the assumptions of Theorem 3.5, there exists C' only depending on O1 and b
such that

2

1 1 1
— sup |mw(7)|7_, < C’(|w0 - W*|l2 + —|7TW0|l2_1 + |8two|l2_2 + —|ﬂ'8tw0|l2_3). (3.61)
€7 o<r<t € €

Moreover, if w and w' corresponds to two initial conditions wo and w{ as in Theorem 3.4 and if
lwo — w*|l2 + %|7rw0|l271 + |6tW0|1272 + %|7r8two|l273 remains bounded by some constant only depending on
O1 and b, letting ow = w —w’ and dwg = wo — Wy, then there exists C only depending on O and b
such that

1 T 1 T
sup (|5W(7')|1271 + Z|7T5W(T)|l272) +€d/|5W11(7)|12d7'+ Z/|7T5W(T)|z271 dr
0 0

0<r<7
1 T 5 T 5 ) 1 )
+ = |Tow(T)|]_odr + [ |0, 0w(T)|;_odT < C(|dwoli_, + ;|7T6W0|172 . (3.62)
0 0
Proof. The new estimate (3.61) is first a consequence of Theorem 3.5 and of the relation (3.53).

In order to establish the differential estimate (3.62) we now combine the linearized estimates

(3.37) for the difference éw (where w = w, w = w and éw = dw) with the new estimates (3.61) of

sup |mw(7)|;—2/€e. Keeping in mind the notation
0<r<t

_ _ 1, .
NEL(0.7,655) = sup (80 + ClmR(,) + o [ 15T dr
0

o<r<7/

IR 1T T
b [t a4 5 [ mownydr+ [ 057, dr
0 0 0
for 0 < 7/ < 7, we obtain from the linearized difference equations (3.37) that

~ 1
N2 (0,7, W) <c (Jowol?_y + |mwol?_,)
T/ 9 T/ 2 T/ 9
+co(ea | 10gul}par+ { [ 1ofl,_ar} + [ 1677, ar).
0 0 0
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From the expressions (3.38) and (3.39) of 6f and dg, all terms are easily treated except the terms arising
from the stiff sources

L (Ro(@®) (Ro(w)) "' Tw) — L(@)) &

which require the stronger estimates for the [ — 2 norms with

T’ 2 !
{[oflary <o { [ 16t ar} < res sup sl
0 0 [0,7]

since % J"O?|7TW(T)|Z271 dr is bounded, and

[t ar <+ suplwio sup awit, < e sup swit,

[0,7] [0,7] [0,7]

thanks to the new estimates (3.61), and
/ |5g11|l2_2 dr < 7'cysup |5W|l2—17
0 [0,7]

thanks to the a priori estimates obtained in the local existence theorem. Assuming then that 7/ is
such that 37'c} < %, we obtain the estimates (3.62) over the interval [0,7']. Reitering the linearized
estimates over the intervals [j7’, (j + 1)7'] whose number is independent of € completes the proof. O

Finally note that a priori estimates for 7w/e generally improve as wg and its time derivatives 9Fwo,
k > 1, are closer to the equilibrium manifold £. We may in particular use the extra estimates for the
first time derivative itself and obtain the following new estimates.

Theorem 3.7. Keep the assumptions of Theorem 3.4 and assume that | > lg + 6. There exists C
depending on O1 and b such that the following estimates hold

1 T 1/ 2
sup ([0Bw(r)lE s + 7 imofw(r) ) + o 0Pl i+ ¢ [ [mopwr) [y ar

0<r<7
S 2 T 2 w2, 1 2
+ = [ 7R} g dr+ [ [0fw(r)]} 5 dr < c(|w0 — w2+ Srwol
0 0 €
1 2 1 2
+ 10uwol}_y + ZImdwol?_ + 0Fwol;_, + E|7rafw0|l_5). (3.63)
Corollary 3.8. Keeping the assumptions of Theorem 3.7, we have estimates in the form
. dew(r)|7, <C P+ Lrwol2, + owol?
= Sup [mOw(T)[[_y <C(Iwo —w*[; + =[mwol;_; + |Oswol;_,
0<r<t €

1 2 1 2
+ ~|mdhwoli_ + 102wol_ + ~ImOPwl s ). (3.64)

