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ON THE INTEGRAL REPRESENTATION OF RELAXED FUNCTIONALS
WITH CONVEX BOUNDED CONSTRAINTS

OMAR ANzZA HAFsA!l

Abstract. We study the integral representation of relaxed functionals in the multi-dimensional cal-
culus of variations, for integrands which are finite in a convex bounded set with nonempty interior and
infinite elsewhere.
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1. INTRODUCTION AND MAIN RESULTS

Let m,d > 1 be two integers. Let Q C R? be a nonempty open bounded domain with Lipschitz boundary.
In this paper we consider the problem of the integral representation of

Z(u) = inf {liminf/ f(Vuy, ())de : WHS(Q;R™) 3 u, — u in Ll},
n—+oo [o

where f: M™*4 — [0, +00] is a Borel measurable function and with M9 denotes the set of m x d matrices.
We denote by domf the effective domain of f, i.e., domf = {£ € M™*9 : f(£) < +o0}. We are interested in
integrands satisfying domf C C, where C'is a convex bounded set with nonempty interior. The classical integral
representation results of relaxed functionals in the vectorial case (i.e. when min{d, m} > 2) require polynomial
growth conditions (or at least integrands which are finite everywhere) on the integrands which do not allow
us to deal with constraints on gradients. However, it is interesting for the applications in nonlinear elasticity
to consider such constraints for problems, such as the elastic-plastic torsion problems and the modelling of
rubber-like nonlinear elastomers as described by Carbone and De Arcangelis in [6]. In that book, we can find a
detailed study of the problems of integral representation of relaxed functionals under constraints (not necessarily
bounded) in the scalar case, i.e., min{d,m} = 1. In the vectorial case, and in the presence of some singular
behaviors of the stored energy functions in nonlinear elasticity, we can find some relaxation results where the
integrands can take the value +oco, see [2,3,5]. Moreover, recently, in connection with relaxation problems
in optimal control, Wagner [16] studies the relaxation of integral functional with the assumption that f is
continuous finite on C, and infinite elsewhere.
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In this paper, we study the integral representation of Z for two classes of integrands (we will make precise the
assumptions later). Firstly, we consider a class of integrands which are locally bounded on intC' (the interior
of C') and which allow us to consider singular behavior of the type

f(€) = +oc as € - 90C and domf C C.

Secondly, we consider a class of integrands which are bounded on intC', which is in some sense a “complementary”
class of the previous one. Similar to the classical relaxation results in the vectorial case, we will deal with
the quasiconvex envelope of f. However, the definition of quasiconvex envelope is not obvious when f is not
everywhere finite. We avoid the difficulties connected with this problem by studying the possibility of monotone
nondecreasing approximation of the quasiconvex envelope of f by quasiconvex functions (which are finite by
definition, see below).

1.1. Some preliminary notions

Following Morrey [12] we say that a function g : M™*? — [0, +00] is quasiconver at & € M™*? if it is Borel
measurable and

9(€) = inf { [ e+ Voonas o e W&”(Y;Rm)},

where Y =)0, 1[? is the unit cube in R%. If ¢ is quasiconvex at every ¢ € M™*? then g is said quasiconvex. If
g is quasiconvex then it is continuous (see for instance Dacorogna [7]).
Let us define by Qf : M™*9 — [0, +-00] the quasiconvex envelope of f defined by

Qf(§) = sup {9(5) tg M [0, +00[ is quasiconvex and g < f}.

Note that Qf is lower semicontinuous as pointwise supremum of continuous functions, and satisfies
Qf(§) = inf {/ Qf(§+ Vo(z))dx: ¢ € W&’M(Y;Rm)} (1.1)
Y

for all £ € M™*9,
Let h : M™*4 — [0, 4+00] be a Borel measurable function. We say that h is p-sup-quasiconvez if there exist
p € [1,4o00[ and a nondecreasing sequence {hn},,cy, ha : M™% — [0, +00[ such that
(i) hy is quasiconvex for all n € N;
(ii) for every n € N there exists a,, > 0 such that h,(£) < a, (1 + [£]P) for all £ € M™*;

(iii) for every & € M™*? we have that
sup{/n (&) : n € N} = h(§).

It is easy to see that if h is p-sup-quasiconvex then it is lower semicontinuous as pointwise supremum of
continuous functions and satisfies

) =int{ [ n(e+ Vowar: o e w(virm) |

for all £ € M™*4,
Define Zf : M™*4 — [0, +00] by

27 =it { [ s+ Voonas 6 e wp=imm .
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In fact Zf does not depend on Y, see Lemma A.1. If Zf is everywhere finite, then Zf = Qf (see Lem. A.2),
and Zf is called the Dacorogna formula of the quasiconvex envelope of f.

In the rest of this paper we will use frequently some properties of convex sets which are summarized as line
segment principle by Rockafellar and Wets [14], Theorem 2.33.

Line segment principle (L.s.p.):
Let C € M™% pe a bounded convex set with 0 € intC'. Then

intC = intC, intC = C, and tC C intC for all t € [0, 1].

1.2. Main results

Let C € M™*? be a bounded convex set with nonempty interior. To simplify the statements we will assume
through the paper that 0 € intC. Let f : M™*¢ — [0, +00] be a Borel measurable function such that domf c C.
We consider the following assertion:

() for every € > 0 there exists 7 > 0 such that for every £ € intC and every t € [0, 1] we have
1—t<n = Zf{t) <Zf(&) +e.

1.2.1. Integral representation for integrands locally bounded on intC'

Consider the following assertions:

(#4) f is locally bounded on intC, i.e., sup{f(§) : £ € K} < 400 for all compact sets K C intC}
(A5) for every a > 0 there exists a compact set K, C intC' such that for every ¢ € C,

§E K. — Zf(§) za

Theorem 1.1. Assume that (), (JA) and () hold. Then Qf is 1-sup-quasiconvexr and we have the
representation formula

Zf(€) if€€intC

+00 otherwise.

ori- |

Theorem 1.2. Assume that (54), (#4) and () hold. Then

Z(u) = /Q Qf(Vu(z))dx if ue WLOO(Q;Rm)
oo i ue DO@ERM\WIS(@ET)

1.2.2. Integral representation for integrands bounded on intC'

Consider the following assertions:
() f is bounded on intC, i.e., sup{f(§) : £ € intC} < 4o0;
(H3) for every £ € OC we have liminfjg 15,1 f(t§) < f(£).

