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C* LOCAL SOLUTIONS
OF ELLIPTICAL 2-HESSIAN EQUATION IN R?

G. TIAN, Q. WANG AND C.-J. XU

In remembrance of the late professor Rou-Huai Wang
on the occasion of his 90th Birthday

ABsTrAcT. In this work, we study the existence of C* local solutions to 2-Hessian equation
in R3. We consider the case that the right hand side function f possibly vanishes, changes
the sign, is positively or negatively defined. We also give the convexities of solutions which
are related with the annulation or the sign of right-hand side function f. The associated

linearized operator are uniformly elliptic.

1. INTRODUCTION
We are interested by the following k-Hessian equation

(1.1) S«lul = f(y,u, Du)

on an open domain Q C R", 1 <k < n, f € C*°(Q X R xXR"). Denote Du = (0u,...,0,u)
and D?u is the Hessian matrix (9;0 iU)1<i,j<n- the Hessian operators Si[u] is defined as
follows:

(1.2) Silul = o(AD*w), k=1,....n,

where A(D*u) = (A1, Aa, . . ., 4,), 4; is the eigenvalue of the Hessian matrix (D*u), and
o) = Z Aiy - Ay
1<iy<--<ix<n
is the k-th elementary symmetric polynomial. Denoting, for k, j € {1,--- ,n},
_ 0041(A)
04;

We also introduce the Garding cone I', which is the open symmetric convex cone in R”,

Ok, = 0kla;=0-
with vertex at the origin, given by
i ={,..., ) eR": o;(H>0,Yj=1,...,k}.

When k = 1, (1.1) is a semi-linear Poisson equation, and it is Monge-Ampere equation for
k =n.

We say that a function u € C? is k-convex, if

AD*u) €Ty,

the n-convex function is simply called convex function.
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We say that a function u is a local solution of (1.1) near yo € Q, if there exists a
neighborhood of yo, Vy, C Q such that u € C*(V,,) satisfies the equation (1.1) on V.

In this work, we study the existence of C*-local solution of the following 2-Hessian
equation in R3,

(1.3) Solul = f(y,u,Du), on QCR>,
where we also have

Salul = uyjuzy — w3 + upuss — M%3 + uyuzz — M%y
We have proved the following results.

Theorem 1.1. Assume that f € C®(QxRXR?), then for any Zy = (Yo, 20, po) € QXRXR3,
we have that

(D) if f(Zy) =0, then (1.3) admits a 1-convex C* local solution which is not convex;

2) if f = 0 near Zy, then (1.3) admits a 2-convex C* local solution which is not
convex. If f(Zy) > 0, (1.3) admits a convex C* local solution.

) if f(Zy) <0, (1.3) admits a 1-convex C* local solution which is not 2-convex.

Moreover, the equation (1.3) is uniformly elliptic with respect to the above local solutions.

For the local solution, Hong and Zuily [5] obtained the existence of C* local solutions
to arbitrary dimensional Monge-Ampére equation, in which f is not only nonnegative but
also satisfies a variant of Hormander rank condition. Lin [8] proved the existence of a local
H? solution in R? with f = 0. We will follow the ideas of [5] and [8, 9], the existence
of the local solution can be obtained by a perturbation of polynomial-typed solution for
S»[u] = a where a is a constant, so that our solution is in the form

13
u(y) = 5 Z‘rjyi + SSW(S_zy)’ 7=(11,72,T3) € R3.
j=1

The significance of theorem 1.1 is our results break away from the framework of Gard-
ing cone. The sign of f is permitted to change in case (1). For the case (2), we say that
it is a degenerate 2-Hessian equation if f(Zy) = O(see [10]). The non-convex solution in
(1) and (2) never occurs for Monge-Ampére equation. There is also many works about the
convexity of solution to Hessian equation, see [11] and reference therein. Besides, these
results seems to be strange. However, that is because the relationship between the sign of
f and the ellipticity of the nonlinear k-Hessian equation may not be close.

The rest of this paper is arranged as follow: in Section 2, we will give definitions and
some known results. Section 3 is devoted to the proof of Theorem 1.1.

2. PRELIMINARIES

In this section, we collect some definitions and known results of k-Hessian equations.
Firstly some algebraic properties of Garding cone.

Proposition 2.1 (See [12]). Using the notations introduced in Section 1,
(1) ox(A) =0 for A € 9Ty and

I,c...cIyc...cIjy.
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(2) Maclaurin’s inequalities, for any A € Ty, 1 <1 <k,

[o-ku)]”" . [0‘1(/1)}1”
N 0N .

