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VARIABLE SELECTION FOR K-MEANS QUANTIZATION

By CLEMENT LEVRARD
Université Paris Sud, UPMC and INRIA

Recent results in quantization theory provide theoretical bounds
on the distortion of squared-norm based quantizers (see, e.g., [3] or
[10]). These bounds are valid whenever the source distribution has
a bounded support, regardless of the dimension of the underlying
Hilbertian space.

However, it remains of interest to select relevant variable for quan-
tization. This task is usually performed using coordinate energy-ratio
thresholding (see, e.g., [1] or [17]), or maximizing a constrained em-
pirical Between Cluster Sum of Squares criterion (see, e.g., [4] or
[22]). This paper offers a Lasso type procedure to select the relevant
variables for k-means clustering, as exposed in [18]. Moreover, some
non-asymptotic convergence results on the distortion are derived for
this procedure, along with consistency results toward sparse code-
books.

1. Introduction. Let P be a distribution over R%. Quantization is the
issue of replacing P with a finite set of points, without loosing too much
information. To be more precise, if k£ denotes an integer, a k points quantizer
Q is defined as a map from R¢ into a finite subset of R? with cardinality
k. In other words, a k-quantizer divide R? into k groups, and assigns each
group a representative.

The quantization theory was originally developed as a way to answer sig-
nal compression issues in the late 40’s (see, e.g., [6]). However, unsupervised
classification is also in the scope of its application. Isolating meaningful
groups from a cloud of data is a topic of interest in many fields, from social
science to biology.

Assume that P has a finite second moment, and let () be a k points quan-
tizer. The performance of () in representing P is measured by the distortion

R(Q) = Pllz - Q(x)|?,

where Pf means integration of f with respect to P. It is worth pointing
out that many other distortion functions can be defined, using ||z — Q(x)||"
or more general distance functions (see, e.g., [5] or [7]). However, the choice
of the Euclidean squared norm is convenient, since it allows to fully take
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2 C. LEVRARD

advantage of the Euclidean structure of R, as described in [10]. Moreover,
from a practical point of view, the k-means algorithm (see [11]) is designed
to minimize this squared-norm distortion and can be easily implemented.

Since the distortion is based on the Euclidean distance between a point
and its image, it is well known that only nearest-neighbor quantizers are to
be considered (see, e.g., [7] or [16]). These quantizers are quantizers of the
type x — argminj—; _j ||z — ¢;||, where the ¢;’s are elements of R? and are
called code points. A vector of code points (c1, ..., cx) is called a codebook,
so that the distortion takes the form

R(c) = Pj:rrllink |z — ;]2

It has been proved in [15] that, whenever P||z||?> < oo, there exists optimal
codebooks, denoted by c*.

Let X1,...,X, denote an independent and identically distributed sam-
ple drawn from P, and denote by P, the associated empirical distribution,
namely P,(A) = 1/n |{i|X; € A}|, for every measurable subset A. The aim is
to design a codebook from this n-sample, whose distortion is as close as pos-
sible to the optimum R(c*). The k-means algorithm provides the empirical
codebook ¢,,, defined by

n
¢, = argmin - ;]:niunk IX; — ¢ = argmin P, j:nlnnk |z — ¢
It is worth pointing out that, if P(?) # 0, where P®) denotes the marginal
distribution of P on the j-th coordinate, then éﬁ?’ = (égp), e ,é,ip)) £ 0.
This shows that the k-means algorithm does not provide sparse solutions,
even if PU) is a noise distribution.

Consequently, when d is large, a variable selection procedure is usually
performed preliminary to the k-means algorithm. The variable selection
can be achieved using penalized BCCS strategies, as exposed in [4] or [22].
Though these procedures offer good performance in classifying the sample
X1,..., Xn, under the assumption that the marginal distributions PU) are
independent, no theoretical result on the prediction performance has been
given. An other way to perform variable selection can be to select coordi-
nates whose empirical variances are larger than a determined ratio of the
global variance, following the idea of [17]. This algorithm has shown good re-
sults on practical examples, such as curve clustering (see, e.g., [1]). However,
there is no theoretical result on the prediction performance of the selected
coordinates.



VARIABLE SELECTION FOR QUANTIZATION 3

This paper exposes a theoretical study of a Lasso type procedure com-
bined with the k-means procedure, as suggested in [18]. Some results on
the prediction performance and on the consistency to a sparse codebook are
derived for this procedure, in the spirit of [21]. Some sparsity results on the
empirical codebook are also given. It is worth pointing out that these results
are valid when P satisfies a margin condition, as defined in [10], extending
the scope of the asymptotic results proposed in [18].

The paper is organized as follows. Some notation are introduced in Section
2, along with the Lasso k-means procedure and the different assumptions.
The consistency and prediction results are gathered in Section 3, and the
proof of these results are exposed in Section 4. At last, technical proofs are
to be found in Section 5.

2. Notation. Let z be in R% then the p-th coordinate of z will be
denoted by z(®), Throughout this paper, it is assumed that, for every p =
1,...,d, there exist a sequence M, such that |:E(p)| < M, P-almost surely.
In other words P is assumed to have bounded marginal distributions P®).
To shorten notation, the Euclidean coordinate product szl [— M, M| will
be denoted by C. To frame quantization as a contrast minimization issue,
let us introduce the following contrast function