3.5 Initial layers

We investigate in this section the situation of ill prepared initial data. In order to bridge with the well
prepared data case, it is then necessary to take into account initial layer correctors. Such correctors
may notably be investigated by using composite expansions [50] but such a general study lay outside
the range of the present work. More simply, in this paper, we are looking for a corrector in the form
w0 (7, %) + ew!'!(7,x) where 7 = t/e. This corrector must decrease exponentially to zero as 7 — oo, and
be such that the new variable

w=w— (W +ewll),

corresponds to a well prepared data case. In other words, we want w® and w'! to decrease exponentially
with 7 and W to be such that (1/€)|mWo|? and (1/€)|7d,Wo|?_, remain bounded for € € (0, 1]. Note that
the initial layer correctors are then only significant for small times since 7 = t/e.
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At zeroth order, the initial layer is along the fast manifold w” = 7w% and is defined from the
simplified system of ordinary differential equations

Ao(wo)d-w + L(wo)w® =0, (3.65)
with initial condition wd!(x) = 7w(0,x) = mwp(x). The corresponding corrector w}, is given by

wll = eXp(—TK(;l(Wo)E(Wo))TFWO, (3.66)

where A, " and T are evaluated at the inital value of the normal variable wo = wo(X).

At first order, only the fast component is also taken into account w' = 7w, and we define w

from the system of ordinary differential equations

1l

Ao(wo)drw!! + omE 4 L(wg)w!! =0, (3.67)

with zero initial condition w'!(x) = 0. We have denoted here by = the time independant vector

E = ZR(WO)&»WO — €4 Z (91 (Eij (Wo)ajWQ) — EdB(Wo, 6XWUQ),
i€D i,j€D
and by ¢ = o(7) an exponential function in the form o(7) = exp(—ar) where o > 0 is a constant of

the order of magnitude of the (bounded) spectrum of Koil(wo)f(wo). The equation (3.67) may again
be integrated and yields the explicit solution

wil = — /OTexp(—(T —7') Ko_l(wo)f(wo))a(f) dr’ Ko_le. (3.68)

This corrector w' is also readily seen to decrease exponentially to zero as 7 — oo.
The initial value wg of the modified variable w then has its projection of the fast manifold mwq such

that

TW( = ﬂ'(wo - (ng + ew(l)l)) = m(wp — Twg) = 0,

and

. —~ N —~ 1
Ao (wo )0, o = TA¢(Wo )3, Wo = TAg (o) (0,wo — Z(angl + e0rwy)))
= 1+ T =
=7r(-E- ZL(WQ)WQ - E(—L(Wo)WO — enE)) =0,
so that (1/€)|mWo|? and (1/€)|md,Wo|?_, are bounded. This shows that the transformed problem in
terms of the modified variable w corresponds to the situation of well prepared data.

4 Convergence analysis and volume viscosity

Denoting by ¢ the linear operator

1 O0g 0 0
=041 I 0g1 0], (4.1)
0 0ig 0 1

the ‘equilibrium components’ pw of the normal variable w are given by pw = (p,v,—1/T)%. We first
estimate in this section to what extend this equilibrium projection pw of the normal variable w out of
equilibrium satisfies the equations of the normal variable w, at thermodynamic equilibrium. We then
establish a stability theorem for the equations governing fluids at thermodynamic equilibrium. By
combining these results, we rigorously establish that the difference pw —w, is (’)(e(e + ed)). This yields
a convergence theorem for the fast relaxation limit as well as a rigorous justification of the volume
viscosity term appearing in the equilibrium fluid model.
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4.1 Residual estimates

The equations governing fluids at thermodynamic equilibrium have been investigated in Section 2.7
and the corresponding equations in normal form read

(wC )OWe + Z A (We)OiWe — €4 Z 8 Wc)(? WC) €abo(We, O Wep) =0, (4.2)

€D i,j€D

where we = (pe, Vo, —1/T,)! denotes the normal variable at equilibrium. On the other hand, using
the Chapman-Enskog expansion, it has been established in previous work [30] that the equilibrium
projection ow = (p, v, —1/T)" of the normal variable out of equilibrium w is formally an O(e(e + €4))
approximate solution of the one-temperature governing equations.