(3) we also have

o1(A) = 4io-1,/(AD) + 0p;i(D), YAER”,
Z?Zl ki) = (n—k)op(d), VAeR™.

(4) Assume that A € Ty is in descending order,
L2 Ay 22, >0 Appy >0 Ay,
then p > k and
(2.1) Ok—tn(A) 2 -+ 2 o411 (D) > 0.
When n = 3, we see that o3(1) > 0 cannot occur for A € 9dI'»(1), therefore we can

express dl, as two parts
() =P U Py,
P = {1 € R 01(D) 2 0, 02() = 03() = 0},
P, = {1 e R 01(1) > 0, 02(d) = 0, 073(2) < O}.

Next, we will recall that what condition can lead to the ellipticity.

As for the framework of ellipticity, we follow the ideas of [6] and [7]. Denote Sym(n)
as the set of symmetric real n X n matrix. Through the matrix language, we recall the direct
condition which leads to the elliptic k-Hessian operator. The ellipticity set of the k-Hessian
operator, k = 1,2,...,n,is

Eir=1{S € Sym(n) : Si(S +t&EXE) > Si(S)>0,1él = 1,t e RY)
and the Garding cones
T = {S € Sym(n) : Si(S + tId) > Si(S) > 0,7 € R*},

where the definition of S;(S) is given in (1.2). It is easy to show that E; = I’y only for
k = 1,n and the example in [7] assures that I, C E; and mess(Ex\Tx) > Owhen 1 < k < n.
Ivochkina, Prokofeva and Yakunina [7] point out that the ellipticity of (1.1) is independent
of the sign of f.

We now present an algebraic property of

0
_O-Z(T) = O-I,i(T)v i = ]927 39
67’,‘
fort = (T],Tz,T3) € Pz.
Lemma 2.2. Assume that T € Py, 71 > 172 > 13. Then we have
0<0o1(m) <012(7) < 013(7),

and

2.2) 3<0< 1 <1.
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The above result means that for any
13
U= EZTW?, TeP,
i=1
it is a solution of 2-Hessian equation S,(¢) = 0, and the linearized operators of S,[u] at ¥
3
L= Z o1,(1)0?
i=1
is uniformly elliptic,
Proof. Recall that, for any 7 € R3,

02(T) = 71Ty + T2T3 + T T3,

and
o11(T) =12+ 713, O12(7) =71 + 713, 013(7) =71 +T2.

Denote 1+ & = (1, + &, Ay + &, A3 + &) with 1 € R? and € € R, then we have the formula

2 A 36
T+ 8) = Y C(Por (D, C(j)= =
vt Q)

For t € P,, we have
o (1) >0, o(1)=0,
then
T+eel, Ve>O0.

Applying (2.1) to 7 + £ and letting € — 0%, we get

0<0,1(1) £ 012(7) £ 013(7).
Since 7 € P,, we have

o2(1) = 110 1,1(1) + 02,1 (7) = 0.
if 0'1,1(7') =1, + 13 = 0, then,

021(1) = 1213 = 0,

thus o3(1) = 717173 = 0, which contradicts with the assumption o3(7) < 0. Then, We have
proven that, for any 7 € P,

0<0o,1(1) £ 012(7) £ 012(7).

We prove now (2.2). Since o1 (1) > 0, by (4) we have 7; > 0. We now claim that 7| =
T, = T3 is impossible. Indeed, if that holds, then o1(r) = 371 > 0 and o»(7) = 31'% > 0,
which contradicts with the assumption o, (1) = 0.

Besides, o3(1) < 0 imply that 7; # 0 and 7; can not be positive at the same time. Then
property (4) of Proposition 2.1 implies

73<0<71 <1,

We also have the following elliptic results for T € 'y \ T',.

Lemma 2.3. For the Gdrding cone, we have
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(1) For any given a < 0, there exists T € Ty \ T'», such that
oi(1t) >0, (1) = a.
(2) For any given b > 0, there exists T € I'» \ ['s, such that
oi(r) >0, o2(1) = b, o3(1) < 0.
(3) For any given ¢ > 0, there exists T € I's, such that
oi(r) >0, oa(7) = ¢, o3(t) > 0.
Moreover, for all above case, we have
013(1) > 012(7) > 011(7) > 0.

