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An energy momentum conserving algorithm using the
variational formulation of visco-plastic updates

L. Noels*, L. Stainier* ¥ and J.-P. Ponthot

University of Liege, LTAS-Milieux Continus and Thermomécanique, Chemin des Chevreuils 1,
B-4000 Liege, Belgium

In this paper we use the variational formulation of elasto-plastic updates proposed by Ortiz and
Stainier (Comput. Methods Appl. Mech. Eng. 1999; 171:419-444) in the context of consistent time
integration schemes. We show that such a formulation is well suited to obtain a general expression
of energy momentum conserving algorithms. Moreover, we present numerical examples that illustrate the
efficiency of our developments.

KEY WORDS: energy conserving; momentum conserving; dynamics; variational formulation; elasto-
plasticity; finite-elements method

1. INTRODUCTION

One can resort to two families of algorithms to integrate the equations of evolution of dy-
namical systems: the implicit family and the explicit family. In this paper, we focus on the
implicit family. The most widely used implicit algorithm is the Newmark algorithm [1]. For
linear models, this algorithm is unconditionally stable. For non-linear models, Belytschko and
Schoeberle [2] proved that the discrete energy, computed from the work of internal forces and
from the kinetic energy, is bounded if it remains positive. Nevertheless, since the work of
internal forces is different from the internal energy variation when the Newmark algorithm is
used in the non-linear range, Hughes et al. [3] have proved that Newmark algorithm remains
physically consistent only for small time step sizes. To avoid divergence due to numerical
instabilities, numerical damping was thus introduced, leading to the generalized-o methods [4].
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Nevertheless, the unconditional stability of these methods is guaranteed only for linear systems
or asymptotically for the high frequencies in the non-linear range [5].

To overcome that drawback, a new class of algorithms, verifying the conservation laws in the
non-linear range, appeared. To demonstrate stability, these new algorithms were not studied on
a linear system as the previous ones, but were studied by taking into account non-linearities.
The first algorithm verifying these properties was proposed by Simo and Tarnow [6]. They
called this algorithm ‘energy momentum conserving algorithms’ or EMCA. It consists in a
mid-point scheme with an adequate evaluation of the internal forces. This adequate evaluation
was given for a Saint Venant—Kirchhoff hyperelastic material. A generalization to other hy-
perelastic models was given by Laursen and Meng [7], who iteratively solve a new equation
for each Gauss point to determine the adequate second Piola—Kirchhoff stress tensor. Another
solution that avoids this iterative procedure leads to a general formulation in term of the sec-
ond Piola—Kirchhoff stress tensor, as proposed by Gonzalez [8]. This formulation is valid for
general hyperelastic materials. The EMCA was then extended to dynamic finite deformation
plasticity based on a hyperelastic model by Meng and Laursen [9, 10], and to dynamic finite
deformation plasticity based on a hypoelastic model by the present authors [11,12]. In such
formulations, the algorithm remains energy conserving when no plastic deformation occurs, and
‘dissipates energy in a manner consistent with the physical model in use’ (sic [9]) when plastic
deformation occurs. Recently, contrarily to Gonzalez [8] who proposed a particular expres-
sion of the second Piola—Kirchhoff stress tensor to reach the conserving properties, Sansour
et al. [13] have proposed an expression (restrained to elasticity) by integrating the second
Piola—Kirchhoff stress tensor in time. The expression thus obtained is therefore less arbitrary
than that of Gonzalez.

In the same context, for contact treatment, a penalty method was developed to simulate
non-frictional and frictional contact interactions by Armero and Petocz [14, 15]. This method
allows surface penetration but ensures conservation of the energy for frictionless problems and
consistent dissipation for frictional ones. Laursen and Chawla [16, 17] developed Lagrangian
and augmented Lagrangian methods to simulate non-frictional and frictional contact. Finally
to avoid the lack of convergence due to the presence of high-frequency modes, numerical
dissipation was introduced in the conserving algorithms by Armero and Romero [18, 19]
for hyperelastic materials. In the same way, Noels er al. [20] introduced dissipation for
hypoelastic materials.

Let us note that the properties of conservation can be reached by using a Petrov—Galerkin
time finite-element method as described by Betsch and Steinmann [21,22]. They can also be
satisfied by using an approximation of the time Galerkin method as proposed by Bauchau and
Joo [23]. In the same way, an approximation of the time discontinuous Galerkin method
leads to an Energy Decaying scheme [23] that presents some numerical dissipation. An-
other energy preserving/decaying algorithm can also be obtained using a Runge—Kutta method
(e.g. Reference [24]).

Let us now focus on the plasticity treatments leading to an energy momentum conserving
scheme. The hyperelastic-based formulation, proposed by Meng and Laursen [9, 10] is based
on the elastic formulation proposed by Gonzalez [8] and is restrained to isotropic harden-
ing. The hypoelastic-based formulation, as proposed by Noels ef al. [11,12], can additionally
account for kinematic hardening but suffers from other restrictions (Hooke’s parameter needs
to be constant and no internal potential can be defined). In this paper, we propose a more
general hyperelastic-based formulation, using the variational visco-plastic constitutive updates



proposed by Ortiz and Stainier [25]. The mathematical structure of this formulation provides
many interesting features, e.g. for error estimation [26]. The main feature of this formulation
is that the stress tensor always derives from an incremental potential, even if plastic deforma-
tions occur. Therefore, in such a framework we can use the formulation based on the second
Piola—Kirchhoff stress tensor as proposed by Gonzalez [8] without any modification. Moreover,
the use of the variational formulation does not lead to any a priori restrictions on the material
laws or parameters, even if in this paper we focus on elasto-plasticity with isotropic hardening.
Finally, we think that the use of the variational updates can be compatible with the method
proposed by Sansour et al. [13], even if in this paper we focus on the method proposed by
Gonzalez [8].

The plan of the paper is the following. Section 2 will expose preliminaries such as the
dynamic conservation laws and the finite-element discretization. We will also explain the split
of the internal potential leading to a locking-free element. In Section 3, we will recall the
variational formulation of elasto-plasic updates. In Section 4, we will use this formulation in
combination with the Gonzalez method to design an energy momentum conserving scheme. In
Section 5 we will show the accuracy and consistency of the proposed algorithm on numerical
examples. Finally, we will draw some conclusions.

2. PRELIMINARIES

In this section we will define the notations in use in this work. Therefore, we will be able
to recall the continuum laws. Then we will introduce the finite-element discretization. In this
work we will use a quasi-incompressible formulation.

2.1. Notations

Let V C R? be the manifold of points defining the body and S C R® be the manifold of its
boundary. Since we will work with regular bodies in Euclidean space, we will identify the body
with the space it occupies and will freely pass between the material and spatial descriptions of
a field whenever it is convenient to do so. We define two configurations: the initial configuration
referred to by subscript O and the current configuration at time ¢. Let py:Vo— R4 be the
initial density. Boundary S is decomposed into two parts: the first one Sz is the part where
the displacements are known and the second one Sj7 is the part where the surface tractions
are known. It yields S;US; =S and S;NS;=0. Let us note that in case of interaction
between different bodies this theory has to be rewritten to take into account the contact forces
between different bodies, but it does not modify results we use to describe body deformations.
Let X be the current positions and Xy be the initial positions. Therefore, the two-point gradient
of deformation tensor is defined by

0%
F=" with f=F ! and J=detF (1)
X0
The right Cauchy—Green strain tensor is defined by

C=F'F )



Conservation of the mass leads to
pdV =p,dVg and pJ=J 3)

To use the quasi-incompressible technique as proposed by Simo and Taylor [27] we need more
definitions. Let 6¢ (physical meaning of 8¢ will be deduced later) be a constant scalar on the
volume part V§, with |J, V§=V¢ and (), V{=0. Exponent e will refer to values for the
volume part V{ (for a finite-element decomposition, e will be the index of an element). Let

the two modified gradients of deformation F and F, the first one having unitary determinant,
defined by

e1/3
F=J7"'"3F and F=0¢"F= [i} F )

In the same way, the two modified right Cauchy—Green strain tensors are defined by
o 1723 o ge12/3
C=F"F=|-| C and C=F'F=|—| C 5)
J J
Let X be the manifold of admissible positions
X={¥:Vo— R}|[J>0 and ¥|s. =X] V¥ € Vo} (6)

with X the known (imposed) positions. Let 7 be the current time and let T =[0, 77] be the time
integration interval. Therefore, the motion of the body is defined by r € T — X(r) € X. During
this motion, the body is subject to specific loads b(t) Vox T— R Let & _be the Cauchy
stress tensor. Boundary pressures Ts(t) S; ) X T—> R verify the condition Ts(t)_Z(t)n(t)
with 7 the outward unit normal to S.

