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Approximate controllability of the Schrodinger
Equation with a polarizability term in higher
Sobolev norms

Nabile Boussaid, Marco Caponigro, and Thomas Chambrion

Abstract—This analysis is concerned with the controllability
of quantum systems in the case where the standard dipolar
approximation, involving the permanent dipole moment of the
system, is corrected with a polarizability term, involving the field
induced dipole moment. Sufficient conditions for approximate
controllability are given. For transfers between eigenstates of the
free Hamiltonian, the control laws are explicitly given. The results
apply also for unbounded or non-regular potentials.

I. INTRODUCTION
A. Control of quantum systems

The state of a quantum system evolving on a Riemannian
manifold 2 is described by its wavefunction 1, an element of
the unit sphere of L?(£2, C). When the system is submitted
to an electric field, the time evolution of the wavefunction is
given by the Schrodinger equation

0y

i = (<A V(@) + ulu, 2)(),
where A is the Laplace—Beltrami operator on 2, V' : 2 — R is
a potential describing the evolution of the system in absence
of control, w is the scalar function depending on time and
modeling the intensity of the electric field and p : R x Q0 —
R describes the effect of the external field. In the dipolar
approximation we expand g to the first order in u and we
then represent u(u,z) as uW(z), where W is a real valued
function.

Although the dipolar approximation usually gives excellent
results for low intensity fields, it is sometimes necessary, when
dealing with stronger fields, to consider a better approximation
of p involving the first two terms of its expansion in w.
Therefore an approximation of y(u, x) by uW; (x)+u?Wa(z),
for two real functions Wj(z) and Wh(x), gives a more
accurate representation of the external field. The need for a
modeling involving the quadratic term appears, for instance,

xeQ, (1)
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in the control of orientation of a rotating HCN molecule, [/1]]
and [2]].

The aim of this work is to present controllability properties
for the controlled Schrodinger equation, using the dipolar term
uW; and the polarizability term w?Ws.

This question has already been tackled by various authors
in [3]], [4] (for finite dimensional approximations) and in [3]]
(for the infinite dimensional version of the problem, when (2 is
a bounded set of R™ and Wy, W5 are smooth functions). All
the results in these contributions rely on Lyapunov methods.

The novelty of our contribution is the use of geometric
methods inspired by finite dimensional geometric control the-
ory [|6], in the spirit of [[7] and [[8]. This point of view allows us
to state the first available positive approximate controllability
results for system (I) in the case where the potentials W,
and W5 are unbounded or noncontinuous. Moreover, when
considering the physically relevant problem of transferring the
quantum system from an energy level to another, our method
is constructive and provides simple fully explicit control laws.

A shorter and simplified version of this analysis has
been presented in 515¢ Conference on Decision and Control
(see [9]). In this work, we present several extensions with
respect to the proceeding. The main results have been sensibly
improved, providing approximate controllability in higher reg-
ularity norms, improved upper bound of the L' norm of the
controls and approximate controllability between eigenstates
coupled by a non-trivial chain of connectedness. Moreover,
two applications to rather general examples are discussed.

B. Framework and notations

In order to exploit the powerful tools of functional analysis,
we set the problem in a more abstract framework. In a sep-
arable Hilbert space H, endowed with the Hermitian product
(+,-), we consider the following control system

%ﬂf = (A +u(t)B + u2(t)C), 2)

where (A, B, C, k) satisfies Assumption (1| for some k.

Assumption 1. k is a positive number and (A,B,C) is a
triple of (possibly unbounded) linear operators in H such that
1) A with domain D(A) is skew-adjoint, with pure point
spectrum (—i);)jen with Aj11 > X\; > 0 for every j in
N and lim;_,oo Aj = 00 ;
2) for every (uy,us) in R%, A4uy B+usC is skew-adjoint
with domain D(A);



3) forevery (u1,us) in R?, has domain
AR k
[R{A[* ¢, By)| | [R(|A] ¢,C¢>|)
4 + —+00;
en ol TR T+ gt

5) there exist d > 0 and 0 < r < k such that |By| <
d|||A|T/22¢H and ||Cy|| < d|l|A]"*¢|| for every v in
D(|A["?).

If (A, B,C, k) satisfies Assumption |1, we define the cou-
pling constant c 4, B,cr) as the lower bound of the set of every
real ¢ such that for every ¢ in D(|A|F), |R(|A|*+, By)| <
c[(| A", )| and |R{|A|*, Cy)| < cl(|A*, v)].

From Assumption |1|there exists a Hilbert basis (¢x)ren of
H made of eigenvectors of A. For every j, A¢; = —i)\;¢;.
Since A is skew-adjoint and diagonalizable in a Hilbert basis
(o )ken, |A| is self-adjoint positive and diagonalizable in the
same basis (@ )ren. The eigenvalues of |A| are the moduli
of the eigenvalues of A. We define the k-norm of an element
¥ of D(JA|*) as [[v]|x := |||A|¥%|. When ©Q is a compact
Riemannian manifold and A = iA, the k-norm is equivalent
to the Sobolev H2¥(Q, C) norm on ().

In the following, we say that v : R — R is piecewise
constant if there exists a non decreasing sequence (t;);jen of
R that tends to +oco such that w is constant on [t;, ;1) for
every j in N.

If (A, B,C,k) satisfies Assumption [I] for every u in R,
A+uB+ u2C’ generates a group of unitary propagators ¢ —

et(A+uB+u*C) By concatenation, one can define the solution
of (2) for every piecewise constant u, for every initial condition
1o given at time ¢y. We denote this solution ¢ — th‘t OA B 0)1/1
or simply ¢ — T}, 1o when it does not create ambiguities.