Theorem 1.3. Assume that (74), (#43) and () hold. Then Qf is 1-sup-quasiconver and we have the
representation formula

o Zf(6) if £ € intC
Qf(&) = Zf(§) = limp5e—1 2f(t§) if{€dC (1.2)
+00 otherwise.

The above representation formula for Qf was found by Wagner in [15] (Zf denotes the lower semicontinuous
envelope of Zf).
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Theorem 1.4. Assume that (), (43) and (A3) hold. Then

/ Qf (Vu(z))dx if ue Whee(Q;R™)
Z(u) = Q

+00 if uwe LY(Q;R™)\Whe(Q;R™).
Remark 1.1. (i) In [6], Theorem 10.2.4, Carbone and De Arcangelis use similar assumption (7)) for the
problem of the integral representation of relaxed functionals, in the scalar case. They translate that assumption
as a type of “uniform radial upper semicontinuity” on intC' (see Rem. 10.1.1 in [6]).

The assertion (%) is satisfied when for instance intC' C domf C C, and for every ¢ > 0 there exists n > 0
such that for every £ € domf and every t € [0, 1] it holds

1—t<n = f() < fO)+75

Indeed, take £ > 0, n > 0 as above. Let ¢t € [0,1] be such that 1 —¢ < n. Let £ € intC. Then we have that
Zf(€) < f(€) < 400 and there exists ¢. € W, ™ (Y;R™) such that

220> [ f6+ Vo). (13)

Thus £ + Vo (z) € domf a.e. in Y, and we have

2f(9) < [ 1(ts+ Voo < 5+ [ e+ Voo

By (1.3), we obtain Zf(t§) < Zf(€) +e.

(ii) The assertion (73) is satisfied when for instance f > 1 for some convex function ¢ satisfying for every
a > 0 there exists a compact set K, C intC such that for every & € C,

§¢ Ko = (&) 2 a.
(iii) Let f: M™*? — [0, +00] be defined by

1 .
76) = T Tl

400 otherwise,

where g : M™% — [0, +o0] is uniformly continuous. In view of (i) and (ii), we have that (J4), (#4) and (/%)
are satisfied.

(iv) Note that (/43) and (%) are satisfied if, for instance, f|5 € C(C).

1.3. Comments on Zf

To our best knowledge, the formula Z f first appeared for arbitrary Borel measurable function f in Ball and
Murat [4], p. 240. Then Fonseca in [10] studied the rank-one convexity property of Zf for arbitrary Borel
measurable f, in particular she showed that Zf is continuous on int(domf) (Thm. 2.17 and Prop. 2.3). Later
Kinderlehrer and Pedregal in [11] considered Z f for functions f satisfying

flp€C(B) and f|ypmxa 5= +00, (1.4)
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with B = {¢€ € M™*4 . [¢| < 1} € M™*? is the unit ball. They showed, in particular, that Z f satisfies (1.4) and
Z(Zf) = Zf in their Proposition 7.2. In the paper [8] Dacorogna and Marcellini studied Z f in Theorem 7.2
for the class of functions satisfying (1.4) where B is replaced by an arbitrary compact convex set K C M™*4
with nonempty interior. Recently, the work of Wagner in [15] gives a detailed study of Z f with f satisfying the
same assumptions as in Dacorogna and Marcellini [8].

1.4. Outline

An outline of the paper is shown as follows: We start by some preliminary lemmas, where we are mainly
concerned with establishing some properties of Zf. The proofs of Theorems 1.1 and 1.3 are achieved by using
some arguments of Miiller [13]. We give the proofs of Theorems 1.2 and 1.4 by dividing them into two steps.
The proof of the lower bound follows easily after we have shown that Qf is 1-sup-quasiconvex. To prove the
upper bound, we use an approximation result due to Dacorogna and Marcellini [8]. In the appendix, we give
some results concerning Z f.

2. PRELIMINARIES

Lemma 2.1.
(i) For every increasing sequence {t,}nen+ C [0, 1] satisfying lim, 400 t, = 1, it holds

intC = | J 0= |J tuC, andintC = J tintC = | tnintC.

tel0,1] neN* te[0,1] neN*

(i) If K C intC is compact then K C tintC for some t € [0, 1].

(iii) The function f is locally bounded on intC' if and only if sup{f (&) : € € tC} < +oo for all t € [0,1].

(iv) Assume that f is locally bounded on intC. Then () holds if and only if there exists an increasing
sequence such that [0,1] > t,, — 1, and for every n > 1

inf _Zf(€)>n.
£eC\t,,C

Proof. (i) Let {tn}nen~ C [0,1[ be an increasing sequence such that lim, .+ t, = 1. Let § € intC' and set
D = Up>1t,C, then t,§ € D for all n € N* by l.s.p. We deduce that £ € D and it holds

intD € D C intC C D. (2.1)

Note that firstly D is convex since {t, }nen- is increasing, and secondly 0 € intD. Thus, by ls.p., intD = intD,
and by (2.1) it follows that intC = intD = D and we obtain

intC = U tC = U tnC.

tel0,1] neN*

Now, note that by Ls.p., it holds ,C C t,,intC for all n € N*. Thus for every n € N* we have ¢,C C
Unen*tnintC', hence intC' C Upen=t,intC.

(ii) Let K C intC be a compact set. Assume that for every n € N* there exists x,, € K and x,, ¢ t,intC
where t,, = "T_l By compactness, there exists a converging subsequence K 3 z5(,) — = € K as n — +o00. By
(i) we have t,(1)intC' C - -+ C ty(n)intC C -+ C Up>1ly(n)intC = intC. For every k,n € N*

To(ntk) € K\ tg(nJrk)intC C K\ tg(n)intC.

Letting k — +o00, we obtain # € K \ Unen«ty(,)intC = 0, which is impossible since K is compact.
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(iii) Follows from (ii).