Proof. We only need to prove the case (1), and to find a 7 € R?. We can choose a > 0 and
B > 0 such that

(1+Ba—-1<0.
Then take ® > 0 satisfying
e’ +a)[(l+a)B-1]=a.
We claim that 7 can be in the following form
T=(11,72,73) = (1 + )1 +5)0,(1 + )0, -0).
Indeed, from 1 + 8 > 1 and (1 + @)® > 0, we have
T| > Ty > T3,
o1(t) > 0 and 0»(1) = a. Moreover,
o3 =0+)2+pO>012=(@B+a+pB)0O >0;,(1) =a0 > 0.

Proof is done. O

For the linearized operators of k-Hessian equation, we have the following results, the
general version of which can be found in section 2, [2].

Lemma 2.4. The matrix S ’2] (r(w)) and (r;j(w)) can be diagonalized simultaneously, that
is, for any smooth function w, we can find an orthogonal matrix T (x, &) satisfying

N’ 0k 0 o4
T(x,&)(rij) 'T(x, &) = diag [11(x, &), a(x, €), A3(x, )],

{ T(x, 8)(Slzj) ’T(x, £) = dlag [30'2(/1) 0o () dor ()
where 'T(x, €) is the transpose of T(x, €) and S;j(r(w)) = 082 /0r;j(r(w)). Furthermore,
T(x,€) le=0= Id,

where 1d is the identity matrix.

Proof. For T = (T;;), we have

3
2.3) Zn@:&
i=1
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Now we set (r;;) can be diagonalized by T,
A 3
(T;)(ri)(Tij) = A = [Z Tsithrij]
B ij=1

st

Thus, we have, when s # ¢

3
TsiT ilii
2.4) 2, Ty

i
=TaTnrii + ToTprn +TaTprs +2TaTars + 2T Torin + 2T 3Tprn =0

Now for
B I + 7133 —1 —13]
(Slzj(rij)) =| -rn ri +133 -r1 |,
—r3 —r3 it
we have

3
(Tip) (i) (Tiy) = [Z TS ’2’]

i,j=1 st

If we could prove that Z? =1 (TS;T, S '2] )St is a diagonal matrix, our proof was done.
Indeed, when s # ¢, we have

3
Z TuT,;SY

2.5) b=
=TTn(rn +r33) + ToaTp(ri +r33) + TaT(ri + o)

= 2T Tpria = 2T3Thrs — 2T aToprs.
By (2.4) and (2.3), (2.5) can be
3 - 3
D TWTySY = Y Tl iriy + 12 + 733) = 0.
ij=1 ij=1
Whene =0, S ’2/ [r(w)] and (r;;(w)) are diagonal, thus, T’ can be the identity matrix Id. O

From the view above, when k = 2 and f < 0, the corresponding Hessian operator
is possible to be uniformly elliptic. In this paper, we will study some uniformly elliptic
2-Hessian equations which have non-positive right-hand functions f.

3. EXISTENCE OF C*° LOCAL SOLUTIONS FOR UNIFORMLY ELLIPTIC CASE

From now on, we fixed n = 3,k = 2, by a translation y — y — yo and replacing u by
u —u(0) —y - Du(0), we can assume Zy = (0,0,0) in Theorem 1.1. We prove now the
following results,

Theorem 3.1. Let f € C* and f(Zy) = 0 for Zy = (0,0,0) € QxR xR3. Then (1.3) admits
a 1-convex local solution u € C* which is not 3-convex and is of the following form

3
1
(3.1) u) =3 ) i+ W), V) e Py
i=1

in the neighborhood of yy = 0, |[W|lcse < 1 and € > 0 very small.
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If f is nonnegative near Zy, then (1.3) admits a 2-convex local solution u € C* which is
not 3-convex. If f(Zy) > 0, then (1.3) admits a 3-convex local solution u € C*.
Moreover, the equation (1.3) is uniformly elliptic with respect to the solution (3.1).

Remark that, in Theorem 3.1 the function f is permitted to change sign. It is well
known that, for Monge-Ampere operator, the type of equation is determined by the sign of
f(,u, Du), it is elliptic if f > 0, hyperbolic if f < 0 and degenerate elliptic or hyperbolic
if f vanishes; it is of mixed type if f changes sign [4]. So that Theorem 3.1 never occurs
in Monge-Ampére case.

Theorem 3.1 is exactly the part (1) and (2) of Theorem 1.1.

