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Analytical modeling of transient hygro-elastic stress concentration
– Application to embedded optical fiber in a non-uniform

transient strain field

F. Jacquemin *, S. Fréour, R. Guillén

Institut de Recherche en Génie Civil et Mécanique (UMR CNRS 6183), IUT de Saint-Nazaire – Université de Nantes,

37 Boulevard de l�Université, BP 406, 44 602 Saint-Nazaire cedex, France
The aim of this work is to propose an analytical model for transient hygro-elastic stresses in transversely isotropic multi-layered
cylinders. This approach allows one to calculate the time and space dependent hygro-elastic stresses in fiber-reinforced composite
submitted to hygroscopic fields by applying the classical continuum mechanics formalism. Application of the proposed model to the
case of an embedded optical fiber shows interesting results, concerning the stress field perturbation occurring in the composite in the
vicinity of the intrusive optical fiber. The model proposed in this study provides a detailed stress analysis of the inclusion which is
required to correctly interpret the data collected through the optical fiber and deduce stresses experienced by the host material.

Keywords: A. Fibers; A. Layered structures; B. Hygrothermal effects; C. Residual stress; D. Stress concentration
1. Introduction

Thermal stress and strain analyses have been per-
formed in unidirectional fiber-reinforced composites by
considering the concept of concentric cylinders. Various
theoretical expressions [1–5] exist for the principal (ra-
dial, circumferential and longitudinal) stresses in the fi-
bers and the matrix and at the interface between them.
Nairn [2] studied the case where only the central cylinder
– that is, the fiber – is transversely isotropic. More re-
cently, Wagner and Nairn [3] and Anifantis et al. [4]
have extended this approach to predict the thermal
stresses in fiber-reinforced composite materials contain-
ing transversely isotropic interphases and/or matrices.
These investigations do not incorporate a transient
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non-uniform thermal field in the analysis: stresses result
from a uniform temperature change only. Nevertheless,
in practice, internal stresses arise from thermal change
and/or hygroscopic change usually encountered during
the service life of the composite structures. Furthermore,
in the literature there is no model dealing with transient
non-uniform hygrothermal problem. The model used in
this study is the classical composite cylinder model ex-
tended to the transient hygro-elastic case. This analyti-
cal approach consists in concentric hollow cylinders
with transversely isotropic homogeneous materials de-
fined in each separate cylinder. In the present work,
we performed a two-dimensional transient-state hygro-
elastic analysis of multi-layered materials. Application
of the proposed model to the case of an embedded opti-
cal fiber shows very interesting results, concerning the
stress field perturbation occurring in the composite in
the vicinity of the optical fiber. In fact, Optical Fiber
Bragg Gratings (FBG) sensors offer an indispensable



tool to study, in a minimally invasive manner, internal
strains in polymeric materials: up to now, FBG have
been used to measure thermal strains but also constitute
a pertinent way to analyse moisture induced strains
(even if, to the author knowledge, no paper in the liter-
ature deals with this topic).
2. Two concentric cylinders

First, consider two concentric cylinders only (Fig. 1),
the central one being the transversely isotropic material
1 and the other being the transversely isotropic material
2. Perfect interfacial bonding is assumed between the
cylinders. A hygro-elastic model for multi-layered mate-
rials subjected to transient moisture content is investi-
gated. Moreover, the moisture contents of the
materials can be strongly different. As example, the
model is used to simulate the presence of an optical fiber
(material 1), considered not to absorb water, embedded
in an unidirectional fiber-reinforced composite (material
2) in order to measure its hygro-elastic stress state. In or-
der to predict the reliability of the measurement with
optical fibers and to prevent a possible damage occur-
rence generated not by the ambient conditions but by
the embedded optical fiber, it is necessary to estimate
the perturbations occurring in the composite stress field
due to the presence of the optical fiber.

