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1 Introduction

This work is a contribution to the problem of detection of thin structures,
namely tubes, in a 2D or 3D image. We adopt a geometrical point of view.
As the concept of tube is geometric, it is therefore necessary to use mathemat-
ical tools to make the link between shapes, models and algorithms.

We introduce a variational model of Mumford-Shah type (see [1] for the seminal
article). This approach generates a set of parameters whose role is essential
but adjustment is not automatic. The mathematical model allows to develop
strategies for tuning these parameters.

We introduce a bimodal model for the case where the histogram of the image has
two main modes. This corresponds, for example, to the case of an angiography
MRI.

Let n be the dimension and 2 C R™ the domain of the image. The analysis will
consist in searching a pair (p,g), where p: Q — {0,1} is a binary function and
g: QO xR" — R is such that for any z € , g(x,-) is a riemannian metric.
This pair must minimize a functional E defined by:

Epe) = [ glem(o)idn @),
Sp

where S, is the jump set of p, v, is a normal unitary vector to S, and H"~*
the n — 1-dimensional Hausdorff measure. To detect thin tubes, we assume that
the metric has a characteristic direction at each point of the domain. More
precisely, the metric must take the form g(x,v) = |v|?> + (c(z) - v)?, where c is
an unitary vector field on 2.

In [2], it is proved, in the general setting of Finsler metric, that this functional
is the anisotropic perimeter associated to the dual metric if g is fixed. So, it
inherits of lower semi-continuity property and it can be approximated in the
sense of the I'-convergence by the family of functionals (E.).~¢ defined by

E.(p) = /ng(;z:, Vp) + de.

We generalize this work to the case where the metric g is also an unknown and
takes the form defined above. More precisely, we will prove that the family
(F:)eso defined by

F.(p,c) = /995 [IVpl* + (c- Vp)?] + p(%p),



T'-converges to

F(p,c) = [S Y1+ (e vp)2dH"

In section 2, we introduce the problem and the practical motivations. We recall
some classical results and introduce the functional framework in section 3. Sec-
tion 4 is devoted to the approximation process. We prove the main result, that
is the I'-convergence result.

from the practical point of view, of calculus of variation and introduce the
functionals spaces used in the results, in sthe main result of approximation is
given and proved.

2

Presentation of the model

In what follows, n represents the spatial dimension of the image: n = 2 for
planar images and n = 3 for 3-D images. We adopt the list of symbols:

x = (x;)i=1..n & vector in R™

x a scalar in R,

Xy = >, x;y; the usual scalar product of R",

|x| = v/x - x the euclidean norm of R™,

S”~! the unit sphere of R",

B,.(x) the ball of R™ with center x and radius r > 0,
IA]| a generic matricial norm in M, (R),

v(z) a normal vector of a surface at x in R™,

L™ the n-dimensional Lebesgue measure of R™,

HF* the k-dimensional Hausdorff measure of R,

M (Q; R™) the space of vector valued measures over €,
C*(9) the space of k-differentiable functions defined on (2,

C3(9;R™) the space of differentiable functions defined on 2 with values in
R"™ and which tend to 0 at oo,

C.(2) the space of continuous functions defined on Q with compact sup-
port,

A A B the symetric difference of the sets: (A\ B) U (B\ A),

OA the topological boundary of A C R™.



Figure 2.1: Mouse brain angiography and thresholding at 80% of the maximum
intensity

2.1 Motivation of the problem

For the study of some diseases, it is interesting to focus on the blood status in a
vessel network, especially on the volume of its microvasculature. To assess this,
in vivo mice brain angiography is performed. This is based on the injection of
a contrast medium and a MRI imaging process.

The left image in Figure 2.1 is a planar projection of a 3-D image, the right
image is the result of the manual segmentation with thresholding at a level equal
to 80% of the maximum intensity. The aim is to construct an automatic method
to segment the network area corresponding to the blood while removing noise.

2.2 Geometric characterization of the problem

We give an heuristic way to introduce and motivate the model. We first present
an isotropic model and show that it is not suitable for our problem. Then, we
introduce an anisotropic term.

2.2.1 The generic problem

Let 2 C R™ be the domain of the image. We consider the following segmentation
problem. Let o > 0 be the critical level of detection: if a set b,,, is with diameter
«g lower than « then it is considered as noise and has to be removed. Let I' C Q2
be a curve with length ¢ such that « is negligible compared with £. We set T}
the tubular neighborhood of T" of the points of €2 at distance lower than « of T'.
Although the section of Ty, is near of the critical level we want to detect this
set because of its specific geometry. We set B, a ball with radius «, it is also
considered as noise not because it has a critical diameter but because it has not
the appropriate geometry of tubes.

Let I C Q be a generic set and we assume that we have the following disjoint
decomposition (see figure 2.2)

I =T)oUBgUbg,.



TZ «

eX

Figure 2.2: Decomposition of the image in three kinds of sets.

The segmentation problem consists in combining three constraints. The first
one is to remove the sets of b,, type because their section is too small. The
second one is to remove the B, type sets, not because they have small radius,
but because they are not tubes. The last one is to detect the tubes T} 4.

For that, we purpose an energy functional £ defined on the sets of Q. We
say that a set F is a better segmentation than the set G if £(F) < &(G).
The functional &£ is adapted to the problem if it satisfies the three following
conditions:

i) €I\ ba,) < E(I),
i) £(1\ Ba) < £(I),
iii) £(I) < E(I'\ Tr.a).

Conditions i) and ii) imply that removing b,, and B, provides a better
segmentation than keeping them. Condition iii) implies that detecting Ty,
gives a better segmentation than removing it.

2.2.2 An isotropic model

We first consider an isotropic functional £ defined on the sets of P(Q2) with finite
volume and area as:

E(F) = Volume(F A I) 4 BArea(0F),

where § > 0 is a weight to tune. Many works have been devoted to this
particular case. Let us mention contributions from Morel and Solimini [3]. We
show that this model can not satisfy the three constraints we imposed to our
problem.

As Ty o, B, and b,, are disjoints, condition i) is equivalent to

Volume(by,) < SArea(dbs, ). (2.1)

The sets which minimize the ratio Volume/Area are prefered by this energy.
When the diameter is fixed, the sets which minimize this ratio are the balls.
Thus, to ensure the inequality (2.1), it it sufficient to have

Volume(B,,) < BArea(0B,,).



Taking the equivalences Volume(B,,) ~ aff and Area(0B,,) ~ af ™", this con-
dition gives
ap < B.

For the same reasons, condition ii) gives

a < B (2.2)

Condition iii) is equivalent to
BArea(9Ty o) < Volume(Ty ).

Taking the equivalences Volume(Ty,,) ~ fa™ ™t and Area(Ty,) ~ ¢a™ 2, this
condition gives

B < a. (2.3)

Thus, conditions (2.2) and (2.3) are contradictious. Such a model is not adapted
to this problem.

2.2.3 An anisotropic model

We rather introduce an energy term that involves a preference to sets having
a direction, that is anisotropic sets. Let ¢ : @ — S™~! be an unknown and
unitary vector field that represents a direction in each point of the image.