When the body is decomposed into finite elements thanks to shape functions o Vo— R
with £e[1, N] (N the total number of nodes), and with ¢ (xg)—éﬂ (0 is the Kronecker
symbol), it leads for each node & € [1, N]

X(F0) = ¢ (R0)T°,  X(%o) = (Pé(fo);é and  ¥(%o) = ¢° ()X~ (7

where Einstein’s notations have been used. Let v be an admissible virtual displacement defined
by the manifold

D={v:Vyg— R3|[T)|§; =0 et v(Xp,0)=0, v(xXo, ) =0 Vxp € Vol} 8

Let DY C D be the manifold of admissible virtual displacements dx that can be decomposed
such as (7). In this manifold of test functions, we have introduced boundary conditions for the
initial time and for the final time. These conditions are needed when using the principle of
virtual work.

2.2. The continuous problem

The following quasi-variational principle (principle of virtual power of forces) must hold
Vox e DV [28, p. 412]

Iy 0% N
/ f[px of +xT: 2% p. 5x] dv — / [Ts-az] asl dr=0 ©)
0 Vv ox S-

T



where @ -b=a;b; and where A:B=A,; iBij. Let PK be the second Piola—Kirchhoff stress tensor
defined by

PK=JF 'SF T (10)

Using relation (3) and (10), integrating (9) by parts leads to

(poi - 0%} dVo = {poE-ai}d\/o+/ {Ts- 5%} dS
Vo Vo S;
=0K =0Wext
. 06%
[ lepkT - gy, weeT (11
Y 0xo
=6 Wint

where 0Wiy, 0Wex and 0K are, respectively, the virtual work of internal forces, the virtual
work of external forces and the virtual work of inertia forces. This principle leads to the
dynamics conservation laws.

2.2.1. Conservation of linear momentum. Let L be the linear momentum defined by
L= / (pof} dVo (12)
Vo

where relation (3) has been used. Assuming pure Neumann boundary conditions (i.e. Sz =),
if 6x € DV is taken constant, relation (11) leads to the conservation of the linear momentum

Z:f {pob}dV + | (Ts}dS VieT (13)
Vo S7

EI_V—Zext
2.2.2. Conservation of angular momentum. Let J be the angular momentum defined by
J= / {poX AX}dV (14)
Vo

Assuming pure Neumann boundary conditions (i.e. Sz =), taking 6x =7 A X with 7 constant,
since PK is symmetric, and 7 is an arbitrary constant, relation (11) leads to the conservation
of the angular momentum

TJ= [ tpoi ABYAVo+ | {FATs}dS VeeT (15)
Vo 57:



2.2.3. Conservation of the energy. Let K, Wiy, and Wey, respectively, be the kinetic energy,
the internal forces power and the external forces power, with

KE/ [4 002} avg
Vo

Wit = y (PK": [FTF]} dV, (16)
0

Wt = / (pob-51dVo + [ (Ts-F1ds
Vo Sf

where relation (3) has been used. If the power of internal forces Wim is decomposed into a
and an irreversible part WP >0 (plastic dissipation, ...) and if E is the

. el
reversible part W. int =

int
system energy, one gets

Wine=W + WP and E=Kk 4+ W (17)

int int
Therefore, assuming pure Neumann boundary conditions (i.e. Sz =), if 6x =X, relation an

leads to the first thermodynamics principle

E = Wext - Wpl

int

VieT (18)
Let us assume that, even when internal dissipation occurs, we can write

0Dkt
oC

with C defined by relation (2), and with Defr the effective stress potential. Therefore, using
the symmetry of the stress tensor PK, Wi, defined in relation (16) can be rewritten as

PK=2

19)

Win = f {Defr} dVo (20)
Vo
and relations (17) and (18) are rewritten as
K+ / (Derr} dVo=Wexs VeeT @
Vo

Nevertheless, a direct application of the finite element method to expression (20) can lead
to pressure-locking problems in the case of (quasi-)incompressible behaviours such as those
encountered in viscoplasticity. To overcome this, we use the modification proposed by Simo
and Taylor [27]. It is important to note that for materials without incompressibility constraints,
one could directly proceed with a standard finite element discretization of the problem, with-
out loosing any of the consistency properties. Our formalism can easily be simplified for
this approach.

2.2.4. Quasi-incompressible technique. Using relations (4) and (5), with 6 a constant value on
the volume part V{, the internal energy on the volume part V{ can be rewritten as a modified
internal energy W, (Yo, C(X, 0¢)) depending on 0¢ and depending on the positions X. Let p¢



be constant for each volume part V{ (physical meaning of p¢ will be deduced later). Then
Simo and Taylor [27] proposed, for each volume part V¢, the following expression:|

W0, p) =0 [ (Do, CE00) + 17 = 0110V @2)
0

where Degr (X, C(X, 09)) is the new effective internal energy which is a particular choice of
Degr (X, X). Since neither 6K, nor Wex, depend on p¢, the variational principle, applied to p¢,
leads to the definition of 6°¢

0° {(J}dV§ (23)

_\/_8 vi

that represents the mean volumic deformation of V{. In the same way, one has

1 0 Def (X0, C(X, 0°
pe:Vf {o eff (X0 e(x ))} dve (24)
e Jue 20
Finally, it yields
owe Def (%o, C(X, 6
i .5£=/ 0 eff(xo,?(x, ) _5£+pe5_{.555 dVve (25)
0x A 0x 0x

Since Géteau derivatives lead to

0 00x 0C _ 00X - 2. 00x
Y osimre?® aa C st Y 2,0 (26)
ox ox ox ox 3 ox
relation (25) can be rewritten as
6Wi?1t b / = 0 Deff =T 85£T
— . 0x = 2dev{ F——F “JI| : —  dV§ 27
g Tl e\ )t o 0 7)

where devA;; =A;; — %tr Ad;; defines the deviatoric part of a tensor. Thanks to this relation
it appears that p¢ is the constant pressure associated to the volume V§
2.3. Finite-elements decomposition

Thanks to relation (7), the discrete variation of kinetic energy and of external energy from
relation (11) can be rewritten as

5K=f {po@ "} AVo[X]* - 0% = MEH[X]* - 03¢
Vo

(28)
IWex = /\/ {pobo*} dVg - 03 + /S {Tsg%}dS - 03¢ = [Fex(]* - 03¢
0 7

IThis expression is similar to the three-field Hu—Washizu—Fraeijs de Veubeke (HWF) variational principle [29-31]
(regarding denomination, see also Reference [32]).



where MS* is the mass related to nodes ¢ and p. Using the quasi-incompressible method, the
variation of the internal energy is defined from relation (27), where V{j represents a single
finite-element. Therefore, using the following definition of the internal forces at node ¢:

- _ ODuofr - o
Fe=U { |:2dev (F Oa—gf FT> + peJI] fTD‘S} dvy (29)
e JV§

where D¢ =0¢p°/0%y is the derivative, in the initial configuration, of the shape functions.
Using relations (28) and since dx € DV is an arbitrary vector, relations (11) and (27) lead to
the balance equation

M 3] =B — Flé VeeT (30)
ext int €

Let us note that internal forces (29) can be rewritten as

Ny Qe 2/3 aD o,
FE = / {F {2 [7} DEV —% 4 peyc! | DEY dvg 31)
\Y oC
with DEVA=A — %A :CC™! the deviatoric operation in the reference configuration. Since
aC  T0°7 1
— == J—-CxC™! 32
<= |7] [7-5eec] G2

with 7 = % 0ik0j1 + %51‘151'1( and [A ® B];ju = A;jBy, relation (31) can be rewritten as

iy ODefr 11z
Flflt/vlF[z aé + pJC ]D€ dv§ (33)
0
PK

To be able to integrate the balance equation (30) in time, T is decomposed into some
. —nf . .
intervals [", "] such that T=J!Zf [", 1" T']. Let Ar=¢"t! —¢" be the time step size.
Superscripts n and n + 1 will refer to configurations at time " and "*!. To be consistent, the
integration scheme must verify relations (13), (15) and (21).