The assembly composed of materials 1 and 2 is sup-
posed initially dry. Then, the external material is ex-
posed to an ambient fluid with boundary moisture
content m0. The moisture content is solution of the fol-
lowing system with unidirectional Fick�s law (1), where
D is the transverse diffusion coefficient of the composite.
The moisture flux is assumed to be null at the interface
between the material 1 and the material 2 because the
material 1 does not absorb water
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Fig. 1. Cross-section of composite cylinder model.
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According to [6], the time and space dependent mois-
ture content, m(r, t), solution of the problem (1) and
(2) is:

mðr; tÞ ¼ m0 1þ p
X1
m¼1

expð�Dx2
mtÞ

J 2
0ðbxmÞ � J 2

1ðaxmÞ
J 2
1ðaxmÞ

"

� Y 0ðbxmÞJ 0ðrxmÞ � J 0ðbxmÞY 0ðrxmÞf g�; ð3Þ

with xm the mth positive root of:
J0(bxm)Y1(axm) � J1(axm)Y0(bxm) = 0, where J0, J1,
Y0 and Y1 are Bessel�s functions of first or second kind.
2.1. Mechanical problem

At the initial time, the cylinders are assumed to be
stress free. Therefore, the hygro-elastic orthotropic
behaviour writes as follows in (4), where b and L are,
respectively, the in-plane tensors of hygroscopic expan-
sion coefficients and elastic moduli. Those tensors are
assumed to be material constants
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Solving the hygro-mechanical problem, requires to ex-
press the strains versus the displacements (5) along with
the compatibility and equilibrium equations (6)
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w
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or33

or
þ r33 � r22

r
¼ 0. ð6Þ

The displacement component in the longitudinal direc-
tion u(x) is then deduced:

uðxÞ ¼ Ax; A is a constant. ð7Þ

It is worth noticing that the displacement u(x) does
not depend on the moisture content field. Finally, to
obtain the through-thickness or radial component of
the displacement w, we shall consider in the following
the analytical transient moisture content (3). The
radial component of the displacement field in the
material 2, denoted w(2), satisfies the following
equation:

r2
o2wð2Þ

or2
þ r

owð2Þ

or
� wð2Þ ¼

K1r2 oDm
or

L22

with K1 ¼ L12b11 þ L23b22 þ L22b22 ð8Þ

It is shown that the general solution of Eq. (8) writes as
the sum of a solution of the homogeneous equation and
of a particular solution.



Table 1
Properties of the optical fiber Corning SMF28 [11]

Properties Values

Radius 62.5 lm
Young�s modulus 73.1 GPa
Poisson�s coefficient 0.17

Table 2
Macroscopic hygro-elastic constants of a T300/5208 composite [12]

E1 (GPa) E2, E3

(GPa)
m12, m13 G23 (GPa) G12 (GPa) b1 b2, b3

139.6 9.8 0.28 3.5 6.4 0.026 1.12
wð2ÞðrÞ¼Bð2ÞrþCð2Þ
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When the equilibrium state is reached, we retrieve in
material 2 the displacement components previously pro-
posed by Anifantis et al. [4]:

uð2ÞðxÞ ¼ Að2Þx;

wð2ÞðrÞ ¼ Bð2Þr þ Cð2Þ

r .

(
ð10Þ

The preceding relations (10) stands for the displacement
field in the material 1, at any time, with different con-
stants, denoted A(1) and B(1), and the condition
C(1) = 0 for the boundness of solution at r = 0 [3]:

uð1ÞðxÞ ¼ Að1Þx;

wð1ÞðrÞ ¼ Bð1Þr.

(
ð11Þ

Finally, the displacement field depends on five constants
to be determined: A(1), B(1), A(2), B(2) and C(2). These five
constants result from the following conditions:

• Continuity of the displacement components at the
interface

uð1ÞðaÞ ¼ uð2ÞðaÞ;
wð1ÞðaÞ ¼ wð2ÞðaÞ.