R xR — R
T en) s min gl
where ¢ = (cy1,...,cx) denotes a codebook, that is a kd-dimensional vector.
The risk R(c) then takes the form R(c) = R(Q) = P~(c,.), where we
recall that Pf denotes the integration of the function f with respect to
P. Similarly, the empirical risk R, (c) can be defined as R,(c) = P,y(c,.),
where P, is the empirical distribution associated with Xy,...,X,,, in other
words P, (A) = 1/n|{i|X; € A}|, for every measurable subset A C R
It is worth pointing out that, if P||z||? < oo, then there exist such mini-
mizers ¢, and c* (see, e.g., Theorem 4.12 in [7]). Throughout this paper it
is assumed that there exists a unique optimal quantizer c*, up to relabeling
code points.
To size the influence of the different coordinates on the quantization error,
the following coordinate-wise quantization error and variance are introduced.
Let S C {1,...,d} denote a subset of coordinates, and P denote the
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marginal distribution of P over the set RI°l. We may define

0§ = Poz?,
0§ = Py,
Rig’ = Mihceos PS/V(Cv s
Ry = minps Pr€7(cv s

where the vector z is element of RI°l. Elementary properties of the distortion
show that, if S = 57 U Sy, with empty intersection, then

(1) mS
W= ks 527
Ry > Ry + Ry,

These elementary properties will be of importance when choosing which
coordinate to select.

The following technical inequality is needed, in order to connect the loss
{(c,c*) to the distance between codebooks.

DEFINITION 2.1. Assume that there exists a unique optimal quantizer
c*. Then P satisfies a margin condition if there exists kg > 0 such that

(2) Vee CF f(c,c*) > kollc —c*|?.

As exposed in [10], Definition 2.1 may be thought of as a margin condition
in the framework of squared distance based quantization. Some examples of
distributions satisfying (2) are given in [10]. Roughly, if P is well concen-
trated around k poles, then (2) will hold. It is also worth mentioning that
the condition required in [18] is much stronger than the condition required
in Definition 2.1, since it requires P to be a mixture of components centered
on the different optimal code points, and that the Hessian matrix of the risk
function located at the optimal codebook is positive definite. As exposed in
[9], the condition mentioned above implies Definition 2.1.

The Lasso k-means procedure, introduced in [18], is defined as follows.

(3) Cp ) € arg min P,y(c,.) + M (c),
ceCk

where I(c) denotes a possibly weighted penalty function of the codebook
c. This paper provides results for two types of penalties I(c): a Lasso type
penalty where the weights are chosen to be 1, and a Weighted Lasso type
penalty with adaptive weights.
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Lasso type penalty
In this case the penalty function is chosen by

d
(@) Ie) = In(e) = 3 e + .+ P2,
p=1

This Li-type penalty is designed to drive the irrelevant (p)-th coordinates

cgp ), e ,c,(f ) together to zero, as exposed in [2]. The following proposition
gives a theoretical guarantee on the coordinates which are not driven to

Zero.

PROPOSITION 2.1.  Let p be in {1,...,d}. If

— A
then
&P\ = (@7) 1o P ) = (0, 0).

Roughly, Proposition 2.1 ensures that the Lasso k-means procedure selects
only variables whose empirical quantization error is small compared to its
empirical variance. These variables may be interpreted as relevant variables
for the empirical k-quantization error. However, when M), is small, the choice
of the penalty I7(c) will drive the (p)-th coordinates to 0, even if P®) is
supported on k points. This scaling issue can be addressed using a Weighted
Lasso penalty, as done in [18].

Weighted Lasso type penalty

The original procedure of Lasso k-means exposed in [18] is indeed a
Weighted Lasso type procedure. However, different weights are proposed
here. For these weights theoretical guarantees are provided on the conver-
gence of the Lasso k-means estimator to a sparse codebook. The proposed
penalty function is the following

d
jWL(C) = Z&p Cgp)2 + ...+ c]gp)27
p=1

where the empirical coordinate-wise variances are defined above. The fol-
lowing proposition gives a necessary condition for the p-th coordinate not
to be driven to 0.
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PROPOSITION 2.2.  Let p be in {1,...,d}. If

R*
(R Iy
0y 2
then
&P\ = (@21 870 = (0, 0).

The scaling issue mentioned above turns out to be addressed, since only
the ratios between empirical variances and empirical k-quantization error are
to be considered to determinate relevant variables. As in the Lasso penalty
case, coordinates with large ratios between empirical k-quantization error
over empirical variance will be driven to zero.

It is worth mentioning that in these two cases non-zero coordinates are
only empirically characterized. The following section provides convergence
results to sparse codebooks, along with prediction results.

3. Results.

3.1. Lasso k-means distortion and consistency. Throughout this subsec-
tion the penalty function I(c) is chosen as Ir,(c). It is well known that Lasso
type procedures may be thought of as model selection procedures over L4
balls (see, e.g., [13]). This leads to the following result.

THEOREM 3.1.  Let My, denote max,—; . qM,. Choose

A2(a/fj\foo\\/rsl()W(l 1 T >

2k \/ log(d)

for some x > 0. Then, for every ¢ > 0, with probability larger than 1 —
<% + 1) e, we have

U(é,rc®) < inf inf (£(c,c)+ A2 .
(€ ) < inf inf (fe,c”) +A(2r +3)e)
For any codebook c, let |c|o be defined as |{p|c”) # (0,...,0)}|. Fur-

thermore, assume that P satisfies (2). Then the best sparse approximation
of c* at order A is defined by

¢ € arg min 3R(c) + 2 c]
arg min — ,
A chC'k R 0

where kg denotes the constant in (2). As in the empirical case of Proposition
2.1, the non-zero coordinates of ¢} may be characterized in the following way.
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PROPOSITION 3.1.  Let p be in {1,...,d}. If

8\2
2 *

R <
Op P 3o

then
P =(0,...,0).

The proof of Proposition 3.1 is given in Section 4. Equipped with this
proposition, we are now in position to state convergence results.