Now we will explain how dDef/0C and p® can be computed.

2.3.1. Split of the internal potential. To simplify the above relations, let Def be split into a
volumic part ®°'(0°) (depending only on det F=0° assumed constant for each element), and
into a deviatoric part Deg, with

Dt (%, C(x, 0°)) = ®*°(0°) + Derr (€) (34)
Then relation (24) can directly be evaluated by

e

B 5(DV01(0e)

00° (33)



Since

oC T17%7 1
—=|= J—-CeCc! 36
li] lr-seee] 9
and since C® C~' =C® C~!, the deviatoric stress can be simplified into
aD 1712 | 0Detr 1 0Degr 2 177 oD
p LZett [—} p) [t LY ool ) [—} DEV =it (37)
oC J oC 3 aC J oC

2.3.2. Example of the bi-logarithmic potential. In this paper we will focus on bi-logarithmic
potentials that are well suited to simulate metal models. These models also have interesting
properties allowing for simpler expressions in the forthcoming developments, as was illustrated
in Reference [25]. In elasticity, volumic and deviatoric internal energy are obtained from
K A G A A
cI>V°1(9e)57°[1n(9€)]2 and Deff(C)ETO In(C) : In(C) (38)

with K¢ the initial bulk modulus and with G¢ the initial shear modulus.
Pressure (35) is directly computed by
. 000 In(0°)
= = KO z
00°¢ 6
The deviatoric stresses are obtained from a spectral decomposition of C into eigenvalues 2@
and eigenvectors ¢

(39)

n 3
C=)Y (/W™ g¢™) (40)

oa=1

leading to

~ N 7 (o)
oDenCin €) _ Go {1 zw@zw} )
1

oC 2 o | 2@

Now, we will expose how to adapt these potentials (and resulting stress) for an elasto-plastic
formulation.

3. THE VARIATIONAL FORMULATION OF ELASTO-PLASTICITY UPDATES

In this section we recall the main lines of the variational formulation of visco-plastic updates
proposed by Ortiz and Stainier [25]. Next we will particularize these expressions to an elasto-
plastic model based on a bi-logarithmic potential with isotropic hardening.

3.1. Hypothesis and definitions

The strain tensor (1) is multiplicatively decomposed into a plastic part FP! and into an elastic
1
part F¢ as

F =FF! (42)



Let ®°!(F¢!) be the elastic potential and let ®P'(FP'(Q), Q) be the plastic potential, depending
on plastic deformations but also on 7 internal variables Q* e R*. A flow rule couples the
plastic deformation to the internal variable by

FPl = Q'(a)N(Of)Fpl (43)

where N® is the flow direction corresponding to value Q. In the particular case of a von
Mises flow rule with only one internal variable, one has [25]

Q=& and rN=0 and N:N=3 (44)

where P! corresponds to the equivalent plastic strain. In the following, we will assume this
flow rule to hold.
Helmholtz free energy function A is therefore rewritten as

A(F, P! Py = ¢l (FFP ) 1 P! (FP (&), ¢P1) (45)
From this free energy, the first Piola—Kirchhoff stress tensor P is obtained by

OA(F, FP', ) 00¢! (FFP )

P= =A 46
OF oF * “0)
Let T be the force conjugated to FP! and let Y be the force conjugated to ¢, with
OA(F, FP, o) OA(F, FP, o)
= — T = — A’Fpl and Y= — T (47)
Let W be a dissipation pseudo-potential associated to &' such that
oY (Y)
Pl — =¥ 48
e Y (48)
A Legendre mapping leads to the dual potential ¥* with
oW (&Pt
W) = sup(ViP — () and ¥ = o) (49)
Y o&P! &P

If ¥ is convex, with W(0)=0, it leads to the property &'>0 if Y remains positive. The
hypothesis of a Perzyna model leads to

.pl .l m+1/m
mYoé, | &P .
%% |: i| if &'>0

“pl
pr={ m+1 | (50)
00 if &P'<0
where Y, égl and m are constants. Particular choice of m — oo yields
Yoi' if #'>0
W = (51)
oo if &'<0

that will ensure the elasto-plastic flow occurs with &P'>0.

10



Let us now establish some basic relations. Using (42), (43) and (45), forces T and Y (47)
can be rewritten as

QP (FP!, &Pl
OFP!
=T,

T=Fp—

(52)
OA(F,FP! Py OFPl  QA(eM)

oFp! T oePl Qb
——

EA, (bl

Y = =T:[NF"| - A

where T, is therefore the backstress tensor and where A ;i comes from the explicit dependence
of A to &Pl

3.2. Continuous dynamics

Using the free energy function A (45) with three new independent variables, Ortiz and
Stainier [25] proposed the following expression of a functional:

A

. A .
D@, "' N)= Z—F F— vy 4 P (53)

3.2.1. Differentiation with respect to &'. Using (51) yields

OD(F, ' N) op*
- Y am =Y >4

demonstrating D must be minimum with respect to &P'.

3.2.2. Differentiation with respect to N. Functional D depends on N through term Y. Using
relation (52) leads to

OD(F,#' N)  0iP'T:NFP!
N oN

(55)

Assuming the functional is minimum related to the flow direction N under constraints (44)
leads to a flow direction oriented along the deviatoric stress, that is consistent with the usual
models of plasticity. Indeed, using (44), and introducing Langrangian multipliers A; and /o,
minimization of D becomes

min (~TFP"" :N+ 7 N+ /2 [N:N - 3]) (56)

N,i1,/2

Differentiation with respect to N leads to

0= —TFP" + 1+ 2N & /5 =L ur(TFP") (57)

11



Therefore N is oriented along deV(TFp'T), and since N:N= % it yields

3 dev(TFP!")
N=\/3 (58)
\/ dev(TFP!") : dev(TFP!")

Therefore D, constrained by (44) must be minimum with respect to N.

3.2.3. Differentiation with respect to F. If we identify the effective potential Deg to the mini-
mum of D related to &' and N

Der(F) = min D(F, i, N) (59)
2PN

using (46) and (53) leads to

ODer(F)  0A
eff (F) _Z_p (60)
JF OF
This relation demonstrates that the stress tensor (here the first Piola—Kirchhoff, but it remains
also true for the second Piola—Kirchhoff one) derives from a rate potential even if plasticity

occurs, as assumed in relation (19).

3.3. Incremental formulation: elasto-plastic updates

Let us assume a time increment At from configuration n to configuration n + 1. Integration of
relation (43) using relation (44), leads to [25]

12+1

FPI — exp ([P — PN BRI (61)

EA(EPIH+1 _Sp]n )

where tensor A has the following properties:

detA=exp tr(AeP’N)=1 and Ae”=,/2 InA:InA (62)

with AgPl = gPl"™" — gl
Time integration of functional D (53) leads to

1+1 ln+l 17+l 1+l

ADF" LR PP N = AT FPYT (P, P

)

., . pln+l _ pln
—AF", FPY (1), ) A (%) (63)

with A defined by (45) and W* defined by (49).