We estimate rigorously in this section the residual h defined by

Ag(ow)d, (ow) + > A7 (pw)d;(ow) — €a Y i (B3 (ow)d; (ow))
€D ,j€ED

— €4be (cpw, go@xw“) = h, (4.3)

that is, we estimate the ‘default to equilibrium residual’ of the projection ¢w. Using estimates for h
we will deduce in the next section estimates for the difference pw — w, and establish a convergence
theorem in the fast relaxation limit.

We begin by evaluating h in terms of fluid properties and this requires a few notation and technical
lemmas. We denote by € the reduced temperature difference

9 = @7 (4.4)
€

so that § = —T;, Tinmw/e. The estimates for hyperbolic-parabolic systems with stiff sources obtained
in Section 3 yield in particular various estimates of 6 uniformly with respect to €,eq € (0,1]. We first
investigate the difference ¢(Tir, Tin) — ¢(T,T) for a smooth function of the translational and internal
temperatures.

Lemma 4.1. Let ¢ be a C* function ¢(Tiy, Tin) of both temperatures Ty, and Ti,. Then
(ZS(Ttru/Tin) - ¢(T7 T) = GE¢(97Ttruﬂn)7 (45)
where F1¢ is a C*~1 function of Ty and Ty and is also proportional to 6.

Proof. We may first write

h

6= d(T+s(Tyy —T),T)ds —|— /(?T (T, T+ s(Tin — T)) ds,

and since Ty — T = (Tyy — Tin)Cin /¢y and (Tin — T') = — (T4 — Tin)Cv.tr/Cv We obtain that

~ 1 1
hy = 9{?5_“ /OaT”¢>(T+ (T — T),T)ds — C,‘C’;“ /Oaqus(TmT+ $(Thn — T))ds}.

Finally E¢, is C*~1 since ¢, and ¢, are C*~ ! functions of (T}, Tin), since T'is a C* function of (T, Tin)
and since ¢ is C'*. O

We may now use this lemma in order to rewrite in a convenient form the various transport coefficients
appearing in the governing equations. Keeping in mind that the viscosity 7 is given by 1 = €47 from
(2.11), and using Lemma 4.1 with ¢ = 7, we obtain that (T}, Tin) —7e(T) = ¢h; where 7o (T) = 7(T, T).
Further deﬁnlng the total conductwlty as A = Ar,tr + Atr,in + Ain,tr + Ain,in, We may wrlte from (2.11)
that A = eg\ where A = A\, ot )\tr in T+ /\”1 o+ )\m in» and using Lemma 4.1 with ¢ = A, we then have

MToe, Tin) — A\ (T) = eh where A (T) = \(T, T). Finally, the volume viscosity may be written Kk = €R
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from (2.14) and using Lemma 4.1 with ¢ = & yields that &(Tiy, Tin) — Re(T) where Ro(T) = &(T,T).
The full transport coefficients are thus in the form

K(Ttru 11111) - ’ie(T) - 62h7€7 n(Ttru 11111) - ne(T) = Eedﬁﬁu
AT, Tin) — Xe(T) = €cahy, (4.6)
with ke(T) = €Re(T), 16(T) = €4nie(T), and Ao(T) = e\, (T). We further define the reduced transport

Gtr = _j‘tr,trVTtT - ;\tr,invﬂna ain = 1n trVTtr - m inV/Tina (47)
Q=Q,+Q,. II=-7(Vv+(Vv)' - 2(V)I), (4.8)
in such a way that

Q = Edaa Qtr = edatr’ Qin = edain’ I = edﬁ' (49)

From the relation (2.15) we next obtain

or(Toe = T) = —ko(T)V-v — €2 (E,—.;V-U + ; (0,0 + v-V@))

Tltr

—€€q— (H Vv+V-Q,, — CZ’“V@m), (4.10)

in
and we are ready to investigate the structure of the residual h.