(iv) By (##), we can find a sequence of compact set { K, }nen+ C intC such that

KicKyc---CK,C---C U K, =Ky, and inf Zf >nforalln>1.
C\K,

neN*
Thus infz, . Zf = +o0. Assume that K, # intC, then there exists & € intC'\ K, such that Z (&) = +oo.
But by (i) and (iii) we obtain +o00 = Zf(&) < f(&) < +oo which is impossible. Thus K., = intC. By (ii),
we can build an increasing sequence {t,}nen+ C [0,1] such that K, C t,C for all n € N*. Tt follows that
intC = K = Unzltna and therefore the sequence t,, — 1 as n — +o00, indeed we cannot have 7 = sup,,~; t, =
limy, o0 tn < 1, otherwise, by Ls.p. intC' C 7intC' which is impossible since intC' # (). We also have for every
n € N*

inf _Zf(§) = inf Zf()=n
¢ecC\t,,C EEC\Ky,

The other implication is easier. Let a > 0. Let n > a and choose K, = t,C then infg\Ka Zf >n > a. The

proof is complete. U

Lemma 2.2. Assume that () holds. Then

intC' € domf € domZf C domZf C domQf c C
and

int(domf) = int(domZ f) = int(domZ f) = int(domQf) = intC.
Proof. By definition of Qf and Zf we have

QfF<Zf<Zf<f.

By Lemma 2.1 (i) and (ii), if £ € intC then there exists ¢ € [0, 1] such that ¢ € tC and

Qf(§) < Zf(&) < Z2f(§) < f(§) < sup f(C) < +o0.

¢cetl

We deduce intC' € domf C domZf C domZf C domQf. Now, we will show domQf c C. For each n € N,
consider the function g,, : M™*4 — [0, +o0| defined by g,,(¢) = ndist(¢,C). It is easy to see that g,, is convex
and then quasiconvex since Jensen inequality, and g, < f for all n € N. Thus g, < Qf for all n € N, and the
inclusion domQf C C follows by noticing that

0 if ¢,
+o00  otherwise.

e |

neN
The second sequence of equalities follows by applying L.s.p. The proof is finished. O

Lemma 2.3. Assume that (J6) holds. Then Zf is continuous in intC'.

Proof. By Proposition 2.3 and Theorem 2.17 in [10], we deduce that Zf is continuous on every open set
U C domf. In particular, Zf is continuous on int(domf) which coincide with intC' since Lemma 2.2. O

The following lemma is essentially due to Wagner [15]. We prove it by borrowing some arguments of the
proof of Theorem 3.12. 2) in [15].

Lemma 2.4. Assume that (%) and (A7) hold. Then limy [ 5¢—1 Zf(t§) € [0,400] for all £ € OC.
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Proof. Let £ € 9C. Set A = limsupg 1| 5,1 Zf(t§) and p = liminfjo 1 5,1 Zf(t). If p = 400 then

A=n [0,1[121%%1 F(#) = Foo

Assume that p < +00. We have two possibilities, either A = +00 or A < 4o0.
Suppose that A = +o0o. Consider two sequences {t, tnen+, {Tn fnen< C [0, 1] such that ¢, — 1 and 7, — 1 as
n — +oo satisfying
A= lim Zf(t,€) and p= lim Zf(7,8).
n—-+4oo n—-+o0o

We can find two increasing functions o, 0’ : N* — N* such that for every n € N*
1
1-— E < to(n) < Tor(n) < 1.

Let ¢ > 0. There exists Ny € N* such that for every n > Ny it holds

Zf{ton€) 2 1+ +p1 and |2 (rprmé) =l < 5 (2.2)
By (#4) there exists n > 0 such that for every £ € intC' and every ¢ € [0, 1] it holds
L—t<n = Zf(t§) < ZF(©) + - (2.3)
Choose an integer n > max{2, No,n~'}. Then it holds that
Tor(ny >0 and 1 — Latn). <. (2.4)

To”(n)
Therefore, by (2.2), (2.4), (2.3) and l.s.p. we obtain
Iltet+p < Zftem)é) — 2f(Tom)é) + Zf(Torm)€)

to(n
_ : f< - mn)s) 21 () + 2 (ari)

To'(n

< et

which is impossible. It means that if y < 400 then A < 4o0.
Now, we will show that in this case 4 = A. Consider {t,, }nen+, {7 tnen= C [0, 1] such that ¢, — 1 and 7, — 1
as n — oo satisfying

A= lir_ir_l Zf(tn€) and p = lirf Zf(1né).

As above we can find two subsequences such that for every n € N*
1
1-— E < to(n) < To/(n) < 1.

Let ¢ > 0. There exists Ny € N* such that for every n > Ny it holds

€ €
125 (tota) ~ N < & and |2 (7o) — il < & (2.5)
By (/) there exists n > 0 such that for every £ € intC' and every ¢ € [0, 1] it holds
L—t<n = Zf(t) < Zf(O)+ (2:6)
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Choose an integer n > max{2, No,~'}. Then it holds that

tO’ n
Tor(n) >0 and 1— o) < 7. (2.7)

To”(n)

Therefore, by (2.5), (2.7), (2.6) and l.s.p. we obtain

0<A— no= A— Zf(ta(n)g) + Zf(ta(n)g) - Zf(Ta/(n)g) + Zf(Tcr’(n)g) — K
2e ta(n)
< — Z — 7 - Z 7 < .
< 3+ f <Tg/(n) To (n)ff) f(romé) < e
The proof is complete since € > 0 is arbitrary. O

Under (44)) and (41) we will denote by é} : M™*4 — [0, 4-00] the function defined by

Zf(€) if £ € intC
é}({) _ [0711[122_& Zfte) if&eol
400 otherwise.

Lemma 2.5. Assume that (/) and () hold. Then for every € > 0 there exists n > 0 such that for every
e C andtel0,1] it holds

1—t<n = Zf(t6) < Zf(€) +e.

Proof. Let {7 }nen C [0, 1] be such that 7,, — 1 as n — +o0. Let € > 0. By (/%) and l.s.p., there exists n > 0
such that for every n € N, every t € [0, 1] and ¢ € C it holds

1-t<n = Zf(t’l'nf) < Zf(Tnf) té&.
Since Zf is continuous in intC' by Lemma 2.3 and using Lemma 2.4, we deduce for every ¢ € [0,1] and £ € C

L—t<n = lim Zf(tr,€) = Zf(t§) < lim Zf(rs€) +c=Zf() +e.