THEOREM 3.2. Denote by My, = max,—y, . 4. There exists a constant
cr, such that, if

A Z CLMoo

klog(kd) 1+ log(dy/n) +
Vvn klog(kd) |’

then, with probability larger than 1 —e™",

R 82
) Miens — &3) < (3R(eh) + il ) v A2
Moreover, on the same event, the following prediction result holds
4)\2 *
(6) (epnrer) < 2o )2y,

ko

Theorem 3.2 can be considered as an application of Theorem 2.1 in [21]
to the framework of vector quantization. It also may be noticed that the
constant ¢y depends on the constant in Sudakov’s minoration (see, e.g.,
Proposition 3.15 in [12]), hence no explicit calculation of ¢f, is given. The
consistency result shows that, provided that A is chosen large enough, ¢, x
converges toward the sparse approximation c) at a rate smaller than dA.
This dX rate corresponds to the case where ¢} = c*, and is clearly subop-
timal. Consequently much smaller rates are expected. The prediction result
provides a distortion rate smaller than d\?>. When d is large, this rate is of
little interest. However, if a standard k& means algorithm is performed on the
set S of variable selected by the Lasso k-means procedure, in the spirit of
[14], then hopefully a distortion rate of k|S|M2 /n could be attained, com-
pared to the best codebook based on this subset (see, e.g., Theorem 3.1 in
[10])). As announced in Section 2, when X has a small range, then the
p-th coordinate will be driven to 0 by the Lasso k-means procedure, regard-
less of its separation capacity. To address this scaling issue, some results are
given for a Weighted Lasso k-means procedure in the following subsection.
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3.2. Weighted Lasso k-means distortion and consistency. In this section

the penalty function is Iyyz,(c) = Z;l 1 0p (p) +...+ c,ip)z. The fact that
the weights ¢, depends on the sample will cause several theoretical troubles.
To address this issue, this penalty function is connected to a deterministic
penalty function, namely

d
[WL(C) = Zap Cgp)2 + ...+ c]gp)Q.
p=1

Denote by T' the quantity max,—; 4 JZI—; The following proposition relates

fWL to Iy .

PROPOSITION 3.2.  Suppose that 2n > T?./log(d). Then, for every y <

2
n, _ . . y
log(d) <7T2\/m 1) , we have, with probability larger than 1 — e~ Y, for
all ¢ in CF,
(7) V1—a(y)lwr(c < V1+a(y)lwi(c

where a(y) = % (1 + log(d)>

The proof of Proposition 3.2 is given in Section 4. Proposition 3.2 en-
sures that, provided that enough sample points are at disposal to cor-
rectly estimates the coordinate-wise variances, the data-driven penalty func-
tion Iy z(c) should be close to the deterministic penalty function Iyyr(c).
Equipped with this proposition, some results can be derived for the k-
means procedure with penalty Iy (c) which can be related to results for the
Weighted Lasso k-means procedure we propose. This is the idea motivating
the following results.

THEOREM 3.3. Let T denote maxpzl,...7df—:. Let x > 0, and suppose
that 2n > T?\/log(d). Choose

2
y < log(d) <#Zg@l) — 1) .

Suppose that

A 1 6k Mo \/2log <+ T >,

1—ay) 2k \/ log(d)
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where a(y) is defined in Proposition 3.2. Then, for every e > 0, with proba-
bility larger than 1 —e Y — (@ + 1) e” %, we have

l(€pn,c") < ir;% IWiI(le)ST’ (L(c,c*) + A(2r +4)e).

As for the Lasso k-means case, Proposition 3.3 proves that the Weighted
Lasso k-means codebook performs well in distortion compared to optimal
codebooks over Li-balls. As in Proposition 3.1, it is worth mentioning that
Proposition 3.3 is valid even when P does not satisfy (2). The proof of
Proposition 3.3 is postponed to Section 4.

For any codebook c, let S(c) be define as the set of coordinates p such
that (cgp), e ,c,ip)) # (0,...,0). As done in the previous section, let c} be
defined as the sparse approximation of ¢* at order A, by

8(1 + oz))\%'%(C)

¢y = arg min 3R(c) + )
A gceck (c) 0

where « is a parameter which will be chosen as a(y), for some y > 0. The
non-zero coordinates of ¢} may be characterized in the following way.

PROPOSITION 3.3.  Let p be in {1,...,d}. If
Ry 8(1 A2
b _ (1+a)

then

It is worth mentioning that the threshols takes into account only ra-
tios of the type k-quantization error over variances, avoiding scaling issues.
Equipped with this sparse approximation of ¢*, we are now in position to
state the consistency and prediction results for the Weighted Lasso k-means
procedure.

THEOREM 3.4.  Suppose that 2n > T?/log(d). Choose

2
y < log(d) (leizgwa) ,

and x > 0. There exists a constant cy (the same as cr), such that, if

1 klog(kd) log(o2y/n) + x
N e T(” W)
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where a(y) is defined in Proposition 3.2, then, with probability larger than
1—e*—e Y, we have

8(1+ a(y)))\zag(ci)
ko

(8) V1—a(yMwr(€nr—c}) < [35(637 c’) +
V(1= a@)r?].
Furthermore, on the same event, the following prediction result holds

AQ] v [ViTam].

8(1 + a(y))a%(c*)

Ko

(9) l(€n;€%) <

As for the Lasso k-means case, Theorem 3.4 ensures that ¢, ) is close to
its sparse approximation, in the sense of Iy, with a rate possibly much
smaller than \o2. This rate correspond to the case where the sparse ap-
proximation of c¢* is c*. This leads to expect much smaller rates for the
deviation between ¢, » and c}. However, the prediction result is much more
interesting, since it guarantees a distortion rate of o?A? for the Weighted
Lasso k-means procedure. As mentioned below Theorem 3.2, it is likely that
this distortion rate could be improved by performing a standard k-means
procedure on the set S of selected variables, possibly leading to a distortion
rate of koZTZ/n (see, e.g., Theorem 3.1 in [10]), compared to the optimal
codebook with support S.