We will see in Section [[II-A] below that the mapping u —

Y’ 4, %o admits a unique continuous extension (for the ||| 1+
IE ||L2 norm) to L'(R, R)NL%(R, R), for every fixed T > 0.

The operators B and C' can be seen as infinite dimensional
matrices in the basis (¢;);jen. For every j,1 € N, we denote

bji = (¢j,B¢y) and cj; = (¢;,C¢;). For every N, the
orthogonal projection mn : H — H on the space spanned
by the first N eigenvectors of A is defined by

N

= (1, 7)y

=1

N (x) for every x in H.

Let Ly be the range of wy. The compressions of A, B and
C' at order N are the finite rank operators AN = TNALys
BW) = 7xBzy and CWY) = 75C ., respectively. The
Galerkin approximation of () of order N is the system

i= (AN £ uB™ 1 2c™Mz ze Ly (3)

Physically, the gap A; — A, represents the amount of energy
necessary to jump from the energy level k (i.e., the eigenstate
¢ of A associated with eigenvalue —i\;) to energy level
7. Our controllability results rely on the possibility to excite,
independently, different energy gaps \; — A;. More precisely

we have the following set of definitions.

Definition 1. A pair (j,1) in N? is a weakly non-degenerate
transition of (A4, B, C) if |bji| + |c;i| # 0 and, for every m,n,

IAj — Xi| = | A — A implies {j,1} = {m,n} or |byn| +
|cmn| = 0 or {m,n} N {j,1} =0

Definition 2. A pair (j,1) in N? is a strongly non-degenerate
transition of (A4, B, C) if |bji| +|c;ji| # 0 and, for every m,n,
INj = Xi| = |An = M| implies {j,1} = {m,n}.

Definition 3. A pair (j,1) in N? is a non-resonant transition
of (A, B,C) if |bji|+]cji| # 0 and, for every m,n, |\j—\| =
[Ar = Am| implies {j,1} = {m,n} or |bpn| + |cmn| = 0.
Definition 4. A subset S of N? is a chain of connectedness

of (A,B,C) if there exists o in R such that, for every
m,n € N, there exists a finite sequence s; = (s1,53),52 =

(s3,83),...,8. = (s},82) € S such that s1 = m, s2 = n,
si = spyq for every | = 1,....r — 1 and (92, (B +

aC)¢sll> # 0 foreveryl =1,...,7. A chain of connectedness
S of (A, B, C) is weakly non-degenerate (resp. strongly non-
degenerate, resp. non-resonant) if every s in S is a weakly non-
degenerate (resp. strongly non-degenerate, resp. non-resonant)
transition of (A, B, C).

Remark 1. The notion of non-degenerate transition is central
in quantum chemistry for several decades, see for instance
10, C-XII] or [11l], and crucial for our geometric tech-
niques. However, we are still in the early ages of control
of infinite dimensional semi-linear conservative systems and
the terminology is not completely fixed yet. The notion of
“non-resonant” transitions appears in [8l]. What we call in
this analysis a “weakly non-degenerate transition” has been
called non-degenerate in [l[2l]. Yet another (much stronger)
notion of non-resonant transition appears in [|7|]. Let us cite
the promising “Lie-Galerkin” condition recently introduced in
[13)] as a possible unifying framework for non-degeneracy in
quantum control.

The main reason for the introduction of the notion of
strongly non-degenerate transitions is the following stability
result.

Lemma 1. Ler (A, B,C, k) satisfy Assumption || If S is a
strongly non-degenerate chain of connectedness of (A, B, C),
then S is a strongly non-degenerate chain of connectedness of
(A, B + aC,0) for almost every « in R. In particular S is
a non-resonant chain of connectedness of (A, B+ aC,0) for
almost every o in R.

Proof: Let (p,q) € S C N? and « be a real number. The
transition (p, q) is strongly non-degenerate for (A, B+ aC,0)
if and only if b,, + acpy # 0. Hence, for every « in

[ {8 € Ribji + Beji # 0},
(4,k)€s
S is strongly non-degenerate chain of connectedness of
(A, B + aC,0). The set R° is a countable intersection of
complementary to a point subsets of R with full measure,
hence 9i° has full measure in R as the complementary of a
countable set. [ ]

C. Main results

Our main results consist of sufficient conditions for various
notions of approximate controllability for system (2).



Theorem 2. Assume that (A, B,C.k) satisfies Assumption
with k > 1 and that (A, B,C) admits a strongly non-
degenerate chain of connectedness. Then, for every ¢ > 0,
for every N in N, for every unitary operator Y:H > H,
for almost every § > 0, there exist T, > 0 and a piecewise
constant function u. : [0, T.] — {0,8} such that

1Ty D g, — Tl <e,

for every j < N and for every r < k/2.

Theorem 3. Assume that (A, B, C, k) satisfies Assumption
with k > 1 and let S be a subset of N2. Let § > 0 be such
that S is a weakly non degenerate chain of connectedness
of (A, B+ 6C,0). Then, for every ¢ > 0 and for every p,q
in N, there exist T, > 0 and a piecewise constant function
ue : [0,T:] — {0,6} such that

1055 D, — gl <ce,

Sor every r < k/2.

Theorem 4. Assume that (A, B,C.k) satisfies Assumption
with k > 1 and that (p,q) is a weakly non-degenerate
transition of (A, B, C). Let § > 0 be such that bpg+dcpq # 0.
Then, for every € > 0 there exist T > 0 and a piecewise
constant function u. : [0, T.] — {0,8} such that

ue,(A,B,C)

lJell Ly < and [T

T
P — <e,
|bpg + dcpql % = Pallr

Sor every r < k/2.