12



3.3.1. Differentiation with respect to ¢, Using (47) and (49) yields

12 +1 1+ 1+

OAD DA™ PP (P P o9 v v
agpanrl - agpanrl + agpanrl - = + @ -

0 (64)
. o . . n+1
demonstrating AD must be minimum with respect to P! o

3.3.2. Differentiation with respect to N. Functional AD depends on N through FP!. Using
relation (47), relation (61) leads to

n+1 n n n+1
0AD _ QAR+ I (") pl™t | oFPI"* _ [6A Fpln}

(65)

ON JFpI'! oN ON

Assuming AD must be minimum with respect to the flow direction N leads, under some
assumptions, to a radial return mapping scheme as we will see in the next section.

3.3.3. Differentiation with respect to F"T! Assuming sufficient convexity properties for the
physical potentials A and W*, the stationary point of AD will correspond to a minimum.
Therefore, the effective incremental potential ADeg is identified to this minimum of AD with

+1
respect to &P and N

ADeff(F) = lIIEIH AD(Fn+1 , Fn , 8P1n+1 ’ 813171 ’ N) (66)
fI"T N
Using relations (46) and (63) leads to
OADegr(F"T1)  0A(F"H!
et (F"77)  0A(F"™) _pntl ©7)

OFn+1 T OFnt!

This relation demonstrates that, even when plasticity occurs, the stress tensor derives from
an incremental potential.

When adapting these relations to the particular case of bi-logarithmic potentials and isotropic
hardening, one can find:

PK" ! = pe[C" ™! 42 [7} DEV (fP‘ " % L (68)
_ 0ADegr
— ac

with ﬁ)el(ée') the deviatoric part of the elastic potential. Details of this evaluation can be found
in Appendix A.

Now we will use this variational formalism to design an energy momentum conserving time
integration algorithm.

4. THE ENERGY MOMENTUM CONSERVING ALGORITHM (EMCA)

Once the balance relation (30) is established for a given time ¢, this relation must be integrated
in time. To achieve this goal, Simo and Tarnow [6] proposed the EMCA. In this section we

13



will present the main features of the EMCA algorithm. Next we will deduce the conditions on
the forces resulting from the conservations laws expressed by relations (13), (15) and (21).

4.1. Description of the EMCA
The relation between positions and velocities at node & is
At

AT gneige 4 B e (69)

n+1g_—>nc
X" =1 + > 5

This relation is a second-order approximation (in At). A second-order approximation of the
relations between the velocities and the accelerations at node & is

[ =+ %[3?"*‘]5 + %[%‘"Jf (70)
The balance relation (30) is discretized in time at node ¢ by

1M§,Lt[-'n+l L= [F;;rlﬂ lfrllirlﬂ]é (71)
This relation is a second-order approximation of relation (30) if the internal forces F:;:rl/ % are

a second-order approximation of }T‘im(t”“/z). The set of relations (69)—(71) is solved by a
predictor—corrector algorithm enhanced with a line search resolution [33, p. 254].

4.2. Verification of conservation laws

In this section we will verify the conservation laws expressed by relations (13), (15) and (21).

4.2.1. Conservation of linear momentum. A sum on £ in relation (71) and the use of relation
(70) leads to

ZME,M[)_C'VLJFI]H _ ZMéM[)_C’n]y ZAI Z[Fll+1/2 l’l+1/2]( (72)
<

ext 1nt
¢

Ln+1 n

where the continuous linear momentum I defined by relation (12) is discretized thanks to
relation (7) in L=)_ ¢ Méx" . Relation (72) is a time discretization of relation (13) if

Z[ n+1/2 -0 (73)

int

4.2.2. Conservation of angular momentum. Thanks to relations (69) and (70), the vector product
between x"T1/2 = (¥" + ¥"*1)/2 and relation (71) leads to

1 1 .
McHerTINE A e MEHTEME A [
A7 X" AT Ar [x"]° A [x7]

Jn+1 Jn

— &) A [Fn+l/2 n+l/2]§ (74)

mt
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where the continuous angular momentum J defined by relation (14) is discretized thanks to
relation (7) in J = MHx¢ Azt Therefore, relation (74) is a discretization of (14) if

2n+1 -n ¢
[%} AFR PP =0 (75)
4.2.3. Conservation of energy. Thanks to relations (69) and (70), the dot product between
X" H1/2 = (37 4 ¥7+1) /2 and relation (71) leads to
14
Mzﬂ[x”“]f [ — —M [£1° - B 4 [ — 270 [ 2
Kntl Kn
- onqé ppntl/2
— [anrl _ xn]C . [F:X‘t"‘ / ]f (76)
Wn+1_Wn

ext ext

where the continuous kinetic energy K defined in relation (16) is discretized thanks to re-

lation (7) in K =%M5“):€é.5‘c'ﬂ and where the power of the external forces Wexe defined in

relation (16) is discretized and integrated in W' — w7 = [¥"+! — x7]¢. [F:H/Z]q Let E be
the discretized energy, let W€ be the discretized reversible energy, let WP! be the discretized

irreversible energy and let Degr be the discretized effective potential. Let us define

AW = / {ADT}dV
Vo

(7
AWP' = | {ADP! + ArW*}dV
Vo
Therefore relation (21) can be discretized into
1 1 19241 1 17 1
KM — K (we o WP et wPly = wi - w (78)
=fv0{D:fJfrl D} dVo
If this last expression is compared with relation (76), the internal forces must lead to
1/2 - -

EL P et — e = / (D4t = Dl dVy = / (ADer} dVo 19

The challenge of the EMCA algorithm is to find a consistent expression of the internal
forces and of the dissipation terms that satisfies relations (73), (75) and (79). This will be the
topic of the next section.

4.3. Internal formulation of the internal forces

Let us extend the general formulation of the second Piola—Kirchhoff stress tensor proposed
by Gonzalez [8] for hyper-elasticity to our elasto-plastic formulation. Gonzalez [8] defined
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1/2
modified values to reach the conservation of the thermodynamics laws. Let PK"" / be the

modified deviatoric stresses and let p"t1/2 be the modified pressure. Let the internal forces be

. Fn+1 | L. S,
[Fl +1/2]§=/ {+[PKn+l/2+2pn+1/2dG]D§} dV (80)
Vo

with dG the modified differentiation of J by C. Let us use the split of ADeg defined by
relations (A15) and (A16).

Therefore the general expression proposed by Gonzalez [8] can be rewritten by using the
variational formulation of elasto-plastic updates. The modified differentiation of J becomes

Jn—i-l —Jgn_ DG”+1/22AC
dG = DG"1/% 1 { AC

IAC|?
DG — l\/det (C"J” +C”> [C”“ +C"}_l @1
2 2 2

AC = C"t - "
while the modified pressure becomes

ool D72
AG°

ppval D2 | Ut — Ul —

n+1/2 — aee Aee
P 0° + INGE
(82)
aUvol("+1)/2 oUvo! Ben+l+een
26° ~00° 2
AG® = 0" — 0"
Modified deviatoric stresses are obtained by
n+1/2
PR — opADT [ At —DAD*:AC AC
IAC]?
— 112 dADey (C'! 4 C (83)
DAD.; =
oC 2

AC =t -

In this last expression, 8A/.Beff/8C((C”+1 + C")/2) is obtained as the deviatoric part of
relation (68), i.e.

AD 17%3 o (Cd
0ADer _, [T o [ 097 (€) i (84)
5C J acel
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Let us draw some remarks:

@) Thislmethod requires to compute the effective potential for (C"*! +C")/2 and also for
cntl,

(i) These expressions lead to a second-order approximation of the internal forces computed
in the mid-configuration (i.e. Flm(()c’“rl +Xx")/2)) [8]. Let us note that using the internal
forces computed in the mid-configuration introduces a coupling between rotation and
stretches. This coupling introduces some instabilities [34].

(iii)) These expressions are valid for any formulation using the variational formulation.

