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Concise formulae for the cumulant matrices of a random vector

Hanany OULD-BABA®*, Vincent ROBIN?, Jérome ANTONTY**

“Laboratoire de Mathématiques Appliquées de Compiegne, Université de Technologie de Compiégne, Rue Roger
Couttolenc CS 60319, 60203 COMPIEGNE CEDEX FRANCE
bLaboratoire Vibrations Acoustique, University of Lyon, F-69621 Villeurbanne, France

Abstract

Concise formulae are given for the cumulant matrices of a random vector up to order 6. In addition
to usual matrix operations, they involve only the Kronecker product, the vec operator, and the
commutation matrix. Orders 5 and 6 are provided here for the first time; the same method as
provided in the paper can be applied to compute higher orders. An immediate consequence of these
formulae is to return 1) upper bounds on the rank of the cumulant matrices and 2) the expression
of the sixth-order moment matrix of a Gaussian vector. Due to their conciseness, the proposed
formulae also have a computational advantage as compared to the repeated use of Leonov and
Shiryaev formula.

Keywords: Moments, cumulants, cumulant matrix, commutation matrix, independent component
analysis, rank of cumulant matrices, moment matrix of a Gaussian vector

1. Introduction

Cumulants are useful quantities for characterizing some important statistical properties, such
as independence, gaussianity, or possible (a)symmetry of probability distributions. They were
first introduced in 1899 by T.N. Thiele under the name halfinvariants (see Hald [1] where original
Thiele’s paper is translated into English). In particular, higher order cumulants make it possible
to solve problems that are otherwise intractable on the second order. This is typically the case
in Independent Component Analysis (ICA, as introduced in Comon [2]), where fourth-order cu-
mulants are used to blindly separate (over-)determined (as many as or less sources than sensors)
mixtures of independent sources (e.g. Cardoso and Soulomiac [3], Albera et al. [4]. Recently,
several researchers have investigated the use of sixth-order cumulants (Albera et al. [5]) and, more
generally, cuamulants of order 2k, k > 2, (Albera et al. [6]) for the separation of under-determined
mixtures of sources (more sources than sensors).
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This paper is concerned with the matrix expression of the cumulants of a random vector.
Loosely speaking, the cumulant matrix of a random vector is a collection of the various cross-
cumulants between its elements. It is often convenient to arrange such a collection into a matrix
(a square symmetric matrix in the case of even order cumulants) for both notational and practical
reasons. This makes it easier to to handle cumulants for algorithmic perspectives and to exploit
some of their statistical properties, such as “matrix redundancy” (see e.g. Albera et al. [5, 4, 6]).
An important example is ICA where the blind separation of statistically independent sources is
solved by zeroing all cross-cumulants between independent sources: if properly set up, the issue
then boils down to the diagonalization of a cumulant matrix (see Cardoso and Soulomiac [3], Kollo

[7D.

It is a well-known fact that scalar cumulants can be evaluated from lower-order moments by use
of the classical Leonov and Shiryaev formula (see Leonov and Shiryaev [8] or Speed [9], Mac Cul-
lagh [10]). This trivially applies to all (cross-)cumulants of a vector which can eventually be re-
arranged into a matrix. The main drawback of that approach is to involve lengthy formulae and,
when calculation is of concern, a computational burden, which both become rapidly prohibitive
as the dimension of the random vector increases. It is therefore advisable to search for direct and
more concise expressions of cumulant matrices. One solution is actually returned by Neudecker
matrix derivative (Neudecker [11]) (see e.g. Kollo and von Rosen [12, pages 187-188]). Unfortu-
nately, it faces two difficulties which limit its practical use:

(1) the resulting cumulant matrix is not square except on the second order;

(i) matrix derivatives of the logarithm of the characteristic function are hardly tractable for
orders higher than four and, according to the authors knowledge, no formulae have ever
been derived for those cases.

Limitation (i) can be overcome on the fourth order by using an algebraic technique such as
proposed by Jinadasa and Tracy [13] and Tracy and Sultan [14] to obtain the matrix expression
of the fourth-order moment of a Gaussian vector; the same result is found in Kollo [7], Loperfido
[15]. However, point (ii) has not been solved till now. In this paper we give the expressions of fifth
and sixth-order cumulant matrices of a real-valued random vector. The expression of the sixth-
order cumulant matrix is symmetric.

The paper is organized as follows. Section 2 resumes the basic definitions of moments and
cumulants of a random vector and deduces Leonov and Shiryaev formula as a consequence of de
Faa di Bruno formula (following the lines in Lukacs [16] and Hardy [17]). The main result of the
paper — a theorem providing the formulae of cumulant matrices up to order six —is given in section
3. At the same time a general strategy is described as how to obtain similar results to any order.
In section 4, the formulae are used to get, without pain, i) upper bounds on the rank of cumulant
matrices and ii) the sixth-order moment matrix of a Gaussian vector. Since the latter is a known
formula (see for instance Magnus and Neudecker [18], Tracy and Sultan [14], and more recently
Schott [19]), it somehow validates the expression of the cumulant matrix from which it is derived.
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Finally, section 5 concludes on the advantages implied by the proposed matrix expressions as
compared to the classical use of Leonov and Shiryaev formula.
2. Generalities on moment and cumulant matrices

This section first recalls the link between the scalar moments and cumulants of a random
vector, in order to pave the way for our main theorem given in section 3.

