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Adaptive control for finite element analysis in plasticity

Pierre Ladeveze*, Nicolas Moés

Laboratoire de Mécanique et Technologie, ENN.S. Cachan/C.N.R.S./Université Paris 6,
61 Avenue de Président Wilson, 94235 Cachan Cedex, France

An error on the constitutive law, called dissipation error, is used to measure and to enhance the quality of finite
element computations of plastic structures whose behaviour is described by internal variables. This measure takes
into account all the classical sources of error involved in the computation: the space discretization (the mesh), the
time discretization and the iterative technique used to solve the nonlinear discrete problem. To quantify more
specifically the contribution of these three error sources to the error, three error indicators are calculated: a space
indicator, a time indicator and an iteration indicator. Then, the error and the three indicators are used in an
adaptive strategy: the space indicator allows us to adapt the mesh, the time indicator to adapt the time
discretization and the iteration indicator makes it possible to limit the number of iterations of the global iterative

algorithm.

1. Introduction

The importance of numerical simulation in the
industrial activity is growing from day to day and the
problems treated are becoming more and more com-
plex (three-dimensional problems with large defor-
mations, impacts on composites, etc.). The crucial
issue is now to be able to control the computation, i.e.
to estimate the error and optimize the calculation par-
ameters (mesh size, time discretization, number of iter-
ations for the iterative techniques, etc.).

In addition to the developments of the compu-
tational techniques, important advances have been
made in the materials behaviour modelization. For
instance, the description of material models using a set
of internal variables (plastic strain, hardening par-
ameters, etc.) is becoming more and more popular.

* Corresponding author. Tel.: +33-1-47-40-22-38; fax: +33-
1-47-40-22-40.
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Here, we are concerned with error estimation and
adaptive control for finite element computations of
plastic structures whose behaviour is described by in-
ternal variables. For instance, the Prandtl-Reuss plas-
tic model falls into this category. The assumptions of
small strains and displacements, as well as isothermal
and quasi-static loading, are made.

Many papers deal with error estimation for linear
problems. Three main approaches must be distin-
guished. The first one, chronologically speaking, is
based on the concept of error on the constitutive law
[1] and has been applied, among other areas, to ther-
mal [1] and elastic problems [2]. The second one, intro-
duced by Babtuska and Rheinboldt [3,4], then
developed by Zienkiewicz, Gago and Kelly [5,6] and
more recently by Oden et al. [7], uses the equilibrium
residuals through local problems to estimate the error.
The last one, developed by Zienkiewicz and Zhu [8—
10], consists of comparing the finite element solution
to a smoother one obtained by special averaging tech-
niques. A validation of these a posteriori error estima-
tors can be found in [11,12]. Finally, let us mention



the dual analysis approach based on upper and lower
bounds for the energy [13,14].

In comparison with the linear case, much less work
has been devoted to the nonlinear case. For nonlinear
time-independent problems, Babtiska and Rheinboldt
[15] and Johnson and Hansbo [16] have designed error
estimates for nonlinear elasticity and Hencky-type
plasticity, respectively. For nonlinear time-dependent
problems, techniques devised for linear problems or
time-independent nonlinear problems are used at each
time step [17—19]. Unfortunately, the error estimates so
built do not take into account the errors due to the
time discretization. In a time-dependent nonlinear pro-
blem, the quality of the finite element solution at time
t depends indeed not only on the quality of the mesh,
but also on the two following influences: the quality of
the time discretization performed since the beginning
of the loading, and the defect of convergence of the
global iterative algorithm at each computed time
(Newton’s algorithm, for instance).

An error on the constitutive law taking into account
the three sources of error described previously has
been proposed by Ladeveze [20]. This measure, based
on Drucker’s inequality, was first applied in [21] for
plane stress problems and three-node triangles; a pro-
cedure to adapt the mesh is also described. The
Drucker error has recently been reused and enhanced
in order to conduct a simultaneous adaptive control of
the space and time discretization for three- and six-
node triangles in plane and axisymmetric problems
[22]. The Drucker error is based on a sufficient con-
dition that ensures the stability of the material.

For materials described by a set of internal vari-
ables, a new a posteriori error estimate, called dissipa-
tion error, has been elaborated in [23,24]. The key idea
is to divide the equations of the problem into two
groups:

e A group of equations related to the free energy
including the equation of equilibrium, the kinematic
constraints and the state equations.

e A group of equations related to the dissipation, i.e.
the laws describing the evolution of the material
state.

The dissipation error characterizes the quality of an
approximate admissible solution, i.e. a solution satisfy-
ing the first group of equations. This quality is quanti-
fied by the non-verification of the second group of
equations. This fact naturally leads to the terminology
of dissipation error. The usefulness of the dissipation
error has been evaluated in the framework of the clas-
sical incremental finite element method in [25]. As for
the Drucker error, the dissipation error does take into
account all the error sources involved in the compu-
tation. To quantify more specifically the contributions

of the space and time discretizations, two indicators
have been introduced in [25].

In the present paper, we introduce a third indicator
to quantify the contribution of the iterative technique
to the error. Then, an adaptive strategy is proposed.
The error and the three indicators makes it possible to
adapt simultaneously all the parameters of the compu-
tation: the mesh, the time discretization and the stop-
ping criterion of the iterative algorithm. The strategy is
tested for two plane stress problems, with the Prandtl-
Reuss plastic model.