Proposition 4.2. The residual h may be written in the form

h = €2h, + eeqha, (4.11)
with
( (OwVe) (W) Za hyi, hg = ( (OwVe) (W) Z[) ha,i, (4.12)
i€D €D
and denoting by € = (&1,...,&4)" an arbitrary vector of R, the components hyi and hg; are given by
Zgihr,i = (07 a£7 a/v'g)tu (413)
icD
> &ihai = (0, hyS-€ + b€, hy(Sv,€) +bv-€ +hVT-€+c), (4.14)
icD
where _
a=hzV-v+ (&/rTi)(0,0 + v-V0), (4.15)
b= (&/p)(IT:Vv + V-Qy, — (cv,r/cin) V- Qi) (4.16)
Ci = (j‘tr,tr + j‘in,tr) (QCIH/CV) - ( tr,in + /\m m)ai (90V7tr/EV)7 (417)

and where S = Vv + (Vo) — 2(V-v)I and S = (S5)ijep.

Proof. The residual h associated with the normal form is directly related to the residual h, associated
with the conservative variable by the relation h = (O, vc(ww))thu. It is thus sufficient to establish that

h, = €2 Z 8ihr,i + €€q Z 8ihd,i7 (418)

€D €D

by using the error functions Eﬁ, hi, h 5+ the reduced transport fluxes I, Q,, Q
A, and the expression (4.10).

In order to evaluate the residual h, associated with the conservative formulation, we start from
the total mass, momentum and total energy conservation equations. In the momentum and energy
conservation equations, the translational temperature T}, appearing in the state law is expressed in

the coefficients &, 17,

in»
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terms of T and the volume viscosity correction by using (4.10). All transport coefficients in the
momentum and energy conservation equations are also expressed using Lemma 4.1. In addition, the
temperatures Ti, and Tiy, in the heat fluxes are expressed as Ty, = T+ €06y, /¢y and Tiyy = T —€fcy 41/ Cy.

More specifically, from (4.10) we first obtain the expression of h,; as well as the contributions
proportional to (%/p)(IT:Vv + V-Qy, — (¢y,tr/¢in) V- Qyy,) in hg ;. The remaining contributions in hg
then arise from the viscous tensor which is written

IT = —1e(T)S — eeqh;S,

and from the heat flux written

V(T,-T)

_ - V(Tin-T
p + (/\tr,in + /\in,in)¥) .

€

Q = _/\C (T)VT — €€q (FIS\VT + (S\tr,tr + 5\ilﬂ,tr)

Using then Tt = T'+€0¢in /¢y and Ty, = T'—e€fcy 1 /¢y and regrouping the various error terms completes
the proof. O

We now estimate the residuals h, and hg from (4.11)—(4.12) in the functional spaces L?((0,7), H'=*)
and L?((0,7), H'=3), respectively, uniformly with respect to the parameters €, eq € (0, 1].

Theorem 4.3. Assume that | > lo + 4 and that wg is such that
*12 1 2 2 1 2
|W0 — W |l + E|7TWO|l_1 + |8tW0|l_2 + Z|7T8tw0|l—3

is uniformly bounded independently of € € (0,1]. Then the residual h, belongs to C°([0,7], H'~3)
and is bounded in LQ((O,T’),HFAL) independently of €,eq € (0,1], and the residual hg belongs to
CO([O,?],HF?’) and is bounded in LQ((O,?),HZ’B) independently of €,¢eq € (0,1].

Proof. 1t is sufficient to establish the regularity property and the uniform estimates for the residuals
Y iep Oihei and 3, Oihg ;i associated with the conservative form h, since h = (Ow.Ve)thy. Tt is thus
sufficient to establish that h,; € C°([0,7], H'~?) is uniformly bounded in L?((0,7), H'~?) and that
ha,i € C°([0,7], H'~2) is uniformly bounded in L?((0,7), H'~?) for i € D.

Using the relations (4.13) and (4.15) for h,; and the relations (4.14), (4.16) and (4.17) for hg ;, where
6 has been written (T, — Tin)/€, a direct examination of their components shows that there are all in
the space CO([O,?], Hl_2) since w —w* € CO([O,?], Hl), ow € CO([O, 7], Hl_l), Ow € CO([O, 7], Hl_2)
and 92w € C°([0,7], H'7?).