Let 7 = (11,72, T3) € Py, then Y(y) = % Z?:l Tiyf is a polynomial-type solution of

Say] =0,

we follow Lin [8] to introduce the following function
3

1
u() = 5 ) T +EWET) =u) + Wy, TEPy, £>0,

i=1
as a candidate of solution for equation (1.1). Noting y = £?x, we have
(Dy)(x) = ;&% + e'wj(x),  j=1,--+.3,
and
Dy )(x) = S+ ewp(0),  jok=1,---.3,
where 6,{ is the Kronecker symbol, w;(x) = (Dy,w)(x) and w j(x) = (ijkw)(x). Then (1.3)
transfers to

So(w) = fulx, w(x), Dw(x)), x€ By(0)={x e R x| <1}
where '
Sa(w) = $2(6/7i + ewij(x) = Sa(r(w)),
with symmetric matrix r(w) = (6/7; + ew;;(x)), and
feolx, w(x), Dw(x)) = f(ezx, 84¢(x) + Ew(x), T2 X + Ew(x), - -+, 3873 + E2w3(x)).

Similar to [8] we consider the nonlinear operators

1 ~
(3.2) Gw) = —[820r(w)) - Je(x, w, Dw)], on B;(0).
The linearized operator of G at w is
3 3
_ N\ 9820rw)
(3.3) Lo(w) = ; o, 0t ; aid; + a,
where _
16F. ,
o Nz S OF
e dp; opi
10f.(x,z, p;
a= ——M(x,w, Dw) = _846_f'
£ 0z 0z

Hereafter, we denote S ;j (r(w)) = w Since S, (r(w)) = 02(A(r(w))) is invariant under

orthogonal transformation, by using Lemma 2.4, the matrix (S ;j (r(w))) and (r(w)) can be
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diagonalized simultaneously, that is, for any smooth function w, we can find an orthogonal
matrix 7' (x, &) satisfying

{ T(x, 8) (S lzl(r(w))) ’T(x, 8) — dlag [HJZ(A(V(W)))’ (90'2(/1(”(W)), ﬁUZ(A(V(W))):I

19/11 (9/12 19/13
T(x, &) (rij(rw)) 'T(x, ) = diag [ (r(w)), a(r(w))., 3(rw)],

where 'T'(x, €) is the transpose of T(x, €). Since T is not unique, we set T(x, €) |s-o= Id.
After this transformation, in order to prove the uniform ellipticity of Lg(w)

DS = e, V(x,€) € Bi(0) x B
i,j=1
instead we can prove that , by setting & = 'T(x, £)&,
3

Ao (ArW)) iz o
2 g,z P
Jj=1
for some ¢ > 0, where
M;L/{;(W))) = 011(Ar(w))) = L2(r(w)) + A3(r(w)),
(‘%.—2(6#/{;(“}))) = 01 2(A(r(w))) = A (r(w)) + A3(r(w)),
M((QL/{;(W))) = 01 3(A(rw))) = 41 (r(w)) + 2(r(w)).

Lemma 3.2. Assume that v € P> and |wllc25,(0)) < 1, then the operator Lg(w) is a uni-
formly elliptic operator if € is small enough.

Proof. To prove the operator Lg(w) is a uniformly elliptic operator, it suffices to prove

(3.4 W)+ ;rw) =1 +71;+0(e), i,j=1,2,3, i#].
Indeed, for T € P, and Lemma 2.2 give 7; + 7; > 0. Thus, for & small enough, (3.4) imply,
Ti+7T; . .
Ai+a;2 ~>0, i#]j

Lg(w) is then a uniformly elliptic operator.
Next, we prove (3.4). By our choice of r;;(w),

T + EWNq EW12 EW13
r(w) = (rij(w)) =|  ewz T2 +Ewn ewx |,
EW3 EW3) T3 + EW33

we write its characteristic polynomial as

3
g() = det(r(w) = A1) = [ (i = 1) + ROw, &)
i=1

where
3

Rw,¢e) = Z eR;(w, &) + Z sszk(w, ).
J=1 Jik
FOr any ”W”Cz(Bl(O)) < 1 and O <e<L 1

Ri(w,e)l <C, [Rjp(w,e)<C
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with C being independent of x and £. We have also
(3.5 Si(r(w)) = o1 (1) + &5 1(w), Sa(r(w)) = 02(7) + eR1(w, 8),
and
det(r(w)) = 03(1) + Ry (W, &),
where for any [[wl|c2(p,0)) < 1and 0 <& <1
Riw.e) <C, IS1(w)| < C.