D. Content of our analysis

The first part of this work, Section [lI, concerns the proof of
some preliminary results in finite dimension. In Section [lII} we
provide some consequences of Assumption [I] in terms of en-
ergy estimates, definitions of solutions and finite dimensional
approximations for the system (2) (Section [lI-A)). Then, we
use an infinite dimensional tracking result (Section [[II-B) to
prove Theorems and [ first in H-norm (Sections
and [[II-D), and then in r-norm (Section [[II-E). The results
of Section [[II| are illustrated with two examples. The first one
deals with system (TJ) involving bounded but irregular (possibly
everywhere discontinuous) potentials on a compact manifold
(Section and the second one with a perturbation of the
quantum harmonic oscillator involving unbounded potentials
(Section [IV-B).

II. FINITE DIMENSIONAL PRELIMINARY RESULTS

We consider the finite dimensional control problem in Ly =
span(1, ..., ON)

i= (AN L ut)BM)z, z e Ly. (4)

Since BN) is bounded, for every locally integrable u, we
can define the solution (in the sense of Carathéodory) ¢ —
X ELN) (t,to)xo of with initial condition xg in Ly, at time
to.

A. Time reparameterization

Our results in the following deal with controls in
L'(R,R) N L?(R,R). We will prove these results for piece-
wise constant control laws, and then extend by density the
results to general (not necessarily piecewise constant) controls.
To this end, we introduce the sets PC' of piecewise constant
functions u such that there exists two sequences 0 = ¢; <
to < ... < tp+1 and UL, ULy« - -y Up 750 with

p
u = § :ujl[tj’tjﬂ)'
i=1

Set 7; = t;11 — t;, we identify a function v in PC with the
pair (u;,7;)1<j<p-

We define similarly PCT as the set of functions of PC that
do not assume negative value:

p
w= Zujl[tjxtjﬂ) ePCt & u; >0 Vj<p.
j=1
We define the mapping P : PCT — PC™T by

P ((uj, mi)1i<i<p) = <1,»Uﬂj)
b 1<5<p
for every u = (uj,7;)1<j<p in PCT.

For every u € PC, let P* be the cumulative function
of P|u| vanishing at 0, that is P“(t) = fOtP\u|(s)ds. By
construction, fopu(t) |u(s)|ds =t for every ¢ in [0, ||ul|1].

The mapping P is a reparameterization of the time with
the L' norm of the control. Indeed, let Xy (t,s) be the
propagator of & = P|u| ANz 4 sign(uo P*) BNz, we have
the following result.

Lemma 5. For every u in PC,

T
Xt < /O lu(7)|dr, 0) = X{(T,0). (5)
Proof: For every constant « € R\ {0},
exp(t(AN) 4+ aBWM))) =
exp (t|a| (QA(N) + sign(a)B(N)>) .
|

B. A tracking result

Lemma [6] below is an easy consequence of the celebrated
Poincaré recurrence theorem, see for instance [14]. Due to
the central role it plays in our analysis, we present below an
elementary proof.

Lemma 6. Let N be an integer and (A1, ..., \N) a sequence
of N real numbers. For every € > 0, there exists an increasing
sequence (Vp)nen, such that lim,, o, v, = +00 and |*iVn —
1] < e, for every n in N, for every j < N.

Proof: Consider the distance on the /N-dimensional torus
TV defined by

d: TN x TV — R

((€9)1<jn, (€M) 1<jen) = supicjap |9 — e,



The torus TV endowed with the distance d is compact. Hence
the sequence (Uy,)nenN = ((ei)‘f")j<N) nen Accumulates (at
least) in one point that we denote U, := (€' 97)1< <N € TV,
We construct a sequence (wy,),eN of 1ntegers by induction, let
wy be the smallest positive integer n such that d(U,, U ) <
€/2. Assuming w,, known, we chose w1 as the smallest
positive integer n larger that w, + (w, — w,—1) such that
AU, i1, Uso) < €/2.

Finally, we define v,, = wy,4+1 — w,. By construction, for
every n, v, > n and

|ei>\jvn -1 < |ei)\j(wn+1*wn) —1]
< |ei,\jwn+1 _ eiAan|
< d(Un+17 Un)
< d(Unt1,Usx) +d(Un,Usx) < €
forevery 1 <57 < N. ]

Lemma 7. For every a,b € R, a < 0 < b, for every
T > 0, for every integrable function u* : R — R, there
exists a sequence (un)neN Of piecewise constant functions
un ¢ [0,Tn] — {a,0,b} such that X5 (T5,,0) tends to
XE‘J:,)(T, 0) as n tends to infinity and ||uy,|r = |[|[u*||p:. If,
moreover, u* is non-negative, the sequence (up)neN can be
chosen such that u,, takes value in {0,b} for every n.

Remark 2. The approximation result in Lemma[])is classical
and can be obtained, for instance, with Lie groups techniques,
see [I5]]. The novelty of Lemma [/] is that the approaching
sequence (uy,), is bounded in L'(R,R). This point is cru-
cial for the derivation of the infinite dimensional results in
Section [Tl below.

Proof of Lemma [/} To simplify the notation for every
u € PC, define the time-varying N x N matrix ¢ — M, (t)
the entry (4, k) of which is given by

mjg : t > sign(u o v)(t)bjkei(A-f_Ak)”(t),

Where v is the cumulative function of P|u| vanishing at 0, that
is v(t fo Plul(s)ds. Notice that uowv is defined everywhere
on 0 Tl

By density (for the L' norm) of the set PC in L'(R)
functions, one may assume without loss of generality that

* is piecewise constant not vanishing in [0, 7. Let v*(t) =
fot Plu*|(s)ds. By construction, [ ®) u*(s)|ds = t for every
t in [0, [[u*||r1]. The solution y* of § = M,y with initial
condition y(0) = Iy satisfies, by (), the following relation

O ) = X (t.0)
= X' (1),0) (©)
for every t in [0, ||u*|| 1]
Consider, for every n > 0 and » € R the set
Ey(r) ={veR| e —eN? < g
forevery 1 < j < N}.