On the other hand, the uniform bound for h, ; in LQ((O, 7), Hl_3) is a consequence of the uniform
bound for first derivatives of w in L2((0,7), H'='), of the uniform bound for 8,0 in L?((0,7), H'~?%)
due to (3.31), and of the uniform bounds of 9,6 in L?((0,7), H'~) obtained with (3.49). Similarly,
the uniform bounds for hg; in L*((0,7), H'~2) are consequences of the uniform bounds for first and
second derivatives in L*((0,7), H'=2), and of the uniform bounds for 9,0 in L*((0,7), H'~2) due to
(3.31). It is interesting to note that the most difficult term to estimate is the time derivative of the
fast variable 9,6. O

4.2 Local stability at equilibrium and convergence

We first investigate a local existence theorem for an abstract perturbed hyperbolic-parabolic system
of partial differential equations in normal form with small second order terms and without sources.
These results are then applied to the limit one-temperature fluid model presented in Section 2.7. For
the sake of notational simplicity we keep the notation of previous sections even though these results
are to be applied to the normal variable w, of equilibrium fluids.

Theorem 4.4. Letd > 1 andl > [d/2]+42 be integers and let b > 0 be given and consider the perturbed
system of equations

Ao (w)o,w + ZKZ (W)Oiw — €q Z i (Bij(w)d;w) — eqb(w, O w) = f + eqg, (4.19)

i€D i,j€ED
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where b= =37, .1, 0i(,v)" (9,w)"Bij djw and where for some positive T > 0
fe ([0, 7], H1) N LM ([0, 7], HY), (4.20)
gcC'([0, 7], H"),  &=0. (4.21)
Let Oy be given such that Oy C Oy, dy such that 0 < d; < d(Og, 00,,), and define
01 ={we0,; dw,0) <d}.

There exists T with 0 < 7 < T, and x > 0 depending on Oy and b, and independent on eq € (0,1], such
that for any wo with wo € Oy and any f and g satisfying (4.20)(4.21) with

t 2 t t
lwo — w* |7 < b, {/|f|l dT} + /|f|l2_1 dr < xb?, /|g|12_1 dr < xb?, (4.22)
0 0 0
there exists a unique local solution w to the perturbed system (4.19) with initial condition
w(0,x) = wp(x), x € RY,

such that
w(t,x) € O, te0,7], xR

and
w; —wp e ([0, 7], HY) nC ([0, 7], H' 7Y,

w; —wy € CO([0, 7], HY) nc ([0, 7], H=2) n L2((0,7), H'T).
In addition, there exists C' > 0 only depending on O1 and b, such that

=
sup [w(r) —w*[} +eq [ [wa(r) — wiil?,, dr <
0<r<7 0

C(|w0 — W+ {/O|Tf|l dT}2 ¥ea 0|Tg|f1 dr), (4.23)

t 7 2 7 7
J1owityar < (o —wii + { [uary + [ ar+eoflgitaar), @2y
0 0 0 0

Moreover, if w and w' correspond to two different inital conditions and different perturbations, letting
ow=w—w,df =f—f' dg=g—g, then

7 7 2 7
sup [ow(r) 7. + e | owu(r)[F dr < C (Jowol?_, + {/|5f|H ar} +eaf gt pdr).  (4.25)
0 0 0

0<r<7

Proof. Solutions to the nonlinear system (4.19) are fixed points w = w of the linearized equations

AoW)O, W + > Ai(w)OiW —eq Y Bij(w)d;0;W = f + €dB, (4.26)
€D i,j€D
with
f=f E=g+g. &= aByw)ow— Y 00V (0w)Bi;dw. (4.27)
1,J€D 1,j€D

Fixed points are investigated in the space w € XL (O1, M, My) defined by w,—w; € C°([0, 7], H'), O,w, €
CO([0,7], H=1), wy —wi € €0([0, 7], H') N L2((0,7), H'), 0wy € CO([0,7], H=2) N L2((0,7), H'™1),
w(t,x) € Oq,

-
sup |w(r) — w*|l2 + ed/ |wy (1) — Wﬁ|l2+l dr < M?,
0<r<7 0
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and -
[ o)ty ar <tz
0