2.1. Scalar moments and cumulants

Let x = (xq,...,x,)" be a real-valued random vector of dimension p x 1. Its characteristic
function ¢ is defined on R” as

¢(u) = E[exp(i(u,x))| = E

P
l_[ exp(iujxj)} . (D)

J=1

Let n € N; vector x is said to admit moments of order n if
E [Ix]"] < oo, (2)

12
where [x| = (Z‘;:] xf) ! stands for the euclidian norm of R”. In that case, (i) ¢ is n times differen-
tiable and (i7) all the scalar (cross-)moments of order k < n of x are well defined as

oke

81/th e aMjk

def

VG g) €MLPIY  mom®(xj,..x;) B By, x| = (= 0. G

Moreover, since ¢ is a continuous function on R? and ¢(0) = 1, it is necessarily non-zero in
a neighborhood of 0 € R”. The second characteristic function (also referred to as the “cumulant
function” in the literature),

Y(u) = log (¢(w)), 4)

is thus considered. By composition under condition (2), it is n times differentiable in a neigh-

borhood of 0; this makes possible the definition of scalar (cross-)cumulants of order k < n of x
as o

: . déf . 4

V(ji,- ... jio) € [1, pIF ®(xi o x) = (mf—

(e d) €M1 ey S (0 —a

Since Eq. (4) implicitly connects moments to cumulants, it suggests two methods to compute

the later in terms of the former:

(0). )

1. expand up to order n the following function

- ()
log| 1+ Z F Z mom(k)(le’ e XU Uy (6)
k=1

T (e jiellL,plk

where the sum in the brackets is the Taylor series to order n of ¢(u);
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2. use de Faa di Bruno formula which returns the partial derivatives of a composition of appli-
cations.

The first method is carried out for instance in Mac Cullagh [10]. However, calculation becomes
rapidly intractable as the order increases: Mac Cullagh provides formulae only up to order six; a
few authors, like Albera and Comon [20], have attempted to pursue the calculations up to order
eight. The second method has been used by Lukacs [16] in the case of random variables (p = 1);
using a generalization of de Faa di Bruno formula to the multivariable case, several authors have
proposed general formulae to calculate cumulants of a random vector in terms of its moments,
which only differ in the way terms are collected. One of the simplest is provided by Hardy [17];
with the notations of the present paper, it reads

ak
fogw= > fPosw] | H o (7)
leB

Auj, -+ Ou,, xeP(TLAT) Bern

where f is a function of one variable, P([1, k]|) denotes the set of partitions of [1, k], and |E| the

cardinality of set E such that, for instance, with B = {2; 3; 6},
o8l 0’

HlEB 6uj, B 6uj26uj36uj6 )

8)

The main advantage of Eq. (7) is to be fully developed, that is it no longer contains factorials
assigned to the collection of equal partial derivatives when some indices j; happen to coincide.
In order to compute cumulants in terms of moments, one sets f = log, u = 0 and ¢(0) = 1 in
Eq. (7). In particular,
SO0 = =) = 1) )
and, in accordance with (3),
Bl

mqﬁ(O)zilBlmom('BD(le : L€ B). (10)
€ Ji

By noting that for any 7 € P([[1,k]]) it comes ).z, |B| = k, one eventually arrives at the Leonov
and Shiryaev formula:

cum®(xj,, ..., x;) = Z (=)™ (|l = 1! ﬂmOm(lBl)(sz L€ B). (11)

reP([1,k]) Bern

Alternatively, in order to compute moments in terms of cumulants, one sets f = exp, i in place
of ®, u =0 and y¥(0) = 0 in Eq. (7), so as to obtain

mom(k)(le PR xjk) = Z 1—[ cum(lBD(le le B) (12)

neP([Lk]) Ber

This formula will be used in section 4.2 to find the expression of the sixth-order moment, m4(X),
of a centered Gaussian random vector X.



2.2. Moment and cumulant matrices

There are many different ways to arrange the p* scalar moments of Eq.(3) in a matrix. It is
natural to select those arrangements which are maximally symmetric, as is often practiced in the
literature (see e.g. Schott [19], Jinadasa and Tracy [13], Tracy and Sultan [14]).

Definition 1 (The moment matrix). The moment matrix of a real-valued random vector X =
(x1,...,xp), E[x]"] < 0o, n € N, of even order 2k < n is defined as

my(x) = E [®kxx’] (dimension p* x p*) (13)
and that of odd order, 2k + 1 < n, as
Mmys1(x) = E [®kxx’ ® X] (dimension p*™! x p"), (14)
where ® is the Kronecker product and @ xx’ = xx’ ® - - - ® xx'.