By using Lemma 2.2, we have 73 < 0 < 75 < 71, then for 0 < € < |r3], we have

3 3 3
§(5T2) = (11 = JTa)(r2 = ST + ROv o) <0,
73

4
and we see that, by the virtue of Intermediate Value Theorem, there exists an eigenvalue,
denoted by A3, such that

gCr) = 1~ T - -2 + Row) > 0,

3 5
ZT3 > A3 > ZT3, g(/l3) =0.
From 0 = g(/l3) = (T1 - /13)(‘1'2 - /13)(7'3 - /13) + R(W, 8) and

5 5 3 ]
() - %)(72 - %) > (11— B3)(12— A3) > (11— %)(72 - %)’

it follows that
/13 =73+ Ol(w, S).
Since the trace of a matrix is invariant under the orthogonal transformation, then
A(w) + (W) + A3(w) = 01(7) + e(wi1 + wa + w33),
from which we see that
A(w) + (w) =11 + 12 + Or(w, &).
Using
o2 () + eR (W, &) = S2(r(w)) = T2(Ar(w))) = LW (W) + (W) + 11 (W) (w),
we obtain
A = 1112 + O3(W, 8),
which yields either
A =71+ 04w, 8), A =T72+05(w,8)

or
A =1+ 05w, &), A =11 +04w,¢)

and then (3.4) is proven. Proof is done. O
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We follows now the idea of Hong and Zuily [5] to prove the existence and a priori
estimates of solution for linearized operator. In our case, although Lg(w) is uniformly
elliptic, the existence and a priori Schauder estimates of classical solutions are not directly
obtainable, because we do not know whether the coeflicient a of au in (3.3) is non-positive.
If we can prove the existence (Lemma 3.3), we can employ Nash-Moser procedure to prove
the existence of local solution for (1.3) in Holder space rather than Sobolev space. One
goal is to see how the procedure depends on the condition ||wg||cs« < A. We shall use the
following schema:

wo=0, Wy =Wpu1+pp1, m21,
LG(Wm)pm = gmain 31(0)7

om =0 on 9dB(0),

&n = —Gwp),

(3.6)

where
1
go(x) = g((fz(r) — f(&x, 89 (0), £ (1101, T2, T313)))

It is pointed out on page 107, [3] that, if the operator L does not satisfy the condition
a < 0, as is well known from simple examples, the Dirichlet problem for Ls(w)p = g no
longer has a solution in general. Notice a in (3.9) has the factor &*, we will take advantage
of smallness of a to obtain the uniqueness and existence of solution for Dirichlet problem
(3.9) and then uniformly Schauder estimates of its solution follows.

Lemma 3.3. Assume that |Wl|lceeg,0y) < A. Then there exists a unique solution p €
C>*(B(0)) to the following Dirichlet problem

Lew)p =g, in B1(0),
(3.7 { p=0 on dB(0)
forall g € C*(B1(0)). Moreover,

(38) ||p||c47n(m) < C”g”Cz.a(m), Vg € CZ’Q(BI(O))»

where the constant C depends on A, T and ||f||csa. Moreover, C is unform for 0 < € < g
for some gy > 0.

By virtue of (3.3), we write (3.7) as

(3.9) Lowlp = 331 P520:0p + S aidip +ap = g, in Bi(0),
' p=0 on 8B(0)

where
__20f __40f
aj=—-&—, a=-& —.
6[7[ 0z
Notice that for B2 g, = g,(x, w(x), Dw(x)), a = a(x, w(x), Dw(x)) and g, = ~G(wy,) =

gm(x, w(x), Dw(x), D*w(x)) by (3.6), we regard them as the functions with variable x. In a
word, we regard that all of the coefficients and non-homogeneous term in (3.9) are func-
tions of variable x. For example,

fg(x, w(x), Dw(x)) = f(ezx, 84¢(x) + esw(x), T182X] + 83W1 (x),---, T382)C3 + 83W3(x)),
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and

Ifelles = sup{IDFIfE11,10 < B < 3, x € B1(0))
\Di1f () - DAL

x — 2|

I follcsa = Ifelles + sup{ JBl=3,x#z¢€ Bl<0)}

When we regard f; as a function of variable x, usually || f]|cs« is denoted as || fllcse (s, 0y
but it maybe cause confusion because it must be involved in D*w,0 < |a| < 3 as above.
Therefore, here and after, we denote the norm as || fgllcs, I fgllcs.a as above, by dropping
B1(0).