For every r € R, E, (r) is open and nonempty. Note that

2 (Lol =11
2

|ei>\j’r‘ _ ei)\jl}| —

)

L~

—

~

Fig. 1. Construction of the function v;', when u*(v; ;) < 0 (left) and
u*(vy,5) > 0 (right). The set Ey(vy ;) is coloured. The piecewise affine
function vl is discontinuous, with derivative equal to 1/a < 0 (left) or
1 /b > 0 (right). Notice that vl" 1s injective in both cases. The derivative
“z of the reciprocal function of vl is piecewise affine and takes value in
{a,0,b}.

thus each connected component of E, () has measure at least

_n
SUP1<j k<N |)‘j|

Moreover, by Lemma [6] there exists an increasing sequence
(vn)nen of integers tending to +o0o, such that, for 1 < j, k <
N, |e*avn — 1] < 5 or, equivalently, |e™i(T+vn) — eihim| < g,
Hence, for every n in N, r+wv,, belongs to E,(r), which is not
bounded from above. The same argument shows that F,(r)
contains also r — v,, and that it is not bounded from below.

For every | > 0, let v; = 3L, v j X1, .1, ;+,) be a piece-
wise constant approximant of v* such that |[v; — v*||e <1
on [0, ||u*|| 1] and such that the sign of u* o v} is constant
on every interval [t; ;,%; ;41). For every n > 0, there exists a
(possibly discontinuous) piecewise affine function v;" defined
on every interval [t; j,; ;1) by

. 1/b
Y1 :{ 1/a

v/ (t) € En(vi,;)

if u*(vlyj) > 0,
if u*(’Ul’j) <0,

and

for t € [tl,j,tl’j+1).

Thus v} is increasing (respectively decreasing) on (¢, j11)
if u*(v;,;) > 0 (respectively u*(v; ;) < 0), see Figure

By construction, the function vl" iS one-to-one on
(t1,j,t1,j+1)- Its inverse on (¢;,j, ¢ j41), say w;', is a piecewise
affine function. The derivative u;" of the continuous piecewise
linear function w;' is a piecewise constant function taking
value in {a,0,b}.

Moreover, by construction ||u7||L1 = ||u*||z:.

For every n in N, let u,, = v/ with | = n = 1/n, let
vn be the (possibly discontinuous) inverse function of ¢
fo |un(s)|ds, and y, the associated solution of §y = M, y
with initial condition y(O) = In.

For every t, [, M, (7)d tends to [} M,-()d7 as n tends
to infinity, umformly on [0, lu*||L1]. By [6 Lemma 8.2], the
associated solution y,, tends uniformly on [0, ||u*|| 1] to y*.
In particular, y,,(||u*||L:) converge toward y*(||u*||z:) as n
tends to infinity.



From (6)), we have that for every ¢ in [0, ||u*|| 1],
[ X (v (07 (1), 0) = X5, (va (1), 0)
)* (N) ) (N)
< e Oy () = e Oy (1)
* v* (N) v (N)
< @) =g+ [ O e )

Taking t = ||u*|| 1 in (7) concludes the first part of the proof.

Finally, notice that if «* > 0, then u*(v;;) is always
nonnegative, hence v} is increasing and u, takes only the
values 0 and b. [ |

III. INFINITE DIMENSIONAL SYSTEMS

A. Energy estimates for weakly-coupled quantum systems

If (A,B,C,k) satisfies Assumption (A,B,C) is k-
weakly-coupled. We present here some properties of these
systems and refer to [16] for further details.

The notion of weakly-coupled systems is closely related to
the growth of the k/2-norm ||| /2 = (|A[¥1, ). For k = 1,
this quantity is the expected value of the energy of the system.
Next result is a direct application of [16, Proposition 2]

Proposition 8. Ler (A, B,C, k) satisfy Assumption (I} Then,
for every vy € D(JA|*/?), K >0, T > 0, and u piecewise
constant such that ||u| 1 + |lul|2, < K, one has

T4 (40 [,y < €“AB R o[-

Equation (8] allows to define the solutions of (2)) for controls
u that are not necessarily piecewise constant. Indeed, let u
be in L}(R,R) N L?(R,R) with support in [0, 7] for some
T > 0. There exists a sequence (uy, ),cN Of piecewise constant
functions with support in [0, 7] such that ||uy,|/pr < ||ul/L:
and ||uy||rz < |jul/pz for every n in N and the sequence
(tn)nen tends to u both in L' and in L? norm. Next result
then guarantees convergence of the propagators.

®)

Lemma 9. Let (u,)nen be a Cauchy sequence of piecewise
constant functions both in L' and L?, then for every t in R
and every v in D(A), the sequence (Y31)nen is a Cauchy
sequence.

Proof: For the sake of simplicity, we define z,, : t —
Ti5. Since ¢ belongs to the common domain D(A) of the
operators D(A + aB + o2C), for a € R, the continuous
mapping x,, is a strong solution of @I) see [17]]. Hence, x,, is
differentiable almost everywhere, z,,(t) = z,,(0)+ f(f En(s)ds
for every t in R where %,(t) = Axz,(t) + u,Bz,(t) +
u2Cxz,(t) for almost every ¢ in R.