4. Proofs. In this section the results are derived for a general penalty

function
d

I,(c) = pr cgp)2 +... —l—c,(€p)2,
p=1

for any positive sequence (wp)p=1,.. 4. In the Lasso case, w, = 1, whereas in
the Weighted Lasso case w, = dp,.

4.1. Proof of Proposition 2.1 and Proposition 2.2. Let Vi,...,V; be a
Voronoi partition associated with ¢, y, and let L be the matrix of assign-
ments, defined by

A

Li,j = IXZ.er.

Suppose that éslp ))\ = 0, where through this subsection éip i\ will denote the

column vector (@g’ &1, . ,ég’ i\ k)t, and denote by X®) the column vector

(X g,, ), X Igp ) )t. Then the Karush-Kuhn-Tucker condition, for the empirical
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risk strategy penalized with I, (¢, »), implies that (see, e.g., the proof of
Theorem 2 in [18])

N ~ w Cn
(10) =L (X0 — L&) ) + v IIiD — i -
Cn,)\

Since Lt (X (r) — i}éip )A) is the following vector of size k

it may be noted that

i (-2 - S -2

where n; denote the number of sample vector X;’s in Vj, and ¢; denote the
empirical mean of the sample over the set Vj, that is ¢; = % > X,ev, X;
Denote by p; the empirical weight of Vj, that is p; = n;/n, then

1) /o . 2 K
]

where p; < 1 has been used. Let @)1 be the quantizer which maps V; to ¢;,
then it is easy to see that

j=1
Since R,(¢n) — Rp(Q1) < 52 — R,, (10) ensures that
Aw - -
5~ < \/0 — By

Taking w, = 1 gives the result of Proposition 2.1 and w, = &, gives the
result of Proposition 2.2.



12 C. LEVRARD

4.2. Proof of Proposition 3.2. Heffding’s inequality ensures that, for ev-
2

& . . . . .
ery p = 1,. d, —%5 — 1 is a subgaussian random variable with variance
P

bounded by . For a comprehensive introduction to subgaussian random
variables and 1ts application to empirical processes theory, the interested
reader is referred to [12]. Applying Theorem 3.12 in [12] and a bounded dif-
ference concentration inequality (see, e.g., Theorem 5.1 in [12]) yields, with
probability larger than 1 —e™Y,

4 log(d) Y
L <X =21 — |-
B P R ( T Tog(@)

2
Taking into account that 2n > T2,/log(d) and y < log(d) <ﬁng@l) — 1)

leads to the result.

4.3. Proof of Proposition 3.1. Let S be a subset of {1,...,d}, and let p

be in S such that \2
8
0' - R <
3/@0
Denote by cg an optimal codebook with support S, that is

cy =arg min R(c
s g()s()

Then, according to (1), we may write

R(€5\ () — R(eh) < R\ ) s\ — (Ravgpy + By) = 05
< 0'12, - R,

Therefore

. 82 82
3R(cg\(py) + HCS\{p}”O < 3R(cg) + —HCSHO

4.4. Proof of Proposition 3.3. Adopting the notation of the previous sub-
R* 2
section, let p be in S such that 1 — 7’ < 80Fa)X

P Then, it can be derived

the same way as in the previous Subsectlon that
2
This leads to

8AX(1+a) 8X2(1+a)

O'S\{p} < 3R(C*S) + — 0O0g.

3R(C*S\{p}) + Ko

Ko
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4.5. Proof of Theorem 3.1. As in the proof of Proposition 2.1, through-
out this subsection, the penalty function is chosen as I,,(c), for a sequence
of weights w. Let T'(w) denote the quantity

M,
T(w) = max —Z.
b= 17 7d wp
Then T'(w) = My in the Lasso case and T(w) = T in the Weighted Lasso
case. Let also M(w) be defined as vk||w||?T(w). It is immediate that, for
every c in C*, I,,(c) < M(w).
Let &4 be defined as

(e, x) = min =2 (z,¢;) + [,
]:17"'7k

for every ¢ in C* and z in R% The following proposition, inspired from

Theorem 2.1 in [3], offers an upper bound on the deviations between P, and

P on the set of possible 4 constrained by I,,(c).

PROPOSITION 4.1. Suppose that w is deterministic. Let x > 0. Then,
with probability larger than 1 — e™", we have

pvere. ) < SR (w)y/2Tog(d) 1/ =
st(lcl)p;T(P Pu)i(e,.) < N (”% log(d)>’

It is worth mentioning that the requirements that w is deterministic pre-
vents from directly choosing w,, = &,. This issue will be addressed in the fol-

lowing subsection. Now choose A > M\/;log() <1 + 2k log( )> and let

e > 0. Define K (e) = (M(w)] that is the smallest integer larger than —Mf:w),
and m = (M} Then, applying a union bound to Proposition 4.1, it fol-

lows that, with probability larger than 1 — K (g)e™®, forallm =1,..., K(¢g),

_ 6kT (w)4/2log(d) ( 1 T >
sup (P — P,)¥(c,.) <me 1+ — .
I,(c)<me ( )fY( ) \/ﬁ 2k log(d)

On this event, we have
PoA(€ny, ) + AMy(ep ) < %I;f(; Iwi(g)fgr (PA(c,.) + Ar)

< inf inf  (P,3(c,.) + Ame) .
_mzll,.I.l.,K(s)Iw(g)lgms( fY(C )+ mE)
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It follows that

(én)\, ) + A\mhe
(én,)\a ) + )‘Iw(én,)\) + Ae

inf inf PA(c,. A(2 Le).
m:ll,.r.l.,K(a)Iw(lc])agma( v(e,) +AQ2m+ 1)

Pﬁ/(én,)n ) PTLS/
Py

VAN VAN VAN

Adding —P#¥(c*,.) on both sides leads to
l(Epn,c") < inf inf  ({(c,c”)+ A\(2 1
(C A € ) m:ll,.l.l.,K(e) Iw(ch)lgme( (C ¢ )+ ( me )E)
<inf inf (4(c,c”)+ A(2 3)e) .
_}*EOIMI(I(})ST( (¢, %) + A(2m + 3)e)

Choosing w, = 1 concludes the proof for the Lasso k-means procedure.