Proof. Let the constant yu(t) = inf {22400 - Jlyj|cu g0 < A,i = 1,2,3,}. By Lemma
3.2, u(t) > 0. Applying Theorem 3.7 [3] to the solution u € CO%(B1(0)) N C*(B1(0)) of

{ LeW)u = 3 Ma,ﬁju + Z?:] a;0u = g, in B;(0),

i,j=1 rij

u=0 on dB(0)

we have
(3.10) SpI|<—C llgll om0
. up |u| < ,
1u(r) B0

where C = exp?#*V) —1 and 8 = sup{l% ti= 1,2,3.}
LetC; =1 - Csup % with C being the constant in (3.10). If we choose gy > 0 small
(the smallness of a), then C; > % uniformly for 0 < € < &. Applying Corollary 3.8 [3] to

the solution p to Dirichlet problem (3.9), we have

31D SPll<l[sp||+cnu } el
. up ol < — up |p —lg | = ¢ .
Cilopo) @ 2 CEOT C ) EO)

from which we see that the homogeneous problem

Lowp = 21 B5809:0,0 + 31, aidip +ap = 0, in By(0),
p=0 on 0B(0)

has only the trivial solution. Then we can apply a Fredholm alternative, Theorem 6.15 [3],
to the inhomogeneous problem (3.9) for which we can assert that it has a unique CZ’“(T(O))
solution for all g € C%(B1(0)).

With the existence and uniqueness at hand, we can apply Theorem 6.19 [3] to obtain
higher regularity up to boundary for solution to (3.9). Besides this, we have the Schauder
estimates (see Problem 6.2 , [3])

(3.12) lollcsa < CCA T flle=o) [Iodlles gy + 18kl can gy |

where C depends on C>*—norm of all of the coefficients; the uniform ellipticity; boundary
value and boundary itself . we explain the dependence of C(A, 1, ||f||c3+ ). Firstly, Since
the first two derivatives of w have come into the principal coefficients Bs%rjw)), then their
C?**_norms must be involved in |||+« , and at last ||w||c«« < A arise into C. Similarly, by
virtue of the coeflicients a; and a, ||f||c3« and ||w||cz« < A must arise into C. Secondly, it

depends on uniform ellipticity, that is, on

. {302(/1(F(W)))
inf { —————

: @ <A,i=1,2,3,
o [Wllcaa s, 0y i }



12 G. TIAN, Q. WANG AND C.-J. XU

and

04,
so (1t = (11, T2, 73)) and A arise into C.
Thirdly, Since boundary value is =0 and boundary dB;(0) is C*, so the two ingredients
do not occur into C. Substituting (3.11) into (3.12), we obtain (3.8). O

o2 (A(r(w))) i
sup{27 tlwlicsemon < Asi=1,2,3, ¢,

It follows from standard elliptic theory (see Theorem 6.17, [3] and Remark 2, [1]) and
an iteration argument that we obtain.

Corollary 3.4. Assume thatu € C>*(Q) is a solution of (1.3), and the linearized operators
with respect to u,

2, 98 5 (uij) 5 Sk of
n = oy 9 = ; a_Pi(y’ 4. Du(y)d: = a_z(y’ 40, Du(y))

is uniformly elliptic, then u € C*(Q).
Proof. Let v be a function on Q and denote by ¢;, [ = 1,2, 3 the unit coordinate vector in
the y; direction. We define the difference quotient of v at y in the direction ¢; by

v(y + hey) — v(y)

a"(y) = V() = -

Since

S2(uij(y + hep) = S 2(uij(y))

1

d

[ G2ty + e + 1 = Dy
o dt

3

"o
Do m S oty + hep) + (1= Duy(diluisy + her) = uig(3)]
o Orj

i=1
3

= Z a;;Mlui(y + hey) — u;(y)]

ij=1
and Taylor expansion give

S + he, u(y + hep), Du(y + hey)) — f(y, u(y), Du(y))

3
= > by + hep) = ()] + cOu(y + hep) = u()] + gh
i=1
with

1
0
bi(y) = fo a_,f(“y 4 hepy + (1= Dy, tuly + her) + (1 = Du(y), DuCy + hep) + (1 = HDDGY)d
1
0
() = fo 6—§<r<y +her) + (1= Dy, tuly + he)) + (1 = Hu(y), tDuCy + hep) + (1 - DDO)dr