The proof is complete. O
Lemma 2.6. Assume that (%) and () hold. Then for every & € M™*4

210 = int { [ 27+ Vota)dn : 6 € W=(riR™ .
Proof. Tt is enough to prove

210 <int{ [ 7+ Vota)dn 6 € Wi=(riRm .
Let € € M™% and ¢ € W,*°(Y;R™) such that

/Yé}(f + Vo(z))dr < +oo.
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Then ¢ + Vé(z) € C ae. in Y, and so & € C since C is convex. Let n > 1 and ¢, = 1 — % Let Y 52—
tnlx + o () € ug, e + W™ (YV;R™), where uy, ¢ () = t,éx for z € Y. By Ls.p., it holds that Vu,(z) € t,C
a.e. in Y. Let € > 0. By Lemma 2.5, there exists n > 0 such that for every £ € C and t € [0,1[,if 1 — ¢t <7
then Zf(t€) < Zf(f) + . Choose n(e) € N* such that 1 —n~! < 7 for all n > n(e). Thus, for every n > n(e)

/ Zf(tn€ + t,Vé(z))dr < e + / Zf(€ + Vo())da.
Y Y
Applying Lemma 6.1, for every n > n(e), we can find {0} }x>1 C us, e + W, ™ (Y;R™) such that

lim sup/y F(Vug(z) —th€ + tp8)de < /Y Zf(tné + thVo(z))da.

k—-+o00

Thus, since Zf < f and v} — ug,¢ € Wy ™ (Y;R™) we obtain

Zf(tanf) < e+ /Q Zf(€+ Vo(z))da.

Letting n — +o00 and using Lemmas 2.3 and 2.4, we have

Z7(©) < e+ [ Zf(€+Tola)da.
We obtain the desired result, since € > 0 is arbitrary. O

Lemma 2.7 (Miiller [13], Thm. 4). Let K C M™% be a compact conver set. Let Q C R? be a bounded, open
set with Lipschitz boundary. Let {un}nen C WH(Q;R™) be a sequence satisfying

Up — Uoo i LY R™)  and / dist(Vuy,(z), K)dz — 0.
)

Then u, — us in Wht and there exists {v, fnen C WH(;R™) such that

Vp = Use 0N O
Hz € Q: Vuy(z) # Vo (x)} — 0
[[dist(Von, K)o — 0.

Lemma 2.8. Letr > 0. Let p > 0 be such that pB C intC, with B = {¢& € M™*4 : |¢| < 1}. Then

{€ e M= dist(¢, C) < pg} C (1 + r)intC.

Proof. Note that by l.s.p. and the continuity of the norm we have dist(-,intC') = dist(-,C). Let r > 0. Let
& € M™*? be such that dist(¢,intC) < pZ. There exists F, € intC such that p% > dist(¢, intC) > [ — F,| — p.
Now, if we write £ = ¢ — F,. + F,. then ¢ € 7pB +intC C (1 + 7)intC. O
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3. PROOF OF THEOREM 1.1

The following lemma gives a simplified formula for Zf under (), (#4) and (H63).
Lemma 3.1. Assume that (J4), (FA4) and (%) hold. Then

N Zf(E) if€€intC
Zf(§) =
+00 otherwise.
Proof. Let £ € 9C. Lemma 2.1 (iv) and (.#4) give an increasing sequence {t},>1 C [0, 1] such that ¢, — 1 as

n — +o0o and inf{Zf(£) : ¢ € C'\t,C} > n for all n € N*. Let n € N*. By Ls.p., we have t,,41¢ € t,,41C \ t,,C,
since t,, < t,4+1. By Lemma 2.4, it follows that

Z(©) = lim Zf(tnr1€) 2 lminfinf{Z(€) : ¢ € T\ 1,0} > liminfn = foc.

Proof of Theorem 1.1
We have to show that the function é\f is 1-sup-quasiconvex, and
Qf = Zf = Zf.
Consider the sequence {t, }nen+ given by Lemma 2.1 (iv). For each n € N*, we set f,, = Qh,, where

() = Zf(€) if ¢ €t,C
TSI n (14 dist(€,C)) if € e MM\ ¢, C.

By (44), it holds for every & € M™*? and n € N*

where a;,, = max {supgetné f(&),2n(1 + diam(a))} < +00, where diam(C) = sup{|¢ — (| : &,¢ € C}.
Let n € N*, we will show that f,, < fni1. By Ls.p., we have ¢,C C t,41C C intC. Let & € M4,

€ € 4,0 then hy(€) = hui1(€) = ZF(O);
— if £ € tp11C\ t,C then, by Lemma 2.1 (iv), we obtain

ha(€) = n(1 +dist(§,0)) = n < Zf(€) = hnt1(6);
—if&é tn11C then
ha(€) = n(1 4 dist(¢, C)) < (n+ 1)(1 + dist (£, C)) = hny1(8).

Hence h,, < hy4+1 and then f, < f,4+1. Note also that, by Lemma 2.2, we have f, < Zf < f. Thus, we have
that {f,}nen+ is a nondecreasing sequence of quasiconvex functions satisfying

fa(§) < an(L+[¢]), and fn(§) < Z£(£) < F(£) (3.1)

for all ¢ € M™*? and n € N*. Set foo = sup,cy- fn, then, by the right hand side inequality in (3.1), it holds
that foo < Zf.
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Now, we shall show that fo, > é} . Let £ € M™*? and k € N*. Without loss of generality, we may assume
that foo(€) < +00. By Lemma A.2 it holds that for every n € N* there exists ¢F € W(}’OO(Y; R™) such that

1@z / Zf(€+ Veh(@)de +n / dist(€ + Vol (2), T)de + Y\ A%
2k Ak y\AL

with Ak ={z €V : £ + Vek (x) € t,C}. We deduce that

lim [ dist(¢ + Vo (z),C)dz = 0. (3.2)
n—-—1+0oo Y
lim Y\ A%l = 0. (3.3)