Let n,m in N. The continuous mapping z, — Z,, is
differentiable almost everywhere and, for almost every ¢ in
R,

d

i

- xm)|t:A(xn = ) (1) + (un(t) — um (1)) B, (t)
+ U () B(xp (t) — 2 (1))
+ (U (1) = u (8)) Cn (t)

+up, () C (@ (t) = 2m(t))

By Duhamel formula, for every ¢ in R,

(n — ) (0)]) =] / T (1 (5) — tn(5)) Bt (s)
(22— u2,)(s)Cra(s))ds|

lun = wml| Ly sup || B (s)]|
seR
+lup = uplzr sup [Caa(s)| - (©9)
sER
By Proposition if |uf 1 + |lul|2. < K then

sup ||| Az, (s)]| < eSABORE|| 4|5y
seR

Notice, and this 1is crucial for the result, that
the RHS does not depend on n. By Assumption
15l sup,en supser [|Bzn(s)| < +oo  and

SUPpeN SUPseRr ||CIH(S)H < +o0.
Since (uy)nen is a Cauchy sequence for the norms L' and
L? then limpy o0 SUP,, 15 [tn — |1 = 0 and
lim  sup [uZ —uZ, |
N—=0copn m>N
< lim  sup ||lun — uml|p2l|tn + tmll L2

O n,m>N

< 2 lim sup J|ullpzl|un — umlL2 =0,
N—oo

hence, by (@) we have limy o0 SUp,, 1> |77 (t) =2 (1) ]| =
0. ]

Thanks to Lemma [9] and to the completeness of the Hilbert
space H, one can define Y}y for ¢ in D(A) as the limit
of T/t as n tends to infinity. Notice that this limit is
independent on the chosen approaching sequence (u,)neN -
For every ¢t > 0, the mapping ¢ — T} (¢ admits a unique
unitary extension on H. We can therefore define the propagator
associated with a control « which is both L! and L2, as
summed up in the following result.

Proposition 10. Let (A, B,C, k) satisfy Assumption [I| The
. u,(A,B,C) . . . .
mapping u — T which associates with every piece-
wise constant function a continuous curve of unitary transfor-
mations of H bounded for the | - ||y norm admits a unique

continuous extension for the || - || + || - || L2 -norm.

Thanks to Proposition [I0] one can extend the result of
Proposition [8] to functions in L!'(R) N L?(R). Another ap-
plication (instrumental in our study) of Proposition [§] is the
following approximation result, based on [16, Theorem 4].

Proposition 11. Ler k in N and (A, B, C, k) satisfy Assump-
tion [I} Then for every e > 0, s < k, K > 0, n € N, and
(V) 1<j<n in D(JAF/2)" there exists N € N such that for
every piecewise constant function u we have that

lullz +llullz> < K = [T () — Xy (8, 0)mnsslls /e <e,
foreveryt>0and j=1,...,n.

Proof: The result for u piecewise constant is given by [[16}
Theorem 4]. Then, by density, (see Proposition @]) the result
holds true for general v in L'(R,R) N L?(R,R). ]

Remark 3. In Propositions [8| and [[1| the upper bound of
the |A|*/? norm of the solution of or the bound on the



error between the infinite dimensional system and its finite
dimensional approximation only depend on the L' and L*
norms of the control, not on the time.

B. An infinite dimensional tracking result

Proposition |1 1] allows to adapt finite dimensional results to
infinite dimensional systems. Here we present a sort of “Bang-
Bang” Theorem for infinite dimensional systems.

Lemma 12. Let (A, B,0,k) satisfy Assumption |I| with k in
N, T be a positive number, a,b be two real numbers such that
a < 0 < b u* be a locally integrable function with support
in [0,T), and N be an integer. Then, for every € > 0, there
exists a piecewise constant control u. : [0,T.] — {a,0,b}
such that, for every j < N, [T () *T%o(‘ﬁj)n < g
and |luc||pr < ||u*||p1. Moreover, if u* is positive, then u.
may be chosen with value in {0, b}.

Proof: Let € > 0. By Proposition there exists N in
N such that, for every piecewise constant function u and for
every j < N,

luller < lul[or = [[T¥(¢5) = X{ny (8 0)mn gl < e

From Lemmal[7] there exists u. : [0,Tc] — {a,0, b} piecewise
constant such that |ju.|/p1 < ||u*||z: and

1X{5) (T,0) = X {5 (T,0)]| < e.
Then, for every 7 < N,

177 o(¢5) — T%To(ﬁbj)”
< I o(05) — X (£, 0)mn s
HIX {5 (T2, 0)mn b — Xy (T, 0)m s

X5 0(85) = X{iy (T, 0)mn s |
< 3e.

The same proof shows that, if u* is positive, u. can be chosen
with values in {0, b}. |

C. Simultaneous approximate controllability

We recall here the following result dealing with approximate
controllability for bilinear systems, i.e. when C' = 0. Its proofs
is given in [8, Theorem 2.11].

Theorem 13 ([8])). Let (A, B,0,0) satisfy Assumption I} If
there exists a non-resonant chain of connectedness of (A, B, 0)
then, for every N in N, for every € > 0, for every 6 > 0, for
every unitary operator Y : H — H, there exists T > 0 and
a piecewise constant function u : [0,T] — [0,0] such that
T30 — Tl < e for every j < N.