Let € OF and vp(z) be a unit normal vector of the surface F at z. We
say that |c(z) - vp(x)| is the action of the vector field ¢ on OF at x. This term
is zero if the field is tangent to the surface and it is maximum if it is orthogonal
to the surface. We introduce the total action of ¢ on OF:

Action(F,c) = / lc-vp|dH™ T,
oF

where H"~! is the surface measure (namely the n — 1-dimensional Hausdorff
measure). As a < ¢, a field which minimizes the action of ¢ on 97, has to be
tangent to 0Ty, along the tube (see figure 2.3).
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Figure 2.3: A field ¢ tangent to the edge of a tube T} 4.

Moreover, we introduce a regularization term defined on the vector field as

Regularization(c) :/ | De||?,
Q



where || - || is a pointwise matricial norm and we fix A > n (not necessary an
integer) to ensure that the field is regular. Indeed, if A > n and [, || Dc||* < oo
then c is continuous. The new expression of the energy is

E(F,c) = Volume(F A A) + fArea(0F) + pAction(0F, ) + vRegularization(c),

isotropic terms anisotropic terms
(2.4)
where 3, i and -y are, as before, weights to tune. We have to verify the conditions
i), ii) and iii) of 2.2.1. We assume that T} , is a linear and rigid tube of length
¢ and section «. Obviously, the best choice of ¢ is to choose it in the direction
of the tube. Indeed, the action of the field on the tube is zero outside the two
ends of the tube and the regularization is zero (see figure 2.4).

Figure 2.4: A linear tube Ty, and c in the direction of the tube.

Using the following equivalences:
Volume(Ty o) ~ £a™ ', Area(Tyq) ~ £a™ 2,  Action(9Tyq,c) ~ a™ L.
Condition iii) is equivalent to
Bla™ 2 + o™t < fa™ Tt (2.5)

For a ball B,, the field ¢ has to realize a compromise between its action on
0B, and its regularization (see figure 2.5).

We make the homothetic change of variable between B, and B, a ball of
radius 1. We denote ¢; = c(a). It gives:

pAction(dB,, ¢)+vRegularization(c) = pa™ ! Action(dBy, ¢1)+va" " *Regularization(c; ).
As o is small and A > n, then if u ~ 7 the parameter pa™ ! is negligible with
respect to ya”~*. As a conclusion, the regularization is more important than
the action for balls with small radius a. The best choice for ¢ is a constant field.
In this case the regularization is zero and the action is equal to the action on
the tube with the same section. Then, conditions i) and ii) are equivalent to

" < Ba" 7t 4 pam (2.6)

The three conditions (2.5) and (2.6) are not contradictious anymore when « is



Figure 2.5: Two opposite situations: at left, ¢ minimizes the action, at right, c
minimizes the regularization.

small and o < £. For example, we can take

n=",
B<g,
7
/1’<27
B+ u>a.

As a < /£, the previous system admits solutions. Thus, this model is adapted
to the problem.

2.3 Bimodal model

Let us give a functional formulation of the energy of (2.4). We define an im-
age as a function g : © — [0;1]. We assume that the domain Q C R"™ is
Lipschitz-regular. The fondamental assumption of this model is that the his-
togram distribution of the image contains two main modes that we assume to be
0 and 1. Equivalently, g is almost equal to an indicator function. The unknown
is a pair (p,c) where p: Q — {0;1} is a binary function and ¢ :  — S"~! is an
unitary vector field which minimizes the energy

E(p,c) = /Q (p— 9 + BH™Y(S,) + 1 / e vyl dH™ 4 /Q IDe|, (2.7)

p

where S, is the jump set of p. It is a Cl-hypersurface of Q and v, : S, — S*~1
is a normal unit vector of S;,. If p is the indicator function of a set F' C §2 and
F is a smooth hypersurface then S, is equal to 0F. For the general setting, its
definition will be precised in section 3.3. The parameters 5, i and ~ are weights
to determine.

3 Functional framework

The following results are extracted from [4] for Radon measures and BV-spaces
and [5] for functionals defined on measures spaces and I'-convergence.



3.1 Radon measures and functionals defined on measure
spaces

Definition 3.1. Let M(Q) be the space of Radon measures and M(2;R™) be
the space of vectorial Radon measures.

Theorem 3.1. For A € M(£;R™), we denote

| Al Am(osrn) = sup {/Q @-d\: o € C(R™), [l L= < 1}-

Then, this application is a norm on M(;R™).
Definition 3.2. Let A and 0 be two measures on 2. We say

i) the restriction of A to the set B C Q is the measure denoted A\_.B and
defined by ALB(-) = A(BN-),

it) X is absolutely continuous with respect to 0 if \(A) = 0 whenever
0(A) = 0, when this holds, we write A < 0;

i) A and 0 are mutually singular if there exists a set B C Q such that
A= AB and 0 = 0.(Q\ B), when this holds we write A L 0.

The following result is also called Besicovitch’s decomposition theorem.

Theorem 3.2. Suppose that 6 is a Radon measure and A is a vectorial Radon
measure on 2. Then

A B
i) 7ll_r}r(l) ‘9EBTE:;))§ exists and is finite for 6 almost every x, we denote by %(x)
this limit when it exists,

i) X = Age+ As, where Age, A\s are vectorial Radon measures such that Age < 0
and As L 0,

iii) Aac(B) = [ Db,

Definition 3.3. A sequence (Ag)reny C M(Q;R™) weakly converges to A €
M(Q;R™) if we have

Vo € Co(;R™), /w-d)\k—>/g0-d)\.
Q Q

Let ¢ :  x R™ — R™ be a sublinear function with respect to the second
variable, that is:

i)

V(z,v1,ve) € 2 x R" x R", oz, v +va) < p(z,v1) + p(z, va),

i)
V(z,v,t) € Q x R" x R, oz, tv) = to(x,v).



We consider the convex functional defined on the space M(2;R™) by

cI):AEM(Q;R")H/@(m,d/\> 9 (3.1)
0 o

where 6 is a positive measure such that A\ < 6. It is shown in [6] that the
integral in (3.1) does not depend on the choice of §. For that reason, we will
write it in the condensed form

20 = [ ¢,
Q
The functional ® has the following continuity properties which are proved in

7).

Proposition 3.1. i) If ¢ is a lower semicontinuous on Q X R™, then ® is
lower semicontinuous on M(2;R™) for the topology introduced in 3.3.

it) Assume that ¢ is continuous on Q X R™. If (A\r)ken weakly converges to A
and if, moreover, [, [Ae| = [o|Al, then ®(Ax) converges to ®(N).

We give a variant of the coarea formula extended to the sublinear functionals
which can be found in [8].

Proposition 3.2. Let ®(x, s, v) a Borel function of QxRXxR™ which is sublinear
in v. Let p be a Lipschitz continuous function on Q and denote, for t > 0,
St = {x € Q;p(x) <t}. Then, for almost allt € R, Sy belongs to BV(Q)) and

we have
/<I>(x,p7Dp)dx:/dt/@(x,t,Dlst).
Q R Q

3.2 Functions with bounded variation

Definition 3.4. A function u € L*(Q) is said to be with bounded variation

if
Q
We denote TV (u) this upper bound and BV(QY) the set of such functions.