(iv) Expression of the consistent stiffness matrix K= GFI';:FI/ 2 /0x"*1 associated to internal

forces can be found in Appendix B. The resulting expression is

K _/V {13%,-,{,135} d\/0+/\/ { A —/ (e Dl d\/o} dVo
0
/ (D; A 93 D)} + / (D} #4%) Dl'y Vg (85)

where ¥ results from the geometric part, where #"°!! results form the differentiation of
the pressure, where A2 results from the differentiation of the differentiation of J and
where #% results from the differentiation of the deviatoric stresses. These tensors are
evaluated in Appendix B. Unfortunately ;i # #yjii, leading to a non-symmetrical
stiffness.

Now let us demonstrate that expression (80) of the internal forces satisfies the conservation
laws (73), (75) and (79).

4.3.1. Conservation of linear momentum. Using properties of the shape functions, a sum on &
in relation (80) leads to

Fn+1 Fr o
Z[ Pt /V —+[PK"+1/2+2p"+1/2dG]ZDC dVo=0 (86)
0 13
=0

4.3.2. Conservation of angular momentum. Using the symmetry properties of PK and of dG,
relation (80) leads to

“n+1 -n¢
[X ;HC} ALEHI2E

Frtl o Fn+1 iy T
=/ {f |:+[PK"+]/2+2p”+l/2dG]% dVo=0  (87)
Vo

17



where ¢ is the third-order permutation tensor. This expression is equal to zero since [¢:A]; =
&ijk:Aj is always equal to zero if A is symmetric.

4.3.3. Conservation of energy. Using the symmetry properties of PK and of dG, relations
(80), (81) and (83) lead to

nt

. _ . Cn+1 -t
[Fn+1/2]§ . [xn-i-l _ xn]g — / {T : [PKn-H/Z + 2pn+l/2dG]} dVo
Vo

— / {Kl\)eff—}—pn+1/2[]’1+l _ Jn]} d\/o (88)
Vo
Since p"*t!/2 is constant over the element, using definition of 0¢ (23) and (82) yields

[Fd 210 (301 = 57)° = y {ADegr} dVo + p"t1/2 v (0" — 0"13dv,
0 0

= | {ADer +U™'(0°") = U (0°")} dVo

Vo
_ /\/ (DI~ Dy dVg (89)
0

that satisfies relation (79).
These developments prove that the variational formulation allows us to use the general
expression of Gonzalez without modification (except the use of the incremental potential).

5. NUMERICAL EXAMPLES

In this section we will verify that the proposed scheme leads to consistent time integration
for numerical applications. Moreover, we will show that the scheme is effectively second-order
accurate. In the first example we will demonstrate that the proposed scheme is consistent when
plastic deformation occurs. Next, we will prove on the Taylor bar problem that an increase of
the time step size does not lead to divergence or lack of accuracy, contrarily to the Newmark
scheme. Next, we will study a problem exhibiting contact interactions that will confirm the
previous observations. Finally, a more dramatic example of impact will illustrate the robustness
of the code. The finite element discretization considers bilinear four-node quadrangles with four
Gauss points for two-dimensional problems and trilinear eight-node bricks with eight Gauss
points for three-dimensional problems.

5.1. Numerical example 1: tumbling beam

Let us study the tumbling beam proposed by Meng and Laursen [9]. Figure 1 illustrates the
geometry of the beam and its properties are reported in Table I. The beam is discretized into
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Figure 1. Geometry and loading of the tumbling beam.

Table 1. Properties of the tumbling beam.

Properties Values
Length L=16m
Height h=1m
Initial density po=10 kgmf3
Bulk modulus Ko=500 Nm~2
Shear modulus Go=40 Nm 2
Initial yield stress Yo =15Nm~2
Q) 0 14
€ -100 1 T 124
o 2
< -200 1 g 10-
S -400 - )
£ =0 6
g -500 - SS
= 4
E -600 - ¢_‘€
é’ -700 o 27
< -800 T T T T T 1 O T T T T T 1
0 25 50 75 100 125 150 0 25 50 75 100 125 150
(a) Time (s) (b) Time (s)

Figure 2. Time evolution for the tumbling beam: (a) angular momentum; and
(b) plastically dissipated energy.

64 quadrangles (4 along the height and 16 along the length). The applied nodal forces Fi (see
Figure 1) are described by the equations

Fi)=ix£t if 0<r<5s
=i+ 10 if Ss<r<10s (90)
and are released after 10s. The material is assumed to be elastic perfectly plastic. The problem
is solved with the EMCA algorithm and a constant time step Ar=0.5s.

Figure 2(a) illustrates the time evolution of the angular momentum (around z-axis). During
the initial loading (# < 10s) this value decreases and remains constant during the following
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Figure 3. Energy balance for the tumbling beam: (a) internal energy; and (b) total energy.

computation. When analysing the energy plastically dissipated (Figure 2(b)) it appears that
most of the increase occurs during the loading and that this energy remains almost constant
after 100s. Let us analyse the energy balance. The internal energy and the energy plastically
dissipated can be computed from the internal potential at each time step. The finite work of
the internal forces is computed by adding the incremental work during each time step:

Wn+1 Z{Fl-‘rl/Z —>1+1 _)—C’l]} (91)

nt nt

Relation (79) shows that this work must be equal to the sum of the internal energy with the
energy plastically dissipated. Figure 3(a) illustrates the balance of the internal energy. It appears
that the sum of the internal energy and the plastically dissipated energy is exactly equal to the
work done by the internal forces (since the two curves are the same, only a few points of the
work of internal forces are represented by a triangle for clarity purpose). Moreover, summing
the kinetic energy and the work done by the internal forces (Figure 3(b)) leads to a value exactly
equal to the work of the external forces. These observations demonstrate the consistency of
the time integration. Finally Figure 4 illustrates the distribution of the equivalent plastic strain.
When the external forces are maximum (Figure 4(a)) there is no plastic deformation, when the
loading is released (Figure 4(b)) localized plastic strains appear where loads were applied, and
after a long time (Figure 4(c)) it appears that there are also plastic strains on the opposite side.

5.2. Numerical example 2: Taylor’s bar impact

The initial geometry of Taylors’s bar is illustrated at Figure 5 and geometrical and material
properties are reported in Table II. The bar has an initial velocity Xy and its lower face is
constrained to stay in the plane z=0. The material behaviour assumed to be elasto-plastic
with linear isotropic hardening. A quarter of the bar is modelled with 576 elements (48 on
the base, and 12 along the length). This example was largely studied in the literature (see
e.g. Reference [35]). It was also studied in the framework of consistent time algorithms for
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Figure 4. Equivalent plastic strain: (a) t =5s; (b) t=10s; and (c) ¢t =150s.
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Figure 5. Initial geometry of the Taylor’s bar.

Table II. Properties of the Taylor’s bar.

Properties Values

Radius R=0.0032m
Length L =0.0324m
Initial velocity fco =(0; 0; =227 ms_l)
Initial density po = 8930 kgm_3
Bulk modulus Ko = 130000 Nmm 2
Shear modulus Go=433333Nmm 2
Initial yield stress ¥ =400 Nmm 2
Linear hardening h =100 Nmm 2
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Figure 6. Equivalent plastic strain for the Taylor’s bar with the EMCA scheme:
(a) At =0.025ps; (b) At =0.1ps; and (c) At =0.4ps.

hyper-elastic based elasto-plastic models by Meng and Laursen [10], and in the framework of
consistent time algorithms for hypo-elastic based elasto-plastic models by Noels er al. [12].
In this paper we compare previous results with

(i) The EMCA scheme developed in this paper with the variational formulation of elasto-
plastic updates.

(i) The Newmark [1] scheme combined with the variational formulation of elasto-plastic
updates.

We will compare results obtained with the following constant time step sizes: 0.4, 0.2, 0.1, 0.05
and 0.025 pus.