We now proceed to the proof of the Theorem [2]

Proof of Theorem [2] (case r = 0): Assume that
(A, B,C, k) satisfies Assumption [I| for some %k in N and
admits a strongly non-degenerate chain of connectedness.
Then, there exists a > 0 such that (4, B + aC,0) satisfies
Assumption [T] and admits a strongly non-degenerate chain of
connectedness. By analyticity, this property is true for almost
every a in R. From Theorem [I3] for every NV in N, for every

unitary operator T:H — H for every € > 0, and for every
0 > 0, there exist 7' > 0 and a piecewise constant function
w: [0,T] — [0,8] such that |55 PV g, — To, | < e.
By Len}ma there exists @ : [0,7:] — {0,a} such
that ||T;;7F:8’+ac’o)q§j - T;:E)A’B+ac’0)¢j|| < e. Thus, for
j < N, HT%,’S’B“‘C’O)@ — Té;|| < 2e. To conclude
the proof of Theorem | for r = 0, it is enough to no-

tice that T%&(Z"B“‘C’O) = T;;(:S’B’C), since for every t,
w(t)B + u%(t)C = a(t)(B + aC) as 4 takes only the values
0 and a. ]

D. Controllability between eigenstates

In this Section, we use averaging techniques to provide
explicit expressions of control laws steering one eigenstate of
the system to another in order to prove Theorems [3] and (4]

Averaging methods consist in replacing an oscillating dy-
namics § = f(t)y by its average ¢ = fz where f =
lim £ fOT f(t)dt. When the dynamics f is regular and small
enough, the solutions y and z have similar behaviors. Av-
eraging theory has grown to a whole theory in itself. We
refer to [18] for an introduction. In quantum mechanics,
averaging theory has been extensively used (under the name
of “Rotating Wave Approximation”) since the 60’s, for finite
dimensional systems. It has recently been extended to the case
of infinite dimensional systems. In the following proposition,
we restate [12, Theorem 1 and Section 2.4] in our framework.

Proposition 14. Let (A, B, 0, k) satisfy Assumption|l} Assume
that (p,q) is a weakly non-degenerate transition of (A, B,0).
Define N' = {n € N| there exists (l1,l2) with b, ;, #
0 and |l — o] = nly — Ag| and {11, 1} 1 {p,a} # 0}. If
u and u? are locally integrable, 27 /|\, — \4|-periodic and
satisfies, for every n in N,

27"/”‘117)‘9‘
/ e Xalby(ydt £0  ifn=1  (10)
0

and

ifn>1

27r/\>\p—>\g\
/ eMe Aty ()dt = 0 (11)
0

then there exists T* > 0 such that \<¢p,TZT/*%(A’B’O)¢q>|
tends to 1 as n tends to infinity. Moreover,

Ty @t
2|bpq| ’fOT u*(t)dt‘

1 nT*
lim 1 / (1)t <
0

Our aim is to extend the result of Proposition [14{to the case
where C' # 0.

Proposition 15. Let (A, B,C, k) satisfy Assumption [I| As-
sume that (p,q) is a weakly non-degenerate transition
of (A, B,0). Define N = {n € N| there exists
(ll,lg) with bl1,l2 75 0 and ‘ll—l2| = n|)\p—/\q| and {ll,lg}ﬂ
{p,q} # 0}. If uw and u? are locally integrable, 2 /| X, — \g|-
periodic and satisfy, for every n in N,

21 /[Ap—Aqgl
/ emre Aty ydt £0  ifn=1
0



and

27/ [Ap—Aql
/ m'*—“t()dtzo ifn>1
0

then there exists T* > 0 such that |(¢,, T
tends to 1 as n tends to infinity.

u* /n,(A,B,C)
g,

Proof For the sake of readability, we define T’ :=
ﬁ Let u be a locally integrable and square integrable T-
periodic function satisfying (I0) and @ By Proposition [T4]
4.8, 0)¢q Y — 1 as

there exists 7 > 0 such that [(¢p, T,

n — +oo.
Notice that, for every n in N,
nT 2 *
/ u(s) 1 <nT > / lu(s)2ds
0 n n

T*
— (W+Tﬂ)/()u(s)2ds. (12)

By Proposition

u/n,(A,B,C
sup sup |1 Al )¢qu/2 < 400, (13)
neN 0<s,t<nT*
and, by Assumption
sup  sup ||C'I"u/n 4, PGl < 400 (14)

neN 0<s,t<nT*

Since ¢, belongs to D(A), for every n in N_the mapping
t TZ{)”’(A’B’C)% is a strong solution of || For every
n € N, by Duhamel formula we have,

HTu/n (A,B, C)¢q Tu/n,(A,B,O)¢q

nT*,0 nT*,0
nT*
. / u?(s) Tt B0 oy A B gs
0

!
~|n2
I w/n,(A,B,C)
(ng /Ou (8)d5> s L CY% qll

From (I2)) and (T4), this last quantity tends to zero as n tends
to infinity, and Proposition [I5] follows from Proposition [[4] m

We now proceed to the proofs of Theorems [3]and Theorems
Ml in the case r = 0.

Proof of Theorem | (case r =0): Let e > 0 and 6 > 0
such that by, +0c,, # 0 be given and define T = 27 /| A\, — A,
Using u* : t — 1 + sin(¢t27/T") with the system (A4, B +
5C,0), Proposmon states that there exists 7 such that
|(¢pp, T} /"’(A BHOCG0T )| tends to 1 as n tends to infinity.

nT*,0
By Assumption the real number A, is not zero.
Hence there exists a sequence (t,)nen such that
[letn ATZT/:”(A BHIC0) 6| tends to zero as n tends to

infinity. Notice that

" A,B+8C,0 (A, B+5C,0
t"AT:zT/*nO( + )¢q _ T;LIUT*(—&-t 3‘ )qu,
where wy,(s) = u*(s)/n for s < nT* and w,(s) = 0 for
€ (nT*,nT* 4+ t,).
From Lemma [[2] for every n in N, there exists
um(A B+8C,0)
Up [0,7,] — {0,0} such that [T g —

(A, B+6C.0)

Wt 0 ¢q|| < e. Conclusion follows from the fact

that Tu”’(A B+40, 0)% = T%’ijéA’B’C)%, for every n in IN.

|

While primary oriented to the non-bilinear system (2)), The-

orem | holds when C' = 0 and represents a slight improvement
(by a factor 4/5) of Proposition 2.8 in [8].