Theorem 3.3. Let be u € L'(Q), then the derivative of u in the sense of
the distributions is a bounded Radon measure. Moreover, we have TV (u) =

[ Dul| pm(osrn)-

Theorem 3.4. The space BV(Q), equipped with the following norm
lull pyiay = lulli@) + TV (u)

is a Banach space.

Definition 3.5. A sequence (uk)ren of BV(2) converges in the sense of the
intermediate topology to u € BV(Q) if we have

{ Uk — U mn Ll(Q),
Jo | Dui| — [, | Dul.



Theorem 3.5. We have the two following compactness results
i) the inclusion BV(Q) C L'(2) is compact,

it) if (uk)ken is a bounded sequence of BV(2), then there exists a subsequence
which intermediately converges to u.

3.3 Sets with finite perimeter

In the sequel, we are formulating min & as a minimization problem of func-
tions by connecting sets and functions via indicator functions. The following
terminology is introduced in [4].

Definition 3.6. Let A C Q be a measurable set. A point x €  belongs to
measure theoretic boundary of A if

L*(B(x,r)NA) -

li 0,
o =
and (B A
fiming S B \NA) o
r—0+ rm

We denote 0* A the measure theoretic boundary of A .

Definition 3.7. A measurable set A C Q is said with finite perimeter if
14 € BV(Q).

Remark 3.1. The concept of measure theoretic boundary generalizes the concept
of topological boundary when A is reqular. Indeed, if A C Q is an open whose
topological boundary OA is a smooth and compact hypersurface, then we have

i) 0A = 0" A,
i) TV (14) = H"1(0A).

Theorem 3.6. Let A C Q be a set with finite perimeter. There exists a pairwise
disjoint family of sets (S;)ien and a set M C Q such as

i) for alli € N, S; is a C' and compact hypersurface of Q,
i) H" (M) =0,
iii) 9*A=MU (U;en Si) -

Theorem 3.7. Let A C Q be a set with finite perimeter. The following gener-
alized Gauss-Green formula holds: for H"™1' almost every x € ), there exists
v(z) € S*7L, called the inner mormal vector to A at x, such that for all

¢ € CL(BRM),
/ 1adiv(p)de = —/ - -vdH" !,
Q BxANQ

that is D14 = vH™ 1LO*ANQ.

Definition 3.8. Let A C Q be a set with finite perimeter and p = 14. With
the theorems 3.0 and 3.7, we get S, = 0*A and v, = v.

10



Proposition 3.3. Let A C Q) be a set with finite perimeter and p = 14. Then,
we have ||Dp||p = HP7L(S,).

Remark 3.2. Ifp =14 with A C Q an open subset whose boundary 0A is a
compact hypersurface with class C*, then we have S, = HA.

The following lemma is proved in [9]. It asserts that every set with bounded
perimeter can be approximated by a sequence of smooth subsets of R™, all
having the same volume inside {2 and each of these boundaries satisfy a measure
theoretic transversality condition with respect to 2.

Lemma 3.1. Let Q) be an open, bounded subset of R™ with Lipschitz continuous
boundary, and let A be a measurable subset of Q. If A and Q\ A both contain
a non-empty open ball, then there exists a sequence (Ag)ren of open bounded
subsets of R™ with smooth boundaries such that
i)
lim £"((Ax N Q) A A) =0, lim H" Y (0Ay) = TV (14);
k—o0 k—o0
LA NQ) = L"(A) for k large enough;
H" 1 (0AL,NOQ) =0 for k large enough.

3.4 Functional spaces

In this section we introduce the appropriate functional spaces for the approxi-
mation process.

B(£2;]0,1]) = {p measurable : p(z) € [0;1] a.e. z € N},
BV,(Q) = {peBV(Q): p(z) € {0;1} a.e. x € O},
wh2Q) = {peW'?(Q): 0<p(x)<lae z€Q},

Wj/{)(Q,R") = {ce WM R): |c(z)] =1ae z € Q},
x0T 2 B [0,1]) x WINQ),
Yy = BV,(Q) x WIAQ;R"),
Z = WEAQ) x WhrMNQR™).

Let T be the product topology on X where:
o B(9;[0,1]) is endowed with the almost everywhere convergence topology,
o WLA(Q) is endowed with the weak topology associated to its norm.

For a sequence ((pg,ck)),cy Which converges to (p,c) for this topology, we

write (pg, Ck) 7, (p,c). Since these spaces are metrizable, then (X, 7) is also
metrizable.

11



3.5 [I'-convergence

We want to perform an approximation of the energy E more suitable for nu-
merics applications. We will do that in the sense of the I'-convergence. In this
section, we give the definition and a useful property of continuity. For more
properties on this subject one refer to [5], chapter 12.

Definition 3.9. Let (X,d) be a metrizable space, (Ey)ren a sequence of real-
valued functions Ey : X — RU {+o0}, and E : X — RU {+o00}. The sequence
(Ex)ken D-converges to E at x € X if both the following conditions hold:

i) for all sequences (xy)ken converging to x € X, one has

E(z) < liminf Ey(xy), (3.2)

k—o0

it) there exists a sequence (yi)ren converging to x € X such that

E(z) > limsup Fx (yx)- (3.3)

k—oc0

When i) and i) hold for all x € X, we say that (Ex)gen T'-converges to E in
(X,d).

The main interest of the I'-convergence, in our case, is the following result.

Theorem 3.8. Let (Ex)ren be a sequence of functions which T'-converges to E
in (X,d). Let (xp)ren be such that

VkeN, Ep(r) < 122 Ey(z) + er,

where €, > 0 converges to 0. Assume that (zy)ren s relatively compact; then
every cluster point x of (x)ken 8 a minimizer of E and

liminf By (z1) = E(x).

k—o0

Remark 3.3. The previous theorem asserts that if xi is an approzimate solution
of the minimizing problem of Ey, then it is also an approzximated solution of the
minimizing problem of E.

4 Functional formulation of the problem
In this section we prove that the function defined in (2.7) admits at least a mini-

mizer in an appropriate functional space. Then, we introduce an approximation
of this problem and prove a convergence result.

4.1 Existence result

In order to simplify the notations, we assume that 8 = 4 =« = 1. Thus, we
denote

E(p,c):/Q(p—g)z—&-’H"_l(Sp)—i—/S |c-1/p\d7-l"_1+/ﬂ\|Dc||A.

12



We have the following minimization problem
(P): Min{E(p,c): (p,c) € V}. (4.1)

In this section we prove that problem (P) admits at least one solution. We
apply the direct method of calculus of variations. We exhibit a minimizing
sequence which is compact for an appropriate topology. Then, we prove a lower
semicontinuity result for £ and conclude.

As E is bounded from below by 0, there exists a sequence (pg, Ck)ren C YV
such that (E(pg, ck))ken converges to the minimum value of E. In the following
theorem we prove that we can extract a converging sequence from (pg, Cx)ken-

Theorem 4.1. Let (pg, ¢k )ren C Y such that
dM >0, VkeN, E(pk,ck)gM.