1
0
8 = f a—;j(t(y +hep) + (1 = 1)y, tuy + hey) + (1 — Hu(y), tDu(y + he;) + (1 — )D(y))dt.
0
Taking the difference quotients of both sides of the equation

SZ(M”(y)) = f()’» u, Du)»
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we have
3

3
D aydd;atu) = > biaisu(y) - cy)a"u(y) = g().
i=1

i,j=1
Since u € C>%(Q), then all the coefficients a; Jj» bi, ¢ and inhomogeneous term g are in
C%(QY), from the interior estimates of Corollary 6.3 in [3], we can infer

Ay e CPQ).
Letting h — 0, we see dju € C>*(Q),1=1,2,3 and
3 3
08 »(D*u) 0 0
Z 2—31‘5,‘(31M) - Z —fai(azu) _f(al )= —f
o oy i dp; Ay
Repeating the above proof, we obtain u € C*(Q). O

Using above Lemma 3.3, we can use the procedure (3.6) to construct the sequence
(Wi )men. Now we study the convergence of {wy, },uexr and that of {g,, }men-

Proposition 3.5. Let {w,}uen and {gm)men the sequence in (3.6). Suppose that |wjllcse < A
forj=1,2,...,k. Then we have
(3.13) lgisillcze < Clllgellgas + gl 1.
where C is some positive constant depends only on v ,A and ||f||cs«. In particular, C is
independent of k.
Proof. Applying Taylor’s expansion with integral-typed remainder to (3.2), we have
—8k+1 = G(Wk + pi) = Gwy) + La(Wi)pie + QWi, pi)
= =8k + LaWi)pr + QWi, pr) = Q(Wk, k),
where Qy is the quadratic error of G which consists of S, and f.

S > (wi + ppr)

F . du(or)ij(pi)st

Owi, pr) = f( -

ij,st

o L Pt i) fa(wk*”"")d Wo0iP);

- Zf<1— (Lol + o) fa(w”“p")dy(pk),»(pk)

1 52fa Wetppd) o
+ 2 f a- T du - pi
=h+hL+L+1
Since S»((r(w))) is a second-order homogeneous polynomial with variable r;;(r(w)) and
fg(x, w, Dw) is independent of r;;, we see that

(925 + (925 i
20wk + ppi) | _ 2 (871 + e(wic + pp)ip) = & or 0,
Wi W Iwijowy |
[ f(ex, 'Y + & (Wi + ppi), £ DY + & D(wy + ppp))]

O fo(wi +
’ fewi + moo)| _ <& |Ifllce,

aW[aWj

6W,‘6Wj
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P Jelwi+pp)| _ | L ey + & n+ 0, 2Dy + £ D0v + ppoNl| _ sy
owow; owow; - “

P fowi+ ppo)| _|PLfex, 8y + i+ ppn). Dy + & DOvi+ o] _ oy
ow? ow? -

Thus, I;(1 < i < 4) in @y are under control by O(g), O(&>), O(7) and O(s?), repectively.
Therefore

illcze < Clloilic2 llokllcse
and

ILllcze <Clifllcsa (Willcra + llollcaa)llorlZe + Cllfllez okl lloelle:
<Clipillcsalloeliz + CliollZ, + Clloglicaallokller

where C depends on A and ||f]|cse. And ||/3]|c2« and ||I4]|c2. can be estimated similarly.
Accordingly,

4
lIgestllcze = 1QWe, po)llcae < D Hills
i=1

2 2
<Cllexllcllorllcse + Cllorllcsalloxlier + lloxller + Cllokllcs« llokller

where C is independent of k but dependent of A and ||f||c+«. Thus, by the interpolation

inequalities, we have
2 3
igk+illc2e < Cliokllgsa + Cllolla s
where C is independent of k. By Schauder estimates of Lemma 3.3, we have

llokllcse < Cligllcea-

Combining the estimates above, we obtain (3.13). Proof is done. 0O

Since C is independent of k, more exactly, A, T and || f]|c+« are independent of k. So here
and after, we can assume A = 1.

Proof of Theorem 3.1. Set

(3.14) dis1 = Cllgk+1llc2a-
By (3.13) with letting C > 1 we have
dis1 <d; +d;.