Proof of Theorem [3| (case r = 0): Let S be a weakly-
non-degenerate chain of connectedness of (A, B, C). Theorem
[3] for = 0 is a consequence Theorem [ applied iteratively
on every pair (p,q) in S. ]

E. Approximate controllability in higher norms

The proofs of Theorems [3] and [ for the general case
r > (0 are a consequence of an easy and well-known result of
interpolation. We give a proof for the sake of completeness.

Lemma 16. Ler s < r be two real numbers, (x,)neN be a
sequence that converges to zero in H in s-norm and is bounded
in r-norm. Then (z,)neN tends to zero in g-norm for any
q<r.

Proof: We first prove the result for ¢ < (r + s)/2. For
every n in N,

2, |A T )
(|Al"@n, |Al"zn)

znlls sup [[znll,
neN

ir
(141

2

IA

which tends to zero as n tends to infinity. Replacing s in
the computation above by (s + r)/2 gives the result for ¢ <
r — (r —s)/4. After N iterations of this process, the result is
proved for any ¢ less than » — (r — s)/2" which tends to
as N tends to infinity. [ ]
The general proof of the main results for the general case
r > 0 is then a consequence of this interpolation lemma, of
Proposition [8, and of the uniform bound on the L' and L2
norm of the controls. Notice that the bound on the square of
the L? norm of the control taking value in {0,d} is exactly
5 times the L! norm, since, for every 0 in R, u? = du if
u € {0, 6}. The three proof follows exactly the same strategy.
Proof of Theorem [} The sequence of propagators
Y7 o#; tends to Y¢j in the norm of H. The sequence of
controls u. is bounded in the L' norm by [8, Remark 5.9],
then we can apply Proposition [§| to have a bound on the k/2-
norm. The result then follows from Lemma [ ]
Proof of Theorem H} The proof follows the proof of
Theorem [2] above. We prove that there exists a sequence
of controls u. : [0,7.] — {0,0} such that |lu.||p:
7/(|bpg + dcpq) and Y7 (dp — ¢l tends to O as € tends
to 0. Moreover the sequence Y7 ¢, is bounded for the & /2-
norm by Proposition [§] and Lemma [I6] allows to conclude that
Y72 gbp — Bl - tends to 0 as e tends to O for every 7 < k/2.
|
Proof of Theorem [3} It is sufficient to notice that
the bound on L'-norm of the sequence of controls u. is
given by iteratively apply Theorem ] to every element of
the connectedness chain connecting p to ¢q. The proof then
follows from Proposition [§] and Lemma [16] as in the proof of
Theorems 2] and [ |



IV. EXAMPLES
A. Bounded coupling potentials

Let Q be a compact Riemannian manifold or a bounded
domain in R™. Let V, W7, W5 : Q2 — R be three measurable
bounded functions. We consider the system

1 (0,1) = (A + V(@) 1)+ u) W (@), )
u? () Wa(@)y(z, 1), (15)

with z in  and ¢ in R. This system has been studied in [5]]
when (2 is a bounded domain of R”, and the potentials W,
and Wy are C2.

In order to apply our results, we define H = L?(f,C),
A e D(A) —i(A-V), B:y e L*(Q,C) — —iWi)
and C : ¢ € L*(Q,C) — —iWyy. By Kato-Rellich
theorem, the domain D(A) of A is equal to H ={y €

H?(, C)|thja0 = Athjogq = 0}, the domain of the Laplaman
if 2 is a bounded domain of R" and equal to H?(2, C) if Q is
compact manifold. The operators B and C' are bounded from
H to H with norms ||W1| e and ||[W2]| L, respectively.

We restrict ourselves to the generic case (see [19]) where
A has only simple eigenvalues. Without further regularity
assumptions on Wi and Wha, it is not clear if (A4, B,C\k)
satisfies Assumption [1] for any %k > 0.

By standard regularization procedures for every n > 0, there
exist Wy, Wa,, : Q — R such that (i) W, , Ws, are C?
on €2, (ii) if € is a bounded domain of R", Wy, and W ,
tend to zero, with their two first derivatives, on the boundary
of Q, and (iii) ||W; — Wj |2 < n for j = 1,2. The linear
operators By, : ¢ — Wy, and C;; : ¢ +— W ;9 are bounded
from D(A) to D(A). By Proposition 8 of [16], (4, B,,C))
is 1-weakly-coupled or, equivalently, (A, B,,C,,1) satisfies
Assumption [T}

Remark 4. The definition of Y% (ABnCn) depends on the
choice of By, and C,), which is not unique.

The key point of this section is the following observation.

Lemma 17. For every n > 0, for every u in L*(R,R) N
L?(R,R), for every t in R, for every 1 in H,

u,(A,B,C A,By,Chy
T4 BO) ng ) < n(lulle + Jullie).

Thanks to Lemma [I7] we can apply the results above to
system (I3)). For instance Theorem [2] applied to system (I5)
reads.

Proposition 18. Assume that (A, B, C') admits a strongly non-
degenerate chain of connectedness. Then, for every € > 0, for
every unitary Y:H — H, for every | in N, for almost every
« > 0 there exists a piecewise constant function u. : [0, T¢] —

{0, 0} such that | % (65 — Y|l < e, for every j <.