Then, there exists a subsequence, still denoted (py, ¢k )ken, and (p,c) € Y such
T
that (pk7 Ck) — (p7 C).

Proof. As p takes its values in [0;1] and Q is bounded, then (pg)ren is a
bounded sequence of L!(€). According to proposition 3.3, we have TV (p;,) =
H"1(S,,). Moreover, we have H""1(S,,) < E(pk,ck), so (TV(pr))ken is
bounded. We deduce that (pg)ren is a bounded sequence of BV (). According
to theorem 3.5, there exists a subsequence, still denoted (pg)ren, and some
p € BV(Q) such that (pg)ren converges to p intermediately. As pjy takes its
values in {0; 1}, we deduce that p takes its values in {0;1}.

As ¢;, takes its values in S"~1, and Q is bounded, then (cy)ren is a bounded
sequence in L*(2). Moreover, we have

[ Dekllor < E(pr,ck)-

We deduce that (ci)ren is bounded in W1A(Q;R™). So, we can extract a
sequence (cj,)ren and there exists ¢ € WA (Q; R™) such that (ci)ren converges
to ¢ weakly in W1 A(Q;R™). As c;, takes its values in S"~!, we deduce that c
takes its values too in S"~1. We can conclude that (p,c) € Y. O

Theorem 4.2. The functional E : Y — R is lower semicontinuous for the prod-
uct topology of the intermediate convergence on BV(Q) and the weak-topology
on WHA(Q; R™).

Proof. The lower semicontinuity of the three terms [, (p — g)%, H"~!(S,) and
Jo IIDc||* are well known results and the proof can be found for example in [5].
The original part of this result is the lowersemicontinuity of [ s, lc - vp|dH L.

We first prove the result with c fixed and generalize without this assumption.
Claim 1: Let ¢ € WA (S5 R™) and (pr)ren C BVy(Q) (see 3.4) which inter-
mediately converges to p € BV,(Q2). Then, we have

/ |c~1/p|d’H”71§1iminf/ lc- vy, |dH™ L.
k— o0 SPk

p

We define ¢ : 2 x R" — R as

p(z,v) = le(z) - v].

13



As A > n, then we have W1 (Q) C C°(Q), so c is continuous. We deduce that
@ : Q x R"™ — R is continuous as well.
According to theorem 3.7, we have Dpy, < H"1LS,,, Dp < H"~'S, and
d(Dpy) d(Dp)

—_ - 1 _ =y, 1g .
A(Hn1LS,,) TPt qn-iLs,) TS

Moreover, ¢ is sublinear with respect to v. According to proposition 3.1, we
can conclude the proof of Claim 1.

Claim 2: Let (pg, ck)ken € YV such as (pr)ren intermediately converges to
p € BV, (Q) and (cx)ken weakly converges to ¢ € WEA(Q; R™) in WHA(Q; R™).
Then, we have

/|c-1/p\d?-{,"_1§hminf/ g - vy, |dH
S k—o0 Spk

p

Triangular inequality gives

/ |ck "ﬁ’k'dtHﬂil _/ |C'V:Dk|dHn71 < / l(ck —¢) 'Vpk|d,Hn71a
Spk SPk SPk
< / lcx — c|dH™ L,
Sy
< lex = ellL=H""(Sp,),

As (pi)r intermediately converges to p in BV(Q) then (H"7'(Sp,))ken is a
bounded sequence. As A > n then the inclusion W*(Q) C C%(Q) is compact.
As (cg)r weakly converges to ¢ in W1A(Q) then (ci)ren converges to c in
L*>(Q). This two facts implie that

”ck’ - CHL‘”,Hnil(SPk) -0,

so we have

/ ek - Up, [dH™ ! — / lc- vy, |[dH™™! — 0.

Pk PE

Then, in the following expression:

/ |Ck : Vpk|dHn_1 = </ ‘ck : VpkldHn_l _/
S. S. S.

Pk Pk

c- upde"—1> +/S lc - vy, |[dH™ !

P P

the term between parentheses converges to 0. According to Claim 1, we can
conclude that

lim inf/ ek - Uy, [dH™ ! > / lc- v, |dH™ L.
k— o0 SPk Sp

We can now prove the existence of solutions for problem (P) (4.1).

Theorem 4.3. Let A > n, the problem (P) admits at least one solution.
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Proof. Let (pg,ck)ren be a minimizing sequence of E. According to theorem
4.1, there exists a subsequence, still denoted (pg,ck)ren, and (p,c) € Y such
that (pg)ren converges to p in L'(2) and (c)gen weakly converges to ¢ in
WA (Q; R™). According to theorem 4.2 we have

E(p,c) < liminf E(pg, ck).
k—o0

As (pk,cr)ren is a minimizing sequence of E, can conclude that (p,c) is a
solution of (P). O
4.2 Approximation process

In this section we give the main result: we introduce an approximated problem
and prove a I'-convergence result.

4.2.1 Motivations

Let us give an outlook of the approximation process and its proof. In [9], Modica
and Mortola consider two functionals F¥ and FM defined by

2 1— 2
) = [ oelwp + TUZE,
Q

FY(p) = H"71(Sy).

They prove the I'-convergence of (FM).~q to FM for e converging to 0. In our

case, we have to introduce the action of ¢ on S,. So, we consider the functional
2 2
pr(1—p
Fupe) = [ 9 [1V6P + (e V2] + ZOEE,
Q

and prove that it I'-converges to

F(p,c) :/S A1+ (c-vp)2 dH L

The result is not a direct consequence of [9]. Indeed, the functional F. is not
isotropic and the proof has to be adapted. Moreover, this expression is not
exactly the same as the one we introduced in (2.7), in this case we had

WS+ [ e, ann

Sp

According to the following equivalence

Y(a,b) € (RT)?, Va2 +b2<a+b<V2ya?+ b2,

the expression of E given by

E(p,c) = /Q (p—g)® + /S B T (e )2 AHP 4 /Q |Del.

is equivalent to (2.7) from the minimizing point of view.
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4.2.2 The main theorem

Let F, F. and G be the functions defined on X and with values in RU {400} as

G(p.c) = /Q (- 9)*+ /Q IDel i (p,c) € X,

F(p,c) = { Js, V14 (c vp)2dH" " if (p,c) €,

400 otherwise,

2(1_p)2 .
F(pc) = 4 Jo% VPP’ +(c-Vp)| + 22l if (p,c) € 2,
7 +o0 otherwise,
E = G+,
Ea - G + FE-

The main result of this work is the following

Theorem 4.4. Let (e;)ren be a sequence converging to 0T. Then, the sequence
(E:,)ken T-converges to E in X for the topology introduced in 3.4.

This results consists in proving two inequalities (3.2) and (3.3). The first
inequality consists in the application of the method introduced in [10], while
the second is specific to this problem.

4.3 The inequality for the lower I'-limit (3.2)
We now prove the first inequality (3.2). For any (p,c) € X, we denote

. o T
E_ (p7 C) = inf {th_li)rolf Eek (pk7 Ck) : ((pk7 ck))keN - Za (pkv Ck) — (p7 C)}
Let (p,c) € X, it suffices to prove that E_(p,c) > E(p,c). Without loss of
generality, several assumptions can be made.
1. E_(p,c) < 400, otherwise the result is ensured.