Equivalent plastic strains obtained with the consistent algorithm are illustrated in Figure 6.
Let us point out that the model used is a three-dimension one, but for clarity purpose we
represent a slice. For the different time step sizes, results are similar. But with the Newmark
scheme it appears that when time step size is larger than 0.05 us the equivalent strains are
overestimated (Figure 7). When time step size is multiplied by 8, strains are overestimated
by about 10%. When analysing the final results obtained (Table III), it appears that with
the EMCA scheme they are similar whatever time step and that they correspond to previous
results obtained by Meng and Laursen [9]. But for the Newmark scheme (both present results
and those presented by Simo [35]) when the time step increases, the final radius and the
maximal equivalent strain are overestimated, while the final length is slightly underestimated.
Figure 8(a) illustrates the plastically dissipated energy (initial kinetic energy is equal to 59.571J).
This value is underestimated when the time size increases, mostly for the Newmark scheme.
Figure 8(b) illustrates the error on this value. The EMCA scheme is second order accurate with

In Reference [12], nodes belonging to the face z=0 have no initial velocity to be able to verify the balance
of the energy. In fact, if these nodes have an initial velocity, the constraints correspond to a modification of
the boundary conditions, and therefore the sum of the kinetic energy and the work of internal forces does
not remain constant. In the present paper these nodes have an initial velocity, leading to a slightly different
result than in Reference [12].
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Figure 7. Equivalent plastic strain for the Taylor’s bar with the Newmark scheme:
(a) At =0.025ps; (b) At =0.1ps; and (c) At =0.4ps.

Table III. Final results for the Taylor’s bar.

Scheme Radius Length &Pl

EMCA, Ar=0.05ps 0.006774 m 0.02140 m 2.61
EMCA, Ar=0.025ps 0.006775 m 0.02140 m 2.62
EMCA, Ar=0.1ps 0.006777 m 0.02140 m 2.60
EMCA, Ar=0.2pus 0.006783 m 0.02140 m 2.61
EMCA, Ar=0.4yps 0.006813 m 0.02141 m 2.61
Newmark, Ar=0.025 ps 0.006774 m 0.02140 m 2.61
Newmark, Ar=0.05ps 0.006778 m 0.02140 m 2.62
Newmark, Ar=0.1ps 0.006798 m 0.02142m 2.65
Newmark, At =0.2 us 0.006842 m 0.02145m 2.74
Newmark, Ar=0.4ps 0.006874 m 0.02146 m 2.81
Simo [35], At=0.5pus 0.00697 m — —

Meng and Laursen [9], Ar=1us 0.006775 0.02164m 2.62
Hypo-elastic [12], Az =0.5 s 0.006553 m 0.02158 m 2.37

respect to the time step size. Figure 9(a) illustrates the number of Newton—Raphson iterations.
This number is similar for the Newmark scheme and for the consistent algorithm. Cost of
evaluation of the internal forces and stiffness matrix for the consistent scheme is twice higher
than for the Newmark scheme. The stiffness matrix resulting from the proposed formulation
is non-symmetric. But, due to the quasi-incompressible formulation, the volumic part of the
stiffness matrix of the traditional Newmark scheme is not symmetric either, and thus this lack
of symmetry does not play against the consistent scheme. Overall, the consistent scheme is
not more expensive since time step size can be larger to integrate with the same accuracy.
Figure 9(b) illustrates the number of line-search iterations. For the consistent scheme, if time
step size increases, this number increases too. For the Newmark scheme this number is almost
always lower than for the consistent scheme.
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Figure 8. Plastically dissipated energy for the Taylor’s bar (logarithmic scales):
(a) final energy; (b) error on final energy.
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Figure 9. Number of iterations for the Taylor’s bar: (a) Newton—Raphson
iterations; and (b) line-search iterations.

5.3. Numerical example 3: impact of two cylinders

Let us now study the impact of two cylinders. Geometry is illustrated in Figure 10 and
properties are reported in Table IV. Each cylinder is discretized into 192 quadrangles. The left
cylinder has an initial velocity Xo and impacts the right one initially at rest. Both cylinders are
identical and are made of a perfectly plastic material. Frictionless contact is treated with the
consistent method proposed by Armero and Petdcz [14]. This example was first proposed by
Meng and Laursen [10] in the framework of consistent time algorithm for hyper-elastic based
elasto-plastic models, and was also studied by Noels et al. [12] in the framework of consistent
time algorithm for hypo-elastic based elasto-plastic models. In this paper, we compare previous
results with

(i) The EMCA scheme developed in this paper with the variational formulation of elasto-
plastic updates.

(i1)) The Newmark [1] scheme combined with the variational formulation of elasto-plastic
updates.
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Figure 10. Geometry and initial velocity of the two cylinders.

Table IV. Properties of the two cylinders.

Properties Values

Radius R=1m
Distance between the two gravity centres d =(2.18m; Om)
Initial velocity of left cylinder Yo=(1ms™!;—0.1ms™1)
Initial density po=28.93 kgm_3
Bulk modulus Ko =130Nm—2
Shear modulus Gp=43.3 Nm~2
Initial yield stress Yo=10Nm~2
Normal penalty of contact ky = 104

We will compare results obtained with the following constant time step sizes: 20, 10,5 and
2.5ms.

When studying the effect of the time step size we have to notice that for the Newmark
algorithm both simulations with At =20 ms and At = 10 ms need a reduction of the step** during
the contact phase. Figure 11 illustrates the equivalent von Mises stress obtained by the two
algorithms with Ar =2.5ms. It appears that results are quite similar. But when using a larger
time step Ar =20 ms, if the solution obtained with the EMCA algorithm (Figure 12(a)) remains
similar that the one with Ar =2.5ms, the solution obtained with Newmark algorithm is quite
different Figure (12(b)). If we analyse the time evolution of the energy that is plastically
dissipated (Figure 13(a)) with a time step equal to Ar=20ms, it appears that the EMCA
algorithm gives the same solution than those obtained by Meng and Laursen [10] and with an
hypo-elastic model [12]. The Newmark solution diverges after a few ms to reach a 100% error. If
we analyse the effect of the time step size (Figure 13(b)) on this plastically dissipated energy, it
appears that for the Newmark scheme only the solution obtained with Af =2.5ms corresponds
to the EMCA solutions. The fact that the Newmark algorithm is not designed to integrate

**Tile step size is divided by three when the Newton—Raphson iterative scheme does not converge.
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Figure 11. Equivalent plastic strain for the two cylinders with
Ar=2.5ms: (a) EMCA; and (b) Newmark.
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Figure 12. Equivalent plastic strain for the two cylinders with
At =20ms: (a) EMCA; and (b) Newmark.
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Figure 13. Plastically dissipated energy for the two cylinders: (a) time
evolution for Ar =20ms; and (b) final results.
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Figure 14. Work done by contact forces for the cylinders problem:
(a) time evolution for Ar =20ms; and (b) final results.

Table V. Properties of the two hollow cylinders.

Properties Values

Mean radius R =98.5mm
Thickness e=3mm
Distance between the two gravity centres d= (250 mm; 0 mm; O mm)
Initial velocity of left cylinder )?0 =@0ms ! 4ms~ ! 0ms™!)
Tnitial density po = 8930 kgm ™3
Bulk modulus Ko = 130000 Nmm 2
Shear modulus Go=433333 Nmm 2
Initial yield stress % =400 Nmm 2
Linear hardening h =100 Nmm 2
Normal penalty of contact kn=10°
Tangential penalty of contact kr=103
Coulomb coefficient He=0.1

a non-linear model (the work of internal forces is different from the sum of the internal energy
and the plastically dissipated energy [36]) leads to this error, but there is another problem. If
we analyse the time evolution of the work of contact forces (Figure 14(a)) it appears that the
Newmark algorithm with Az =20 ms introduces some energy into the system. If we analyse
the final results (Figure 14(b)) it appears that for the Newmark scheme the larger the time
step size the larger the energy numerically introduced. With the EMCA scheme this energy is
always strictly equal to zero.