Take 7 € R? as in Lemmas 2.2 and 2.3 such that o (7) = £(0,0,0), we have
800 =2(20) = "% £, (31, T, 7300)
=~ [02(1) - /(0,0,0)
+ sjo‘l X - (6yf)(t.92x, ts4l//(x),t82(71x1,72x2,73x3))dt
+g f: l//(x)(ézf)(tszx, teMy(x), 1eX(11x1, Tox2, T3X3))dt

1
+& f (101,222, T333) - (D f)(tE7%, 14 Y(x), 187 (1131, 22, T33) ),
0
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then
llgollc2e(s,0y < €Cillfllc3e.

We can choose 0 < € < g so small such that
Cligollc2a, 0 < 1/4, 0 <& < &

Notice g is independent of k. Since dy = C||gol|c2, we have d; < 2d(2) and, by induction,

Dk+

k+1 k+1 k+1
dis1 £277d5 0 <207 lIgoliZa

Thus, by (3.14)
2k+|

k+1_
lgkeillcze < 2O ligoliZan-

Firstly, we claim that there exists € > 0, depending on 7 and || f||cs« such that
IwWellcsamyop < 1, Yk = 1.

Indeed, set wy = 0, we have by (3.13)
k

k
Wkt llcse s, oy = I Zpi||c4="(31(0)) < Z lloillcsa, 0y
i=0 i=0

i

k K

2

< Z Cligill 2,0y < Z (2C||go||c2~w(3,(0)))
=0 i=0

where C is defined in Lemma 3.5. Thus, for any %,

a i ) )
_oi
Wks1llcsacs, o) < E (C||g0||02-a(31(0))) < E 277 <1
i=0 i=0

Then, by Azela-Ascoli Theorem, we have
we = w  in CH(B1(0))).

From (3.13), we see that
1

2k
llgrs1llcze(s, ) < (E) - 0,

and then g,, = —G(w,,) yields
1 N
Gw) = ;[S 2(r(w)) — f(x, w, Dw)] = 0, on B(0)

which yields that the function

3
g
u(y) = 5 Z] Ty} + & wle 2y) € CH(B(0)),

is a solution of
Solul = f(y,u, Du), on B,2(0).
Now if f(0,0,0) = 0, we take 7 € P,, then o(1) > 0,0,(7) = 0,03(7) < 0, and (3.5)
imply,
S ilu]l = oj(D) = oj(1) + O(e), j=1,2,3
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it follows that S ;[u] > 0, S3[u] < 0 on B,2(0) for small & > 0, that is, u is 1—convex but
not convex. Moreover if S,[u] = f > 0 near Zj and f(Zy) = 0, we see that u is 2-convex
by definition, but not 3-convex.

If S»[u] = f > 0 near Zy, we take 7 € R? given in (2) and (3) of Lemmas 2.3, then we
can get the 3-convex or non convex local solutions.

The C*™ regularity of solution is given by Corollary 3.4. We have then proved Theorem
3.1. O

We also have the following elliptic results for negative f
Theorem 3.6. Let f € C*, £(0,0,0) < 0. Then (1.3) admits a 1—convex local solution
u € C% in a neighborhood of yo = 0 which is not 2—convex, it is of the following form

3
1 < _
u®) = 5 ; Ty + Ew(E?y),

and the equation (1.3) is uniformly elliptic with respect to this solution.
Proof. Fora = £(0,0,0) < 0, take 7 € R? as in (1) of Lemma 2.3 such that
oi(1) >0, o(1)=£(0,0,0) <0,

and
013(1) > 01 2(7) > 01,1(7) > 0.

Now the proof is exactly same as that of Theorem 3.1 except the estimate of term gg, we
use Taylor expansion,

1 ~
80(x) = =G(0) = Z[$2(r(0)) - f(x.0,0)]

1
. [0‘2(7’) - f(ezx, e'w(x), (11 x1, Toxa, T3X3))]

1
. [o2(7) = £(0,0,0)]
1
+ gf X - (6);f)(t32x, ts4z,b(x), tsz(‘r]xl ,ToX2, T3x3))dt
0
1
+e’ f Y- f)(te7x, t6*Y(x), 167 (T1x1, 7232, T3x3) )t
0
1
+ Sf (T1x1, TaX2, T3X3) - (apf)(tSZX, te*y(x), te (11x1, 122, T3X3))dl‘,
0
then we can end the proof of Theorem 3.6 exactly as that of Theorem 3.1. O
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