& matrices pxp

Note there are several ways to write down the moment matrix since, for any pair of vectors a and
b of dimension p X 1,
ab’'=a®b’'=b ' ®a. (15)

It is easy to verify that all scalar (cross-)moments are included in definition 1. To do so, let
decompose X = 3 i X;€; onto the canonical basis of R”; thus, from the multilinearity property
of the Kronecker product and the linearity of the expected value,

’
J2

my(X) = E[@kxx’] =E|& Z Xj Xxj,e;e

(r.2)ellL,pl?

— ’ ’
= E 2 i XjiXj €5, ejz - ® Z ijk—lxj2kej2k—lejzk

(1.j2)el1,p]? (ak-1,J20€l1,p]?

j— ’ ’

- Z E [le Xjp - ‘xj2k—1xj2k] €€,Q -®€j), €
(J1s20emnf2k-1,J2)EL L, pTI

— (2k) ’ ’

= Z mom="" (X, ..., Xj,, )€€, ®--- Qe € . (16)
(15J25jak-1,J2)EN L, P11

Similarly, for odd orders,
—_ 2k+1) ’ ’
M1 (X) = Z mom (le’ SR xj2k+1)ej1ej2 Q- ® €n1€jy Q€jy.- (17)

(1sJ2seees2k=15J2k joks )DEL L, p] 2!

It is then possible to define the cumulant matrix in a similar way as the moment matrix.



Definition 2 (The cumulant matrix). Let x = (xj,...,x,)" be a real-valued random vector of
dimension p X 1, such that [E [|x]"] < oco for a given n € N. The cumulant matrix of even order,
2k < n, of x is a p* x p* matrix defined as

= (2k) e Ve e . . 4
CZk(X) - Z cum (lesz x]2k—1x12k)e11 ejz ® ® eJZk—lejzk (18)
(1sJ2sewsok=1,j20)€l 1, p11%*

whereas the cumulant matrix of odd order, 2k + 1 < n, is a p**! x p* matrix defined as

= E CHDey o oo oy P - e .
C2k+1(X) - cum (lesz x]zk—1x12kx]2k+1)ej|ej2 ® ® e]zk—lejzk ® e]2k+1 .

(J15J25wsJ2k=15 ]2k Jok+1EL L, pTI2KH!

(19)

Except for the special case of a Gaussian random vector, cumulants are much more difficult
to compute than moments. Hitherto, the only way to computing the cumulant matrix c,(x) has
consisted in

1. deriving the p" scalar cumulants from the scalar moments of orders lower than n via Eq.

(1D,

2. arranging the scalar cumulants in a matrix according definition 2.

However, Eq. (11) tends to return lengthy expressions that are hardly tractable beyond order four
or so; for instance, the sixth-order cumulant requires the consideration (and computation) of 41
moments. It is the object of this paper to compute the cumulant matrix c,(x) directly from the
moment matrices of orders lower than n, thus providing formulae that are much more concise and
convenient to handle.

3. Cumulant matrices from lower-order moment matrices

3.1. Statement of results for orders 2 to 6

In order to state the theorem of the paper, it is first necessary to introduce the commutation
matrix and the vec operator. The following definitions and properties are borrowed from Magnus
and Neudecker [18].

Lemma 1 (The commutation matrix). Let p > 1 be an integer. The commutation matrix K, of
dimension p* X p? is defined as

K,, = Z ee; ®eje;, (20)

(i, pelll,pl?

where (€;);c1,py Stands for the canonical basis of R”.

Let us define two other related commutation matrices, of dimension p> X p>:

P32
P

I,9K,, 1)
K,,®L,. (22)
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Therefore, if a, b, and ¢ are three vectors of dimension p X 1, the following equalities hold:

K,(a®b) = b®a
Pir(a®b®c) = a®c®b
Pri(a®b®c) = b®a®c.

Since K, = K, it comes P;, = P3o, P, | = Pay, and

Proor.

K, (a®b)

P3’2 (a®b®c)
P, (a®b®c)

@' e®b)K, = b ®a
@b ec)P;; = axcdeb
@b ec)P,; = beaec.

Z ee;®ee;(ad®b)

(&, )ellL,pl?
Z (e,ej2) ® (e;e(b) = Z baje;®e;=b®a
(i, )el1,p]? aze; bre; @i, )l pl?

(I, ®K,)@®bsc)=acK,,(boc)=agcab
= (Kpp®lp)(a®b®c):Kpp(a®b)®c:b®a®c

We are now in a position to state the main result of the paper.

Theorem 2. Letx = (xq,..