Since for any ¢ € M™*? it holds that |¢| < diam(C) + dist(¢, C), (3.2) implies that {£ + V¢ },en- is bounded
in L'(Y;M™*4). Using Poincaré inequality and compact imbedding of W11 (Y;R™) in L'(Y;R™) we deduce
that there exists a subsequence (not relabelled) {¢F}, en+ converging in L'. Applying Lemma 2.7, we can find
a sequence {¢F}pen- C Wy ™ (Y;R™) such that

ngrfoo {z €Y : Vol (x) # Vipi(z)}| =0, and (3.4)
lim[|dist (€ + VYE, C)||sey = 0. (3.5)

Let p > 0 be such that pB C intC, where B = {¢£ € M™*? . |¢| < 1}. By (3.5), there exists o(k) € N* such that

for every n > o(k)

Jdist(€ + Vi, O)lloc.y < o

We construct o : N* — N* in order to obtain an increasing function of k. By Lemma 2.8, we deduce £+ V¥ (z) €
(14 4)intC ae. in Y for all n > o(k).

For each | € N* we denote by M; = sup{f(¢) : ¢ € #;,C} which is finite since Lemma 2.1 (iii). By (3.3) and
(3.4), there exists (k) > 1 such that for every n > d(k)

1

max{|{:c eyY: V(;SZ(CC) # vwrkz(x)}| ) |Y\Aﬁ|} < m

Now, we take n > max{d(k),o(k)} then

max {|Bf|, |Y'\ AF |} and  74(& + Vo (z)) € intC ae. inY,

<
B 4kMa(k)

where Bf = [{z € Y : Vo (2) # Vyk(z)}| and 7, = (1+ k717, Set GE = BEU (Y \ (BF U A%)), we have
that |GF| < (2kM,)) " since BE U A% 5 Ak, Then it holds

. Zf (o (€ + Vibi (2)))dz

. / Zf (o€ + VYL (2))dz
(Y\BE)NAE

/Y Zf(ton (& + Vi (2)))da

IN

Gul swp ZFQ)+ [ Zf e+ Veho))iz
C€tox)C Al

IN

1
ot /A 20 amle + Ve (@)))da.
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By convexity of the distance function, we deduce from (3.2) that £ € C. The l.s.p. implies that to(k)TkE € intC.
Using Lemma 2.6, we deduce that for every k € N* and every n > max{d(k),o(k)}

Zf(tg(k)ka) < i +/ Zf(tg(k)’rk(f -+ ng)];(l')))dl‘, (36)
AL

with AF = {z €Y : £+ Vek(x) €t,C}.

Let s € N*. By (74), there exists ns > 0 such that for every ¢ € [0,1] and ¢ € intC if 1 — ¢ < 5, then
Zft¢) < Zf(¢) + % There also exists an integer ks > 1 such that 1 — ;)7 < ns for all k& > kg since o is
increasing. Thus, if we take k > kg then for every n > max{o(k),d(k)}

1
[ it + Vb < S+ [ 25+ Vo)
n o
< 3 + % + foo(§)-
Hence, by (3.6)
Z f(tommé) < % + % + foo(§)- (3.7)

By Lemmas 2.3 and 2.4, it follows
poy 1
Z = lim Z < - .
f& = Jlim Zf(toumme) < <+ fool€)

Letting s — +o00, we obtain Zf < foo-
Now, by (3.1), (1.1) and Lemma 3.1, it follows

Qf <Zf<Zf=f>~<Q(Zf) < Of.

The proof is complete. O

4. PROOF OF THEOREM 1.3

The proof follows essentially the same lines as the proof of Theorem 1.1, however it is worth to write it here
because of some differences due to the behavior of Z f near the boundag of C.

We divide the proof into two steps. In the first step we show that Zf is 1-sup-quasiconvex. In the second
step we show the representation formula for Qf.

Step 1. Assume without loss of generality that Zf # 0 in intC'. For each n € N, we set f, = Qg,, where

[ 21 if € € intC
gn(g) - n(1+dist(€76)) 1f€ c MMXd\intC.

Set M = supgcinie Zf(§) which is finite since (3). We have that {f,}nen is a nondecreasing sequence of
quasiconvex functions satisfying

fn(€) < max (M, 2n(1 + diam(C))) (1 + [¢])

for all € € M™*¢ and n € N. For each n € N* we have f, < Zf < f in intC, and f, < Zf < f in C. Indeed,
let £ € OC, by Lemma 2.4 there exists a sequence {t}ren+ C [0, 1] such that ¢ — 1 and limg_, 40 Zf (L) =
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limjo 1[ 5¢—1 2f(t§). By ls.p., tx€ € intC for all kK € N*. Thus, by (54), we obtain for all n € N*
fa€) < lim Zf(tx€) = Zf(§) < liminf f(t4€) < f(E).
— 400 k—+o00

And so for every £ € M"™*? and n € N*

o~

fn(€) < foo(§) S Zf(8) < f(€) (4.1)

where fo = sup,,>; fn-
Now, we shall show that fo, > é} . Let £ € M™*? and k € N*. Without loss of generality, we may assume
that foo(€) < +00. By Lemma A.2 it holds that for every n € N there exists ¢F € W(}’OO(Y; R™) such that

L@z / Zf(E+ Veh(@)de +n / dist (¢ + Vel (2), T)dz + nfY'\ A%
2k A% Y\Ak

with A ={z €Y : ¢+ Vek(x) € intC}. We deduce that

lim [ dist(¢ + Vok (z),C)dx = 0. (4.2)
n—-1+:0oo Y
lim Y\ A%| = 0. (4.3)

Since for any ¢ € M™*? it holds that |¢| < diam(C) + dist(¢, C), (4.2) implies that {& + V¢~ },,en is bounded
in L'(Y;M™*4). Using Poincaré inequality and compact imbedding of W11 (Y;R™) in L'(Y;R™) we deduce
that there exists a subsequence (not relabelled) {¢%}, e converging in L'. Applying Lemma 2.7, we can find
a sequence {YF}en C Wy ™ (Y;R™) such that

lim [{z €Y :Ve¢h(z) # Vyi(z)}| =0 and

n—-+oo

lim_[Jdist(€ + V5 (2), O)ll oy = 0.