The plan of the paper is as follows. The reference
problem and the dissipation error are described in
Sections 2 and 3, respectively. The implementation of
the dissipation error in the framework of the classical
incremental finite element is detailed in Section 4. In
Section 5, the time and space error indicator are
recalled and the iteration indicator is introduced. The
adaptive control strategy is proposed in the final sec-
tion and two complete examples are treated.

2. The continuous reference problem

Concerning the notations, vectors will be underlined
(U, U *,...) and second-order tensors in outline font.
For instance, strains and stresses will be denoted by @
and e, respectively. This notation will also be used to
denote the additional internal variables. More complex
operators will be in bold (e.g. K for the Hooke’s ten-
sor). Finally, the first derivative of a function f with
scalar argument will be denoted by f'.

The solid medium under study occupies a domain Q
bounded by dQ, which is independent of ¢ (small strain
and displacement assumption). The environment of the
medium is schematized for all ¢e€[0,7], with an
imposed displacement U4 on a part 3;Q of the bound-
ary, a traction Fgq on 9,Q (complementary to 9;,Q2), and
a volumic load fy4 on the domain Q. The partition of
0Q in 9;Q and 9,Q is taken as constant in time.

The desired solution must fulfill the kinematic con-
straints, the equilibrium equation, the state equations,
the evolution laws and the initial conditions. We will
work in the usual bounded energy frame, % denotes
the space of the displacement field U defined on Q,
and & the space of the stress field, also defined on Q.
The extensions of these two spaces to the entire time
range [0,7] will be denoted #*71 and 71, Finally,
Tr stands for the trace.

The kinematic constraints read

Ueuy" (1)

where



02431’” = {L/ € 27 such that U = Ugon

2
[0,7] x 8,2}
The quasi-static equilibrium equation takes the form
o e 0T 3)

where %" 1= {0 e #1%71 satisfying Eq. (4) YU* € U,
vie [0,T]},

EUdS=0  (4)
3,Q

LTr[@e(Q*)]dQ — LJ_‘AQ’“dQ — J

In the above,
Uy = {U € % such that U =0 on 3,2} 5)

The behaviour is described by internal variables.
The state of the material is characterized at each point
by the total strain e, the inelastic strain €” and a set of
internal variables denoted by X. The associated vari-
ables are the stress o for € and P, and the quantity Y
for X. Thus, the expression of the dissipation is

Tr{oe® — Y o X. (6)

The second term specifies the contribution of (X, Y) to
the dissipation. If X denotes a column of R", then Y is
also a column of R" and

YoX =YX,

where ' stands for the usual transposition. More pre-
cisely, two spaces e and f are placed in duality by the
following bilinear form:

[ﬁjx},[g/]aTr[ﬁép] —YoX,

e x f—>R

With the small strain assumption, the total strain is
the symmetric part of the gradient of U; in an ortho-
normed basis, it can be written

1
[‘E([_])]ij: E(Uu + Uj,i)

This assumption also yields the additivity relation for
the rate of elastic ¢° and inelastic ¢P strains, ¢ =¢°+¢'P.
For the state equations, according to the first prin-
ciple of thermodynamics, a free energy ¥, depending
only on the state variables ¢, €¢” and X can be intro-
duced. The following classical assumptions are made:

e |/ depends only on the elastic strain ¢® and the in-
ternal variables X;

o Y(e, X)=vhe (€)+yp(X);

e linear elasticity: Y. (e9)=3Tr[Ke%°], where K is
Hooke’s tensor.

The derivation of s yields the state equations o =Ke°
and Y =G(X), where G(X) is the derivative of y, with
respect to X.

For the evolution laws, the second principle of ther-
modynamics, written as

Tr[@ép—YoXZO

imposes a constraint on the evolution laws relating
(¢P,—X) and (o,Y). This law can be written:

P
[SX]:B([$}>, @=0,X=0 fort=0

B is an operator relevant to the material. It must be
positive to respect the second principle of thermodyn-
amics. The material is supposed to be initially virgin.

A typical way to define the operator B is to give a
scalar function ¢ *(@,Y), generally convex, called the
potential of dissipation, and to write

eP 3,0 (0,Y)
(%)= (i) ®
where (350 *,0v @ ™) denotes the subdifferential of ¢ ™* at
(0,Y). This defines a standard material. When the po-
tential is differentiable, the subdifferential becomes a
classical gradient and the belonging an equality. The
interest of a standard model lies in the following classi-

cal property. The second principle of thermodynamics
is fulfilled if the potential satisfies:

@* convex, ¢%(0,0)=0, ¢*(e,0)>0 ®)

As an example, consider the Prandtl-Reuss plastic
model. In addition to the plastic strain, the model
involves another scalar internal variable p that can be
interpreted as the cumulative plastic strain. The free
energy is of the form:

Ve ) = S TR +g(p)

where g is a function characterizing the hardening law.
So,

o=Ke’°, Y=R=¢g'(p) ©)

Classical hardening laws are R=/p (linear hard-
ening), R=kyp Um  (power  hardening)  and
R=R,,(1—exp(—yp)) (exponential hardening) where A,
ky, m, Ry and y are constant material parameters.
Prandtl-Reuss materials are standard with a dissipa-
tion potential given by

¢o*(o,R) =0 iff<0



¢*(o,R) = +o0if f> 0
where
f(@.R) = [6”|| — (R+ Ry)

o is the deviator of the stresses, Ry is the initial yield
stress, and

6| = (TrlePaP])”?