(23)
(24)
(25)

(26)
(27)
(28)

(29)

(30)
€1y
0J

., Xp)" be a real-valued random vector of dimension pX1, with assumed

zero-mean for simplicity (E [x] = 0). Let us further assume that E [|X|"] < oo for a given integer
n > 6 so as to guarantee the existence of moments and cumulants up to order six.
Next let us define the four matrices:

K

Ipz + Kpp

P = Ips + 7)2,1 + 7)3,27)2,1
R = Ip3 + p3’2 + P2’1P3,2

Q

which depend only on dimension p. Thus, the cumulant matrices of orders 2 to 6 read

o(x) = my(x) = E[xx']

c3(x) = m3(x) = E[xx’ @ x|

ca(X) = mu(x) — K{mz(x) ® mz(x)} — vecmy(X)vee my(X)

cs(x) = ms(x) — R{mg(x) ® mz(x)}K - P{m3(x)’ ® vecmz(x)} — vecms(X)vece my(x)

Ls + P30+ Poy + PoiPan + P3aPoi + PoiPs2P2

co(X) = me(X) — T2 (X) = T'33(X) + 2L 222)(X),

7
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(33)
(34)
(35)

(36)
(37)
(38)
(39)
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respectively, where

L42)(%)

I'3.3(X)

Tean®) = Qfmy(x) ® my(x) ® my(x)} + P{ma(x) ® veemy(x)vec my(x) [P’
Myx) = E[xx' ®x®Xx].

R{m4(x) ® mz(x)}R' + {M4(x) ® Vec’mz(x)}P’ + P{M4(x)’ ® Vecmg(x)}

R{m3(x) ® m3(x)’}P’ + veems(x)vee n;(x)

3.2. Outline of the proof
The sketch of the proof consists of

(a) injecting Eq. (11) that returns cumulants in terms of moments into Eqgs. (18) and (19) which
define cumulant matrices;
(b) expressing the terms of the resulting sum with moment matrices.

Let us detail the first step in the case of even orders (the principle is identical for odd orders):

cu(X) = Z [ (=D (|| - 1)!1—[m0m(|3|)(xj1 : 1eB)]ejle;2®---®ejZkle;.Zk
(j1senjor )€l 1, p]1 %k \weP([L1,2k1T) Ben
= Z (=DM (s = DIT(x) (41)

seP(2k)

where P(2k) denotes the set of all s = (sy,...,s;), where sy, ..., s; are strictly positive integers
such that s; + ... + s, = 2k partitions, |s| denotes the length of s — that is the number / of integers
in s —and

I'ix) = Z [ Z 1—[ mom(lBl)(le : 1 € Be;, e;-z R - ® ejZkle;'Zk]9 42)
(1

7ePs(I1.2kD \ (1o, J20€lll,pl* Bem

Tx
with P([[1, 2k])) the set of partitions of [1,2k]] of type s. For instance, for k = 2,
P(4) ={(4):;(3,1);(2,2); (2,1, 1);(1, 1,1, D}, (43)
and for s = (2,2), |s| =2 and
Py([1, 41D = {{1: 2} {3; 43} H{1: 3} {2 44 {1541 {23 31 (44)

For the second step, it is convenient to browse set P(2k) in the lexicographic order, as suggested
in Eq. (43), so that the first term in Eq. (41) will correspond to s = (2k), |s| = 1, P([1,2k]]) =
{{{1;---;2k}}}; that is partition 7 = {{1; - - - ; 2k}} with one block B = {1; - - - ; 2k}, such that

2k . / —
Cop(X) = im0 = Z mom®(x;, : 1€ B)e; €, ®---®e;,_ €, =my(x). (45)
(Jj1semr o)LL TP
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In addition, in each product [z, of (42), blocks B will be browsed from the smallest to the largest,
as suggested by Eq. (43). Therefore, for each partition s of the integer 2k, there exists a unique
type-s partition  of set [1, 2k]] that globally preserves the natural order on [[1, 2k]]. This will be
denoted as the canonical partition associated with s. For instance, the canonical partition of type
s = (2,2)1is my = {{1;2};{3;4}}. Since the blocks of a canonical partition are consecutive, the
corresponding terms are easily found. In general, if the type-s partition is such that the number of
odd indices is not greater than the number of even indices plus one, then the corresponding term
in (42) is simply

T= >, | |mom"™x; : ie B, @€, 0 e, ¢, =R mux). 46

(j1sees o€l 1, p]?k Bems Ben,

For non-canonical partitions, e; ® €¢;, ® --- ®e;, , ® €/, will be rearranged according to the
blocks in partitions ;. Unfortunately, there is no general matrix formulation in this case. However,
since €; ® €, = €, ® e;, we will make use of the identity

e, ®€, ® Qe ®€, =¢;Q Qe ®e Qe =(e;®  -®e, )e,® ;). (47)

Jok Jok

For orders greater than 4, lemma 1 will be used to rearrange Kronecker products of length
3. For blocks where the number of odd indices is neither equal to nor greater than the number
of even indices, the corresponding factor will not be of type mp(x). Since orders up to 6 are
considered only in this paper, this will be fixed by using the vec operator and the moment matrix
M, (x) = E [xx’ ® x ® X], and its transpose. Finally, let us note that for a zero-mean random vector,
all terms involving a first-order moment — corresponding to partitions with blocks of unit length —
will be nil.