(
ð12Þ

• Continuity of the radial stress at the interface and
traction-free condition at the outer radii

rð1Þ
33 ðaÞ ¼ rð2Þ

33 ðaÞ;
rð2Þ
33 ðbÞ ¼ 0.

(
ð13Þ

• Global force balance of the cylinderZ a

0

rrð1Þ
xx dr þ

Z b

a
rrð2Þ

xx dr ¼ 0. ð14Þ
3

2.2. Example: on the use of optical fiber to measure the

hygro-elastic mechanical state

Embedded optical Fiber Bragg Gratings (FBG) sen-
sors have been proved to be well suited for strains mea-
surements in composite materials [7–9]. Optical Fiber
Bragg Gratings offer an indispensable tool to study, in
a minimally invasive manner, internal strains in poly-
meric materials. A detailed stress analysis of the inclu-
sion is required to correctly interpret the data from the
fiber and on to the host material. The properties of the
considered optical fiber (material 1) are presented in
Table 1. The macroscopic properties of the considered
composite (material 2) are presented in Table 2. The
outer radius of the optical fiber a is 62.5 lm and the
outer radius of the surrounding composite (material 2)
b will be successively taken equal to 125, 250, 375,
500, 625 and 1250 lm which correspond to fiber volume
fractions Vf of 25%, 6.25%, 2.78%, 1.56%, 1% and
0.25%, respectively.

Figs. 2–4 show the radial, hoop and axial stresses in
the optical fiber and composite, as a function of rdim,
corresponding to a saturation state at 50% HR in the
composite. Where rdim is the distance from the center
of the optical fiber, normalized by the outer radius of
the surrounding composite. Since a unidirectional com-
posite at saturation state is considered, the hygro-elastic
stresses must be null. High stress gradients occur in the
region near to the optical fiber. Stress concentration in
the vicinity of the optical fiber are caused by the hetero-
geneity of hygro-elastic properties between the compos-
ite and the optical fiber. The stress level in the fiber
remains constant (i.e., it does not depend on the posi-
tion). Up to a volume fraction of 2.78%, the stresses in
the optical fiber do not change, therefore the fiber is suf-
ficiently far from the outer surface to be affected. The ra-
dial stress is continuous at the boundary between fiber
and composite contrary to the case of the hoop and ax-
ial stresses. The radial stresses are tensile due to the
swelling behaviour of the composite material resulting
from the moisture absorption. Note that hygro-elastic
stresses can negate thermal stresses induce by cooling
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Fig. 2. Radial stress versus fiber volume fraction in permanent state.
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Fig. 3. Hoop stress versus fiber volume fraction in permanent state.
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[10]: the radial stresses due to the cooling should be
compressive. The tensile radial stresses in the composite
are balanced by the compressive axial and hoop stresses.

The stress field in the composite is more affected when
the fiber volume fractions grows. Thus, in practice, an
4

optical fiber having a small radius should be preferred,
since this choice provides the weakest perturbation of
the stress field in the studied composite material. Vacher
[11], by a finite elements approach for steady-state ther-
moelastic problem, shows that the perturbations gener-



Table 3
Hygro-elastic stresses at a distance of twice optical fiber diameter

External radius,
b (lm)

Radial stress
(MPa)

Hoop stress
(MPa)

Axial stress
(MPa)

375 0.56 �3.13 �0.90
500 1.13 �2.58 �0.50
625 1.35 �2.28 �0.32
1250 1.75 �1.98 �0.08
ated by the optical fiber are localized at a distance of
twice its diameter. Table 3 presents the permanent
hygro-elastic stresses, up to a volume fraction of
2.78%, at a distance of twice the optical fiber diameter.
At such a distance, the radial, hoop and axial stresses
are close to the stresses (null) which arise without optical
fiber. Besides, these stresses do still depend on the ratio
between the fiber radius and composite radius.

Since the developed approach can take into account
transient moisture state, the case of a fiber volume frac-
tion of 1% (a = 62.5 lm and b = 625 lm) is studied. For
the considered composite material, a relative humidity
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of 50% induces a moisture content on the outer sur-
face of 0.75%. The transient moisture content and the
corresponding radial, hoop and axial stresses are,
respectively, depicted in Figs. 5–8.