5.4. Numerical example 4: impact of two hollow cylinders

The problem under consideration is the interaction of two hollow perpendicular cylinders
(Figure 15(a)). Both cylinders have the same geometry and are both in steel (Table V). The
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Figure 15. Geometry and equivalent plastic strain for the two hollow
cylinders: (a) t =0ms; and (b) # =10ms.
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Figure 16. Time evolution of the momenta for the hollow cylinders:
(a) linear momentum; and (b) angular momentum.

right cylinder has no initial velocity, while the left one has an initial velocity (Table V). Each
cylinder has 330 trilinear bricks (1 through the thickness, 22 along the circumference, 15 along
the length). The interaction between the cylinders occurs with a Coulomb frictional law. The
contact interaction is treated in the consistent way we proposed in Reference [37], based on
the method of Armero and Petzdcz [15]. With this formalism, the work of the contact forces is
equal to the friction dissipation once the contact is released. The time step used is Ar =1 ps.
Figure 15(b) illustrates the configuration once the contact is released.

Figure 16(a) illustrates the time evolution of the linear momentum along x for each cylinder.
During the contact the left cylinder gives a part of its momentum to the right one. The sum
is constant over the time. Figure 16(b) illustrates the time evolution of the angular momentum
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Figure 17. Time evolution of the energies of the two hollow cylinders:
(a) work of contact forces; and (b) energy.

along z for each cylinder. Since the impact occurs above the centre of gravity of the right
cylinder, this generates a rotation of the two cylinders. But after a while the rotation veloc-
ity decreases, because of the friction between cylinders. The angular momentum for the two
cylinders is constant. Figure 17(a) illustrates the work of the contact forces. Once the contact
is released, this work corresponds to the frictional dissipation (see Reference [37] for details).
When comparing to the initial kinetic energy (Figure 17(b)), this work is small. Half of the
initial kinetic energy is plastically dissipated (Figure 17(b)) and a small part is transformed
into elastic energy. This example illustrates the robustness of the scheme when treating
3D-impact problems.

6. CONCLUSIONS

In this paper we have presented a new formulation of the internal forces for an elasto-plastic
material using a variational formulation of visco-plastic updates. This formulation is similar
to the one Gonzalez has developed for elasticity, leading to an energy momentum conserving
scheme, but the new formulation presented is able to take into account the plastic behaviour.
When plasticity occurs, the work of the internal forces corresponds to the sum of the internal
energy variation with the energy plastically dissipated energy, leading to a consistent time
integration scheme. This property is not verified with a traditional Newmark algorithm. Since
the energy is preserved in the non-linear range no numerical energy is introduced in the
system during the time integration. This result is very important because it demonstrates that
the scheme is numerically stable in the non-linear range. This is a necessary condition for
accuracy of the results. Nevertheless, it can be useful to introduce in this scheme numerical
dissipation to decrease the oscillations in the answer due to the high frequency numerical
modes. The proposed scheme is second-order accurate with the time step size and has shown
a good accuracy on the numerical examples. The advantage of our formulation is that there
is no restriction on the hardening laws, even if in this paper we have used only isotropic
hardening.
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APPENDIX A: FORMULATION OF ELASTO-PLASTIC UPDATES FOR
BI-LOGARITHMIC POTENTIALS USING THE QUASI-
INCOMPRESSIBLE METHOD

Relations (62) implies that FP! has a determinant equal to the unity. Using relations (42) then
leads to

J = det(FUFP!) = det F! = J! (A1)
Then, using (62), relation (5) becomes

2/3
[Cy = [_Jn1+1] AT (APHFPT T FPT AT (A (A2)

This relation allow us to define the elastic predictor

~pr 1 23 1" 1—T ~n+1 1" —1
= || T (A3)

Using the split of the potential considered in Section 2.3.1, leads to a new expression of
the elastic potential

n ~el A
" et F) = 0% (det € + &7 (AT (APHEPFAT! (A (A4)
Assuming pure isotropic hardening is equivalent to choosing the plastic potential
(I)pln-H :(I)pln-H (spllH—l) (AS)

with the hardening parameter - and the yield stress X, defined by

]n+1 1n+1

2 ln+l 1n+1
P 0" P P
Ay P R S Gl (A6)
Oep!” o[eP" 12

_oaP

v=

In the particular case of linear hardening, (I)Panrl :Zlvospanrl +h /2[81’]"“]2 with X, the initial

yield stress. The dissipation dual pseudo potential (50) is then rewritten as
p]"+] n n
YOE— T >0
V= At (A7)

_ Splil

00 if &Pl<0
with Yo =0 a particular case.

With these definitions, functional (63) can be rewritten as

1n+1 ln+1
9

ADF'" LR P Ny = P — P @Yl (det €M) — @V (det C)

+ 7 ATALHEPT A (AP

~el I PO
—O (F", &) + Ary* — (A8)
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L . +1
A.l. Minimization with respect to ePl"

. . . . n+1 . . .. ~el
Functional (A8) is derived with respect to &! ', First let us study the differentiation of @ ,
that is rewritten in a similar form to that in the elastic case (37). Assuming CP* and A~!
commute (this will be demonstrated a posteriori), and using relations (61) and (62), it leads to

~ el

= % ln(A—T(Agpl)éprA—l (ASPI)) . ln(A_T(Aspl)éprA_l (Agpl))
Go rur 1 - 1
= — [InC™ —2A¢"N]: [In CP* — 2A¢PN] (A9)

.. . . . n+1 .
Deriving this expression with respect to &! i yields

~el

oD
68p1n+1

Finally, the derivative of (AS8) is obtained by using relations (A6), (A7) and (A10), and
leading to

= — Go[ln CP* — 2A¢"'N]: N (A10)

Golln CP* — 2APIN]:N=3,""") + 1 (A11)

A.2. Minimization with respect to N

The functional (A8) must be minimum with respect to N under the constraints (44). Since only

~el
@ depends on N, one must have

Go.. » A 3
Nn)lin} (To[ln CP" — 2A¢P'N]: [In CP" — 2A¢P'N] + 4 tr N + Ay [N N — 5D (A12)
s A1, A2

leading to

N \/glnépr

Vin Cpr: In Cpr

Let us note that this last expression ensures that both A and CP’ have the same spectral basis,
and therefore commute. .
Combining relations (Al1l) and (A13) leads to the equation giving ¢ Indeed, one has

2, (") +3Go" =Goy/2 In€er: In€er 3G — ¥y (Al4)

Finally, (A13) and (A14) allow us to compute FP! thanks to (61).

(A13)

A.3. Stress derivation

At this point, functional (A8) depends only on F"*! and is rewritten

ADegr (C"1, C") = 0¥l (detC" ) — @¥Ol(det C") + ADeg (C"!, C) (A15)

31



with

— A n =T A n -1 A A A
ADei(C"H €7y = & @ @t pet Ty L @Mt — 0 4+ P 4+ Are
(A16)

We can also define
Dé’l&-l(cn+1’ Cn) — Dgff _|_ ADeff(Cn+1, Cn) (Al7)

Proceeding as in Section 2.3.1, second Piola—Kirchhoff stress tensor PK is obtained by differ-
entiation of (A15) with respect to C"t1 and becomes

OADegr (C™H1, CM)

PKn+1 —
oCcn+1
~el A n+1—T A 1=l
aq)vol(oe) 1] 6(I)e (Cel) OFP! +1 Crtlpel +1
=——JC +2 = : ] (A18)
00 ocel oC
pe
with ¢ computed from (23) and with, the deviatoric part computed by using (41)
~el A .
(@€ _Go ¢ [Ini? ) )
= e (A19)
aoce 2 = A
In this last expression, we have used the spectral decomposition
A 3
C= Yy (1 ®e™) (A20)
=1
Moreover, using (36) leads to
lrl+17T A1 lﬂ+171 2/3
oF? 5g:+1Fp _ [ﬂ gt [f - %cn“ @C”“‘l] ol (A21)
and relation (A18) is rewritten as
1 1 1 1 2/3 ln+l a(’bd(éel) ln-HT
PK"t = peyict1=1 42| = DEV (P ———Z¢P (A22)
J oCel
_aA/Beff
- ocC
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APPENDIX B: CONSISTENT TANGENT STIFFNESS MATRIX
Let the consistent tangent stiffness matrix K be defined by

n+1 n
A Fir + Fir

. a[FnJrl/Z]é 0 | N
< in _ 2 prit1/2 n+1/2 1R¢
K= —a[ T f\/o A [PK;; /" +2p"*'/?dG,;1D; ¢ dV

geo
Kik
—==n+1/2

/ F;lr-i-l F}’l aPK Dg n
+ N
Vo 2 a[xn+1]z J 0

Kip
FIH L B 02pn 124G, -
+/ ir + ir p — ] d\/o (Bl)
Vo 2 o[xn+ i
K}y
Let us use the following results:
i) A ocrH
WZDJ%W and P =[51iFZ]TH F"'Hél]]D“ (B2)
k k
and