4.6. Proof of Theorem 3.3. The proof of Theorem 3.3 is almost the same
as the proof of Theorem 3.1, with weights w, = o), leading to T'(w) =
T. To avoid confusion, Iy (c) will denote I, (c) with weights w, = o,
and Iyyz(c) will denote I,,(c) with weights w, = 6,. Let A be larger than

e L ( )Gka f”j log(d) <1 + ﬁ @), then, with probability larger than
—a(y

1—e Y — (@ + 1) e~ we have, for every c in C¥,

Po(€n, ) + Mwr < Poy(e,.) + /1 + a(y)MwL(c).

It follows that

Po(€nn, ) + Mwr(€nn)

< inf inf  P,3(c,. 1
B m:ll,.I.l.,K(e) IWLI(I(})SmE 7((: ) + oz(y)ms
< inf inf  Py(c,.) + (V14 aly)me + /1 — a(y)me

- m:17"'7K(€) IWL(C)S’I’YLE

<inf inf PAH(c.. 1 1-—
<kf wf Pie) Faly)(r+e) + a(y)(r +e),

where the middle inequality follows from Proposition 4.1. On the other, it
may be written that

P:Y(én,)u ) S Pn:}/(én,)\a ) + V - a(y))\m&“
< Pn’?(én,)n ) + V 1- oz(y))\e + AfWL(én,)\)y

according to Proposition 3.2. Combining these two inequalities and taking
into account that v/1 — a(y) + /1 + a(y) < 2 leads to the result.
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4.7. Proof of Theorem 3.2. As done in the previous subsection, the re-
sults are derived for a generic penalty function

d
I,(c) = pr\/cgp)Q +...+ c,(gpp.
p=1

The main argument of this proof relies on a comparison between (P —
P)(3(c,.) —7(c,.)) and I,(c — ¢’), stated in the following proposition.

PROPOSITION 4.2. Suppose that w is deterministic. Denote by u the
: [[w]*v/n : :
quantity log ( m). There exists a constant L > 1 such that, if we

denote by

e Tog (kd
Ao = 16L %T

(w)7

then, for every x > 0, denoting by

U+ x
A= edo (H \/klogkd)’

we have, for any fized ¢’ in C*, with probability larger than 1 — ™7,

P—-P, )= '
(11) sup I( )(W(C,/) v(c’, )l
Ly (c—¢') <2 (w) Iy(c— ') VAo

< )\17

where we recall that M(w) = Vk|w|?*T(w).

The proof of Proposition 4.2 relies on Section 3.4 in [21], and is post-
poned to the next section. The consistency result also relies on the following
Lemma, which connects the L penalty to the size of the support. For any
subset S C {1,...,d} and vector z in R?, the truncated vector xg is defined
by

xg)) = x(p)lpeg.

Moreover, let S(c) denote the support of ¢, that is the set of coordinates

such that (cgp), . ,c,ip)) #£(0,...,0). At last, for a fixed ¢’ in C*, following
the notation of [21], with a slight abuse of notation, we denote by I, 1 (c—c’)
and I, 2(c — c’) the quantities

{Iw,l(c —c) = Iu((c—c)se)),
Lyole—c) = ILu((c—c)se(er))-

The following result is derived from Lemma A.4 in [20].
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LEMMA 4.1. Let ¢’ be a fized codebook. Then, for every c in C* and
0 >0,

o1 o 2002
U(c,c*) + <L(c’,c") + Tg\lws<cf)ll2-

(12) 2A,1(c — ') < 5

| =

The proof of Lemma 4.1 can be found in [20]. For the sake of completeness
it is briefly recalled here.

PrOOF OF LEMMA 4.1. Using Cauchy-Schwarz inequality, it is easy to
see that

2\ yi(c—c)<2) | Y wlle—d|
peg(c’)

<2X [ Y wl(lle = + ¢ — ).
pe§(c’)

Using the inequality 2ab < %2a® + %Obz, and applying (2) leads to

2A,1(c—c') <

Now turn to the case where w = 1, so that ||ws(c/)\|2 = ||c/||p, and choose
A > 2)\1. Let ¢’ be a fixed codebook, to be chosen later. The fundamental
Lasso inequality yields

Pn’}/(én)\, ) + )\IL(én)\) < Pn’y(cl, ) + )\IL(C,, .),
so that
Py(€nn, )+ ML(€n0) < Py(c, )+ ML(, )+ (P—P,)(v(€nn, ) — ().

Splitting Ir,(€,2) in Iz 1(€pn) + I1,2(€pnn), it may be easily derived that
IL(C,) —ILJ(én)\) < IL,I(én,)\ —C/) and IL72(én7)\) = IL’Q(én7)\ —C/). It follows
that

Py(€nx,.) + Mpa(€nn — ) < Py(c,.) + Mp1(€pn — )
+ (P — Py)(v(€nn,.) — (<, ).
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T

Consequently, Proposition 4.2 yields, with probability larger than 1 — e™*,

U(c,c*)+ML(Epp — )
<l(ce") +2Mpa(enn — )+ (P = Po)(v(€np, ) —7(cs0))
(13) < E(C/, C*) + /\1(IL(én7)\ — C/) V /\0) + 2/\IL’1(én7)\ — C/).

Hence, applying Lemma 4.1 with § = 2 leads to
(14)

N * A / / * 8A2 / A /
l(€pn, ™) +2NL(cp ) — ) < 3U(c,c )/{—OHC llo 4+ 2 M (IL(€pn — ') V Ag).