Proof: For every a > 0 such that S is a strongly
non-degenerate chain of connectedness of (A, B + aC,0),
by Theorem [I3] there exists a g)lecewwe constant function
u: [0,T] — [0, a] such that | T4 P06, —T)|| < e/3,
for every j < [. Define

€

1
T3 (A +a)

As before choose Wy ,, Wy, : @ — R such that (i) Wy,
W, are C? on €, (ii) if © is a bounded domain of R", Wi,
and W5 ,, tend to zero, with their two first derivatives, on the
boundary of (2, and (iii) |W;—W; ,||p1 < nforj =1,2. Then
the linear operators B, : ¢ — Wi, and C), : ¢ —= W 9
satisfy ||B — Byl < n, ||C — Cy|| < n and (A, B,,C,, 1)
satisfies Assumption

By Lemma [T2] there exists a piecewise constant function
ue : [0,T.] — {0,a} such that ||u€||L1 |lulr: and
0 g =g P Y g < /3, for every
J=l

Notice that

ue,(A,By+aCy,0)  ~rue,(A,By,Cr)
TT570 TTE,O ?

and ||luc||2. = aluc||z: since u. takes value in {0, a}.
Finally, for every 5 </,

ue,(A,B,C $
15020 — Tyl
ue,(A,B,C «,(A,B,,Cy,
< IO g, — e (P g )
ue,(A,By,Cy uE A,Bp+aCy,0)
+||T< Wy — TS &1

+||,I\;:0A Bn—i-acn,o)(bj . ,(A,Bn+(xc',7,0)¢j||

Tro
Hrrs P, 1o

€ e €

< S 404-4-=

= 3 + 0+ 3 + 3
Proposition [I8] follows by observing that S is a strongly
non-degenerate chain of connectedness of (A4, B + aC, 0) for
almost every « in R, see Lemma |

(16)
a7

B. Perturbation of the harmonic oscillator

The quantum harmonic oscillator is among the most im-
portant examples of quantum system (see, for instance, [10}
Complement Gy/]). Its controlled bilinear version has been
extensively studied (see, for instance, [20], [21] and references
therein).

We consider here a 1D-model involving, in addition to the
standard bilinear term modeling a constant electric field, a
Gaussian perturbation. Precisely, for given constant a > 0, b,
and c, the dynamics is given, for = in R, by:

0y

ot
With the notations of Section we have H = L?(R,C),

Ay = i(A =2, B : ¢ — —izyp and C : ¢ —
_iefaw2+ba:+cw

= (A + 2P + u(t)z + ud(t)e @ ey (18)

A Hilbert basis of H made of eigenvectors of A is given
by the sequence of the Hermite functions (¢, )neN, associated
with the sequence (—i\,),en of eigenvalues where A, =
n — 1/2 for every n in N. In the basis (¢, )nen, B admits a
tri-diagonal structure

—i\/E ifj=k-1,

—i/ B if =k + 1,

0 otherwise.

<¢jaB¢k> =

The operator C couples most of the energy levels of A, see
[7, Proposition 6.4].



For every k in N, the system (A, B, 0, k) satisfies Assump-
tion |If (see Section IV.E in [[16]) and

Ck(A7B7O) < Sk -

For every k£ in N, a direct computation shows that C' is
bounded from D(]A|*) to D(]A|*). Hence, by Proposition 6 of
[16], (A,0,C, k) satisfies Assumption |1| for every k. Finally,
(A, B,C, k) satisfies Assumption [1| for every k.

The quantum harmonic oscillator (A, B, 0) is not control-
lable (in any reasonable sense) as proved in [20]. We aim at
proving the following.

Proposition 19. Assume that \/1 — a and b are algebraically
independent. Then, for every € > 0, for every j in N, there
exist T > 0 and a piecewise constant function v : [0,T] — R
such that || ,¢1 — ¢;| <e.

The main tool in the proof of Proposition [I9]is the following
analytic perturbation argument (see Chapter VII of [22]]).

Proposition 20 ([22]). For every o in R and n in N, there
exist two analytic mappings A, : R — R and ¢3 : R —
L?(R, C) such that (i) for every t in R, A+t(B+aC)¢%(t) =
—iAp (1) (1) (i) 5 4 T (1 ‘0 = bpp + QCpy; (iii) for every
tin R, (d)o‘(t))neN is a Hilbert basis of L*(R,C); (iv)
(gbZ(O))nEN - ((bn)nEN

Proof of Proposition[I9 From Proposition 6.4 of [7], for
every n in N, the pair (n,n+ 1) is a strongly non-degenerate
transition of (A + u(B + 2aC), B + «C, 0) for almost every
(a, 1) in R2.

We proceed by induction. For p = 2, choose o and p
positive small enough such that, with the notations of Propo-
smon ||¢> (1) — o] < g/d for j =1,2, |biz + aciz| =

abe’ 4(“ 1)
L+ e

4] there exists a piecewise constant function v : [0,7] —
such that || Y (ATHBTC)BO) oy
defining u : t € [0,T] — v(¢) +
u,(A,B,C
176" 61—
< ||T (A,B, C)¢
J(A,B,C
+||TT,% >¢1< ) -
(A+p(B+aC),B,C
g e ’¢1 ()

+llb3 (1) = @2l
< ELELELE
- 4 4 4 4
The general step is similar, replacing b1o = —i with by, 11 =
(n+1)/2, and choosing « small enough such that
bn,n-‘rl + QCp 41 7é 0. u

£ 0and 242+ pa < o ||CH By Theorem

[0,1]
@5 ()| < /4. Then,

(ABC)

o7 (W

(A+ﬂ(B+aC) B,C) & ()|

— o5 (W

V. CONCLUSIONS AND FUTURE WORKS
A. Conclusions

In this analysis, we present a general approximate control-
lability result for infinite dimensional quantum systems when
a polarizability term is considered in addition to the standard
dipolar one. For the important case of transfer between two

eigenstates of the free Hamiltonian, simple periodic control
laws may be used.

B. Future Works

Many questions concerning the controllability of infinite di-
mensional quantum systems are still open. Among many other
topics, one can cite the extension of the controllability results
to systems involving better approximation of the external field,
involving higher powers of the control, or the existence (and
the estimation) of a minimal time needed to steer a quantum
system from a given source to a given neighborhood of a given
target.
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