3.3. Proof for order 3
The only partition of 3 which does not involve 1 is (3): Pg)([[1,31) = {{{1;2; 3}}}. Thus

3
c3(x) =T'3)(x) = Z mom®(x;,, X;,, X;,)e;, e, ®e; =ms(x). (48)
(jlajZajS)E[[la[’]P

3.4. Proof for order 4
The only partitions of 4 (see Eq. (43)) which do not involve 1 are (4) and (2, 2):

Puy([1,41D) = {{{1:2:3;4}})
Pooy(([1,41) = {{1:25{3:40: ({135 {2; 4} {({1: 4):{2; 31} .

In order to avoid any ambiguity, each term of I'()(x) will be dentoted by 7T, where = is the
corresponding partition in (42). Therefore,

ci(X) = my(x) —T'p(x) (49)
= my(X) — ma(X) @ my(x)
T
{{1;2)5:(3:4})



2 ) ’ ’
- Z mom”(x;,, Xj,)mom ()c]-z,)cj4)ej-1ej2 ®ej; e,
(Jj15mnja)€lll, pI*

Ti1:3)2:4))
— Z mom®(x; , x;)mom®(x;,,x;)e; e, @e;e (50)
J1° 7V ]4 J2°2 37T o J3V Ja °
(15 ja)ell 1, p]*
T(rap2:3)
For
’ / _ ’ ’ ’ r ’
e €, ®e, e, = ¢;,0¢, 0Q¢; Q¢ =¢;,Qe; V¢, Q¢ =(e; Ve;)R(e;, ®e;) (51)
_ ’r_ ’ ’
= Kpy(e;®ej)(e;, ®e;,) =K, (e;e), e;e)), (52)
it comes

2 2

Ty = [ Z mom'® (xj,, x;,)e;, ®%J[ Z mom' )(sz,xj“)eh@e.mJ
Gl LpI? (o0l LI

vecm,(x)vec my(X), (53)

2 2
Tiapesy = Kpp [ Z mom'® (x;,, xja)ejée;'z] ® [ Z mom®(x;,, x;,)e), e}4]
(2.pelLp]? (rojnellpl?
= K,pma(x) ® my(x). (54)
Upon collecting m,(Xx) ® m;(X), one finally arrives at

c4(x) = my(x) — Kmy(x) ® my(X) — veems(x)vee mo(X). (55)

3.5. Proof for order 5
The only partitions of 5 which do not involve 1 are (5) et (3, 2):

P ([1,5) = {{{1;2;3;4;5}1}}

Piaoy([L, 51D = {{1;2:3}:{4: 51 {({1:2; 45 {35 53 {{1: 35485 {25 5% (12: 3543 {1 5}
{1 2; 5 {3: 40 {15 355142, 43 {425 3, SE {1 44 ({15 45 535{2; 3}
{2;4; 55 {1315 {3545 S {15 21

One may check that P ([ 1, 5]]) contains 35,—;, = 10 elements. As before, each term of I'(3 )(X)

will be denoted as T, where 7 is the corresponding partition in Eq. (42). Thus

c5(x) = ms(x) — [z 2)(x), (56)
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where I'32)(X) = Xrepaisp Tn- Next, the T,,’s are computed by factoring terms of order 3 in first
positions. The principle is illustrated for instance on T2.3.5).(1:4)}:

Ti2:3:5):41:4))

3 2
Z mom™ (x;,, x;,, x;)mom® (x;,, x;,)e;, ® €, @e;, @€, De
(Jj1m-rJs)ElLpIP
3 2
Z mom® (x;,, xj,, x; )mom® (x;,, x;,)(e;, ®e;, ®e;) ® (¢}, ®¢€),)
(Jj1--J5)EMLPIP
3 2
Z mom™ (x,,, x5, x; )momP(x;,, x;, )P2.1P32(e;, @ €j, ®€;,) ® (¢, ®¢))
(j1-rJs)ElLpIP
3 2
Pr1Ps2 Z mom' )(sz,xj3,xj5)m0m( )(xj],xj4)(ej3 ®e, ®e;)®(e;, ®¢€))
(toenfs)EMLPIP :m()in(3)(xj3 Xy ,xjs)

P2 1P32m3(X) ® my(X). (57)

Following similar lines,

Tiioapasy = ma(X) @ my(X) (58)
Tiapasy = ma(x) ® veems(x) (59)
Tizapesy = ma(X) @mxK,, (60)
Tipsapnsy = Pauims(x)’ @ veemy(x) (61)
Tiiaspeay = Prams(X) @ my(x) (62)
Tin3:5104y = veemz(x)vece my(X) (63)
Tyrasypsy = Paoms(x) @ my(x)K,, (64)
Taspnzy = PiaPrims(x) @ veemy(x) (65)
Tiaspuey = PoaPzoms(x) @ my(x). K. (66)