If I(€,) —c') < A, then it is clear that A (€, — ¢) < A2. Otherwise,
we have

2
2)\IL(én’)\ — C/) S 3€(C/, C*)%”C/Ho + 2)\1[(én7)\ — C/).

Since A > 2\, the consistency result easily follows, taking ¢’ = c}. Let us
turn to the prediction result.

If Ir(€px —c*) < Ao, then Iy (€, \ — c*) < Ag. Consequently, taking
¢’ = c¢* in (13) yields

E(én,)\,c*) < AoA1 + 2A ).

Since A\g < A1 < A/2, it may be easily derived that £(¢,,c*) < 202, If
I (€, — €*) > Ao, then taking ¢ = c¢* in (14) ensures that

L. R o 8N
E(cn)\,c ) + 2()\ — Al)IL(Cn)\ —C ) § I{—OHC ”0

4.8. Proof of Theorem 3.4. Throughout this Sub_section, the sequence w
will be chosen as w, = 7, so that T(w) = T and M (w) = Vko*T. Choose
A> 2_ )\, where \; is defined in Proposition 4.2. By definition of the

T Vi-a(y)

Weighted Lasso k-means procedure, we have

Pn’y(én)\, ) + )\[AWL((A:n’)\) § Pn'y(c/, ) + )\[AWL(C/).

As in the previous subsection, this leads to

E(én)\,c*) + )\[AWL((A:n’)\ — C/) S K(C,,C*) + 2)\jWL,1(én,)\ — C/)
+ (P = P)(Y(Enpn, ) —7(€.).
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Using Proposition 3.2 and Proposition 4.2, it easily follows that, with prob-
ability larger than 1 —e ™ —e™Y,
(15)

E(én’)\, C*) +)\\/ 11— a(y)IWL(én,A —C/) < E(C/, C*) +)\1([WL(én,)\ — C/) \/)\0)

+2v/1+a(y) Iwri(€ny — ).

1

—~——— and choosing ¢’ = ¢} leads
2+/1+a(y)

Now, applying Lemma 4.1 with § =

to

+)\\/1—Oé IWLCn)\ )

41+ a(y ))/\QUS(C*)

* * A
2€(c)\7c ) + H:O

Recalling that A > A1 and A > X, if I(€, 0 — c}) < Ao, then

2€(Cn 2 C

<

+ )\I(IWL(én,)\ — C;) V )\0).

1-a(y)

M (€, —c}) < V1 —aly)r.

Otherwise, we have

1 8(1+ a(y)))\zag(ci)

Mwr(€pn—cy) < — |34(c},c") +
wL(€nx = €}) T (e}, ") p

Let us turn now to the prediction result. Suppose that Iy (¢, ) —c*) < Ag.
Then, if ¢’ = c*, the Lasso inequality combined with Proposition 4.2 ensures
that

L€, €") + Mwra(€nr =€) < Mo + Mwri(€nn — %),
which leads to, applying Proposition 3.2,
l(€p.C™) < XA+ 1+ a(y) Ao
A2 1
(VI G+ el + 5 - ).

< —
-2
Since /1 — a(y) + /1 + a(y) < 2, it is easy to see that

l(€pn, € 1—aly )\2

Now if Iy (Cpn — €*) > Ao, choosing ¢’ =c* in (15) and applying Lemma

4.1, with § = —=L— leads to
2¢/14a(y)

—a A1+ a(y)ed e N

1
56((3”7)\, C*) —+



VARIABLE SELECTION FOR QUANTIZATION 19
5. Technical proofs.

5.1. Proof of Proposition 4.1. This proof is a slight modification of a
result in [3], namely Lemma 4.3. Introducing some independent Rademacher
variables €;, ¢ = 1,...,n, such that ¢; = 41 with probability 1/2, and
applying the symmetrization principle (see, e.g., Section 2.2 in [8]) leads to

1 n
E sup (P—Py)j(c,.) <2ExEc=> & min —2(Xi,¢;) + [,
Ly (c)<r n=lk

where E; means expectation with respect to the law of Z, for some random
variable Z. Let us denote by I,(c) the norm I,,(c) = Zzzl wplcp, for a code
point ¢ in C. Proceeding by induction on k as done in Lemma 4.3 i) in [3],
we may write

1
E. sup — Y & min —2(X;,¢;) + |l¢;]?
EIw(c)<rn; ZJ:L ok v !

1 rT(w)
<2k |E. sup — gi (Xi,¢) +
[ 8Iw(c)<7’ni§:; < > 2\/ﬁ

At last, it is immediate that

Ex. sup <c Z&?, Z>§TEX7€ sup
P

I(c)<r =1,...,d

n
Xz(p)
&
w
i=1 p

When Xiq,...,X, is ﬁxed, Hoeffding’s inequality ensures that, for every

( ) 2
p=1,...,d > " 15, s % For a compre-
hensive 1ntr0duct10n to Subgaussian variables and its application to empirical
processes theory the interested reader is referred to [12]. Applying Theorem

3.12 of [12] ensures that

E. sup
p=1,....d

X gt
‘_ 21g(d)ﬁ,

which leads to

2kT 4k+/21 T
E sup (P_ Pn)ﬁ/(cv ) — 7" Og
Lo(c)<r Vvn Vn

Applying a bounded difference concentration inequality such as Theorem
5.1 in [12] leads to the desired result.
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5.2. Proof of Proposition 4.2. For a fixed ¢ in c¥, denote by Z,(c) the
following random variable

Zp(c) = Lo |(P = Pu)(y(c,.) —~(c, )|

The following proposition offers a bound on Z,.(c’).