2. (p,c) € V. Indeed, according to the first assumption, there exists (pg, cx);cy C
Z such that (E., (pk,Ck))sey 18 bounded, so (Ee, (pk, Ck))yen is bounded
too. According to theorem (4.1), we can deduce that its limit belongs to

V.

3. There exists a sequence ((pr,Ck))pcy C Y such that ((pr,ck)),en con-
verges to (p, c) and E., ((pg, cx), ) converges to E_(p, c). Indeed, we can
construct such a sequence by a diagonal extraction.

4. At last, (pr)ren C C®° N WH2(Q). Indeed, according to Meyers-Serrin
theorem, the space C>° N W2(Q) is dense in W2(Q). Moreover, there

exists C. such as for any (p,q) € (Wl’Z(Q))Q7 we have

|E-(p.¢) — Ec(q,0)| < Ce (IVPIIZ2 — I VallZa| + [(Vp.€)rs — (V. €)re]) .

So, by a diagonal extraction we may construct (pg)xen-
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First Step: we have

€k (/Q (cr - Vpr)? — /Q (c- Vpk)2> — 0.

(k- Vpi)® = (¢ Vpr)?| < 2|k — ¢||7 V|,

As

then we have

/Q (ck - Vpr)® — /Q (c- Vpr)?

As e [ |Vor? < E-, (pr,ck), then the term ey [, |Vpi/® is uniformely
bounded with respect to k. Moreover, (ci)ren weakly converges to ¢ and the
inclusion WA C L* is compact. It yields that (c)ren converges to ¢ in L>.
It concludes the first step of the proof.

Second Step: we have

€k

< 2 — cfFucs / Vi [2.
Q

liminf F,, (px,c) > F(p,c).
k—o0

For any k > 0, the inequality A% 4+ B2 > 2AB gives

2 1— 2
/ ey, [|Vpk|2 + (C : Vpk)Z] + pk(é_ikpk) > / 6pk(1 *pk)\/|vpk|2 + (C : Vpk)Q-
¢ A2 B"Q ¢ 2AB

Let @ : Q x [0;1] x R™ — R* be the function

®(z,5,v) = 65(1 — 8)\/|v[]2 + (c(z) - v)2.

This function is sublinear in v. We denote SF = {x € Q: py(z) < t} Using the
formula 3.2, we can write

/6p;€(1—pk)\/|vpk|2 c-Vpi 2_//6t 1—t \/|D15k|2 ) Dlsk) .
Q

Applying Fatou lemma and noting that D1g, vanishes when ¢ ¢ [0; 1] gives

1
hm 1an5k (p,cr) > / 6t(1 —t) hmlnf/ \/|Dlsk |2+ (c(z) - D1gx)2.
0 Q !

k—o0

So, the sequence [, |D1 sr| is bounded; this yields that (1gx)ren is weakly
relatively compact in BV(€2). We denote A = {z € Q: p(x) = 1}. We have

/ka—pl = /ka—lAL
Q Q

> [ et [ el
A\SF SF\A
> (-0 gt g -l
A\SF SP\A
> min(t,l—t)/ |1sk—1A‘7
Ansk Tt
> min(t,l—t)/\lsk—lAL
Q t
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The unique possible limit of (lsflc)keN is 14. Then, thanks to proposition (3.1)
we have 4

lim inf/ \/|Dlsk|2 + (c(x) - D1gy)2 > / 14 (c-vp)2.
k—o0 Q t t Sp

Third Step: we have
liminf Fy, (px, cx) > F(p, ).
k—o00

We have the decomposition

Fsk(pknckr) = (Fsk(plwckr) - Fsk(plwc)) + Fek (pk7c)'

According to the first step, the first term converges to 0 and according to the
second step we can conclude that

liminf F;, (pk,ci) > F(p,c).
k— o0
Conclusion
As B, =G+ F,,, it gives
lim inf E, (pg, cx) > lim inf G(pg, cx) + lim inf F;, (pg, ck)-
k—o0 k— o0 k—o00

According to the third step, we have liminf F,, (px,cx) > F(p,c). Moreover,
as G is lower semicontinuous for the topology of X, we have lim inf G(py, cx) >
G(p,c). As E = F + @G, it finishes the proof of the inequality for the lower
I-limit.

4.4 The inequality for the higher I'-limit (3.3)
We may now prove the second part (3.3) of theorem 4.4.

Proof. We set (p,c) € X. As E,, (p,c) = +o0 if p & BV(§2), we can assume
that p belongs to BV(£2) and takes its values on {0;1}, otherwise the result
is ensured. Let (g;)ken a sequence which converges to 07. We construct a
sequence of functions (pg, €k )ren such that

limsup E., (pk, cr) < E(p,c)

k—o0

and (pk, Cx)ren converges to (p,c) for the topology T (see page 10). First, we
construct it when .S}, is a smooth surface and ¢ a smooth vector field. Then, we
remove these assumptions and we use approximating results to prove it in the
general setting.

First step: we assume that S, is a compact surface of class C* and
c € C®(Q) NWEAQ;R™) .

We set ¢, = ¢ for any k € N. Moreover, if (pg)ren C W;’Q(Q) converges a.e.
to p, then it converges for the L'(2) norm and ([ (px — g)*)ken converges to

18



Figure 4.1: Partition of Q in three domains: [p =0], [p =1]\ V, and V,.

J (p—g)*. So, it suffices to construct an appropriate sequence (pi)ren which
converges a.e. to p and such that limsup Fy, (px, c) < F(p,c).

For n > 0, let V;, be the set V,, = {& € [p=1]: 0 < dist(z, Sp) < n} (see
figure 4.1).

Outside V;;, we define all the function py, as:

Ve [p=0], pr(z) =0,
Veelp=1\Vy,  pr(z)=1
The construction of py, inside V;, will be precised. As we assume that S, is a

compact and C%-surface, there exists o > 0 and a C'-diffeomorphism ¢ : V,,; —
Spx]0;m0[ (see [9]), caracterized by

V(& 1) € Spx|0smol,  @(E+trp(§)) = (§:1).

We denote ¥¢ the slice

Ye ={{+twp(§): t € [0;nol},

We shall construct py, slice by slice (see figure 4.2). Indeed, ¢ : V;,, — Sp,x]0;70[
is a diffeomorphism, so up to a condition of regularity that we will prove in
the following, it provides a complete construction of pr. We denote by xx.¢ :
[0;70] — R the restriction of pi to X¢. We introduce K defined on S, x [0; 7]
as

V(€ 1) € Sp x [05mo],  K(&1) = \/1 + (e(§ +twp(€)) - vp(£))*
and xg,¢ as the solution of the following differential equation

xke(0) = 0,
2(1—v, 2
BVERK (€, )Xy e(t) = \/Ekllg(sk)|+<><kvﬁ(t)) (oec®?  gor ¢ >0,

€k




Figure 4.2: Slicing parametrization of V.