0 Cn+1 —_Cn 2 o/ detCn+1 1 N

i e I® _scrt —ocn and —6(;“ = 5 VaercrHiem (B3)

B.1. Geometrical part

Using relations (B2), the geometrical part from relation (B1) can be computed as
Fn+l —|—F"
geo‘“ ot1/2 n+1/2 An¢
/\/0 l a[x"“]” —— = [PK,; " +2p dG,j]DJ. dVy

_ /V 0 [ 554355} avi (B4)

with the four order tensor ¢ defined by

n+1/2

Giji =% 6 [PK); T +2p"1/2dGyj] (BS)

33



B.2. Volumic part

The volumic part is decomposed into two terms. The first one results from the differentiation of

the constant pressure (over the element), while the second one results from the differentiation
of dG.
Using (23), the first term becomes

vollée Fn+1 + F?r "5 a2p"+1/2 608”“
Ky = dG,; D; entl i ( 4o
Vo 2 00 5xk

1 o
=/ :p ij;’,l}\/ / {Jf;;“TDﬁ}d\/o}d\/O (B6)
Vo 0 Jv,

with (using (82))

Fn+l +F? azq)vol 06n+1 pen .,
A = G0 ) it =

2 6e2
| QR O O ) @ ()0l (0 y) /A0 p ,
= 4Gy o2 | L - / it 07 £ 0
(B7)
The second term becomes
FiH e 0dG,; -
1261 n+1/2 rj 6 _ ¢ 12 AU
K7} /\/O{—” 5 Y 2p —6[ D dVy = / {D Jflvj"lel} (BY)
where (using (B2), and the symmetry properties of C)
vol2 nt1/2 Fi'' + ¥}, 0dG,; n+1T n+l
'yfl]k —2[7 D) aCnJrl[é F 5 1]
FiH e 0dG,;
— 4pn+1/2 ir ir FZYJ’;l VJI (B9)
2 octy
Using relations (81) and (B3), one has
4G 1] AC®AC] DG AC®DG™'/? 1 ACeC'* ™
ocrtl 2 IAC|2 |~ acr+1/2 IAC|? 2 IAC|1?
N Jrl— gn DG 2AC 4 _,AC®AC B10)
IAC|? IAC||2m
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with

aDGn+1/2 1 1 1 ~1
W = 5 Vdet(Cn+1/2) [ECHH/Z ®Cn+1/2 _ jcn+1/21i| (BI1)

In this expression we use the notations C"+1/2=(C**t! 4+ C")/2 and [fA]ijkzz%AikAjl +
3 AiA i

B.3. Deviatoric part

Using relations (B2), the deviatoric term becomes

+1/2
o Fn+l+Fn aPKn o
Kdev‘ _ /;/ 5 a[xn-i-l]'u jé d\/o_ / {D %?JCIZIDI#} d\/O (B12)
0 k
with
12
Fn+1+F aPKn+
dev _ +1ly
A== R — (B13)
ml

Using relations (83) and (B3) yields

JOPKT AC®AC] d4DAD.;" "
Cntl o ||AC||2 4dcn+1/2
AC dADe(C™! —C")  AC —~t1)2
4 — ADAD
MG dCr jacyz &P e
ADer (C"! — €") —DAD; *:AC|[ AC®AC
4 2———— (B14)
|AC|? IAC]?

In this expression, we use differentiation with symbol d and not 0 because the minimum value
of AD depends only on C. Moreover, we use exponent n +% to refer to values computed for
(Cn-‘rl + Cn) /2

Let /4 = 4(dDADZfJfr 12 /dC"*1/2) be the material tensor. Proceeding as Simo and Taylor [27]
yields
~el n+1/2 12
M = det(cn+1/2)72/3 (€n+1/2 fpl oo fplT é Jé—l _ lé*l ®(A:1i|
3 5cel 3
2 4 —~ —~ N
- §[C—‘ ® 2DADesr + 2DADer ® C™! ]"+‘/2} (B15)
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with

dDAD 4 . . dAD 4 [ dDAD - .
%:4—‘3&—50‘@{0: eff}—-[—mzc}@c—l

dC dC 3 dC

4] . dDADy 4 | .
NI Pt LY OB IO Y o (B16)
9 dC

Now we have to compute dA/Beff /an+1 and dDﬁ)eff /dé. First term is obtained by

— — A —_ n+1
dAD dADeg 0CH! - dAD
eflf _a eff: 1:]"“ 2/3 pEV 22 eff (B17)
dCn+ dCr+1  oCnt dCn+1
with
dADyi _ 0AD | 0AD &#""  GAD oN'! B18)
dCntl — oCntt - g™ pCntl T ONPELT Gt
Second term is obtained by
—~ n+1/2 A . N
dDAD. _ |9DAD _ 13DAD deP! L] ¢! o JDAD
dC Tl e 2 et T ¢ 2 aC - o
R TT ~aTT n+1/2
1 0DAD ON 1[0N ODAD
-t | = | (B19)
2 ON oC 2|l0C ON

where %UMTT:%HU-, In this last expression, we have ensured that dDXl\)eff/déijk[:

dDXI\)eff/dék[[ j (to be consistent with the fact that a double differentiation with respect to
C must lead to a symmetric tensor).

B.4. Particular case of bi-logarithmic potential and isotropic hardening
In this section, expressions are valid in configuration n + 1 and in configuration n + % For the
volumic part (B7), one has easily

A vol

o 1 —1n(0)
= KO 052

00°00°
For the deviatoric parts (B18) and (B19), we have more relations to evaluate. Since only

(B20)

~el ~
d° depends explicitly on C, one has

—= ~el
0AD _ 0D _¢p

- ~ el (B21)
aC o aCel

ael A~
with 00° /0C¢ computed thanks to spectral decomposition.
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Since AD is minimum with respect to P! one has

OAD
il 0 (B22)
Using relation (62) yields
off 1 offy 1 1" opl
2 oy ex
= P Nyj and N R Sl (B23)

where 7P = 0 exp (AeP'N)/ON and where FPI" is the plastic deformation tensor at previous
step. Let us define the following operation [A%B]ijkleimem,,lejn, [A'Blijki = H intiBjn
and [AJ);jx = AimHomjki- Let us define éfﬂd = A jix, therefore, using (B23) leads to

0AD _ fP'a fplT [EfPl el _ | gpt Y9 od fP'T [CP PR T (Boay
ON oCel aCe

that is different from zero since minimum of AD is reached under constraints.
From relation (A3), one gets

oCPr
oC

=9 [fPr" T (B25)

Therefore, thanks to relation (A14), one has

o3 G
A 0 InCP M g (B26)

oC 2 [3Go + h]VIn CPr: In Cor

with g C" — ‘”;—g"r Moreover, using relation (A13) leads to

3
GN 2 pr
e ARy

oC  /in€pr: InCor
\/g In CPr

~ [InCpr; In Cer}32

® In CPI‘ glncp f[fpl"] (B27)

Finally, let us study the missing terms in (B19). Let us define the following operation
[ABACD];jxi = AimBjn #nnpg CrpDiy, then we have directly

A 2.~el
JODAD _ gplgpl oY golgpl (B28)
oC oCeloCe
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Using previous definitions and results leads to

ael ~
| _ fplm
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