At the beginning of the diffusion process, the mois-
ture content (Fig. 5) shows strong gradients near to
the outer surface. Then, the moisture diffuses through
the whole composite cylinder, reducing the moisture
content gradients. Eventually, an equilibrium state is
reached in the composite part.

The radial stress gradients (Fig. 6) in the vicinity of
the optical fiber increase with time. In the first times,
the moisture content gradients have a significant effect
on the hoop and axial stresses (Figs. 7 and 8). The
transient analysis emphasizes, in the first times, the hoop
and axial compressive states near to the external sur-
faces: compared to the permanent state, the transient
state induces negative stress gradients for both the hoop
and axial stresses. The maximum tensile hoop and axial
stresses are reached during the diffusion process. This
phenomenon is also encountered for the radial stress
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but at a certain distance from the optical fiber: as an
example, at a distance of twice the optical fiber diameter
(i.e., rdim = 0.5). This behaviour is attended for unidi-
rectional composite submitted to transient hygroscopic
fields [12]. The hoop stress gradients in the vicinity of
the optical fiber and the fiber stresses are growing func-
tions of the time.
a r0

Fig. 9. Cross-section of a three concentric cylinder composite model.
3. Three concentric cylinders

Consider three concentric cylinders (Fig. 9), in
which the central one is the transversely isotropic
material 1 and the two others correspond to the trans-
versely isotropic materials 2 and 3. Perfect interfacial
bonding is assumed. The radius of material 1 is a,
whereas the outer radii of materials 2 and 3 are r0
and b, respectively.

The diffusion in the ith layer is governed by Eq. (15),
with initial dry conditions and external boundary mois-
ture content m0. The moisture fluxes are continuous at
6

the boundary between material 2, denoted by the sub-
script 2, and material 3, denoted by the subscript 3. In
addition, at the boundary between materials 2 and 3
the chemical potential is continuous but a moisture con-
tent jump is considered. The moisture content jump is



Table 4
Mechanical properties of N5208 epoxy resin [14]

E1 (GPa) E2, E3 (GPa) m12,m13 G23 (GPa) G12 (GPa)

4.5 4.5 0.4 1.6 1.6
characterized by a factor a denoting the ratio m1
2 =m

1
3 of

the saturation levels of the second layer (material 2) and
the third layer (material 3) [13]. The material 1 is consid-
ered not to absorb water
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Applying the Laplace transform to system (15) and (16)
and by using the residue theory to get the solution in the
time space, we finally obtain the transient moisture
content:

miðr; tÞ ¼m1
i þ

X1
m¼1

2expð�x2
mtÞ

xmD
0
uðxmÞ

AiJ 0ðdixmrÞf þBiY 0ðdixmrÞg

with m1
2 ¼ am0 and m1

3 ¼m0; ð17Þ

where J0 and Y0 are Bessel�s functions of order zero,
Du is the determinant of 4 · 4 matrix [a]. Ai and Bi

are determinants of matrices deduced from [a] by,
respectively, substituting column (2i � 1) and 2i by
the constant vector {g}. D 0

u(xm) is the derivative of
Du with respect to x calculated for xm the mth posi-
tive root of Du. di are defined by the relations
di ¼

ffiffiffiffiffiffiffiffiffiffi
1=Di

p
.