One may easily check that ¢ * fulfills the sufficient con-

ditions (8) and therefore the second thermodynamics
principle.

3. The dissipation error

The notion of error on the constitutive law has been
introduced in [26]. It relies on splitting the equations
of the problem into two groups. When the behaviour
is formulated by a functional law, the first group com-
bines both the equilibrium equations and the kinematic
constraints, and the second group contains the consti-
tutive law. The quality of an approximate solution
satisfying the first group (i.e. an admissible solution) is
quantified by the non-fulfilment of the second group of
equations (constitutive law). If Drucker’s stability
inequality holds for the material, a natural way to
measure the error can be obtained [21,22]. The error
on the constitutive relation has a strong mechanical
basis since less confidence is given to the behaviour of
the material.

When the state of the material is described by in-
ternal variables, the notion of admissibility must be
revised. Indeed, the state equations—associated with
the free energy—and the evolution laws—associated
with the dissipative phenomena—must be distinguished
in the formulation. In [24], the state equations are
included in the definition of admissibility, the error
being measured on the evolution laws alone. The pro-
blem is divided precisely into two groups:

e The first group defines the admissibility of a sol-
ution. It combines the equations related to the free
energy: the equilibrium equation, the kinematic con-
straints and the state equations: o=K(e—eP) and
Y =G(X). We also add to this group the initial con-
ditions (defining the initial state of the material, here
taken as virgin) (e,X)=0at = 0 on Q.

e The second group, related to the dissipation, only
includes the evolution laws.

Two questions must be answered to actually utilize the
dissipation error concept. The first one deals with the
admissibility. In general, the finite element solution
obtained from the computation is not admissible. For
instance, the stresses are not exactly statically admissi-

ble. The construction of an admissible solution from
the finite element one will be addressed in Section 4.
The second question concerns the definition of the
error measurement.

For standard material, the error measurement can
be defined using the properties of the Legendre—
Fenchel transform. This transform associates a dual
potential p(&°,—X) to ¢ *(o,Y):

(P(“::pa - X) = sup (U.Y)ef(Tr[@dE Pl-YoX-— <P*(@,Y))

The Legendre—Fenchel transform possesses two inter-
esting classical properties. Using the condensed nota-
tion

nEP.X,0,Y) = p(E?, — X)+¢*(0,Y) — Trloe?] + Yo X
they take the form

n(E?.X,0,Y)=>0, V(E®,X,0,Y)ecext

. p *
b _ € . 80@ (U’Y)
(€. X,e.Y) =0« <_x ) € (8w*(®,v)

The first relation is usually called the Legendre—
Fenchel inequality, and the second relation simply
means that 7 is zero if and only if the evolution laws
are satisfied.

The quantity 5 allows one to measure the quality of
verification of the evolution laws at each time and
each place. The absolute error e may thus be defined as
follows

T
e EJ [ n(€?,X ,o,Y)dQds (10)
0JQ

The absolute error is zero if and only if the admissible
solution and the exact solution both coincide on [0,7].
The relative error ¢ is defined by ¢ =e¢/D, where

D=4 sup fe[O’T]dt

t
0

a=0-9)

* ~P & i e ]
L sup[(w (@.Y) + 0(E"X)) o5, [0 o(e9)] a0

+ yJQ %Tr[K”@@] +1,(X)dQ,

The y parameter (0 <7y < 1) gives the relative
weight of the dissipation and the free energy in the de-
nominator. We set y= % The minimum dissipation

value
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where . is the derivative of the elastic free energy
with respect to time, has been introduced in [25] to
obtain reasonable error in elasticity in comparison
with the classical error on the constitutive law for such
problems [2].

Thanks to the simple norm chosen, it is easy to
express the global error ¢ in terms of local contri-
butions. The /local contribution to the error of the
space—time domain w; (w; = [0,7] x Q) is defined by

J ndow;
[oF;

D (11)

€p;, =

If U — 10,=[0,T] x Q and w;N ;=0 for i #j,

1
€= (12)
i=1

In the finite element computation, the time—space
domain is naturally divided into elements £ and time-
steps Az. If w denotes At x E, At x Q or [0,T] x E, ¢,
represents the contribution to the error of a time-step
over an element, a time step over the whole structure
or an element over the whole time period, respectively.
If @ denotes [0,¢] x Q, ¢, represents the contribution
of the time interval [0,7] over the whole structure:

t
JJ n dQdz
0Jo

5 (13)

€o0,1xQ =

For the applications, we will consider the Prandtl-
Reuss plastic model with linear hardening. The ex-
pressions of the dual potentials for this model are given
by

¢*(@,R) = ¥Yc, (e’ —p)= Rop + ¥c (14)
where

C*={(a.R) e f|f<0,R>0}

C={(e",—p) € e|Tr{e"] = 0,[|€?| — p <O}

W, is the indicator function associated with the convex
domain 4 (i.e. ¥4=0 inside 4, and ¥ = +o0 out-
side). The condition R >0 is introduced in the defi-
nition of the potential ¢ * for reasons detailed in [25].