For t > 0, we have x}, .(t) > ———~———. As cis an unitary vector field, we
< 3K (&,t)ek/| In(er)]

have K (&,t) < v/2. So, there exists a unique 75 ¢ > 0 such that ype(nre) = 1

and
sup Nee < 3v2e/|In(eg)|. (4.2)

§€Sy

As eiy/|In(ex)| converges to 0, then we can assume that n, ¢ < 1o for any k
and £. Thus, we change the definition of xj ¢ as the solution of the following
equation

Xk,e(0) = 0,
2 _ 2
3VERK (&)X () = \/sk|1§(sk)| + Dt (slk 2O for £ €]0; e,
Xre(t) = 1 for t € [ne,e;mol-
(4.3)
We denote ny, = sup {ni,¢: £ € Sp} and we define py, as
V.’EG[}?:O], pk(l')zo,
V(& 1) € Spx]0;mol; pr(€ +twp(€)) = xre(t),
Vo € [p=1]\Vy,, pr(z) = 1.

As mi, — 0, then pi, — p almost everywhere.

In the sequel we take n = 3 but we can generalize it for any n > 2. Let t;
and t2 be two C'-function defined on S, (see figure 4.3) such that for all £ € S,
we have

o (t1(8),t2(€),1(€)) is an orthonormal basis of R3,

o (t1(£),t2(&)) is a basis of the tangent plane of S, at &.
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Figure 4.3: Moving basis (t1(§),t2(£),vp(§)) at € + tvp(§).

Let be £ € .S,. We can decompose

{ IVorl* = (Vpr-vp)? + (Vpr - t1)* + (Vi - t2)?,
c-Vpr = (c-vp)(Vpr-vp)+ (¢ t1)(Vpr-t1) + (¢ t2)(Vpy - t2),

We have the following inequality

1 1
Y(a,b,c,e) € R® xR, (a+b+c)? < (142e)a®+ (2—1— g> b2+ (2+ E) .

(4.4)
Indeed,

(a+b4+c)? = a®+b*+c+ 2ab+ 2ac + 2bc,
b2 2
< a2+b2+c2+<sa2+;)+<Ea2+%)+(b2+c2),

(1+2¢)a® + <2+ %) b2 + (2+ %) .

If we apply (4.4) with a = (c-vp)(Vpr - vp), b = (c-t1)(Vpr - t1) and ¢ =
(c-t2)(Vpyg - t2) in (4.2.2) we get

IN

F., (pr,c) < (14 2e)(*)ko + (2 + %) (%) g1+ <2 + %) (%) k.2, (4.5)

where we have set
2

(o = ///Vnksaak(m-up)?[1+<c-up>2]+’M, (1.6)

€k

///v 9ex(Vpr, - t1)? [1+ (- t1)?], (4.7)
///V 9ex(Vpr - t2)? [1 4 (c - t2)°]. (4.8)
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It is sufficient to prove the two following assertions

lim sup(* k0<// \/1+(c-v,)?

k—o0
2.
* *
lim Gl _ g gy B2
k—oo  Ef k—oo Ef

Indeed, passing through the limit in (4.5) gives

lim sup F;, (pk, c // /14 (c-vp)?

k—o0

Claim 1: We have the following inequality

lim sup(* k0<// \/1+(c-v,)?

k— o0
Since
Opk o pke(E (s F)rp(8)) — pr(€ +trp(€))
6Vp(£) (f+th(f)) - EI_I{(I) £ S i 9
_ iy Xee( ) — Xke(t)
s—0 S ’

then, for any (,t) € S, x]0; 7], we have

Opx,
vy (5)

This yields Vpy, - vy, = X§g75« According to the assumptions of regularity of Sy,
as in [9], we may introduce the following change of variable:

/ / /”“H _dlt i?j; / / / dzidaadas, (4.9)

where k1 (€), k2(€) are the principal curvatures of S, at £&. As S, is a C? surface,
then k1 and ko are continuous on S,. We denote

1
[To (1= ra(©)t)

(€ +tp(8) = X e(t).

1(¢, 1) =

This yields

(%)k,0

// /nk (95k(Vpk ) [L+ (e vp)?] + W) ILdt dH2(¢),

_ // /nk <9sk K2 4 W)Hdtd?—ﬁ(f).

In these integrals we remove the dependance variables for the sake of simplicity:

vy =vp(§), pr=pe(§+trp(§)), c=c(l+try(§)), =111,
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Xke = Xke(t), K=K( 1)
and we set

(1= Xke)
A = 3\EKx, p = Xeell — Xee),
ErL Xk g5 N

With the construction of yje¢ in (4.3) we get 4% = m + B? so that
0 < B < A on [0;n] and

1

A? 4+ B*<2AB+ ————.
er| In(ex)|

This yields

Nk
(Do < //S /0 6K\ exke (1 — xie)ILdE dH2(E)

(k.3
+// /m ! IIdt dH?(€)
s, Jo x| In(ex)] '
(

*)k,4

The functions K and II are uniformly bounded with respect to k in S}, x]0;no[.
We denote M their upper bound. We have the following inequalities

Nk 1 5
L S o
MHZ(SP) Nk

IN

(%)k,a

IN

er|In(eg)|

According to (4.2), we have n < 3v/2ex+/]In(ex)|. This yields

3VEMH(Sy)

N e

and we have klim (%)k,4 = 0. We denote
—00
L(&,t) = K (& DTI(E, 1)

We have the following decomposition

(Wks = / /S p / " B(L(E, 1) — L(E )X (DX (D) (1 — X (D))t AH2(E)

(K5

e[ L OO~ ane)

(%)k,6

and the following bound

(&,t)€Sp %

e < ( supmm(L(g,t)—L<g,0)>> //S /OmﬁX;%(t)Xk,g(t)a—Xk,g(t))dtd’H?(g).
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Since xk¢e € WH2(]0;mi[), we may use the change of variable s = xj¢(t) to

obtain
Xk, & (n%)
6 sup (L(&,t) — L(&,0)) // / s(1 — s)ds dH?(¢),
(&,1)€Sp x]05mx [ X#,¢(0)

< ( sup (L(é,t)—L(&O))> H?(Sp)-

(&1)€Spx]0m [

IN

(*)k.5

The surface S}, is compact and smooth and the function L is continuous. Then,

the family (L(-,t))¢>o uniformly converges to L(-,0) when ¢ — 07. We can

deduce that klim (*)k,5 = 0. Using the same change of variable s = x1¢(t) in
—00

[ / L(£.0) / (()) S(1— s)ds dH2(€),
/ / V1 (€(€) - vy ()2aH3(E).

(¥)k,6 gives

(%)k,6

To summarize, we have

(ko0 = (F)ka + (F)rs + (X6,

and the proof of Claim 1 is achieved.

imsup(ieo < [ 1+ (el€) (620040

k—o0

Claim 2: We have the following limits

. *)k,1 .
lim (e, =0, lim
k—oo Ef k—oo £

We prove the result for (x)x,1, the method for (%) 2 is the same. As S, is a C?
surface, the intersection of the affine plane P = £ + Vect(t1(£), p(§)) and S,
at the neighborhood of ¢ € S, is a C?-planar curve. Let I be a neighborhood of
0in R and v : I — S, be a local curvilinear parametrization of this curve such

that
7(0) =¢,

7'(0) = t1(8),
vtel, |y (t)]=1.