For w in X: ((’)1 , M, M 1), we may use the estimates established for linearized systems in Theorem 3.1
of Section 3.2 without source terms, that is, with # = 0. Noting that g, = 0, and that g’ =g — g is
quadratic in the gradients, we obtain upper bounds in the form

g'(Mi <eeM?, 70,7, (4.28)

so that _
f(r)[7 < [F(n)IF, B0y <lg()iy +caM?  T€l0,7], (4.29)

and the constant co of this estimate may be taken identical to the constant of the linear estimates,
upon taking the maximum of both constants. Assuming

t 9 t t
wo—wp <t { [ithar} + [itpar < [lef i ar <t
0 0 0

and using the linear estimate (3.14) we obtain that

7
sup [W(r) —w*(7)[f +ea [ [Wn(7) —wi|iy, dr <
0<r<7 0

i exp(cao(7 + MiVT)) (b2 + Teaca M? + coxb® + 6dcsz2). (4.30)
Similarly, from the second linear estimate (3.15) we obtain that
/()T|8,5v~\/(7')|l2_1 dr < caexp(ca(7 + MiV7)) (b* + TeqcaM? + xb* + eqxb?). (4.31)
We now define

My, = 2¢1(01)b, My, = (01, My)2¢1(01)b,

and we assume that 7 < 1 is small enough such that
eXP(C2(01,Mb)(? + Mlbﬁ)) <2,

2C§((91,Mb)?(2c1 (Ol))2 <1,
oMV < di,
where we have used [|¢||« < col¢|i—1. We also assume that x = x(O1, Mp) is small enough such that
4C2«91rN%)X <L

Then, for any w € XL(O1, My, Myy), any wo, f and g such that (4.22) holds, and any €4 € (0, 1], the
solution W to the linearized equations stays in the space XL ((91, My, Mlb)- More specifically, letting

M? and M? the maximum of the left hand sides of (4.30) and (4.31) respectively, we obtain from (4.30)
that
M? < 2c3b (1 + 4eqcicd™ + cax + eacax) < 4cib® = My

since 47¢? < 47cic <1 and y < 1/4, and from (4.31), keeping in mind that co > 1, we deduce that
M2 <2630 (1 4 degmc? + X + cax) < M3,

and finally that |W — w*||;c < coM1p/7 < di. We have thus established that the functional space
Xl% ((91, My, Mlb) is invariant under the maping w — w.
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In order to obtain fixed points, we establish that for 7 small enough, the map w — w is a contraction
in the space X- ((91, M, Mlb), for some weaker norm. Let w and W be in XL (Ol,Mb, Mlb), let wo(x),

wo (%), f, ?, g, g, such that wo — w* € H!, Wy —w* € H!, wg, Wy € Op, and

t 9 t t
wo—wp <t { [ithar} + [itpar < [lef i ar <t
0 0 0

t 2 t t
wo —wi <, { / flar) + / 7 4 dr < 02, / 82, dr < 0.
0 0 0

Let ¢4 € (0,1], and define dw = w —w, 6f =f —E og=g—g,and ow = w — w. Forming the difference
between the linearized equations, we obtain that

Ao(W)3,0W + > A(W)DioW — eq Y Bij(w)0;0;0W = 6F + €adg, (4.32)
i€D i,j€D

where
o, =of, — > (Ao (@) (Ag'(w) Ay (w) — A (@) ) 1
i€D
= (A @) (A w) R (w) — A ) ) Do,

€D

S =ot = 3 (A @) (A (w) A (W)~ A @) ) 0

i€D
=3 (A @) (g (w) TR (w) — A (@) ) D,
i€D

551207

—I1,1T 11,11

0gu = 0gu + Ay’ (W )(Ao (w ))_1g{1(w ow) — gfI(VA\’aaxVAV)
4 Z ( 11, 11 —11 H(W))ilgfjn(w) - BII 11( ))3 8 ki

i,j€ED

These expressions imply that
017y < 18F7 s + calowl? oy, 1OFE 5 < J6F7 5 + coldwli s,

|5’gvu|l272 < |5gu|1272 + C2|5W|1271~

Using now the linear estimates we obtain that

sup [ow(7)|?_, +ed/ |6y (7)|7 dr <
0

0<r<7

T 2 T
c2(|5w0|l{1+{/0|5f|l_1d7} +eq O|6g|l_2d7}2)+?cz sup [ow(r)[Z,  (4.33)