The last step is to collect terms in m3(X) ® my(X), m3(X)" ® vecnm;(X), and vecmz(x)vec nm,(X),
respectively:

[z2)(x)

(Ip3 + P3’2 + ?2’1?3’2) ms3(X) ® my(X) + (Ip3 + P3,2 + Pz,lpg,,z) ms3(X) ® I’I’Zz(X)Kpp

R R

+ (Ip3 + Pr1 + P32Ps. 1) m3(x)” ® veem,(X) + veems(x)vec my(x)

P

Rm3(x) ® my(x) (Ipz +K, p) +Pm;(x)’ ® veem,(X) + veemsz(x)vee mo(X)

~—_——
K

Rm;(x) ® my(X)K + Pms(X) @ veemo(X) + veems(x)vee my(X). (67)

3.6. Proof for order 6

The 4 partitions of 6 which do not involve 1 are: (6), (4,2), (3,3) et (2,2, 2). Therefore cg(x)
is a sum of four terms,

ce(X) = me(X) — T'42)(X) = T'3.3)(X) + 2L'222)(X), (68)
11



the last three of which are detailed hereafter.

Expression of I'i42)(x):
It is seen that P ) ([[1, 6]]) contains

Puy([1,6]) =

1;2:5;
1;4;5;

{{{1;2:3;4}; {5;
{{1;3:4;5};
{1;2;4;6};
{{
{{

== = 15 elements:

4!2'
63} {{1;2; 3;5}; {4; 6});

{2;6}}; {125 3:4; 51 {1; 63} {

B A3 5 {15 3: 45605425 53 €

6} {3; 41} {{1: 3; 5, 6} {2; 4414

60} {2; 31 {{2;4: 5; 6} {1; 314

LX) = Z T;.
m€Pu ) ([1,61)

In the above equation, each T, is computed so that factors of order 4 come first (e.g. there will be

no such term as m,(x) ® my(x)). For

Tssep4ny = Z

(j1>-je)Ell1,pl®

- >

(J1s-sJ6)ElL,pTI0

- Y

(J1sessjo)Ell1,plI®

- Y

(j15-je)ElL,pl®

instance,

®Oix. x. x. x. O(x. x:e: e
mom=(Xj,, Xj;, Xjs, Xjg)mom (X, Xj, )€, €}, ® e ;€ © e;sef

= M4(X) ® VeC,mg(X)Pz,lp&z.

Following similar lines,

T(123:41(5:6)
T'(1:2:3:5):(4:6))
Ti12:4:5103:60
T1:3:4:5:2:6)
T(2:3:4:5(1:6)
Ti12:3:6):04:50
T 1:2:4:6):(3:5)
T1:3:4:6):2:50)
T (345600150
T (1:2:5:6):(3:4)
Ti:3:5:6):01:4)
Ti1:a5:6123)
T (:4:5:6):(1:3)
T(3:4:5:6):0120

= my(X) ® my(x)

= My(x) ® vec'n;,(X)

= P3omy(X) ® my(x)

= My(x) ® vec'my(X)P

= Pr1P32ma(X) ® my(x)

= my(X) ® my(X)Ps

= My(x) ® vecn,(X)

= my(X) @ my(X)P32P,

= Pr 1 My(x)’ ® vecm;(x)

= Piomu(X) @ my(X)Ps 2

= Pr1P32ma(x) @ my(x)P32
= P3omy(X) ® mo(X)P32P0
= P3P 1 My(x) ® veems(x)

= Pr1P32mu(X) @ ma(X)P32.P2 1.

12

4 2
mom™ (x;,, X}, X5, X0 )mom® (x;,, x;,)(e;, ® e, ® e )(€), @€, ®¢€)

(72)
(73)
(74)
(75)
(76)
(77)
(78)
(79)
(80)
(81)
(82)
(83)
(84)
(85)

4 2
mom’ )(le, Xjys Xjs, xj6)m0m( )(sz, xj,)(e;, ®e;, ® ejs)(e;6 ® e}z ® e}4)¢’2,1503,2

4 2
mom' )(x.,-l s X Xjs, xj6)m0m( )(sz, xi,)(e; €, ®e;,®e;)® (€, @€ )PP,

(71)



The last step is to collect terms in m4(X) ® m;(X), M4(X) ® vec'm;,(x), and My(x)' ® vecm;(X)
respectively:

F(4,2)(X) = (Ip3 + PS,Z + P2,1P372) m4(X) ® mZ(X) + (Ip3 + P3,2 + P2,1P3,2) m4(X) ® mZ(X)Pj’,ZPZ’]
R R
+ (L + Pap + PriPi2) ma(X) ® mo(X)Ps 2
R
+My(x) ® vec'my(x) Iz + Poy + Po1P32)
P/
+ L + Po1 + P32P21) Mu(x) ® veem;(x)