4. Finite element and admissible solutions

The dissipation error cannot be directly measured
on the finite element solution because it is not gener-

ally admissible. We will now see how it is possible to
casily get an admissible solution from the finite el-
ement one in the case of the classical incremental
finite element computation obtained through the dis-
placement method. First, we detail the discrete pro-
blem.

4.1. The discrete problem

In an incremental method, the problem to be solved
on [0,7] is divided into a succession of resolutions
over [tpt,+1 m=0,....N—1;, t,=0, t5y=T).
Assuming the solution is known until #,, one must
then build the solution over [¢,,t, + 1]. First, a time dis-
cretization must be carried out. Usually, one only
seeks the solution at the final time 7, + ;. So, the kin-
ematic constraints and the equilibrium equation are
written at 7, + ;, and the behaviour becomes a non-
linear algebraic relation linking the fields at ¢z, + ;.
Formally,

Ont1 — O = A p(Cpy1 — €) (15)

where ©,,¢,(0, + 1,6, + 1) are the stresses and strains
at t, (¢, + 1)- The </, notation emphasizes that the
stresses at f, . are no longer expressed as a
functional law of the strain rate history, but now as a
nonlinear algebraic law of the increase of strain
€, + 1—C, over the time step. Note that the internal
variables generally explicitly appear in the numerical
scheme.

Concerning the space discretization, the domain is
divided into elements on which the displacement field
is interpolated between nodal values using shape func-
tions. The displacement at M reads

Un(M) =NM)q (16)

where N(M) is the shape function matrix and q the
nodal displacement set. The discrete problem to be
solved at ¢, + | read as given below.

4.1.1. Kinematic constraints

gy tn+l
l—]hJHrl € Zlh,ad

(17)
where
%;;‘i = {U € Uy suchthat U= Uy on 8,Qat 1,1 }

and %y denotes the finite element displacement space.

4.1.2. Equilibrium equations

Ohntl € y}t;:;(ll (18)



where

Yf{’:c'l = {@ € Y, satisfying Eq. (19) at 1, \YU* € %h,o}

[, Tonmewloe - | fo a0
Qy Q

(19)
- J F,0U'dS =0
9,Q

In the above,
WUnp = {l_] € 9y, such that U = 0 on BIQ}

and &, denotes the space of stresses defined at the in-
tegration points of the domain Q. The integration
J,:dQy in Eq. (19) is performed classically using a dis-
crete integration technique. Thus, the stresses given by
the computation (as well as the plastic strains and in-
ternal variables) are only known at the integration
points.

4.1.3. Constitutive relations

Ohntl — Ohn = fdn ((E(Qh‘nJrl) - <E(L]h,n))

The discrete problem, which is a nonlinear algebraic
system, is solved in an iterative way, typically with
Newton’s method. Two types of solutions always exist
as the iterations proceed: a solution (Up, + 1,8n, + 1)
satisfying both the kinematic constraints and the equi-
librium in a finite element sense
Qh,n-H €Uyt Tl € Liag
and a solution (Qh,,, 4 1,On, + 1) satisfying both the
kinematic constraints and the “discrete” behaviour

7 gyt
Unpyr € Uy

Fnnet = Fnn = S €Wy) — €Ty,

Deriving a solution (QM + 1,0n, + 1) from the sol-
ution (Qh,,, + 1,0n, + 1) Is performed by integrating
the behaviour at each integration point of the structure
with l_7h,,, L= l_7h,,, + 1. Deriving a  solution
(Unn + 150nn + 1) from (Up, + 1,6n, + 1) (equilibrium
phase) is performed by a linear global resolution.
When the two solutions are close, the iterative process
stops and the finite element code generally gives the
solution satisfying the “discrete” behaviour.

4.2. The construction of an admissible solution

From the finite element solution, we must construct

an admissible solution (denoted by hats), i.e. a solution
satisfying

1_7 € %E&T], S y[a%”
Y =G(X), on[0,7]xQ

(&,X)=0atr=00nQ

The rather unrestrictive assumption of linear evol-
ution for imposed loads and displacements between
consecutive computed time is applied. We also assume
that the prescribed displacements and applied loads
are zero at ¢ = 0.

4.2.1. Construction of & € LY/

The finite element stresses are not statically admissi-
ble at the time steps (they are not even known at every
point, but only at the integration points). Let us rigor-
ously construct equilibrated stresses at each time step.
Suppose we do have stresses that satisfy the equili-
brium equation in the finite element sense &y, + 1(if
this is not the case, we just need to apply the “‘equili-
brium phase” of the iterative method). From these
stresses, we then construct the rigorously equilibrated
stresses @, 1 | using techniques developed for the elas-
ticity [2]. These techniques consist first of building load
densities in equilibrium with the applied loading on the
boundary of each element. Then, stresses are built on
each element separately. The density building only
requires the resolution of small local linear problems,
and the stress building is conducted analytically el-
ement by element.