<T<T

where ¢y depends on Oy and b. Now if 7 is small enough so that co7 < 1/2, by letting wy = Wy, f :?,
and g = g, we obtain, that the map w — W is a contraction in the space XL ((’)1, My, Mlb). Introducing
the sequence of successive approximations {w*}z>o, starting at w® = w* and such that w**+1 = W,
that is, w1 is obtained as the solution of linearized equations, then the sequence {Wk}kzo is easﬂy
shown to be convergent to a local solution of the nonlinear equations with the desired regularity. The

differential estimates (4.25) are then obtained by passing to the limit in (4.33).
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The estimates (4.23) are now established by using the fact that the solution is a fixed point w = w.
Denoting by w the solution of the nonlinear system of equations and letting

)
M2 = sup w(r) —wH(r)} + ea / wa(r) — wil?,, dr,
0<r<7 0

the linearized estimate (3.14) now yields that
T 2 T
My < ciexp(ca(T + MiVT)) (|wo—w*|l2+{/|f|ld7} +ealf |gli—1 dT}2+%edc§M£),
0 0
and since exp(c2(7 + M1v/7)) < 2 and 2cic37 < 1/4 by definition of 7 we get that

T 2 T
M2 < C(Jwo — '} + {/|f|l ar} -+ eaf leli-1dr}?), (4.34)
0 0

where C only depends on Oy and b. On the other hand, from the linearized estimates (3.15) we further
get that

T T 2
/|8tv~v(7’)|l2_l dTSCQGXp(CQ(?—FMl\/;)) (|WO—W*|l2+{/|f|ld7'}
0 0

+/|f|l2_1d7'—|—ed lgli—1dr}? +%ede3). (4.35)
0 0

Combining (4.34) and (4.35) finally yields (4.23) and the proof is complete. O

Remark 4.5. We have not included nonstiff source terms in the stability theorem since they are not
required for our application to fluids out of thermodynamical equilibrium. However, it is straightforward
to add such nonstiff extra sources in the stability analysis.

Remark 4.6. The decomposition of the right hand side in the form f+eqg with assumptions (4.20)(4.21)
1s of course not unique. A right hand side in the form egg’ may be decomposed for instance into f = eqg’
and g = 0 as well as f = 0 and g = g’. The interest of the g term is that only the lower regularity
g € CO([O,?m],Hlfl) is needed, but the price to pay is a factor \/eq since the dissipative terms are
O(eq) and there are correspondingly eq factors in the estimates of higher derivatives. In particular, in
the estimates (4.25), even though eqg' is O(eq), the perturbation dw is only shown to be O(/€q). On
the contrary, with the f factor, any scaling of f is fully tranmitted to dw, but we then need the stronger
relularity f € C°([0, 7], H').

We now combine the estimate of the residual h to the stability theorem at equilibrium in order to
obtain a convergence theorem.

Theorem 4.7. Let d > 1,1 > lo+4, lg = [d/2]+ 1, be integers and let b > 0 be given. Let Op be given
such that Oy C O, dy such that 0 < dy < d(Og,00,,), and define O = {w € Oy; d(w,Op) < di }.
There exists T > 0 depending on O1 and b, and independent on eq € (0,1] and € € (0, 1], such that for
any wg € Oy with

1
lwo — w*[? + =|7wol?_; < b7, (4.36)
€
and such that

1 1
lwo — w*|} + ;|7TW0|1271 + |ewol?_y + ;|7T3tW0|z273=

is also bounded independently of €, there exists a unique solution of the out of equilibrium system such
that the estimates (3.31) and (3.62) holds, as well as the estimates (3.49), and furthermore, there
exists a unique solution of the equilibrium system starting from pwg. Then there exists a constant C
depending on Oy and b and independent of €, ¢4 € [0,1) such that

sup |ow — we|i—g < Ce(e+ €4).
T€[0,7]
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Proof. We may use the estimates of the residual term h in Theorem 4.3 and apply Theorem 4.4 with
f =h, g =0, and use the differential estimates (4.25). O

In particular, in the special case ¢ = €, we have established that the two term Chapmen-Enskog
expansion derived in the companion paper [30], which includes the O(¢) volume viscosity terms, is
effectively of second order accuracy.

5 Conclusion

We have proved rigorously for the first time that the solution of the out of equilibrium gas model
converges towards the solution of the one-temperature model. We have further established that the
distance between these two solutions is of the order of Burnett type residuals. This is in full agreement
with previous work where it has been established that the volume viscosity coefficient is obtained with
a two term Chapman-Enskog expansion.
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