As in the proof of Theorem 1.1 we deduce that there exists an increasing sequence N* 5 [ — o(l) € N* such

that
1

max{|{z € Y : V¢§(k) (z) # V¢§(k) (@)}, |Y\A§(k)|} < Tl
(€ + waj(k) (z)) € intC a.e. inY,

where 73, = (1 + k~1)~1. To simplify notation we write ¢, 1 and A;, for, respectively, ¢§(k), 7/’5(19) and A’;(k).
Set By ={z €Y : Vi (z) # Vor(z)} and Gy, = B U (Y \ (B U Ag)). By (%) we have

/Y Zf(ne+Vode < [ Zfnle+Vodet [ Zfe+ Vou)ds

% + /A Z (€ + Vo)) da.

Let s € N*. By (), there exists 75, > 0 such that for every ¢t € [0,1] and £ € intC if 1 — ¢ < 5, then
Zf(t&) < Zf(€) + L. Consider k € N* such that k + 1 > (n,)~!, it follows that

[ zpe+Voade < S+ [ Zf6+ Vorla)da

1 1
< ;"f'%‘i‘foo@),
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and then

| 2 V@ < S g+ (0 (4)

By convexity of the distance function, we deduce from (4.2) that & € C. The ls.p. implies that 7,¢ € intC.
According to Lemma 2.6 together with Lemmas 2.4 and 2.3, we deduce from (4.4) that

ZF(€) < liminf Zf(n&) <~ + foo(©).

Letting s — +o00, we obtain Zf < foo, which finishes the proof of the first step.
Step 2. We shall show that
Of =Zf = Zf.

We have that Qf < Zf since Qf satisfies inequality (1.1). Now, let £ € 9C, by lower semicontinuity of Qf we
have

Zf(f) = lim Zf(t&) > [hr[nlnf Qf(te) > Qf(§).

[0,1] 5t—1

We deduce that Qf < Zf By (4.1) we have Zf foo < Qf. Now, it holds Zf > Zf on C, and by definition
of Zf, we obtain Zf > Zf. Since Qf < Zf, it follows that Qf < Zf. Thus, we obtain

Qf <Zf<Zf=fu<Qf

which finishes the proof. O

5. UPPER BOUND AND APPROXIMATION OF SOBOLEV FUNCTIONS VIA CONTINUOUS
PIECEWISE AFFINE FUNCTIONS

5.1. Upper bound for continuous piecewise affine functions

Let us denote by Aff(2;R™) the space of all continuous piecewise affine functions from Q to R™, i.e.,
u € Aff(Q;R™) if and only if u is continuous and there exists a finite family {U,;};c; of open disjoint subsets
of U such that |U \ Uie;U;| = 0 and for every i € I, Vu(z) = & in U; with & € M™*9. The proof of the
following lemma follows by an easy adaptation of Lemma 3.1 in [3].

Lemma 5.1. Let p € [1,4+00]. Let g : M™*?¢ — [0, +0c0] be a Borel measurable function and U C R? be a
bounded open set. Then for every u € Aff(U;R™)

n—-+oo

inf {liminf/ 9(Vup)de : u+ Wy (U; R™) 3 up—u in Wl’p} < / Zg(Vu)dz
U U

(replace “—7 by “>7 when p = +00).

5.2. Approximation results

Let |- |1,p,a (resp. |- |pa) stand for the norm of W1P(A;R™) (resp. LP(A;R™)) where A C R? is open and
p € [1,+00]. Let B = {¢& € M™*4: |¢| < 1} be the unit ball of M™*9,
The proof of the following lemma is omitted since it is a particular case of Theorem 10.16 in [9].
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Lemma 5.2. Let Q C R? be a bounded open set. Let K C M™% be a compact set and v € C*(;R™) such that
VreQ Vau(r) € intK.

Then for every | € N* there exists u; € WH(Q;R™) and an open set Q; C Q such that
(1) uilo € AF(Q;R™) and w; = u near 0);
(il) Vu(z) € intK a.e. in Q;
(i) [t — ul o0 < 75
1
(iv) |Q\ < 7 and [0Sy = 0.

To prove the following approximation result, we follow the arguments of Corollary 10.21 in [9]. We pretend
no originality here in doing this, we just make an adaptation in our framework.

Proposition 5.1. Let K C M™*? be a compact convex set with 0 € intK. Let t € [0,1] and u € WH°(Q;R™)
be such that
Vu(z) € tK a.e. in Q.
Then for every integer n > %_t there exist u, € W (Q;R™) and an open set 2, C § such that
(1) unla, € Aff(Q2,;R™) and up, = u on 09
(ii) [Jun —ull1p0 <0t for all p € [1,400].

1
(iil) Vun(z) € (t + ﬁ) K a.e. in Q;
(iv) |Q\Q,] < 1 and |08,| = 0.
n

Proof. Since 0 € intK, there exists 7 > 0 such that rB C intK. Let ¢t € [0,1] and u € W>(Q;R™) be
such that Vu(z) € tK a.e. in Q. Fix s € N*. Let o : N* — N* be an increasing function such that the set
Us(s) = {z € Q: dist(z;R?\ Q) > o(s) "'} satisfies |Q\U,(s)| < 1. Let us define ¢, € C§(€;[0,1]) by

. 1 ifﬂCGUQ—lU(S)
Ye(@) _{ 0 ifzeQ\Uyy.

To simplify notation we write Uy instead of U,(s). Set vy = ||[V¢)s[|oo, We can assume that there exists co > 0
such that vg > ¢ for all s € N*.

By Sobolev imbedding theorem, we can assume that u is continuous in . For every k > 20(s), consider
pr a smooth mollifier with support in the ball By (0) € RZ. Then the function vy = pg * (ulp,) € CSC(Q;R™)
satisfies

~ Vi (x) € tK for every x € Ug;

= vk — ull1pu, < M for all p € [1, +o0];

_ _ < .
lvk — ulloo,v, < Sy

for all k > k(s) = max{k(s),20(s)} for some k(s) € N*.
By Ls.p., we have tK C intK. By Lemma 5.2, for every k > k(s) there exist a sequence {vik Hen+ C
Whee(Ug; R™) and a sequence of open sets {U; x }ien+ C Uy satisfying for every | € N*
— vkl € AE(Upp; R™) and vy, = g, near 0Us;

— Vui(z) € intK a.e. in Us;
T
ok = vkllveo,0, < 75

r
— |US\U571¢| < 7 and |8Ul7k| =0.
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It is easy to see that
Vui(z) € tK + %E a.e. in U,

for alll € N* and k& > l%(s) We define

] Ys(@)v(x) + (1 = s(x))u(x) i x € U
k(@) = { u(z) " if z € Q\U,.