With equilibrated stresses at each time step, and
owing to the linear evolution of the loading, we interp-
olate &, ;  over each time step to obtain &e #I471.
Let a, (a, + 1) be the values of a at ¢, (¢, + 1). Linear
interpolation of a means:

tn+l —1 r—1,

on [tn’[/1+l]’ a=

= n Apt1
Iny1 — Iy

Int1 — Iy

At t = 0, we take @o=0, which is statically admissible
with the initial null loading.

4.2.2. Construction ()fQE LyT!

Since the prescribed displacements display linear
evolution on each time step, and since the finite el-
ement displacement field satisfies the kinematic con-
straints at each computed time, an element of %977 is
simply obtained by interpolating the finite element dis-
placement field between the computed times. At ¢t = 0,
we take U=0. For the Prandtl-Reuss plastic model,
the inelastic strains take place at constant volume. In
order to avoid an infinite error, the finite element field



is modified at each computed time before the interp-
olation in order to satisfy the incompressibility con-
dition Tr[e(Q)—Kflcﬁs]=0. For the plane stress
problems treated in the application, this condition is
casily achieved by adequately choosing the strain in
the thickness &s3.

4.2.3. Construction of the inelastic strains

The following expression must be used to compute
the inelastic strains on [0,7] x Q in order to respect
Hooke’s law:

e =el)-K'6 (20)

As U=0 and 6=0 at r = 0 on Q, we have =0 at
t = 0 on Q. The initial condition on &P is thus satis-
fied.

4.2.4. Determination of the internal variables values

The computed internal variables are seldom given in
classical finite element code. So, herein we do not con-
sider them as given at the computed time, and we con-
struct them. Several choices are possible. Here, for the
Prandtl-Reuss plastic model with linear hardening, we
take:

pn+1 = sup(pl,l1+1>p2,n+l)

where

~ N ~p
Pins1 =Dp t (1 — l,,)||tE”+1 Il

o I .p
Pons1 = I<”0”+' | — Ro >+

and p is obtained by a linear interpolation of the
Pn + 1- This choice results from a step by step minimiz-
ation of the error [25].

4.3. Interpretation of the error

The interpretation of the dissipation error in terms
of more classical norms like the L? error in the stresses
or the energy (H') norm in the displacements is not
straightforward and further work needs to be done in
this direction. As a matter of fact, to our knowledge,
the regularity of the exact solution (i.e. whether the
stress field belongs to L2 and the displacement field to
H") is still not clear from the mathematical point of
view for a general constitutive relation described by in-
ternal variables. In Ref. [25], the dissipation error has
been compared to the exact free energy error and we
obtained on an example that the dissipation error was
overestimating the energy error by a factor of 1.6, the
exact solution being obtained through an “overkill”
(very fine discretizations in time and space).

Fig. 1. The holed plate problem.

5. The error indicators

The dissipation error takes into account all the una-
voidable error sources entering into the computation
of a time-dependent nonlinear problem: the space dis-
cretization, the time discretization and the iterative
technique used to solve the nonlinear discrete problem.
To demonstrate this fact, we observe the behaviour of
the error when the space or time discretizations are
refined. Two plane stress problems are considered: the
holed plate problem and the frame problem. The geo-
metry and the loading are given in Figs. 1-4. For the
two examples, the Prandtl-Reuss plastic model is used
with the following dimensionless parameters

Ry=1 A=8.16, E=24495 v=03

E and v denote Young’s modulus and Poisson’s ratio,
respectively. The finite element results are obtained
with the CASTEM2000 code and three- and six-nodes
triangular elements are used.

Table 1 (first line) presents the evolution of the error
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Fig. 2. The loading.
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Fig. 3. The frame problem.

¢ with an increasing number of time increments for a
given mesh and Table 2 (first line) presents the evol-
ution of the error for an increasing quality of the mesh
and a given time discretization.

We can conclude that the error decreases as the
space or time discretizations are refined and tends to
stabilize under a given level of refinement. This result
proves that the error depends on both the space and
time discretizations. Under a certain refinement in
space (time), the error is stable because it is mainly
due to the time (space) discretization.

Let us define the time error as the limit of the error
when the number of elements tends to “infinity” (thus,
no error due to the space exists any more):

Ctime = llin})e
h —

Similarly, we define the space error as the limit of the
error when the number of time steps tends to “infin-

L0,
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!
I
0125 |- — — ]
|
|

Y

Fig. 4. The loading.

€pace = 1im €

$Pace T AT S0

When both the number of elements and time steps
become large, the error consists only of the conver-
gence default of the global iterative algorithm. This
error, called the iteration error, reads

Cite = lim ¢
7 —0,A1 —0

With the adaptive control of the computational par-
ameters in mind, it is important to calculate reliable
estimates of the quantities €;me, €space aNd €je, as direct
calculation of these quantities is not realistic.

The dissipation error is associated to the continuous
reference problem described in Section 2. There exist
three discrete problems besides the continuous one: the
space discrete problem, the time discrete problem and
the time—space discrete problem. Applying the dissipa-
tion error concept to the three “new” discrete pro-
blems provides reliable estimates of €jime, €space aNd Ejge.
In the next section, we give the precise writing of the
three discrete problems. Then, we define the three esti-
mates, called indicators: the space indicator, the time
indicator and the iteration indicator. Note that the
time and space error indicators concept has already
been studied in the past [22,27].