Furthermore, the non-zero elements of [a] and {g}
are:

a11 ¼ D2d2xJ 1ðd2xaÞ; a12 ¼ D2d2xY 1ðd2xaÞ;
a21 ¼ J 0ðd2xr0Þ; a22 ¼ Y 0ðd2xr0Þ;
a23 ¼ �aJ 0ðd3xr0Þ; a24 ¼ �aY 0ðd3xr0Þ;
a31 ¼ D2d2xJ 1ðd2xr0Þ; a32 ¼ D2d2xY 1ðd2xr0Þ;
a33 ¼ �D3d3xJ 1ðd3xr0Þ; a34 ¼ �D3d3xY 1ðd3xr0Þ;
a43 ¼ J 0ðd3xbÞ; a44 ¼ Y 0ðd3xbÞ;
g4 ¼ c0.
Table 5
CME of the resin N5208 [14]

b11 b22, b33

N5208 epoxy matrix 0.6 0.6

Table 6
Saturation levels at 50% HR [15]

N5208 T300/5208

m1 2.95 % 0.75 %
3.1. Mechanical problem

The mechanical states are deduced from the classi-
cal equations of solid mechanics (see Section 2.1).
Since the central fiber does not absorb water, the
relations (11) hold for the displacement field. In the
materials 2 and 3 the displacement fields write as
follows:

uðiÞðxÞ ¼ AðiÞx; AðiÞ are constants.
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The unknown constants are deduced from the following
conditions: continuity of the displacement components,
continuity of the radial stress and traction-free condition
at the outer radius, global force balance of the cylinder.

3.2. Example: presence of a neat resin interphase between

the optical fiber and the composite

In practice, optical fibers are not completely sur-
rounded by reinforcing fibers and a resin-rich layer, with
material constant properties, between the optical fiber
and the composite part can be considered. The outer ra-
dius of second layer, corresponding to the neat resin
subdomain (material 2), is, for simplicity, chosen to be
equal to twice the optical fiber radius (material 1).
Now, we examine how the presence of a neat resin inter-
phase affects the stress field. The properties of resin
interphase are presented in Tables 4 and 5. The satura-
tion levels of the materials 2 and 3 (being the resin inter-
phase and the composite, respectively) are presented in
Table 6.

We notice the jump of moisture content at the bound-
ary between the neat resin and the composite (Fig. 10).
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Due to the neat resin subdomain, larger moisture con-
tents than in the case of the two concentric cylinders
are achieved.
8

High radial stress gradients take place in the resin re-
gion. This stress gradients are growing functions of the
time. In Fig. 11, we notice that a change of sign of the
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Fig. 13. Axial stress in transient state for three concentric cylinders.
radial stress appears during the time in the resin and in
the composite subdomains. Strong discontinuities ap-
pear for the hoop and axial stresses (Figs. 12 and 13)
at the boundaries between the interphase material, the
optical fiber and the composite. Compared to the previ-
ous case, the presence of an interphase subdomain af-
fects considerably the hoop and radial stress profiles
and induces a reduction of the stresses in the optical
fiber.
4. Conclusion

An analytical approach is investigated for transient
hygro-elastic analysis of transversely isotropic multi-
materials concentric cylinders. This approach allows
one to calculate the time and space dependent hygro-
elastic stresses by applying the classical continuum
mechanics formalism. Examples concerning embedded
optical fiber, a pertinent way to measure internal strains,
are given and thoroughly discussed. A detailed stress
analysis of the inclusion (optical fiber) is required to cor-
rectly interpret the data from the fiber and on to the host
material. The stress field perturbations induced by the
intrusive optical fiber are evaluated and discussed. In
particular, the role of the volume fraction of the optical
fiber in the composite material is considered. The influ-
ence of an interphase, here a neat resin subdomain, be-
tween the optical fiber and the composite is also pointed
out. The proposed approach enables to calculate the lo-
cal strain and stress field in composite materials submit-
ted to transient hygroscopic fields. As an example, a
carbon/epoxy composite material with impermeable car-
bon fibers can be considered: in that case, the model al-
lows to calculate the time and space dependent stresses
in the transversely isotropic carbon fibers, in the epoxy
matrix and even in the interphases existing between
9

the carbon fibers and matrix subdomains. In spite of
the fact, that hygro-elastic problem only was considered
in this study, such an approach can be extended to
hygro-thermal problem combining thermal and hygro-
scopic loads.
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