We have that u; , € W (Q;R™), u;, = u on 99 and
Vo k(z) = s (2)Vue(x) + (1 — ¥s(z)) Vu(x) + Vs (x) @ (v k() —u(x)) a.e. in Us.

Let I(s) > 2sv, be an integer. If [ > I(s) and k > k(s) then

r

[Vibs @ (v — u)l[oo,v, < o

Set us =ty 75y Ad Qs = Uy (o) Then us[o, € AfF(Qs;R™) with [Q\ Q] < 57 + (25¢0) ! and

1 1 —
Vus(z) € tK + (— + —) rB a.e. in Q.
s 2scy

Set vs = vj(4) j(s)» We have for every p € [1,4+o00]

us —ullipe = llus —ullipo. < flvs —ullipo,
< s = ”1}(5)”17107% + ||v];;(s) —ullipu.
< 27 [P los — vy .00 + I3 — ullpos
<

1 1 1
—— (1+47251007).
251/5( + 727
Let n > 7&-. Choose s(n) € N* such that

1
2s(n)co

1
(1 25 |Qp +2(r+co)> <=,

3

and set u, = Ug(y) and Q,, = Q). Then (i), (ii), (iii) and (iv) are satisfied.

6. PROOFS OF THEOREMS 1.2 AND 1.4

Lemma 6.1. Assume that (#4) holds. Let u € WH>°(Q;R™) and t € [0, 1] such that
Vu(z) € tC a.e. in Q.

Then there exists a sequence {un ynen C u+ Wy ™ (Q; R™) such that

Up — u in L' and limsup/ f(Vup(z))de < / Zf(Vu(x))de.
) )

n—-+o0o
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Proof. Let u € WH*°(Q;R™) and t € [0, 1] such that Vu(z) € tC a.e. in 2. By Proposition 5.1 there exist
{tn}tnens € WH°(Q;R™) and a sequence of open sets {2, }nen+, Q2n C Q such that for every integer n >
1-1~"

— up|q, € Aff(Q,; R™) and u, = u on 08

— lun — ull1po <n* forall p € [1,+oo[;

~ Vu,(z) € (t+n"HC ae. in

— |2\ Q.| <n ! and [09,] = 0.
We can assume, up to a subsequence, that Vu,(-) — Vu(:) a.e. in Q and u,, — u in L* as n — +oo. Choose

ny € N* in order to have
1 1+t
t+ — < — < 1.
¢ 2
Let n > ny, then Vu,(z) € L£C ae. in Q. Set My = sup{f(¢) : ¢ € L C} which is finite since (J4).
By Lemma 5.1, for every n > n; there exists {0 }men+ C upn + WOI’OO(Qn; R™) such that v}, Ay, in WhHee
as m — —+oo, and

1imsup/ f(VvﬁL(:c))dscg/ Zf(Vup(x))de. (6.1)
m—+0o0 JQ,, n
By compact imbedding theorem for every n € N* there exists a subsequence (not relabelled) v, — u, in
LY (3 R™). Set U,y = Ia, vl + Ig\q,, tn. From (6.1), we have
timsup [ f(Tuna(e)ds~ [ f(Funa(@)de < [ 27(Vu,(@)d
m—+00 JQ O\, Q
By (/4)
1
/ F (Vg n()da| < M Q\Qy| = — M.
o\ Qs n
We deduce
1imsup1imsup/ F (Vi n(z))de < limsup/ Zf(Vup(x))dz
n—+too m—+oo JQ n—too JO (6.2)

u+ WOI’OO(Q;Rm) 3 Umon — Up in L' as m — +o0.

Since Vuy,(z), Vu(z) € 3C ae. in Q for all n > ny. Using continuity of Z f s (see Lem. 2.3), and Lebesgue
dominated convergence theorem, we obtain

limsuplimsup/ f(Vumﬁn(:E))dzcg/Zf(Vu(:c))d:c
Q Q

n—+oo m—-+oo
1 .
u+ Wy ™ (GR™) 3 Upn — up in L as m — +oo
Uy — win L' as n — +oo0.

Diagonalization arguments give the result. O

Lemma 6.2. Assume that (#4) and (JA) hold. Assume that for every u € W' °(Q;R™) and t € [0,1] such
that Vu(z) € tC a.e. in Q it holds

Z(u) < /QZf(Vu(:c))d:E.
Then for every u € WH°(Q; R™)
I(u) < /Qé\f(Vu(x))dx
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Proof. Without loss of generality, assume that

/ @(Vu(ac))dx < +oo
Q

with u € W (Q;R™). We deduce that Vu(z) € C a.e. in Q since Lemma 2.2 (ii). Let n > 1. Set u, =
(1 - L)u e Whe(Q;R™), then u, — u in L*. By Ls.p., it holds that Vu,(z) € (1 —n~!)C C intC a.e. in Q.
Let ¢ > 0. By Lemma 2.5, there exists 7 > 0 such that for every £ € C' and t € [0,1[, if 1 —¢ < 7 then
Zft€) < é}(f) +¢e. Choose n(e) € N* such that 1 —n~! < for all n > n(e). Thus, for every n > n(e)

T(up) < / Zf(Vup(x))dz < e|Q] —|—/ @(Vu(ac))dx
Q Q
Letting n — 400 and using the L' sequential lower semicontinuity of Z, we have
T(u) < 2|0 + / ZF(Vu(z))da.
Q

Since € > 0 is arbitrary, we obtain the desired result. O

6.1. End of the proofs of Theorems 1.2 and 1.4

6.1.1. Proof of the lower bound

Proposition 6.1. Let p € [1,400]. Assume that (74) holds. Assume that either (JA4) and () or (#4) and
() hold. Then for every u, {uy}neny C WP(QR™), if up — u in WHP (u, — u in WH> if p = +o0) then