5.1. The discrete problems

5.1.1. The space discrete problem

"1 denotes the set of finite element displacements
defined on [0,77] x Q and #I>71 denote the set of stres-
ses defined on [0,7] x Q;, where Qy, is the set of the in-
tegration points of the structure. The quantities
ef, X, Yy, are also to be found on [0,7] x Q. One
must find (Up,on, Yn,€R, X)) satisfying:

e the kinematic constraints
gh € OZlE;lg]
where  #R4'={Ue """ such that U=Ug on

[0.7] x 9,Q};
e the equilibrium equation

o € Sy

where yﬁgﬁl={@ey£?~” satisfying Eq. (19) V
U €Uy, ¥V t€[0,T]}, Uno={U€, such that
U=0 on 9,Q};

e the state equations

on [0,7] x Qy,

on = K(e(U,) — €f)



Table 1
Error and indicators (%) for a growing number of time steps

The holed plate problem

Number of steps 2 4 8 16 32

€ 39.58 12.96 7.93 7.30 7.66
ispace 5.20 5.40 6.04 7.08 7.78
itime 37.61 8.15 2.05 0.51 0.17
e X 10% 1.09 3.02 3.73 7.11 6.56
The frame problem

Number of steps 3 6 12 24 48

€ 25.75 16.37 13.83 13.76 14.01
Ispace 10.90 11.67 12.47 13.29 13.87
Itime 17.68 4.82 0.92 0.24 0.08
fie x 107 0.28 1.39 0.92 1.19 1.73

Yh = G(Xs)

e the evolution laws

€h 05, ¢™(On, Yn)
on[0,7] x Q, . SN P
n 0.7 (—Xh) (3\/1,(/) (%Nh))

and at r = 0, ef=0, X;,=0, on Q..

5.1.2. The time discrete problem

The solution (U, + 1,0, + 1Yy + 1,EL + X, + 1) 18
to be found at every computed time and over the
whole domain. The equilibrium equation is continuous
and the evolution laws are discretized. The implicit

Table 2
Error and indicators (%) for a growing quality of the mesh

scheme is chosen:

P
(E"Jrl c ( a@,,ﬂ (p*(@I1+15Yn+l) )
_Xn+l BY,,H(P*(@_nJrlaYnJrl)
where ¢ , | and X,, + 1 follow the notation

. Xn+l — Xp
Xppl = ——— (21)
tn+l — Iy

5.1.3. The time—space discrete problem

Both the equilibrium equation and the evolutions
laws are discretized. The solution is denoted by
(gh,n + 1> Ohn + 15 Yh,n + 1 Eﬁ,n + 1s Xh,n + 1)-

The holed plate problem

Mesh mesh1 mesh2 mesh3 mesh4 meshS
¢ 14.71 7.93 4.35 3.70 2.59

Itime 2.15 2.04 2.08 2.08 2.11

ispace 12.23 6.04 2.33 1.60 0.52

e X 10% 3.86 3.73 6.84 4.438 7.01

The frame problem

Mesh mesh1 mesh2 mesh3 mesh4 mesh5
¢ 40.94 35.89 21.79 19.47 18.64

Itime 19.29 17.93 17.66 17.65 17.65

Ispace 34.08 26.50 5.44 2.35 1.25

e x 10% 0.38 0.26 0.21 0.19 0.60




5.2. Definition of the indicators

Let us now apply the dissipation concept to the
three discrete problems. The admissible solution defi-
nition still corresponds to the kinematic constraints,
the equilibrium equation and the state equations. So,
an admissible solution for the space discrete problem is
a solution defined on the entire interval of time that
satisfies the kinematic constraints, the equilibrium
equation in the finite element sense and the state
equations at each integration point of the structure.
An admissible solution for the time discrete problem is
a solution defined on the whole domain and satisfying
rigorously the kinematic constraints, the equilibrium
equation and the state equations at each computed
time. Finally, an admissible solution for the time—
space discrete problem is a solution satisfying the kin-
ematic constraints, the equilibrium equation in the
finite element sense and the state equations at each in-
tegration points and each computed time. The con-
struction of the admissible solutions partly uses the
technique described in Section 4.2. The three admissi-
ble solutions will be denoted by hats.

The error associated to an admissible solution is
measured by the non-verification of the evolution laws.
This leads to the following absolute error indicators:

T ~ o ~
Lime = J J n(ép)h,xh,ﬁh,vhdghd[
0 Ja,

N-1 ~
Ispace = Z(tn+1 - tﬂ)J ﬂ(ép)n+1,X,1+1,6,,+1,Y,,+1d9
n=0 Q

N—1
Lye = Z(Zn-H
n=0

~

- fn)J '1((E p)h,n+1 Xt 1Ot 15 Y b 1dQp
Q

The integration over Q indicates that the integrations
points are those of the finite element computation.
Note also that I p,c. really measures the error associ-
ated to the time discrete problem since

n(é,l;r]’xrw—l sOn+1 9Yn+l ) =0

=P
(En+l c a@uﬂ(/)*(@nJrlaynJrl)
—XnJr] 3Vn+| (p*(@n+l,vn+l)
The same remark holds for the iteration indicator.