As v, 0 7(s) is orthogonal to /(s) for all s € I and - is a planar curve, there
exists k1 : I — R such that

W(S) = —F1(7(8))t1(7(s))-

As v is a curve of Sp, K1 is the sectional curvature of S, in the direction of
t1(7(s)), we have |#1] < max(|k1], |k2])-
We evaluate

XkA(s) () = Xke) = pe(v(s) +twp(v(s))) — pe(€ +trp(§))).
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So, we have the following asymptotic developpement at s =0

V(s) +tvp(y(s)) = €+ tvp(§) + s(1 = FL(E)E)t1(E) + ofs),

and we get

. Xk (s) (1) = Xre ()
s=0 (1 —F1(&)1)

We calculate the left hand side of (4.10). We recall the equations satisfied by
Xk~(s) and xp.¢ (see figure 4.4)

= Vpr(€+try(€)) - t1(6). (4.10)

Xk.£(0) 0,
. 2 1— 2
(E1):} 3 e K (6, t)XG (1) = \/Eklll’}(ak)l 1 Qoee®) (Ek xee(®)® g0t €)0; 71 el

Xk’g(t) =1 for t > N6
Xk, y(s) (0) = 07
2 2
(B2) 14 8VEK(7(5), )X ) (1) = \/skﬁ(sk) e S_X’M(S)(t)) for £ €107y (s), k[,
Xk,'y(s)(t) =1 for ¢ > M (s),k-

__________ . Xk, v(s)

Nk.& M

Figure 4.4: Construction of the solution on each slice

2 —z 2
We denote f(z) = \/Ek“;(sk)' 4+ Z (1€k 2 and Yi,s(t) = Xk y(s) (1) = Xk, (t).
We calculate %(Ez) — (E1) and we denote 7, , = min(ny )k, Me.k). 1t
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comes

Yi.s(0) = 0,
3\/51((57 t)Yk/,e(t) = Kfééi?ﬂ f(Xk,'y(s) (t)) - f(Xk,ﬁ(t» for ¢ E]O;ﬁk,s[‘
As K(&,t) = /1+ (C(€+twy(€)) - vp(€))% we get
V(1) € Spx]0sT [, 1< K(61) < V2 (4.11)

As S, is a C%-manifold and C € C*° N WA (Q;R™), then K is a C! function of
class C' and there exists a constant y > 0 such that

v(gag/a t) € SEX]Ovnk[a |K(§7t) - K(§/7t)| < Mlg - €/| (412)

Moreover, the study of fj gives

1 1 , 1
var € [0;1], fk<x>s¢€k“n(€k)+16€k @IS = (419)

With

3VERK (E,1)Yy (1) = Imfk(st)(t))_ Felxre(®)),
- [m(fk(xkﬁ(S)(t)) — [r(xre(t)))

+fi(xhe(t) < K(t) - K <v<s>,t)>

K(v(s):1)
and (4.11), (4.12), (4.13), we get

: V2 !
3VERYy s(t) < \/EY’W@ + Ms\/ak In(eg)] "

Thus, Y}, s is a solution of the following differential inequation

Yk,S(O) = 07 (4 14)
Ykﬁ,é(t) é %Yk’s(t) + %\/ |1I1(1€k)| + %6 fOI‘ t E]O,ﬁk’s[. ’

So, we have

1
16€k.

Yis(t) < % |1n(15k)\ + % (eXp (;f:) - 1) . (4.15)

The definition of Y}, s gives

Yis() = Yio(t) _ Xk(s) (t) = Xr.e(t)
S S

and inequality (4.15) implies

- XiA(s) () = Xne(t)  p 1 1 V2t
Vit 0; < = ~1].
€] 777k,s[7 5 = 3\ Tn(en)] + 6 exp 3o




According to the continuous dependance of the solution of the equation (4.14)
with respect to the parameter s, then 7,  converges to 75 ¢ when s converges
to 0. So, the inequality (4.16) remains true in the neighborhood of any point
t €]0;npe[. With k, £ and t €]0;mx ¢ fixed, we calculate the limit when s
converges to 0, and we apply equality (4.10)

_ w 1 1 V2t
(1= R (©OT6 + y(€) 01(6) < Lo J e o (e (32) 1))

As mi, — 0 and &1 is continuous, there exists r > 0 such that
V(& 1) € Spx]0yml, < (1—R1(§).

This gives

2

(Vpr(€+tr,(8)) - t1(£)* < U (1) + 116) (exp (ﬂt) - 1) . (4.17)

= 22 | In(eg 3ek

As — 0, there exists M > 0 such that (4.17) becomes

(Vpi(& +try(€)) - £1(€))? < Mexp <236\/ft> +M

1
[n(er)l

As % <1, we have

(Vpi(€ + () - 61(6)° < M exp (t) Y (4.18)

Introducing (4.18) in the definition of (%) (4.6) gives

()1 < //Sp /Onk ey, <Mexp <;k) + M) [1+4 (e t1)?] TI(&, t)dt dH2(€),

As mp — 0, the function [1+ (c-t1)?]II(&,¢) is bounded and there exists a
positive constant, still denoted M, such that

($)1k < //S /0% Ek (Mexp (;k) + M) Mdt dH?(€).

Thus, we have
= (2 (o0 (L) 1) - eum ) M2H2CS, ).
k

According to (4.2)

e < 3v2e1/[In(er)],
so, that
Wk < (2 [exp (3V2VIIGERT) - 1] +3v223 /TIn(en)] ) MPHA(S,),
(*2;”“ < [enexp (3v2VTRGE]) - c1 + 33w/ TGED]| MPHA(S,),
(*E);"“ < [exp (&/NM —Hn(ek)) — e+ 3V2ey, |1n(gk)|] M2H2(S,).
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As g, — 07 we have
exp (3\/5\/| In(ex)| + ln(sk)) 0%, ep/[In(er)] — 0%

We can conclude that (*g)—;" — 0.

Second step: Assume that p € BV(Q), p takes its values in {0;1}
and c € C® NWLIANQ;R?) .

In this step, we still we set ¢ = ¢ for any k£ € N. For the same reason than
in the previous step, it suffices to construct an appropriate sequence (pg)ren
which converges a.e. to p and such that limsup F;, (pg,c) < F(p,c).