P
= R{m4(x) ® mg(x)}R' + {M4(x) ® Vec’mz(x)}P’ + P{M4(x)’ ® Vecmz(x)}. (86)
Expression of I';33)(X):
It is seen that P 3([[1, 6])) contains 52 = 10 elements:
Paa([1,61) = {{{1;2;3}:{4;5;6}};{{1;2;4};{3;5;6}}; {{1;3;4}; {2, 5, 6}};
{{2;3;4); {15 5;6}); {{1;2; 535 {3545 6}); {{1: 3; 535 {2; 45 6});
{12;3;5); {1;4;6}); {{1; 4 55 {2; 3; 6}); {12: 4, 535 {15 3; 6}};
{{3;4;5};{1;2; 6}}} (87)
Tey®= > T (88)

meP33)([1,6])

In the above equation, each T, is computed so that factor m3(x) comes first (e.g. there will be no
such term as m3(x)’ ® m3(x)):

Tiospasey = m3(x) @ ms(x) (39)
T24pps6) = PriProms(X) ® ma(x)Pr1Paz (90)
Tisapesey = ma(X) @ ma(X)'Po, 91)
Tipaapnsey = Paama(X) @ my(x)PriPs2 (92)
T2sp346) = Pioama(x) @ ma(x) 93)
T35 046y = veemsz(X) ® vee ms(X) (94)
Toasynaey = PraPaomz(x) @ ms(x)’ (95)
Tyraspeaen = Paams(x) @ my(x)Pay (96)
Tiaspnzey = m3(X) @ my(x)' Py Ps (97)
Tasyizey = PriPsomz(x) @ my(x)'Pa. (93)

Therefore,

Fa3X) = Lp+Psp+PriPs2)m3(xX) @ m3(x) + (L + P3o + PriPs2) ma(x) @ my(x) Pay

R R
13




+ (Ips + P3,2 + P2,1P3,2) ms (X) ® ms (X)’P2,1P3,2 + vecms (X) ® VEC’I’I’L3

R

= R{m3(x) ® mg(x)’}P' + veem;(x) ® vee ms;.

Expression of 'z 2)(X):

It is seen that Py )([[1, 6]]) contains % = 15 elements:
Poooy([[1, 61D = {{{1;2}:{3:4}:{5; 61} {{1; 3} {2: 4} {5; 6}}; {{2: 3} {1; 4} {5; 6});
{1;2}:{3; 51 {4; 6} {({1; 31, {2; 51 {4 6} {({2: 3} {1 5} {4, 6});
{1;2);{4: 5}: {3 6}); {{1;4}: {2: 5} {3: 6}}; {{2: 4} {1, 5}: {3; 6}};
{1; 3} {4: 51, {2; 6} ({154} {3: 51, {2; 6}}; {{3: 4} {1, 5}, {2; 6}};
{12 30 445 SH AT 611 112 40 (35 S {1 635 1135 44 {25 51 {15 63}

Fopp(x) = Z T;.
n€P222)([1,61)

(99)

(100)

(101)

In the above equation, each T, is computed by imposing the ordering m,(X) < vecmy(X) <
vec’'m,(x), which amounts to placing first blocks with polarities {even}{odd}, then {odd}{odd},
and finally {even}{even}:

Therefore,

T12p3:415:60
T 131, 2:415:60
T2:31,1:415:6)
T1:21, 350460
T1:31 250400
T2:3101:5)4:6)
T12p 450360
T 14250 3:00
T:ap1:503:61
Ti(1:3)04:5102:60
Ti1:ay3:51:2:60
T3:ap0:5n2:60
Tio3)04:501:60
Ti:ay3:51:01:60
T3:ap2:500:6)

my(X) @ my(X) @ my(X)

P32P2.1m,(X) ® veem;(X) @ vec' my(X)Pr 1 P32
Pr.1m(X) ® my(X) ® my(X)

my(X) ® veen;(X) ® vee mo(X)
P32P2.1m(X) ® veem;(X) @ vee m,(X)

P, 1my(X) ® veen;(X) @ vece my(X)
P32my(X) @ my(X) ® my(x)

P32P21ma(X) @ my(X) @ my(X)

P, 1my(X) ® veen;(X) @ vee' my(X)P2.1P5.
P32P2.1ma(X) ® veen,(X) @ vee my(X)Ps
my(X) ® vecn;(X) @ vee my(X)Ps

P, 1my(X) ® veen,(X) @ vee my(X)Ps
P21P32ma(X) @ my(X) @ my(X)

my(X) ® vecn;(X) @ vee my(X)Po1 P50
P2.1P32P2,1ma(X) @ my(X) @ my(x).