The corresponding relative error indicators
defined as

arc

10

fie

I space i
ite =
D ite

D space

I time

Dtime

ltime = Ispace =

where

Diime = 2 SUp seqo,714,
t A

d = J J bdQudr +J W G5,
0JQy, ()%

N oA ~ 2 R N
by = sup{q)*(@h,xh) + m(eph,xh),ﬁwe(eeh)q
h

lp*(ﬁh,xh) = %TI‘[KiléﬁhﬁTh] + wP(Xh)

Dspace =2 sup ke[O,A“.Nfl]dk
k .
VD SCRETS| St R FACE At
n=0 Q Q

k ~
+ Z(lrl-H - tn)zj 'wb*(@n-%—laxn-%—l)dg
n=0 Q

~

bn+1 = Sup|:(p*(@n+layn+l)

o < Ro ~ o
+ (€% 1. X 1)y —p5— | TrKE 1 ‘Een+1]|]
[Kamey|

Diie = 2 sUp keqo,...N—11hk

dn has the same expression as dj except that Q is
replaced by Q and dy, is evaluated with the fields
(Uny + 1580n + 1.Yhu + 1ELY + 1.X0 + 1)

5.3. Numerical results

Tables 1 and 2 give the computed indicators. We
note that:

e The time (space) indicator iime(ispace) 1S almost
insensitive to the number of elements (time steps)
and approximates very well the time (space) error
€1ime(espace)~

e The space and time indicators decrease monotoni-
cally with respect to the number of elements and
time steps, respectively.

e The error is close to the sum of the space and time
indicators.

e The iteration indicator iy is very small in compari-
son with the space and time indicators.



Table 3

Influence of the tolerance on the error and on the indicators for the holed plate problem. “Number of iterations” is the total num-

ber of iterations of the finite element computation

0 10° 107! 10°? 107? 10 10°°
The holed plate problem (coarse discretization)

€ 25.24 13.89 12.96 12.96 12.96 12.96
ispace 28.89 7.73 5.41 5.40 5.40 5.40
itime 23.09 9.94 8.22 8.15 8.14 8.14
iie/0 27.38 36.21 13.82 30.23 29.71 38.53
Number of iterations 4 17 31 50 64 78
The holed plate problem (fine discretization)

€ 20.69 6.25 2.71 2.55 2.57 2.57
ispace 20.54 6.50 2.12 1.88 1.89 1.89
Itime 20.09 5.21 1.07 0.60 0.53 0.52
iie/0 20.04 55.54 63.51 85.02 115.1 124.2
Number of iterations 7 18 56 97 137 169

The last point shows that the error due to the iterative
technique is much smaller than the time and space dis-
cretization errors. During the finite element compu-
tation, the quality of the discrete problem resolution is
governed by a tolerance 0 on the equilibrium equation
residuals. The convergence criterion is based on the
energy norm:

18 has1 = Tt ll 1oy

<0 (22)

16 b1 s

The finite element results for Tables 1 and 2 were
obtained with 0=107>,

Tables 3 and 4 give the influence of a tolerance
modification on the error and on the indicators. A
coarse and a fine discretization are considered for both
examples. We note that:

e under a certain critical tolerance 0., the error and
the space and time indicators are insensitive to the
tolerance;

e the iteration indicator is more or less linear in the
tolerance;

e the tolerance 6 decreases exponentially with respect
to the number of iterations.

0O.it, which depends both on the quality of the space
and time discretization, is smaller when the discretiza-
tion is finer. In other words, when the discretization of
the problem is coarse, only a few iterations are needed;
otherwise a larger number is needed.

The critical tolerance concept is important in the
framework of adaptive control of the computation.
Indeed, if the finite element computation is carried out
with the critical tolerance, no useless global iteration is

Table 4

Influence of the tolerance on the error and on the indicators for the frame problem

0 10° 107! 1072 107 10-* 10°°
The frame problem (coarse discretization)

¢ 26.60 16.42 16.36 16.37 16.37 16.37
Ispace 22.74 11.75 11.67 11.67 11.67 11.67
Itime 21.62 5.32 4.87 4.82 4.82 4.82
ite/0 17.78 5.59 6.48 4.48 5.08 5.17
Number of iterations 28 72 106 130 154 180
The frame problem (fine discretization)

€ 12.40 6.05 5.37 5.36 5.36 5.36
Ispace 12.59 5.13 4.47 4.47 4.47 4.47
time 10.74 2.39 0.64 0.55 0.55 0.55
iie/0 11.09 17.01 8.23 6.20 7.54 8.04
Number of iterations 40 112 194 262 322 386
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Table 5

Space indicator (%) as a function of the number of degrees of freedom for three- and six-node triangles

Number of degrees of freedom 184 662 2506 9746
ispace (three-node) 32.90 28.05 14.63 5.42
ispace (six-node) 13.38 5.37 1.82 0.62
*
done and the influence of the iterative technique is FA = AA_t
t

avoided. For the examples treated, the following re-
lation

. P
lite = E mln(ltime;lspace)

is more or less satisfied when 6 ~ 0. This relation is
independent from the discretization of the problem
and will be taken into account in the next section.

6. Adaptive control

The adaptive control of the computation is taken in
the following sense: given a first coarse computation
leading to an error ¢, one wishes to make a new calcu-
lation (as cheap as possible) leading to a required error
€y. We propose the following strategy.