1iminf/QQf(Vun(ac))dxZ/QQf(Vu(x))dx.

n—-+o0o

Proof. Let {uy}n>1,u € WHP(Q; R™) such that u,, — u in WP, By either Theorems 1.1 or 1.3, there is a non-
decreasing sequence of quasiconvex functions with linear growth conditions { fi}ren satisfying sup,cy fx(§) =
Qf(¢) for all ¢ € M™*<. Without loss of generality, assume that

hminf/ Qf (Vuy(z))dz < 4o0.
Q

n—-+o0o

Then by monotone convergence theorem together with Acerbi and Fusco [1] (lower semicontinuity results),
Theorems [I1.4] and [II.1], we obtain

liminf/QQf(Vun(x))dac = liminfsup/ﬂfk(Vun(ac))dx

n—-+4oo n—-+4oo kEN

> liminf/ka(Vun(:c))d:EE/ka(Vu(m))d:c

n—-+4oo

for all £ € N. The proof follows by applying again the monotone convergence theorem. U

Lemma 6.3. Let ug € WHo°(Q;R™). Let I*°,I5°, Iy : LY(Q;R™) — [0, +00] be three functionals defined by
n—-—+o0o

I°°(u) = inf {liminf/ f(Vuy(x))dz : WE2(Q;R™) 3 u,, = u in Wl"x’} )
Q

I5°(u) = inf {liminf/ F(Vun(@))dz = ug + Wy (B R™) 3 u, = u in Wl"x’} ,
Q

n—-+oo
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and
To(u) = inf {liminf/ F(Van(2))dz = ug + Wy ™ (G R™) 3 up — u in Ll} .
Q

n—-+4oo

Then

(i) if Q is connected and Lipschitz then T = I°°;
(i) if Q is Lipschitz then I15° = T.

Proof. (i) By compact imbedding of W1>°(Q;R™) in L'(;R™) it holds Z < I°°. Using Lemma 4.4.2. in [6]
and the fact that domf is bounded, we deduce Z = I°.
(ii) As above Zp < I§°. Using Theorem 4.3.18 in [6], we obtain the equality. O

By Lemma 6.3 (i) (resp. (ii)), note that Z(u) = +oo (resp. Zo(u) = +o0) if u € L1 (;R™)\ W (Q; R™)
(resp. u € L' (Q;R™)\ug + Wy = (Q; R™)).

Now, we can finish the proof of the lower bound. By Lemma 6.3 (i), the inequality Qf < f and Proposition 6.1,
it follows that for every u € W (Q; R™)

n—-+o0o

Z(u) =I*°(u) > inf {hminf/ Qf (Vuy,)dz : WhH°(Q;R™) 3 u,, — u in Wl"’o}
Q
\Y dx.
> [ of(vua)da

The proof is complete. O

6.1.2. Proof of the upper bound
Using Lemmas 6.1, 6.2 and either Theorems 1.1 or 1.3, we obtain for every u € W1 (Q;R™)

T(u) < /Q Qf (Vu(x))da. O

Remark 6.1. Let ug € WHo°(Q; R™). If we assume that € is Lipschitz only. Using similar arguments as in
the proofs of the lower and the upper bound, and the Lemma 6.3 (ii) we can prove that

/ Of (Vu(z))dz if u € ug+ Wy ™ (Q;R™)
Zo(u) = Q .
+00 if we LY (Q;R™)\ up+ Wy ™ (;R™).

A. SOME RESULTS ABOUT Zg

Let g : M™*? — [0, +00] be a Borel measurable function.

Lemma A.1 (Fonseca [10], Lem. 2.16). For every bounded open set D C R? satisfying |0D| = 0 it holds

Zg(€) = inf {ﬁ [ ste+ Voae: o W&’mw;m’”)}.

Lemma A.2. If Zqg is finite then Zg = Qg.

Proof. On one hand, we have Zg > Qg, it follows that Q(Zg) > Qg, since Qg is finite and then quasiconvex.
On the other hand, ¢ > Zg > Q(Zg) and then Qg > Q(Zg) since Q(Zyg) is finite and then quasiconvex.
Therefore Q(Zg) = Qg. We are reduced to prove that Zg is quasiconvex. Using the same arguments as in
the proof of Lemma 2.3, we have Zg is continuous since it is finite. Let & € M™*? and ¢ € Wy ™ (Y;R™),
Without loss of generality we can assume that fyg(f + Vo(x))de < +o0o0. By [7], Theorem 1.8, there exists
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{#n}n>1 € Affg(Y;R™) such that V¢, — V¢ a.e. in Y and sup,,>; [Vén|eo < C|Ve|o for some C' > 0. Thus
by continuity of Zg we have

Zg(E+ Vop(z)) < sup Zg(€+() < +o0 a.e. inY
I¢l<c

Z9(§+ Von(z)) — Z9(£ + Vé(x)) ae. inY,
for some ¢ > 0. Applying Lebesgue dominated convergence theorem we obtain
lim Zg(& + Vo (z))dr = / Zg(§+ Vo(z))dx.
n—-+oo [y v
Let € > 0. There is ng > 1 such that for every n > ng

/ Zg(6 + Vo (a))de < / Zg(€ + Vo(a))dx + .
Y Y

Fix n > ng. For some finite family {£7'};cr» € M™*? and disjoints open bounded sets {U! };c 1 with [0U?| = 0
and [Y\Uier,Uj'| = 0, we can write Vo, = > ;1 &'lyn a.e. in Y. By Lemma A.1, we have that for any i € I™
there exists ' € W, ™ (U?; R™) such that

1
S 296+ €)= o [ ol €+ Vet (@)
Set o (z) = @ (x) if © € U, and 7' (z) = 0 otherwise. Then ¢, + ¢, € Wol’oo(Y;Rm) and
/ ZgE+Vo)dr+e > €+/ Zg(€+Vondz > Y
Y Y

icl™

> / 9(5 + Vo, + V(,Dn)d$ > Zg(g)
Y

| o+ +venas

Letting € — 0, we obtain that Zg is quasiconvex and the proof is finished. ]
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