PROPOSITION 5.1.  Suppose that w is deterministic. Let x > 0, and c’
be a fixed codebook. Then there exists a constant L > 1 such that, with

xT

probability larger than 1 —e™ 7,

ZT(C/) < 16L M%MTT(ZU) <1+ \/%Lm> :

The proof of Proposition 5.1 can be found in the next subsection. Propo-
sition 4.2 derives from a peeling argument, as in Section 3.4 of [21], com-
bined with Proposition 5.1. Let a be such that e~ (@=YD2M < )¢, and take
ug = log(a). Then it is easy to see that ug < wu, where u is defined in
Proposition 4.2. We may write

P( - KP—BMWQJ—%GJH>AQ
L

w(c—c)<2M (w) Iw(c - C/) V Ao -

o . (P = P)(r(e,) = 1(c!, )]

=2 | Tw(c—¢))<2e= U~ M (w) 2e=I M (w)
Ly(c—c')>2e=I M (w)

o IPRIGE) e
Ly(c—c’)<Xo 2e (@ )M(w)

- _ u—l—a:
= P<Z% G-t = 267U ()Xo 1+\/klogkd
=1

J]=

< > A\

<ae “e %,
where the last inequality follows from Proposition 5.1 and the fact that
L > 1. Noticing that ae™ < 1 proves the result.

5.3. Proof of Proposition 5.1. This proof is a slight modification of the
proof of Theorem 3.1 in [10], and mainly relies on Talagrand’s generic chain-
ing principle (see, e.g., [19]). First, it may be easily noticed that, for every
j=1,... k, if I,(c — ') <r, then, for all z in RY,

=242, ¢5) + el + 2z, &) — lIj|*] < 4rT,
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which leads to
”’Y(Cv ) - ’Y(CI7 )HOO S 4TT(w)’

As a consequence, a bounded difference concentration inequality (see, e.g.,
€T

Theorem 5.1 in [12]) yields, with probability larger than 1 —e™7,

2
Z, <EZ, + 4rT(w)y | —.
n

It remains to bound from above EZ,. According to the symmetrization prin-
ciple (see, e.g., Section 2.2 of [8]), we may write

n

1
EZ, <2ExE. sup - Zai(’y(c,Xi) —~(cd, X)),
Ly(c—c)<r i—1

where the ¢;’s are independent Rademacher variables. Let Xi,...,X,, be
fixed, and define, for ¢ such that I,,(c — ¢’) < r the random variable

n
Y, = Z eiy(c, X;).

i=1

Define the pseudo-distance dy(c,c’) by

n k k
e, c) =3 "8(c; — i) + 20> (leil? — ;1)
j=1

i=1 j=1
Since
2
(e X0) = (€, X)) < max 8(e; =) + 2l = 1117,
it is easy to see that, when Xi,..., X, is fixed, Y¢, — Y¢, is a subgaussian

random variable with variance smaller than d3(cy,c2). The main argument
of our proof is the following Theorem 2.1.5 of [19].

THEOREM 5.1. Let Y,, v € V denote a centered stochastic process in-
dezed by V, and X, denote a centered Gaussian process indexed by the same
set V. Let d be a pseudo-distance over V such that

i) VY v,0" € VY, — Yy is subgaussian with variance d*(v,v'),
ii) Y v, € V Var(X, — X)) = d?(v,0').

Then there exists a universal constant L > 1 such that

Esup (Y, — Yy,) < LEsup (X, — Xy, ),
veY veY

where vy is a fived element of V.
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Denote by V the set of codebooks c in C* such that I,,(c — ¢) < r. Now
introduce, for ¢ such that I,(c — ¢’) < r, the following Gaussian process

C_2\/_ZZ ¢j, X &JJF\/_ZHCJH &

=1 j=1

where the ¢’s and £’s are independent standard Gaussian random variables.
It is worth noticing that, for all ¢; and ¢y in V, Var(Ne, — Ne,) = d3(c1, ca).
Consequently, applying Theorem 5.1 to the set V, equipped with the pseudo-
distance dy, yields

E. sup Yc—Yy<LE;e sup Ne— Ng.

Iy(e—c)<r Ly(c—c")<r
It follows that
E&g! sup Nc — Nc/ < Eﬁ sup 2\/72 Z &7]
Ly(c—c)<r Ly(c—c")<r i=1 j=1

tEg sup V2 Z|C]H2 I1<511%)€

Iy(c—c')<r
The first term of the right side can be bounded as follows.

Eﬁ sup 2\/_2 Z <C] 627]

Iy(c—c)<r i=1 j=1

k n
< 2\/§E§ sup Z <Cj - C;-, Z fi,in>
=1

Iy(c—c)<r =1

k d
<2V2E; sup Z pr]cg-p) — clgp)\ max
ILy(c—c)<r j=1p=1 2,p

Zn: & jX'(p)
- Wr

n

&i in(p)
< 2V 2krEg max E e
]:1,,k7p:17,d i=1 wp

- x ()
It is worth noticing that, for every (4, p), the random variable > | g”wip’ is

Gaussian, with variance bounded by nT?(w). Consequently, applying The-
orem 3.12 in [12] gives

Z él,j

E¢ max T(w)+/2nlog(kd).

j777p177
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In turn, the second term of the right side may be bounded by

k
Eg  sup V20 (llejl)* — [P
j=1

Iy(c—c)<r

k d
2M
<V 271E5/ sup E § wp‘c§p) - Clg'p)‘ - ‘gﬂ
Iy(c—c)<r j=1 \p=1 Wp

<2V2nT(w)Ee  sup I(c—c)
ILy(c—c)<r

< 2T (w)rv2nk.