Initial parameters choice: the initial mesh results
from a mesh optimization in elasticity for a required
error of, for instance, 2¢,, with the loading applied cor-
responding to the maximum loading in the real pro-
blem. The time discretization needs simply to represent
the loading. The initial tolerance is set to =102,

Determination of the optimized parameters: the error
behaves almost as the sum of the space and time indi-
cators. In order to share efficiently the two indicators
in the required error, we minimize a cost function. An
h-type mesh adaptation is used (the size of the el-
ements is modified but their degree is kept constant).
We suppose that the cost function is proportional to
the number of elements at a certain power « and the
number of time steps at a certain power f. The
unknowns involved in the cost function are the size
modifications of the elements and the time steps, rg
and rp,, respectively. Let /i be the size of an element
in the initial mesh and & g the size of the correspond-
ing element in the optimized mesh. r is the quotient

hy
rg = —
=g
Similarly, ra, is the quotient of the time step size At in
the optimized time discretization to the size Az* in the
initial one

12

The cost function thus reads

(4) (z0)

Note that the rg (ra,) are defined for each element
(time-step) in the initial mesh (time discretization).

We still need to express the required error in terms
of the rgp and ra,. The element contributions to the
space indicator for the optimized mesh isyace g+ are
supposed to be linked to the contribution in the initial
mesh ispacc,E by

. . p .
lspace,E = 7Elspace,E

The same supposition is made for the time contri-
butions:

. _ q .
lime, Arx = T'p ltime,Az-

The choice of the parameters p and ¢ will be discussed
further. The minimization problem reads:

Problem 1.

1\* 1\
Minimize ( ZZ> ( Z ) under the restrictions:

E E A A

I . . _ p .
€0 = Ispace,0 T time,05 Ispace,0 = E ' Ispace, E»
E

. _ g .
ltime,0 = 2 ' A Uime, At
At

When solving this minimization problem, one ob-
serves that the goal indicators iyace 0 and iime o depend
only upon the goal error ¢y and the four parameters o,

p, pand ¢:

PO/ S S /L S,
e T Dafp+Blg 0 T 20/p+ B/g



Table 6
Summary of the adaptive control for the holed plate problem

¢ ispace Ttime fite Number of elements Number of steps 0
Initially 4391 13.40 37.75 0.09 37 2 1 x 1072
Asked 10 8 2 0.20
Obtained 11.80 9.6 3.1 1.20 69 5 2x12x 1072
Asked 5 4 1 0.10
Obtained 5.04 431 0.62 0.11 172 7 1.72 x 1073

It can also be observed that the Problem 1 is
decoupled in Problems 2 and 3.

Problem 2.

S 1 . . .
Minimize E — with  igpace0 = E ré’lspace,E
£ E I3

Problem 3.
. T .
Minimize E —  with  djimeo = E 7' A ltime, At
A7 T At

Owing to the decreasing behaviour of the time indi-
cator in Table 1, we have taken g = 2. Concerning the
space, Table 5 gives the space indicator evolution for a
growing number of degrees of freedom for the holed
plate problem. One can see that the six-node triangles
are much more efficient than the three-node triangles.
So, we will use only six-node triangles and we take
p = 2. With the value ¢ =2, p =2 and the choice
o=2, f=1 the space and time indicators contribute to
the goal error in the ratios 4/5, 1/5, respectively.

Minimization problems 2 and 3 give the size modifi-
cations for the mesh and the time steps. These modifi-
cations are used to remesh the domain and to define a
new time discretization. The time interval is
“remeshed” on the basis of rx,.

Finally, the new tolerance 0* is chosen so that

Table 7
Summary of the adaptive control for the frame problem

) P .
lite,0 = 1_0 mln(llime,O;lspace,O)

Since . is proportional to the tolerance, we take

(_)* _ iile,()e
lite

If the quotient of the initial error to the goal error is
too important (>3), one or several intermediate steps
are performed in the adaptive control.

Examples: Tables 6 and 7 and Figs. 5-6 summarize
two adaptive control examples. In both cases, the goal
error is set to 5% and one intermediate step is needed.
The initial meshes were optimized in elasticity for an
error of 10%. We observe that the mesh gets finer in
the re-entrant corners and that the time discretization
has been refined during the loadings and has not been
modified during the unloadings. All the meshes were
obtained with the ARAIGNEE [28] software.

7. Conclusion

A new a posteriori error estimation, called dissipa-
tion error, has been implemented to control time-
dependent nonlinear finite element analysis. The dissi-
pation error, combined with efficient time, space and
iteration indicators made it possible to adapt simul-
tancously the mesh, the time discretization and the
stopping criterion of the iterative algorithm. The re-
liability of the adaptive strategy was shown for two
plane stress problems with the plastic Prandtl-Reuss
model.

4 Ispace Itime lite Number of elements Number of steps 0
Initially 28.15 14.33 17.90 0.03 194 3 1x1072
Asked 10 8 2 0.20
Obtained 12.30 10.03 2.18 0.38 253 7 7.41 x 1072
Asked 5 4 1 0.10
Obtained 5.37 4.48 0.74 0.17 661 11 1.91 x 1072
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Fig. 5. Initial, intermediate and final mesh and error evolution for the holed plate problem.
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