We denote A = p~1({1}). Let us first assume that A and Q \ A have
nonempty interior. We can apply lemma 3.1. So, there exists a sequence (4;);en
of open bounded subsets of R™ with smooth boundaries such that

i
lim £"((A;NQ) A A) =0, lim H"~1(A;) = H"1(DA);
l—o0 l—o0
ii)
LA NQ)=L"(A) for I large enough;

iii)

HH(0A, NON) =0 for [ large enough;

iv)
1

F(pl7c) SF(pac)+T7 (419>
where L™ is the Lebesgue measure over Q and p; = 14,nq. For (4.19) we use
the fact that |[D14,||;m — [|[D1al|m and proposition 3.1 ii). With i), ii) and
iii), we can say that (p;);en is a bounded sequence of BV(2) which converges
to p in L'(Q). According to theorem 3.5, there exists a subsequence, still de-
noted (p;)ien which intermediately converges to p in BV(€2). One can apply the
result of the first step with p = p;. So, there exists a sequence (p;x)ken which
intermediately converges to p; in BV(Q) such that

lim sup Fy, (pr.i,¢) < F(pi, c). (4.20)

k—o0

With (4.19), (4.20) and a diagonal extraction there exists a sequence (pg)ren
which intermediately converges to p such that

limsup F, (px,c) < F(p,c).

k—o0

Let us remove the restriction that both A or 2\ A have non empty interior.
First, we notice that if £L"(A) = 0 or L™(A) = Q the result is obvious by taking
forall ] € N, A, = 0 or A; = Q. So, we may assume that 0 < L"(4) < |Q].
There exists two points x1, 2 such that

o 1€ Aand Vr >0, L"(ANB(z1,r)) >0,
o z0€Q\AandVr >0, L"((Q\A)NB(xz1,r)) > 0.

28



Consider the set Ag, 9, = (AUB(x2,02))\ B(z1,0:1) and the function Y (61, 02) =
L(Ag, 0,). As Y(0,0) > L™(A) and YT(0,0) < L"(A) for any 6 > 0, there exists
t €]0; 1] depending on 6 such that Y(¢6, (1 —¢)0) = L™(A). By construction, Ay
and Q \ Ay have nonempty interior. The previous result gives the existence of
(po,k)ken C BV, () which intermediately converges to pg = 14, in BV(2) such
that

limsup FL, (po.x,¢) < F(ps,c). (4.21)

k—o0

Moreover, L"(A A Ag) tends to 0 as # — 0T, and, using

/S’ ,/1+(c.up9)2g/s S+ (c-vy)? + H' Y (B (21, 61)) U OB(2, 62)),

we get
limsup F(pp, c) < F(p,c).
6—0+
According to (4.21), with a diagonal extraction there exists a sequence (pg)ren
which intermediately converges to p such that
limsup Fy, (px, c) < F(p,c).

k—o0

Last step: Assume that p € BV,(Q2) and c € W} (Q;R") .

In this step we do not assume that (ci)ren is a constant sequence. As C*° N
WA(Q) is dense in WA (Q), there exists a sequence (c;);ey C C*° N WA Q)
which converges to ¢ in WH(Q). As A > n, the inclusion W1*(Q) c C° is
compact so the previous convergence holds for L>(£2). We denote P : R" C
{0} — S~ the orthogonal projection onto the unit sphere. As c takes its values
in S”~! and the convergence of (c;);en takes place for L™ too, so (P o ¢;)en
converges to ¢ in W1*(Q). We still denote c; the function P o ¢; and therefore
we can assume (¢;)ien € WEANQ;R™). As ¢; € C° N WA (Q), one apply the
Second step of the proof, it gives

lim sup F¢, (px, 1) < F(p,cir)-

k—o0

As in (4.2), we denote h(x) = +/1+ 22. The function h is 1-Lipschitz, then we

have
[ Wi v = fis(ew)
et — ¢l LeH" " (Sp).

IN

|F'(p,c1) — F(p,c)

IN

So, we deduce that (F(p, c;))ien converges to F(p,c). With a diagonal extrac-
tion, we can conclude that there exists (pg,ck)ren C BV,(Q) x WEA(Q;R™)
which converges for the topology of X to (p,c) such that

lim sup Fy, (pk, cr) < F(p,c).

k— o0

Moreover, as (pr)reny converges to p almost everywhere, then the dominated
convergence implies

k—o0

lim Q(pk—g) Z/Q(p—g)-
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As (ck)ken converges to c, it gives

tiw [ |Dei = [ [1Del.

limsup E, (px, k) < E(p,c).

k—o0

We can conclude that

5 Conclusion

We have proved that the approximation process is suitable in the sense of I'-
convergence. We next use the approximated problem for numerical experimen-
tation.The computation of p is done via a classical gradient descent method,
while another strategy has to be developed for c: this will be adressed in a
future work.

On the other hand, the main hypothesis we did in this paper is the bimodality
of histogram: this is quite restrictive for numerics. If this assumption is not
ensured the previous model is not valid any longer and has to be modified:
we will set a more general formulation that perfoms a similar segmentation
without the binary constraint. Roughly speaking, we look for a pair (f,c)
where f:Q — [0;1] is a function (not necessarily binary) and ¢ : Q — S~ ! is
still a unitary vector field. The corresponding energy to be minimized is :

_ 2 n—1 A n—1 A 2
/Q(f 9)* + BH (Sf>+u/sf e vy] dH +7/Q||DC|| *’)/Q\Sf VP
(5.1)

References

[1] D. Mumford and J. Shah. Optimal approximations by piecewise smooth
functions and associated variationnal problems. Communications on Pure
and Applied Mathematics, XLVII(5):577-685, 1989.

[2] G. Bellettini, E. Paolini, and S. Venturini. Some results on surface mea-
sures in calculus of variations. Annali di Mathematica pura ed applicata,

CLXX:329-359, 1996.

[3] J.M. Morel and S. Solimini. Variational methods in image segmentation,
volume 14. Progress in Nonlinear Differential Equations and Their Appli-
cations, Birkh&user, 1995.

[4] L. C. Evans and R. F. Gariepy. Measure Theory and Fine Properties of
Functions. Studies in Advanced Mathematics, 1992.

[5] H. Attouch, G. Buttazzo, and G. Michaille. Variational Analysis in Sobolev
and BV spaces. STAM, 2005.

[6] C. Goffman and J. Serrin. Sublinear functions of measures and variational
integrals. Duke Math. J., 1964.

30



[7]

[10]

G. Bouchitté and M. Valadier. Multifonctions s.c.i. et régularisée s.c.i.
essentielle, fonctions de mesures dans le cas sous-linéaire. Analyse Non
Linéaire (Contributions en Uhonneur de J. J. Moreau), 1989.

G. Dal Maso. Integral representation on bounded variation spaces of
gamma-limits of variational integrals. Manuscripta Mathematica, 1980.

L. Modica and S. Mortola. The gradient theory of phase transitions and the
minimal interface criterion. Archive for Rational Mechanics and Analysis,

98:123-142, 1987.

G. Bouchitté. Singular Perturbations of Variational Problems Arising from
a Two-Phase Transition Model. Applied Mathematics and Optimization,
1990.

31



	Introduction
	Presentation of the model
	Motivation of the problem
	Geometric characterization of the problem
	The generic problem
	An isotropic model
	An anisotropic model

	Bimodal model

	Functional framework
	Radon measures and functionals defined on measure spaces
	Functions with bounded variation
	Sets with finite perimeter
	Functional spaces
	-convergence

	Functional formulation of the problem
	Existence result
	Approximation process
	Motivations
	The main theorem

	The inequality for the lower -limit (3.2)
	The inequality for the higher -limit (3.3)

	Conclusion