Combining these two bounds leads to

klog(kd)
n

REFERENCES

[1] ANTONIADIS, A., BROSSAT, X., CUGLIARI, J. and Pogar, J.-M. (2013). Cluster-
ing functional data using wavelets. Int. J. Wawvelets Multiresolut. Inf. Process. 11
1350003, 30. MR3038615

[2] BacH, F. R. (2008). Consistency of the group lasso and multiple kernel learning. J.
Mach. Learn. Res. 9 1179-1225. MR2417268 (2010a:68132)

[3] Biau, G., DEVROYE, L. and Lucosi, G. (2008). On the performance of clustering in
Hilbert spaces. IEEE Trans. Inform. Theory 54 781-790. MR2444554 (2009m:68221)

[4] CHaNg, X., WaANG, Y., L1, R. and Xu, Z. (2014). Sparse K-Means with {/lo
Penalty for High-Dimensional Data Clustering. ArXiv e-prints.

[6] FISCHER, A. (2010). Quantization and clustering with Bregman divergences. J. Mul-
tiariate Anal. 101 2207-2221. MR2671211 (2012¢:62188)

[6] GERsHO, A. and GRAY, R. M. (1991). Vector quantization and signal compression.
Kluwer Academic Publishers, Norwell, MA, USA.

[7] GrAF, S. and LuscHGy, H. (2000). Foundations of quantization for probabil-
ity distributions. Lecture Notes in Mathematics 1730. Springer-Verlag, Berlin.
MR1764176 (2001m:60043)

[8] KorrcHINSKII, V. (2006). Local Rademacher complexities and oracle inequalities in
risk minimization. Ann. Statist. 34 2593-2656. MR2329442 (2009h:62060)

[9] LEVRARD, C. (2013). Fast rates for empirical vector quantization. Electron. J. Stat.
7 1716-1746.

[10] LEVRARD, C. (2014). Non Asymptotic Bounds for Vector Quantization. ArXiv e-
prints.

[11] Lroyp, S. P. (1982). Least squares quantization in PCM. IEEE Trans. Inform.
Theory 28 129-137. MR651807 (84a:94012)

EZ.(c') < 16L rT(w).


http://www.ams.org/mathscinet-getitem?mr=3038615
http://www.ams.org/mathscinet-getitem?mr=2417268
http://www.ams.org/mathscinet-getitem?mr=2444554
http://www.ams.org/mathscinet-getitem?mr=2671211
http://www.ams.org/mathscinet-getitem?mr=1764176
http://www.ams.org/mathscinet-getitem?mr=2329442
http://www.ams.org/mathscinet-getitem?mr=651807

24

(12]

20]
(21]

(22]

C. LEVRARD

MASSART, P. (2007). Concentration inequalities and model selection. Lecture Notes
in Mathematics 1896. Springer, Berlin. Lectures from the 33rd Summer School on
Probability Theory held in Saint-Flour, July 6-23, 2003, With a foreword by Jean
Picard. MR2319879 (2010a:62008)

MaAssSART, P. and MEYNET, C. (2011). The Lasso as an £1-ball model selection pro-
cedure. Electron. J. Stat. 5 669-687. MR2820635 (2012m:62210)

MaAsSART, P. and MEYNET, C. (2012). Some rates of convergence for the selected
Lasso estimator. In Algorithmic learning theory. Lecture Notes in Comput. Sci. T568
17-33. Springer, Heidelberg. MR3042877

POLLARD, D. (1981). Strong consistency of k-means clustering. Ann. Statist. 9 135—
140. MR600539 (83¢:62098)

POLLARD, D. (1982). A central limit theorem for k-means clustering. Ann. Probab.
10 919-926. MR672292 (84¢:60047)

STEINLEY, D. and BRusco, M. J. (2008). Selection of variables in cluster analysis: an
empirical comparison of eight procedures. Psychometrika 73 125-144. MR2395296
SuN, W., WANG, J. and FANG, Y. (2012). Regularized k-means clustering of high-
dimensional data and its asymptotic consistency. FElectron. J. Stat. 6 148-167.
MR2879675

TALAGRAND, M. (2005). The generic chaining. Springer Monographs in Mathe-
matics. Springer-Verlag, Berlin Upper and lower bounds of stochastic processes.
MR2133757 (2006b:60006)

VAN DE GEER, S. A. (2008). High-dimensional generalized linear models and the
lasso. Ann. Statist. 36 614-645. MR2396809 (2009h:62048)

VAN DE GEER, S. A. (2013). Generic chaining and the ¢;-penalty. J. Statist. Plann.
Inference 143 1001-1012. MR3029225

WITTEN, D. M. and TIBSHIRANI, R. (2010). A framework for feature selection in
clustering. J. Amer. Statist. Assoc. 105 713-726. MR2724855 (2011m:62219)


http://www.ams.org/mathscinet-getitem?mr=2319879
http://www.ams.org/mathscinet-getitem?mr=2820635
http://www.ams.org/mathscinet-getitem?mr=3042877
http://www.ams.org/mathscinet-getitem?mr=600539
http://www.ams.org/mathscinet-getitem?mr=672292
http://www.ams.org/mathscinet-getitem?mr=2395296
http://www.ams.org/mathscinet-getitem?mr=2879675
http://www.ams.org/mathscinet-getitem?mr=2133757
http://www.ams.org/mathscinet-getitem?mr=2396809
http://www.ams.org/mathscinet-getitem?mr=3029225
http://www.ams.org/mathscinet-getitem?mr=2724855

	Introduction
	Notation
	Results
	Lasso k-means distortion and consistency
	Weighted Lasso k-means distortion and consistency

	Proofs
	Proof of Proposition 2.1 and Proposition 2.2
	Proof of Proposition 3.2
	Proof of Proposition 3.1
	Proof of Proposition 3.3
	Proof of Theorem 3.1
	Proof of Theorem 3.3
	Proof of Theorem 3.2
	Proof of Theorem 3.4

	Technical proofs
	Proof of Proposition 4.1
	Proof of Proposition 4.2
	Proof of Proposition 5.1

	References