(102)
(103)
(104)
(105)
(106)
(107)
(108)
(109)
(110)
(111)
(112)
(113)
(114)
(115)
(116)

FCo2nX) = (I +Poi +Psp+ P3P0 + PriPan + PriPs2P21) ma(X) @ my(X) @ my(x)

Q
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+ (L + Poy + P32Por1) mo(X) ® veems(X) ® vee my(X)

P
+ (L + Poy + P32Po1) ma(X) ® veenm,(X) ® vee my(X)Po,

P
+ (L + Poy + P32Po1) my(X) ® veem,(X) ® vee my(X)Po, P30

P
= Q{mz(x) ® my(X) ® mz(x)} + P{mz(x) ® vecn;(X) ® Vec’mz(x)}P’. (117)

This completes the proof of theorem 2.

4. Two immediate consequences

4.1. Upper bounds on the rank of cumulant matrices

Corollary 3. Let x be a real-valued random vector of dimension p X 1 such that E[|x|"] < oo for
a given integer n > 6. Then, its cumulant matrices of orders 2 to 6 have their rank upper-bounded
as follows:

R(cax)) < p (118)
R(cs(x)) < p (119)
R(ca(x) < @ (120)
R(es0) < p(p2+ D (121)
R(eew) < 22 +16)(p *2) (122)

Proor. The first two inequalities are obvious. For the other ones, let us introduce

1 ~ 1
K=-K and Q=2:0Q (123)

where K and Q are matrices of dimension p? X p? and p® X p?, as given in Egs. (32) and (35),
respectively. By using the symmetry properties of cumulants, it comes that

ca®) = Key®),  es(®) = cs0K, et co(x) = Qes(x), (124)
from which the following majorations immediately follows:

R(c4(x)) < R(K), R(cs(x)) < R(f(’), and R(c6(x)) < R(G). (125)

Since matrices K and (~) are idempotent (see Schott [19, Theorem 1]), their rank is returned by
their trace. Thus,

_ — 1
R(K) = Tr(K) = STz + Kpy) =
15

(p* + Tr(K,)). (126)

| =



The trace of the commutation matrices is in given Magnus and Neudecker [18] as
Tr(K,) =1+ geda—-1,b - 1); (127)

where ged stands for “greatest common divisor”. This implies, in particular, Tr(K,,) = p; there-
fore,

Lo y_pPp+])
R(K) = E(p +p) = = (128)
Similarly,

R(Q) = THQ = £TrQ)

1
= T (L +1,8K,, +K,, 81, + K, 2 + Kz, + (K, @ [)K 2, )

= é(p3+p2+p2+p+p+p2)

P +3p°+2p _ pp+ D(p+2)
6 6 '

(129)

4.2. The sixth-order moment matrix of a Gaussian vector

The expression of the sixth-order moment matrix of a Gaussian vector has been the aim of
several research works. It has been provided by Neudecker [11], Magnus and Neudecker [18],
Tracy and Sultan [14], and more recently by Schott [19]. It happens here to be a direct corollary
of theorem 2.

Corollary 4. Let z ~ N(0,,X) be a zero-mean, real-valued, Gaussian vector. Its sixth-order
moment matrix reads

me(z) =E(zz’ 22 22) = QXL ®X) + P(Z® vecE @ vec'X) P’ (130)
where matrices Q and P are defined in theorem 2.

Proor. Since z is Gaussian, all its cuamulants of order greater than two are nil. Therefore, the only
non-zero terms in Eq. (12), with k = 6, corresponds to the partition of type (2, 2, 2). Hence,

me(z) = T'22)(X), (131)
where
Toan® = > > | |em®«; 1€ Bee, e, wee | (132)
7€P22)([L6D) \(j1,....Js)el 1,pl0 BEm
This quantity is given by Eq. (117), wherein m,(x) = c,(x) = X. [
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5. Conclusion

This paper has introduced a methodology for deriving explicit formulae for the cumulant matri-
ces of a random vector in terms of moment matrices of lower order. The methodology reproduces
known formulae, up to order four, and returns new ones at order five and six, which are all embod-
ied in theorem 2. In principle, it can also be applied to address higher orders. Such formulae of
the cumulant matrices have several advantages. First, from the notational point of view, they are
quite concise. Second, from the theoretical point of view, they evidence a direct link with moment
matrices. As a consequence, the moment matrices of a random Gaussian vector — which have been
of some interest in the literature — are easily found be setting the cumulant matrix to zero (e.g. see
corollary (4)). In addition, they make possible to upper-bound the rank of the cumulant matrices,
as described in corollary (3)). These properties have considerable importance in applications as
such independent component analysis (ICA) [2], which strongly rely on the use of the cumulant
matrices of order four - the Quadricovariance [4] — or six — the Hexacovariance Albera et al. [6].
In this case, the upper-bound on the rank of the cumulant matrices indicates the maximum num-
ber of independent sources that can be separated. Finally, the proposed formulae have a definite
advantage when they come to be coded with high-level matrix/array programming language, such
as Matlab®. By way of an example, it has been verified by the authors that the numerical compu-
tation of the cumulant matrices of orders five and six with dimension p = 6 are about 150 times
faster than with coded with Leonov and Shiryaev formula (version 7 of Matlab used on a laptop
computer with 2.10GHz clock and 4Go RAM).
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